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Asymptotic approach to singular solutions
for nonlinear elliptic equations involving
critical Sobolev exponent

by

ZHENG-CHAO HAN
Department of Mathematics, Stanford University, Stanford, CA 94305, U.S.A.

ABsTrACT. — We study the asymptotic behavior of positive solutions
of semilinear equations with nearly critical nonlinearity. The solutions are
shown to blow up at exactly one point. The exact rate and location of
blowing up are studied.

REsuME. — On étudie le comportement asymptotique de solutions
positives d’équations elliptiques semi-linéaires présentant une non-linéarité
presque critique. Les solutions explosent en un seul point, et on étudie la
localisation de ce point et le rythme d’explosion.

1. INTRODUCTION

Let Q be a (smooth) bounded domain in RY with N>3. Consider the
problem
—Au=NN-2)u»"* in Q,
u>0 in Q, (D)
u=0 on Q.

where p=(N+2)/(N—2) and £20. It is well known that when £>0,
problem (1) has a solution u,. On the other hand, when £=0, problem (1)
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becomes delicate. In [P], Pohozaev discovered that (1) does not have a
solution if Q is starshaped. Recently Bahri and Coron [BC] showed that
(1) has a solution when Q has non-trivial topology in the sense that
H, (©; Z,)#0 for some positive integer k, where H, (Q; Z,) is the kth
homology group of Q in Z, coefficients. While Ding [D] showed later that
even if € is contractible, (1) can still have a solution when the geometry
of Q is non-trivial in a certain sense. p=(N+2)/(N —2) is often called the
critical exponent for (1).

It is interesting to study the asymptotic behavior of the subcritical
solutions u, of (1) as € > 0. In [AP], Atkinson and Peletier made the first
study when Q is the unit ball in R®. They showed, using ODE argument,
that

. 2
lim g2 (0)= 32
T

e~ 0

and at any xeQ\ {0} :

lim 1—‘,_1/2118(x)=1\/E L—l).
g~ 0 4 2 |x‘

n [BP], Brezis and Peletier returned to this problem. They used PDE
methods to give another proof of the above result still for the spherical
domains, along with some other interesting results. They conjectured that
similar behavior occurs also for non-spherical domains but left the problem
open. We solve this problem for non-spherical domains:

THEOREM 1. — Let u, be a solution of problem (1), assume

fvw

]u HL"+1 € (&)

=Syto(l) as £-0, 2)

where Sy is the best Sobolev constant in RN :

SN=nN(N—2)|:r(N/2):|
T'(N)

Then we have (after passing to a subsequence):
(i) there exists x,€Q such that as ¢ — 0,

u,—~0 in CH O\ {x})

S N/2
|Vu|* > N(N- )[‘} S,
N(N-2)

and

in the sense of distributions;
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(i) the x, above is a critical point of o, 1.e.,
@' (x0)=0

where @ (x)=g(x, x), xeQ, and g(x, y) is the regular part of the Green’s
function G (x, y), i.e.,
1

(N=2)on|w—y[""?

g, »=G(x, y)—

where Gy, is the area of the unit sphere in RY.

(i)
‘ N(N-2) ¥
thHuEHfoc(m:zUl%:l:*—(s——):l 4

£ N

where g= @ (x,) with x, the same as in (i);
(iv) for any xe Q\{ x, }, we have:

U (%) [N(N—D T“ (N=2) G (x, xo)

NCIN R Nan|

with the same |g| as in (iii).

Our proof, along the lines in [BP], exploits Pohozaev identity and finds
a good approximation for u,. It is casy to see from our hypotheses that
|4, ||Lo @ — + o as € > 0. The usual blowing up technique gives us a
rough idea how the solutions blow up, but we need finer control over the
blowing up. We show that [[u, ||« qu. = (N—2)oyG(x, x,) for some
x,€Q in appropriate norms. The proof of this fact uses the blowing up
technique and a certain crucial estimate, Lemma 3 below, which is not
in [BP].

We also prove another related conjecture of Brezis and Peletier:

THEOREM 2. — Let Qc RN, N=4, be a bounded domain with smooth
boundary. Let u_ be a solution of
—Au=N{(N-Du"+eu in Q,
u>0 in Q, 3)
u=0 on 0Q.

where p=(N+2)/(N —2). Assume u, is a minimizing sequence for the Sobolev
inequality. Then (1), (i) of Theorem 1 hold, (iii) and (iv) are modified as:
(iii)

_ 3
lim e||u, [20g00 2= DZDON e Ny
e—+ 0 2aN
lim elogllu, || = (Q) =40, if N=4

e~ 0

Vol. 8, n° 2-1991.



162 ZHENG-CHAO HAN

where g= o (x,) and

© MN-lgr

o (1+r)N=2
(iv) for any xe Q\{x, }, we have :

”us”L“’(n)“a(x)—’(N_z)O'NG(xa Xo) as €—0.

an

Remark 1. — 1t is easy to see from the maximum principle that ¢ (x) <0,
VxeQ and ¢ (x) >—o0 as x> 0Q, so ¢ at least has a maximum point.

Generally the number n of critical points of ¢ depends on the geometry of
Q, but we have.
ZBi?

0> if o is a Morse function, with B; the ith Betti number ofH, (Q; Z);
= cat(Q),
in general, where cat (Q) is the category number of Q.

Remark 2. — When Q is strictly starshaped, we have an easy proof
of (ii).

We learned that O. Rey independently proved results similar to those
of this paper. He uses different methods [R3].

2. PROOF OF THEOREM 1 AND THEOREM 2

Since the proofs of the two theorems are very similar, we will give a
detailed proof of Theorem 1, and indicate the necessary changes when
proving Theorem 2. From now on we will concentrate on Theorem 1.

Let u, be a solution to (1). Multiplying (1) by », and integrating by
parts, we obtain:

J[Vu£}2=N(N—2)f urtice

Together with the assumption (2), we arrive at:
[Sx+ oM f[u][p41-e=NN=2)[|u 11

ptl-—g

hence

S N/2
nmj u=|:—~—:| .
¢—0Ja N(N-2)

Next we state the Pohozaev identity for u,.

(4)
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CRITICAL SOBOLEV EXPONENT 163

LeMMA 1. — Let Q be a bounded smooth domain in RY, and u be a
classical solution of

—Au=f(x,u) in Q,
u=0 on Q.

Then the following identily holds:

f [NF (x, w)— Nz_zuf(x, w+(x—y).F, (x, u)] dx

_ _ 6u_ _ [Vu[2
_LQ[(X y,Vu)ﬁ (X ysn) 3

N-2 du

tx—y, mF(x, u)+ ua—:lde SJor anyyeRN (5)
n

where F (x, u)= j S (x, Ddt, F, is the gradient of F with respect to x, dS,

[¢]
is the volume element of 0Q, and n is the unit outward normal of 6.
The proof is by now standard. Applying Lemma 1 to (1), we have:

_ 73
N(N-2) _S.Jufﬂ_e:J ey, [ O
2N—-g(N-2) a 20 on

for any ye RN,

Next we will study the blowing up behavior of u,. It is easy to see that
|| e || @ — + 00 as € > 0. For suppose, on the contrary, that |, llL= @
remains bounded for a sequence ¢, » 0 as n— co. Then, in view of the
elliptic regularity theory, u,, remains bounded in C! (Q). So we can extract
a subsequence, still denoted as u,,, which converges uniformly to a limit
v. By (4), v#0, hence by taking limit in (2) we find that v achieves the
best Sobolev constant, a contradiction to the well known fact that the
best Sobolev constant is never achieved on a bounded domain.

Let x,eQ, p.e R* such that

)2 ds, (6)

U, (x)=p, D=y || o q).

We first claim that x, will stay away from the boundary dQ of Q. This is
a consequence of the moving planes method as in [GNN] and an interior
integral estimate of the solutions [DLN]. Let ¢,>0 be the principal
eigenfunction of —A. Multiply (1) by ¢, and integrate by parts:

)"IJ ua‘P1=N(N_2)J uwore,
Q Q
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where X, is the principal eigenvalue of —A. Choose 8>0 such that
N(N—-2) 8~ 17¢>2%,, we have

11‘[ “sq’l:N(N_z)j uf_‘(p1+N(N—2)J u to,
Q (U2 8) (ug £8)
ZN(N—-2)8~!7° u, ¢, —C'

(us 28

gz)"lJ\ uz('pl_c
Q

for some constants C’, C. Therefore j u, @; < C/k,, which further implies
Q

that J u. =C(Q) for any Q' = = Q. If the domain Q is strictly convex,
Q

applying the moving planes method in [GNN], there exist 7,0 >0 depending
on the domain Q only, ruch that u(x~1tv) is nondecreasing for t€[0, ¢,),
ve RN satisfying |v|=1 and (v, n(x)) 2 o and xe 0Q. Therefore we can find
v, 8>0 such that for any xe {ZEQ 1d(z, Q)< 6} there exists a measurable
set T, with (i) meas(I',)2y, (i) I',c{zeQ:d(z, 0Q)>8/2}, and (iii)
u(y)Zu(x) for any yel',. Actually, I', can be taken to a piece of cone
with vertex at x. Let Q'={zeQ:d(z, 0Q)>3/2}, then for any

xe{zeQ:d(z, 0Q) <3}
u ()< éj u(y)dyév-lj ,

meas (I",) @

hence back to our argument, since u,(x,) > oo as € = 0, x, will stay out
of the region {zeQ:d(z, 6Q)<6}. For a general domain, one can first
use a Kelvin transform near each boundary point, and then apply the
method in [GNN]. Pick any point PedQ, for instance. Since we assume
the boundary of the domain Q is smooth, we may assume, without loss
of generality, that the ball B (O, 1) contacts P from the exterior of Q. Let
w, be the Kelvin transform of u,:

=l (1)

—Aw,(x)=N(N-2)|x|"®"2=yr=* in Q,
w20

then

where Qp is the image of Q under the Kelvin transform. The conditions
in [GNN] are obviously satisfied along the PO direction, see Corollary 1
on p. 227 of [GNN], therefore w, is nondecreasing along the PO direction

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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in a neighborhood of P. The same argument as in the last paragraph
shows the interior integral estimate.

Let x, = x,€Q. We define a family of rescaled functions
0, ()= PP, (u SO D xtx),

then
— Av, (x)= pN= D2 2= (N=2/D) (A y (] TN 2/4) x4
p— N (N _— 2) [u(N - 2)/2]((N+ 2){(IN—2)—¢ uﬁ(Ni— 2)((IN—2}—¢
X (pi T®TA®E x4 ) [by(1)] Q)
Q—x,

1~((N—2)/4)e "

n

=N(N-2)""* in Q=

Notice that ,(0)=1, 0<v,<1 for xeQ,, and that Q, converges to RN.
Thus elliptic theory implies {v,} is equicontinuous on every compact
subset of R, hence by Arzela-Ascoli theorem, there exists a subsequence
converging to some V uniformly on every compact set, and

—AV=N(N-2)V?,  xeRN
V(0)=1, ®)
0<Vg«l, xeRN,

The solution of (8) is unique [CGS], and

Vx)=U,(x)

B n (N-2)/2
Uu(x)—<———u2+lxlz> .

Back to the convergence argument, we remark that as € »0, v,—»V in
H' (RM). This follows from assumption (2) and [S].

where

CoROLLARY 1. — There exists 6>0 such that
o<l

Proof. — Since p,—0 as ¢ — 0, it follows that u:<1. By the above
convergence argument, v, — V uniformly over B, we have, for some C>0,

-that:
j v£+ 1 —:gc
By
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But
J vp+1 de_f (N 2)/2((2N/(N—2))—s)u£2N/(N—2)—5(ué—((N—2)/4)sx+x£)dx
xf<1
N—(N—2)/2 1—((N-2)4)ey—N _ p+1—
J PO (20 TNt ) dy
ly~— xl<1 {(N—-2)/4)e
< (N—2)/2)2¢ uf+ 1-¢

Q

Thus with (4), §<pi<1 as ¢ » 0, for some 6> 0.
To proceed further, we need the following lemma, adapted from [BP].

LeEMMA 2. — Let u solve
—Au=f in QcRN,
{ u=0 on 0Q.
o is a neighborhood of Q). Then

lullwta @t {| Vil e @y SCUS @ T llee w)

N
for g< N1’ ae(0, 1), and o' © cw is a strict subdomain of .
Proof. — We first claim that for any g<N/(N—1),
[uflwr.e@=Clf kit @
This follows casily, by duality, from the fact that if v satisfies

Yo
—Av=fo+ Y L

{ v=0 on 0Q
where f,, fi, i=1, ..., N, e LP(Q), then
N

[l o]l @=C Z:o Ifillr

for any p>N; in other words (—A)™ ' maps W~ 7(Q) into L* (Q) and by
duality, it also maps L' (Q) into W 4(Q) with 1/g+1/p=1.
Next we claim that
[Vilico.x @ S CUS @IS b= @)

for any neighborhoods ®' = co of 0Q. Let y denote the characteristic
function of @ and write f=f,+f, with f,=yfand f,=(1—y)f. For
i=1,2, let u; be the solutions of the problems

—Au,=f, in Q

;=0 on 0Q
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so that u=u, +u,.
By the L* regularity theory we have

“ Uy w21 @ SClIf 1 lle @=Cllf L= w
for any g < o0, and consequently
lu1flcte@=Clf [l @
for any a< 1. On the other hand, as above,
|| 4, le,qméCHfzHLuméClImem
for any ¢ <N/(N —1). Finally we note that u, satisfies
{ —Au,=0 in ®
u,=0 on Q.

It follows from the standard elliptic regularity theory that

!

Uy “cl"'(u‘vé C “ Uy “wl’q(w)

167

for any neihgborhood @’ of 0Q, strictly smaller than ®. Combine the above

estimates, we prove the lemma.

We also need the following crucial estimate, the proof of which will be

delayed to the next section.

LEMMA 3. — There exists A>0, such that
u ()SAU, (x—x,), Vxel.

An immediate consequence of this lemma is a lower bound for p..

CoROLLARY 2. — There exists a constant C>0, such that

eécugN—Z)(l—a)

)

Proof. — First we will use Lemmas 2 and 3 to establish the estimate:

?ﬂ 2< (N-2)(1+e)
(x, n) sCyp;
20 on

Then (9) follows from (6) and (4). According to Lemma 2, it is sufficient
to estimate the right hand side of (1) in L'(Q) and L*® (®). Lemma 3

implies

J uf'ngP"f Ui f(x—x)dx
Q Q

(N—2)/2 [(N+2)/(N—2)—¢]
=[\IJ_E ua d
2 2
ol He +|x—x&:[

éc HS;N—Z)/Z (1+eg)
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168 ZHENG-CHAO HAN

for some C>0. On the other hand, for x#x,:
W) SAPTEUR S (v x)

<
T x-x

p‘((N+2)/2)—((N—2)/2 €
0/N+2-(N-2)e € :

These estimates together with Lemma 2 finishes the proof.
COROLLARY 3 :
|ui—1]=0 (' *logp,) as e—-0
Proof. — By the theorem of the mean,
lui—1]|=|uselogp,|

for some 0 << 1. Therefore (9) gives the result.
Next we claim

ProposiTioN 1 :
“ U, HL"O @ (x) > (N=2) oG (x, xo)
in C**(w) for any neighborhood ® of 0Q, not containing x,.

Proof. — The proof again uses Lemmas 2 and 3. The equation for
Hue“L"O @ Y 18 —2y2 ., p—
—A(||u|lLe @u)=N(N-2)p ue
Now by Lemma 3 and Corollary 3, the L*(Q) norm of the right hand
side is

—(N-2)/2 —e_ , —((N—2)/2)2 N+2)/{(N—2
py N2 juf e )/)zJ oNHDIN=2) (3)) gy
Q Qg

—

V(N +2)(N-2) (,V) dy

N

_—

Q

= _N
N
Also for any x#x,:
BT () SAP T MR UL (e )

< APE 2-((N=2)2)e

_ N+2—(N—2)su5
[x Xo |

Therefore Lemma 2 gives the conclusion of Proposition 1.
Now we give the proof of Theorem 1.

Proof of Theorem 1. — Rewrite the Pohozaev identity (6) as

N(N——2)3 2 J p+1_5=f _ (9_ )2
2N_8(N_2)8Hu5l|m(m ng aﬂ(x X, 1) 8n(|lu‘”L @t
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Proposition 1 allows us to take limit:

. 203 [ N(N—-2) V2 oG (x, x4) \?
lim SHuSHEw(n):N_NZ[ (S )] f (x—xq, n)(%)
e—+0 N 1] n

where we also used (4). Then (iii) of Theorem 1 follows from the following
lemma:

LEMMA 4 [BP]. — For every x,€2
0G (x, x4) \2
J (x— xo, ”)<M> dS,=—(N—2)g(xo, x0)-
20 on

A consequence of (6) is

J<%)2n(x)dsx=0. (10)
on

Pass to the limit in (10), we obtain

J(M)Zn(x)ﬁ =0
20 on o

Using the following lemma, we obtain (ii) of Theorem 1.

LemMA 5 [BP]. — For every x,eQ
G (x, xo) \*
f (¥) n () dS,= —V 9 (xo)
20 on

(iv) of Theorem 1 follows from Proposition 1 and (ii). (i) is more or
less standard, see also Remark 3.

Proof of Lemma 4. — Without loss of generality we may assume x,=0.
Let u=G(x, O), we apply Lemma 1 to u on Q\ B (O, r) for r small:

2 —
J [(x, Vu)—(x, n) Vul® | i_zua_uJ
20 2 2 oOn

2 —
=J [(X,Vu)—(X, n)M+§__zu@_]
B (O, r) 2

2 0On
2
LHS=1J (x, n)(—a—u).
2 Jsa on

u=[x]*"N/(N-2)ox+g(x, 0),

Since #=0 on 0Q,

While

therefore
Vu=—oy'|x| Nx+Vg(x, O)

Vol. 8, n® 2-1991.
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Hence

RHS=J {[—-0§1|x|2‘N+x.Vg(x, 0O13/r
dB(0, r)

—%[G§2|XIZ"ZN+|Vg(x, 0)[2—205!|x[Nx.Vg(x, O)]
+ 2R (PN =2 o rg (5, 0)

(ot x| N+n.Vg(x, O))}

Let r — 0, the limit of PHS is easily seen to be— (N —2)/2 g (0, 0), therefore

we have :
f(mm(@>=—m—aﬂmm
o0 on

The proof of Lemma 5 follows similarly.
The proof of Theorem 2 is almost identical to that of Theorem 1,
except that the Pohozaev identity appears differently:

2
EJ u3=lj (x—y, n)<8_u> , VyeRN
o 2 Joa on

3. Proof of Lemma 3

We have seen that
v, =V
uniformly on compact sets of R, which, in terms of u,, says 4, > U,_in
a certain sens. Lemma 3 makes this precise. We first need:

LEMMA 6. — Let Q be a domain in RN and ueH}(Q) be a positive
smooth solution of

—Au=a(x)u ! (1D

2N
where a eL*¥(Q), 2<g,<g<p+1= N_2 Then there exist g,>0 and

ro>0 depending on N, ||all = @ qo and 1 <B<p such that for any Qe RN

with ul<egg, r<ro, we have
Q(Q, 21

C
[ ullLe+n@+vi2 @@ m= 2B+ [ lle+1 @ . 20
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with C depending on N only, where Q(Q, N=Q N B(Q, r).
Proof. — Let m be a smooth cut-off function on RN such that

Nls@.n=1
n IRN B (Q, 2r)=0
0=n=l

2
V<=
’
Multiply (11) by n?«? (B> 1) and integrate by parts

jV(nzup)Vu=j a(x)u? P 112,
Q Q

The integral on the left
JV(nzup)Vu=f N Pul [ VulP+2nufVnVu
Q Q
gBJv nZHB—IIVull_EJ nluB~1[Vu|2_zf lvnlluﬁ+l
Q 2 Q B Q

By the Sobolev inequality, we have:

(B+1)/2|p+1 Heth
SN ln” / Ip
Q(Q, 2

SJ lv(n u(B+1)/2) IZ
Q(Q, 2r)

+ 2
§2J' nZ(M) uB_l|VuIZ+2J ivnlluﬁ+1
Q(Q, 2r) 2 QQ, 2n

+ 2
éME nzuﬁ“llvu,2+2j lvnlzu[H-l
B 2 Q(Q, 2r) Q(Q, 2r)
+ 2
é(B—l)w{f a(x)uq+ﬁ—1n2+zj\ lvnlzup+1}
B Q(Q, 2r) B Q(Q, 2r)
+2 lvnlzupﬂ
Q(Q, 2r)
<4]|ayo o B nzw—lﬂoj Vb
Q(Q, 2r) Q(Q, 2r)

2f(p+1)
§4||““L°°<n>l3{f M u(l3+1)/2)p+1}
Q@Q, 2n

Vol. 8, n® 2-1991.



172 ZHENG-CHAO HAN

2/N
U u<q-2><N/2>} + 1of |Vn2uttt.
Q(Q, 2n Q(Q, 2r)

. 2N N .
Since ¢ < N> we have (g— 2)5 <gq, choosing g, and r, small enough

such that

4”“||L°°(Q)B{J Y422 }Z/N
Q(Q,2r)

(a—2)/q
§4||‘1||L°°(n)ﬁ{ J uq} |Q(Q, 2r) |2 -t~/
Q(Q, 2r)

<4|alfye @ BeE~ | Q(Q, 27N~ (@i < Sx

2
then

S 2/(p+1)
_N{ (nu(B+1)/2)p+1} §10 lvn|2u5+1
2 Q(Q, 2r) Q(Q, 2r)

which implies:
C

” u ”L(ﬁ+ DHp+1)2 (g (q, ,»§ r—zm “ u HLB+1 @ (Q, 2r)-

Lemma 7. — Let ue Hy(Q) be a positive smooth solution of

~Au=a(x)u

N
with ae L*(Q) for some o> 5 Then for any Qe RN

1 1p+1)
sup u<C| — wrtl
Q@Q,n r Jaw,2n

where C depends on ||a|| = q), o N.

This is more or less standard elliptic regularity, see, for instance,
Theorem 8.17 in [GT].

Now we give the proof of Lemma 3.
Proof. — We first remark that Lemma 3 is equivalent to

7, (x)=CV (x) (12)

hore V 1 (N-2)12
where V(x)=| ——— )
) <1+|x|2>
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Let’s recall the equation for v,
Q—x,

— Ay, =N(N—-2)2*"* in wa
0<o,s1 in Q
v (0)=1

and recall that v, >V in H' and uniformly on compact sets. Let w, be
the Kelvin transform of v_:

—|y]2-N X
w, (x)=|x| ve(le)

—Aw, (x)=N(N—=2)| x| N-Deyr=c in QF
w20

then
(13)

where QF is the image of Q, under Kelvin transform. Then it is easy to
see that (12) is equivalent to

w,(x)£B,  xeQf (14)

for some B. Notice that Q¥ is the whole RN except a small region near O
and by definition of w, and 0<v,<1, we have

w () [xP7N, xeQ (15)

so we only need to bound w, near O.
We apply Lemmas 6 and 7. First let a(x)=N(N-2)|x|"®~2= By
Corollary 1, we see [|all = g is bounded independent of &. That v, —»V

in H' norm implies v, » V in LP*! and also w, -V in L?*!. So for the
€9, Io given in Lemma 6, we can find sufficiently small r> 0 such that

J witl<eg, (16)
B(O, 2r)

Fix r> 0, then Lemma 6 with B=p gives
j we*D*2<C for some C>0.
B(O,r)

Then we write (13) as
—Aw,=b(x)w, (17)

with  b(x)=N(N-2)|x| N~ Deyp-1-c Applying Lemma 7 with
p+1)? 1 N N N .
o= > — > — gives
2 p—1l-¢ N-22 2
[IWe | @ 0, 12y <C;, for some C, <0. (18)
(18) with (15) gives (14), which then gives (12), finishing the proof.
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Remark 3. — We can prove (i) of Theorem 1 by following Sacks-
Uhlenbeck [SU] and using Lemmas 6 and 7.
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