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ABSTRACT. — We describe a new mechanism implying the persistence
of homoclinic tangencies after the unfolding of a bifurcating cycle. The
cycles we consider are heterodimensional: the index of the hyperbolic
points involved in the cycle are different.
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RESUME. — Nous décrivons un nouveau mécanisme impliquant la
persistance de tangences homocliniques apres le déploiement d’un cycle.
Les cycles que I’on consideére sont hétérodimensionnels : 1’index des points
hyperboliques impliqués dans le cycle sont différents.

1. INTRODUCTION

In this paper we are concerned with the problem of describing generic
(in an open set) bifurcations of one-parameter families of diffeomorphisms
leading to the phenomenon of persistence of homoclinic tangencies.
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644 L. J. DIAZ AND R. URES

Since Newhouse ([8]-[9], see [13] for a new proof) it is known that
the generic unfolding of a homoclinic (or heteroclinic) tangency in arcs
of surface diffeomorphisms implies persistence of homoclinic tangencies
in intervals in the parameter line. This result was extended to higher
dimensions first by Palis-Viana [14], who treated the codimension 1 case.
The generalization to any codimension was more recently obtained by
Romero [16].

In the unfolding of homoclinic tangencies on surfaces there are,
essentially, three different possibilities according to the fractional dimension
(Hausdorff dimension and thickness) of the hyperbolic set involved in the
creation of the tangency:

1. if the Hausdorff dimension of the hyperbolic set is less than one, the
family of intervals of persistent tangencies has density zero (in the
Lebesgue sense) at the bifurcation value. More precisely, hyperbolicity

corresponds to a set of density one at this parameter value, see
Palis-Takens [12],

2. if the Hausdorff dimension of the hyperbolic set is bigger than one,
the parameter values corresponding to hyperbolic diffeomorphisms
is not of density one at the initial bifurcation value. Indeed there
are "plenty” of parameter values corresponding to diffeomorphisms
exhibiting homoclinic tangencies, see Palis-Yoccoz [15],

3. if the hyperbolic set is a thick set, i.e. the product of its stable and unstable
thickness is bigger than one, the bifurcation value is in the boundary of an
interval of persistence of homoclinic tangencies, see Newhouse ([8]-[9]).

For heteroclinic tangencies in surfaces the results are similar. See [13]
for a comprehensive information on the subject above.

In the cases quoted above ([8]-[9], [14], [16]) the concept of thick
horseshoe plays a key role to get persistence of tangencies: there are
parameter values arbitrarely close to the bifurcating one having a thick
horseshoe with a homoclinic tangency, from which the persistence of
tangencies is obtained.

We also mention that in these cases the creation of a homocli-
nic/heteroclinic tangency implies the appearence of a cycle in which the
index of the hyperbolic sets (i.e. dimension of the stable bundle) are
equal. Such cycles are called equidimensional. Otherwise the cycle is
heterodimensional, i.e. there is a pair P, () of hyperbolic periodic points
in the cycle with dim{(W*(P)) # dim(W*(Q)). Notice that on surfaces
every cycle is equidimensional.

Here we deal with heterodimensional cycles. We say that an arc of
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PERSISTENT HOMOCLINIC CYCLES 645

diffeomorphisms (f;);eyr defined on a n-dimensional manifold has a
heterodimensional cycle at t = b if there are hyperbolic saddle points P, and
Q: with different index so that W*(P,) meets W*((Q;) quasitransversely
along the orbit of a point and W*(F;) intersects W*((Q;) transversely.

If We(P,) h W*(Q;) has a connected component being f-invariant
we say that the cycle is connected. When W*(P,) h W*(Q3) contains a
connected component <y, so that fi(vy,) # v for every ¢ # 0 the cycle is
named nonconnected. Observe that there are cycles being simultaneously
connected and nonconnected. The weak expanding eigenvalue of () and
the weak contracting eigenvalue of P, are called the connexion eigenvalues.

In the present paper we describe a new mechanism leading to persistence
of homoclinic tangencies after the unfolding of a cycle. We prove that for a
large open class of arcs of diffeomorphisms (f;):c; unfolding a connected
heterodimensional cycle having a complex connexion eigenvalue, there is
an open interval in the parameter line containing the bifurcation value b
in its interior where the parameter values corresponding to homoclinic
tangencies are dense. In such a case we say that the persistence of
homoclinic tangencies is a persistent phenomenon.

We point out that in this paper we do not use concepts related to fractional
dimensions (namely Hausdorff dimension and thickness). The main novelty
of our proof of the persistence of tangencies is that it only involves the
two hyperbolic periodic points in the cycle. Let us recall that in [8] to
get persistence of tangencies it is considered a thick hyperbolic set with
a homoclinic tangency.

Here to get persistence of homoclinic tangencies we analize the growth
of the homoclinic points of P;. In rough terms we prove the following: for
t nearby b there is a subset A, of the tranversal homoclinic points of P,
being dense in a center-stable manifold of P, see Proposition. The set A,
plays a similar role of the thick hyperbolic set in [8], see Section 3.2.

Heterodimensional cycles were introduced by Newhouse and Palis in
the seventies, see [10]. In ([2]-[4]) the connected and nonconnected cases
with real connexion eigenvalues in any dimension were studied. Connected
heterodimensional cycles with complex connexion eigenvalues remain so
far unexplored and here we give a contribution to the understanding of
the dynamics in this case.

The unfolding of homoclinic/heteroclinic tangencies leads to the relevant
dynamical phenomenon of abundance of Henon-like attractors/repellors ([1],
[7], [18]). On the other hand, the unique known geometric configurations
leading to prevalence of parameter values with Heénon-like attractors are
the dissipative critical saddle-node cycles studied in [11], see [6]. We think
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646 L. J. DIAZ AND R. URES

that in the sectionally dissipative cases considered in this paper our proof
suggests that the heterodimensional cycles considered in this paper may

be a good place to search for Hénon-like attractors with positive density
at the bifurcation value.

2. STATEMENT OF RESULTS

Throughout this paper M denotes a compact n-dimensional (n > 3)
boundaryless manifold and P°°(M) the space of arcs (fi)ier of C™
diffeomorphisms equipped with the usual C* topology.

We say that (f;)icr exhibits a heterodimensional cycle at t = b if there
are hyperbolic periodic points P; and ¢); such that

(1) W(R)) b W(Qy)) # 0,

2) W(P) NW*(Qs) = {f;(rs)}iez and

dim(Ter“(Pb) + Ters(Qb)) =n-1.

Condition (2) means that z, is a quasitranversal heteroclinic point and
dim(W*(F,)) +dim(W*(Q,)) = n+ 1. We lose no generality by assuming
that 7, = fFO (W (Py)) NW (Qs) for some ko and that b = 0.

We say that (f;)ics unfolds generically the cycle above if there are a
C! curve (r4)ser and a C! map C:I — R* with r, € fFo (W (P,)) and
C(0) # 0 such that

(1) d(re, Wi (Qr)) = [|C(®), :

2) T, (W*(Qq)) & T, ( W*(P)) ® V = T,,,(M), where V denotes the
space spanned by (7).

We proceed to describe the set of arcs of diffeomorphisms we consider
here. Let H(M) be the subset of P°(M) consisting of arcs that unfolds
generically a heterodimensional cycle. From now on, for simplicity, we
assume that P, and Q; are fixed. We consider arcs (f:):cs satisfying:

(CI) Linearizing coordinates: Let {\;(t)}i=1,. » and {5i(t)}i=1,...n
be the eigenvalues of Df,(P;) and Df;(Q.), respectively. Assume that
A0)] < ... < fAn2(0)] < [An-1(0)] <1 < |An(0)} and [Ai(0)} < ... <
18n-2(0)] < 1 < [Ba=1(0)] = |8a(0)| where 8,.(0) € (C\R).

From now on write Ay = Ap_2, Ac = Ap_1 and A, = A,.

(1) f., t € I, is Cl-linearizable at P; and Q,
and

(2a)

and |A,(0)] < |A(0)

2
>

s A
Ae(0)] 7 [Au(0)]
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FIG. 1. — Heterodimensional cycle with a complex connexion eigenvalue.

or
(2b) |A,(0)] < [A(0)[* and |A:(0)|]Xu(0)] > 1.

By (CI) there is strong stable foliation F7° in W*(P,) with dim(F?*)
= 1. From now on F?°(z) denotes the leave of F° containing z.

We say that a curve a C W*(F;) does not have s-criticalities if
ay My, F°(z) in W9(PR,) for every z € oy.
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648 L. 1. DIAZ AND R. URES

(CII) There is an f;-invariant connected component vy, of We(F,) &
W*(Q:) depending continuously on # such that -, has not neither
s-criticalities nor radial criticalities, see definition below.

Let C(M) be the subset of H(M) consisting of arcs (f;)ses satisfying
(CL-D),

THEOREM. — There is an open and dense subset T(M) of C(M) so that
for every (fi)ier € T(M) there is € = €((fi)eer) > 0 and a dense subset
T in [—e, €] such that f, has a homoclinic tangency for every s € T..

We point out that our arguments give that (f;):c; unfolds generically a
homoclinic tangency for every s € T.

3. PERSISTENCE OF TANGENCIES:
PROOF OF THE THEOREM

From now on we assume that (f;):;e; € C(M).

We begin by remarking that up to a finite number of nonresonance
conditions on the eigenvalues of f, at P, and Q, the linearizations of
ft at Py and Q:, say ¢p, and ¢g,, can be taken, and we do, to depend
differentially on the parameter, (see [17]), and defined on neighbourhoods
Up and Uy of P, and Q; independent of ¢.

We take a metric in M so that d(z,y) = e(pg, (), ¢r, (y)) for every
z,y € Up, (R = P, @), where e denotes the euclidean metric. From now
on given a curve I, |I| means its lenght.

Given a set A and z € A, C(z, A) denotes the connected component
of A containing z. Let Wi (R;) = C(R,, W' R,) NUR), i = s, u,
R = P, Q. We suppose that pp (W (P:)) = {(zs,7,0), z, € R*~2
z. € R}, o, (Wiee(P2)) = {(0,...,0,z,), 7, € R}, ©Q,(Wie(Qr))
{(0,....0,zc,2,), 7 € R} and 9 (Wo(Qu) = {(2,0,0), 7,
R*~2}. By (CII) we can choose @p, so that @p,(v. N Up)
{(0,...,0,2.,0), z, € R™}.

Let H(P,) denote the set of transversal homoclinic points related with
P,. We say that S; and S, are {-transverse at x, denoted by S; mg So, if
Syt Sy and /.(S1, S2) > €, where £ denotes the angle. Define He(P;) as
the subset of H(P;) consisting of points z so that W*(P,) i W*(R,).

We say that vy, has no radial criticalities (see CII) if pg, (7y;) is transverse
to the pencil of straighlines through (0,...,0). This definition does not
depend on ¢g,.

nom

The Theorem follows from the arguments in the proof of the next
Proposition.
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PROPOSITION. — Suppose that 3,(0) = (,¢® where § € (R\ Q), B, € R

d
d a)\c(O) # 0.
Fixed T > 0 there is ty > 0 such that for every t € (—to,to) 7i°(H.(P,))
is dense in vy;, where 7;}° denotes the projection from W*(P,) to v, along
the leaves of the strong stable foliation of W*(P;).

3.1. Proof of the Proposition

The main tool to proof the proposition is the following result that
extends a previous lemma in [3].

LEMMA 1. — Let m € N and 2°,...,2™ € R so that z™ < z™ ! <
.zl < 2% Forany I = (iy,...,i,), ix € {0,1,...,m}, n > 0, (ifn =0,
I=0),and J = (j1,...,Jn), jx > 1, consider the sequences {l’;’j’r}jzl,
r,s € {0,1,...,m}, so that

(D) rs“ — 2% as j — 0o for every T € {0,1,...,m},

) rmIs < & for every s € {0,1,...,m — 1},

3) dlam({xS”}J>1) — 0 as |J| — oo, where |J| = n if
J = (j1,- -,Jn)

Let A = {1‘; ’fj"“,n € Nyir € {0,...,m},jx > 1}. Then
27, 2% C Al

Proof. — Take z € [z7"™,z°]. If = € A there is nothing to prove.
Otherwise either z**! < z < z* for some i € {1,...,m — 1} or

7™ < 7 < z™. Let us assume that the first case occurs the other
one follows smularly By (1) and (2) there j; so that a:J +1 <z < a:
amyi < < m, ,m i
17'~-:j717jﬂ+1 z I cJn
Now (3) implies that z, = 77" — 2 as n — oo. This ends the proof

Iy dn
of the lemma. O

Inductively we get a sequence {j,} with xj

Now our target is, roughly speaking, the following:

Denote by < the natural ordering in «y, so that Qg < P,. Fixed 7 > 0
we construct a family of sequences of 7-tranverse points (z7) related with
Py so that ©5°(z)) satisfies the hypotheses in Lemma 1.

To prove the proposition we need some technical definitions and
constructions. Without loss of generality we can assume that \.(0) > 0,
otherwise it is enough to replace f; by f2, and C(0) > 0. From now on
we write \; instead of \;{0).

Let B = ff(Ug). Con51der the extension of F§* to the whole
B, F¥, defined by F¥ = (gop0 ({(e1,.-.,an-1,2), z € R})). Write
F(To) = C(T‘O,W (P()) N UQ)
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650 L. J. DIAZ AND R. URES
We extend F;° to the whole W*(P;). By (CI-II),
lim C(f7(2), F(£7™(2) N Ug)) — Wie(Q2)

for every = € vy, where the convergence turns out to be C! on compacta.
Now consider a C!-extension of F§° to Ug, say F§. Let 7§ be the projection
along the leaves of F§ from Uy to W (Qo).

Define F* = w§(F(ro)) N (cpéi({(ml,...,xn_l,xn), z, € RY})), i =
+,—. We can choose ¢p, in such a way that pp (FT) is tangent to
(0,...,0,1,) at (0,...,0). For simplicity let us suppose that @p, (F*) =
(0,...,0,z,).

Let us assume that -y, spirals anti-clockwise. Let F* N~y = U Zi,

i>0
where d(&i11, Qo) < d(&;, Qo). Otherwise the proof follows similarly by
considering the intersections between F~ and ~p.

Pick the fundamental domain D of ~, in Up so that ¢p (D) =
{(0,...,0,2,0), z € [-1,—- ]}

Given z € 7y and a curve a C -y, let

n(z) = min{i € N such that fi(z) € D}, n(a) = min{n(z), z € a}.

Let E be the fundamental domain of ~, bounded by %, and f; 1(3%0).
Without loss of generality we can assume, and we do, that f"(mO)(E) =D.
Write n(xo) = kl

Define #(4) by the natural number so that £ (2,) € (5 (%o), Zo] C 7o.
Remark that & is strictly increasing.

Let +* be the arc in -y, bounded by £; and ;. There are A and § so that

(2.0) 885D < D (7 /o) < ABED Ve aC A

Define 3(z,8) C o by the curve of length 2§ centered at = and
$:(8) = N(d:, B2 "6). Remark that there is 8o such that $;(6) is %
transversal to F¥ for every 0 < § < &g, here F" is the foliation given by
vertical lines in the linerizing coordinates.

Take a small neighbourhood V' of -y, containing ro. Fixed A C (yo NV)
let 4° = | ] C(z, Fg*(z) N V).

z€A

Let 7 = %2(6) h f5° (Wi (Po)), W* = W*(Fo) U W*(Qo) and
T(8) = C(@',$5(6) N W*). For each i > 0 define projections along
the leaves of F3°,

wir T8 = 5i(8), = F§* A X(6).
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WEAQu) , Fis(ay)

F .
\a

T

W3(Qy) W)

,

FiG. 2.

Notice that #; = 7(Z;) (recall the choice of F'*) and that there are
constants K7 and K§ with

(2.1) Kjlo| < |7(e)| < Kila|, VYa CTY6), i>0.

Let IT;(6) = [2:(6), Po] C vo NUp be the maximal segment in g where
the function m; bellow is well defined, see Figure 3,

e Hz(é) ——»1"1(6), I — C(x,Fa‘”(x)ﬁB) rhI‘z(é)
Remark that ¥ = 7;(P,) and that there are constants K¥* and K¢ with
(2.2) Kol < |m(a)| < K¥la|, VYa cI(6), i>0.
)

In the sequel we take ¢ < T From (2.2) and (2.0) there are C; and C;
(2.3) |z:(e)] € (C18;"We, Cy877We).
Let m;(e) = ny(e) + 2, where n;(e) is defined by
(2.4) A= S 0 e > Amile),

Let D_; = f3 (D). Define D;(¢) by the convex hull of

(f(;m(s)(D_ﬂ U Po),i.e.

Vol. 11, n° 6-1994.
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/ W/f(t) c (Qu)

i
0 Y

FiG. 3.

0r,(Di(€)) = {(0,...,2,0), z € [-ATE 71,0},
and X
Di(e) = f(D_; u D).
From the definition of m(e), (Di(e) U Di(e)) C IL(e). Hence we can
define m; (79 (y)) for every y € D_; U D and j > 0.
By the definition of D;(e), |Di(e)| = ARE* On the other hand, from
2.3) C18." e < |1(e)|C2B2 " Ve. Now, from (2.4)

2C1 _ |Di(e)]
(2.5) {AC@ S e S

AC1B; Ve < d(y, Ro) < C187"0e, Wy € Die).

U

From (2.2-5)

c: . »
(2.6) {Ki‘ﬁé L "De < |mi(Dy(e))| < KyACofi7 e,

KyX3C1 87 We < d(mi(y)), T) < K3Ci8;" Ve, Vy € Dy(e).
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Let
L = max{|D, f2*)],z € B}, £=min{|D,f""|,z € E}.
From (2.6), (2.0) and the definitions of A and §
Cy

(2.7) 6KPKIN2ZL A |fEOFF (2o (,(Die))))| < LAKYK3ACae.

Take

Ast—1
4AL/\ CoKYKS'

The choice of € and (2.7) imply that

A(FEOTR e (s (FTOT (), fe O (30) < AT -

for every y € D_; UD and i € I(e). Since by the definition of ()
and ki, f0 @F*1(2,)) € D* (recall the definition of A®) the last inequality
gives f”(z TR s (m(F O () € D2, U D* forevery y € D, UD
and y > 0.

We have proved the following

Remark. — Given y € D_;UD; and j > 1 let y¢ = Fr@tk
(g (ms( f5 O+ ()))). Then

ey yj is well defined for every ¢ > 0 and 7 > 1,
(2) y5 € D*, UD".
Take

56/\36'16

T4
Since 4 € (R \ Q) there is a finite subset I(e) = {0, %1,...,%(e)} 0 =0,
ik < ik41, of Z such that

v=uv(e)=

(D) {ys}iere is ——dense in D, where y, = f"(’k)(xk),

2) Yirer < Yip where < means the natural ordering in ~y, satisfying
Qo < P

Now we are ready to construct the sequences {yjfr} j>1 in the Lemma 1.
Let {yJ "l = {7['0(.’1,'357‘)}]>1, where {.’IJSJ{’T}]‘>1 is defined as
follows. For i € I(e) take z¢ = fFT* (%), For every k € I(c) an
j =1 let
=k _ C mi(e)+i,, k W¥(P B) h T3
7" = C(fo (%), W*(Po) N B) th 23(e),

b
x?’i — fé‘(i)+k1 (Tf’l)

Vol. 11, n® 6-1994.



654 L. J. DIAZ AND R. URES

By construction x;” — z* as j — oo for every k, i € I(¢).

Given I = (i1,%2,...,%,) write |I| = m. Suppose already defined
{z]} ;51 forevery |I| <n+1,|J| <m, [I| = |J|+ 1 and that 2] — z7
as j — oo for every k € I(e). Let

T4 = OO @), WH(Po) 1 B) h Bie),
r I _ pr(i)+ky =i

Ty = fo( ) l(xJ,j )-

Again by construction x’)ﬁz — 2zl as § — oo for every r € I(e).
Now we claim

Claim: The sequences {zS’;’I}jZI, (2 = z,y) are well defined and
{yg’;’l}jzl satisfies the hypotheses in Lemma 1.

Proof of the Claim. — Given z,y € W*(F,) write £ < y meaning
7%(x) < w°(y). Notice that 7; preserves the ordering <.

We say that (a,H) is a pair if « is a curve in W*(F,) and
H = {H(z)}req is a family of 1-disks depending differentially on z
with H(z) h, W*(P,). A pair (¢/,H') is a subpair of (a,H) if &' C
and H'(z) = H(z) for every z € <. ‘

Remark that there is x> 0 such that for every pair (c, H) Bz~ Pep-Cl-
close to a subpair of (IL;(¢), { F;*(z)}zem,(e)) (Where the C*-proximity is
defined in the obvious way) we can define the projection p(, ) as follows

Plar): @ — Xi(e), T H(z) M3 (e).

By shrinking € < § we can assume that p(, 3, preserves the ordering <
and by (2.1-2)

|73 (p(ar) (W)

K7 <
! lﬂ(a,n)(w)l

(2.8)

|l

where 7 denotes the projection along the leaves of F§° from X$(6) to
().

A pair (o, H) is called &-pair if

(1) @ C D%, U D,

(2) a ¢ Fge,

(3) H(z) is £&-C*-close to F'(z) for every z € a.
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For i > 0 define (o, H?) by o = fi(a) and H* = {H*(fi(z))}, where
Hi(f§(z)) = C(f§(=), fo(H(z)) N B).

Now let us suppose that (CI(2a)) occurs, the case (CI(Zb)) follows
analogously, so we omit the details.

[As ] log(}As|)

Lt ¥ = g 7 1T = o)
linearizing coordinates one gets that (o, H?) is C3&y?-Cl-close to a
subpair of ([—=A~", Po], {F5™(2)},epi-2 p,))» here C3 does not depend
on j. In particular, (™) H™ () is Cagyp™)close to a subpair
of (ILi(e), {F3™()}zem,(s)). From (2.4) and |A,| < |Ac|? [see Cl(2a)],
»™© < Cy(Ba"Ve)n. By shrinking ¢, then increasing m;(e), ™ () <
Bu "(i)e,u, where p is defined as above. The choice of 4 allow us to define,
for every ¢ € I(e) and j > 0, the projection

— 1 > 1. Using the

(p(a’H))ét am™iE+ Ef(e), (p(avﬁ));- = Plamile)+i pmile)+i)

where (p(a,n))§~ satisfies (2.8). 4
We define the i-j-sucessor of (o, 1), denoted by (o, H3), as follows

o = O (s (O (@),

HFEOM™ (o) (oM (@)))
= FEOMC (Do) i (F O (@), £ OV (H (2)) n B))).

The choice of € implies straighforwardly that aj Cc D2, U D
From (2.8), (2.4) and the definitions of A and L

m(a)] = 1f5 0 (12 (b )5 (£57 O (0)))]
< ALBOKYKAN™®)|a| < ALKYKSCselal.

By shrinking & one gets

(2.9) max{|mg(ad)l, o[} < I;ﬂ, Viel(e), j>1.
By hypothesis, f5° (W (Py)) NI, $¢(e), for every i € I(). Hence there
is Cs so that fr®* (We (P )) hCe™ (D, U D).

Consider any Cs7-pair (e, H). From the arguments above, by shrinking
e, we can assume that the i-j-sucessor of (a,H) is also a Cgr-
pair. Arguing inductively, suppose that for every I = (%1,42,...,%n),
ir, € I(e) and J = (41,92,---»9n)s Jk > 1, (o, HE) is a Cgr-pair.

Vol. 11, n® 6-1994.
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Li Lin S
We define (a7t H 5"+ ) as the in41-Jns1-sucessor of (o, H}). From

: Tint1 Tinga1y - .
the construction above, (a7t , ;7" ) is a Cer-pair and (P(at m1))

int1
Int1

1|
1
satisfies (2.8) and max{|r$(al)], |a}]} < <§> ).

Now we are ready to finish the proof of the Claim. For simplicity let
us assume that I(e) = {0,1,2,...,e}. Take the CeT-pair (o, H), where
o is a curve joining z7* and z*t, H(z(") = C(2}", W*(P;) N V) and
H(z1) = C(z"*1, W¥(Py) N V). From the arguments above

e,i,r m.(e)+k r e,
w2 = F O (o)) (@),

Pla))i) (@)

2 r mr(e)+k
S

Yo _
Fii(r)
D%,

jitﬁe&)

\I

:

:

F§3(x) ’

)
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where xi;" = xé-“’r. Now the inductive pattern to get (2) in Lemma 1
is obvious, so we omit the details.

Finally, diam({y}}) — 0 as |I| — oo follows from the arguments in the

proof of (2.9) by reduzing . Now the proof of our claim is complete. [

Now we prove the Proposition. Our construction allow us to define 21(¢),
z=uxz,y, forevery I = (i1,...,0n,0n41), i € {0,...,€} and n > 0, and
J = (j1,---,4n) jx 2 1, m > 0 in the natural way for every ¢t € [—t, to],
to is small. Moreover these sequences satisfy Lemma 1.

Fix I and J, now the definition of z4(t), 2 = z, y, only involves compact
parts of the invariant manifolds of P, hence 24 : [~to, o] — M, t — 21(¢)
depends C' on ¢. Moreover, by construction, (y$°(t),%°(t)) contains a
fundamental domain of ~y; for every t € [—to, o).

From the A-lemma estimates with eigenvalue depending differentially on
t one gets that if ¢ is taken small enough

d
—zh(s) < C7, Vs € [—to, to].
dt
Let W*(¢) = U C(z, F"*(x)NUp). Observe that W*(0)NW*(P,)
TEYviOUPp
contains a family of curves (;(0) as in Figure 5. Fixed 7 there is t(4) € (0, ¢o]

) n—k“(m)
W) |
¢1(0)_H /
w;(0) A/
‘/
¢
%.
T\
1 G(0)
JIte )
e . [
081 wy0) : . N
y' ;(0)
WY Fy)
FIG. 5.
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such that we can define the continuation (;(¢) of (;(0) depending
differentially on ¢ for every ¢ € (—#(2),£(i)). Let w;(t) be the point of
quadratic contact between (;(¢) and the F3*. Write w;(t) = F*(w;(t))Ne,
see Figure 5.

Since ( °(0),4°(0)) contains a fundamental domain of ~, there is N,
so that f2: ( :(0)) € (¥1°(0),5°(0)). Observe that N; — 0o as i — co. By
shrinking (i), f; ™ (w ( )) € (yi*(£),3°()) for every ¢ € (—i(3), t(i)).

Let @;(t) = £, (wy(t)). From %/\C(O) # 0 follows

%wi(s) > CgA(0)™ N, Vs € [—t(3), t(1)],
where Cyg does not depend on t and 3.

Take i so that CgA.(0)™™: >> C; for every t € (—t(i),#(4)). Given
V > 0 we get T and J as above and s € (t — V,t + V) such that
wi(s) = y%(s). Now it is not hard to see that fixed ¢t € (=t(2), (1))
and V > 0 there is s € (t — V,t+ V) such that W*(P,) is tangent to
C(zh(s), W*(Ps)NUp). Now the proof of the Proposition is complete. [

3.2 Proof of the Theorem

To get the Theorem just observe that in the proof of the Proposition the
hypothesis § € (R\ Q) is only used to obtain the g-dense subset {¥; }icr(e)
in D for suitable v. However, if § € R 1s close enough to # we can
define continuations {g;,,...,%;, } being a Y dense subset of D. Now the
Theorem follows from the arguments in the proof of the Proposition. [J
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