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420 M. G. CRANDALL

INTRODUCTION AND STATEMENTS OF RESULTS

In this note we sharpen a bit a result of Ishii and Lions[3] concerning
second order semidifferentials of functions which lies at the heart of the
study of viscosity solutions of second order fully nonlinear elliptic equa-
tions. Moreover, around this kernel we weave an exposition of some basic
facts concerning the comparison problem for viscosity solutions which we
hope will make the recent important developments in this area more
accessible than heretofore.

Let us recall the notions and attempt to motivate the statement. Let Q
be a bounded open subset of R”, S"*" be the set of real symmetric nxn
matrices and u, v: Q — R where Q is the closure of Q. One of the principal
methods in the viscosity theory of fully nonlinear elliptic equations was
born in the study of first order equations and involves the consideration

A
of the function u (x)—v (») -3 |x~»||> near a maximum point

(%, P)eQ xQ, so we assume that

(N u(x)—v(y)—%”x—y|l2__<__u(32)—v(}3)—% £—7p]? for x, yeQ.

Above and later ¢ .,. ) and || . H are used to denote the Euclidian inner-
product and norm.

If we assume that u, v are twice differentiable at (£, $) in the sense of
having second order expansions about %, y of the form

WO =u () +Cp x— %>+ (X =%, x— 2>+ o (|| x—%])
@

1
u(y):v@)+<q,y—ﬁ>+5<Y(y—ﬁ),y—y‘>+o(l|y—ﬁl12)

for some X, YeS" " p, geR" and where the “little 0" notation has its
usual meaning, we would deduce from (1), (2) and the fact that first
derivatives vanish and second derivatives are nonpositive at a maximum
that p=g=A(x—3) and

3) (X 0>§X(I —I)
0 -Y -1 1

where the ordering is in the sense of quadratic forms. We ask to what
extent we can make a similar statement if u, v are not smooth—indeed,
we consider the situation when u is upper-semicontinuous and v is lower-
semicontinuous.

The variants of the notions of derivatives we need are described next.
In view of the fact that we are dealing with semicontinuous functions, it
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SEMIDIFFERENTIALS 421

will be necessary to have a notation that records function values as well
as first and second order information. A p_oint (u@), p, S eR*xS"*"is a
(second order) superdifferential of u at zeQ if

(4) u(x)<u@)+<p, x—z>+%<S(x—z), x—z)>+o(||x—z]?.

Observe that we allow the possibility that ze 0Q (the boundary of Q). We
let 2% * u(z) denote the set of second order superdifferentials of u at
z, i.e.,

(5) 2% * u(z)= {(u(2), p, S) e R"x S"*"such that (4) holds }.

Likewise, one defines the subdifferentials 2% ~ v(z) by replacing u by v
and reversing the inequality in (4), which amounts to
2* “v(z)= —2% * (—1)(2)). The functions 2% *, 9% ~ map Q to subsets
of RxR"x §"*" If M is any metric space and I" is any map of € to the
subsets of M, we define its graph G(I)={(x, m)eQxM:mel (x)} and
its closure T" by G(I') =G (I') where the overbar always stands for closure.
Thus the closure 2%+, 2% ~ of 9> *, 2% ~ are defined. We also use the
notations D@ (x) to denote the gradient of a (classically) differentiable
function and D? ¢ (x) to denote the second derivative matrix of a twice
differentiable function ¢. We are going to prove the following results:

THEOREM 1. — Let u, v:Q — R, u be bounded and upper-semicontinuous
and v be bounded and lower-semicontinuous. Let A>0 and (X, $)eQxQ
satisfy (1). Then there are X, Y €S"™" such that

I 0\ (X O 1 —I
(©) _4;”(0 1>§<0 _Y)§n<_1 1)

and

(N @@, AE=P), X)e2* *u®), 0@) AE—9), Y)eD> v ()
Moreover, there is a Z €S"™" such that (7) holds with X=Y =Z and
(8) —AISZ=AT

In order to indicate why this is an interesting result, let us quickly recall
the comparison problem for viscosity solutions of fully nonlinear second
order elliptic equations. Let F:Q x Rx R*x §"** —» R be continuous and
satisfy
9) F(, r,p, X)<F(x, s, p, Y) whenever r<s, Y<X,
and the arguments are in the domain of F. We let u, v have the continuity
and boundedness properties assumed in the theorem and, moreover,
assume that F(x, u(x), p, S)<0 [respectively, F(x, v(x), p, S)20] for all
xeQ and  (u(x), p, e2® Tu(x) [respectively, xeQ  and
(v(x), p, S) € 2% ~ v(x)] —in other words, we assume that u (respectively, v)
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422 M. G. CRANDALL

is a viscosity subsolution (respectively, supersolution) of the equation
(10) F(x, w, Dw, D*w)=0

in Q. Hereafter we usually drop the term “viscosity” and simply
speak of sub- and supersolutions. For example, if F(x, r, p, S)=
r—(trace (S))*>—f (x), then (10) is the equation w—(Aw)>=f (x). Notice
that if F is lower-semicontinuous (respectively, upper-semicontinuous),
then 2% * 2%~ may be replaced by 2> * (respectively, 2% 7) in the
inequalities defining subsolutions (respectively, supersolutions), so we may
do both since F is assumed to be continuous. The comparison problem
for the Dirichlet problem (for example) for (10) is to show that if u and v
are a subsolution and a supersolution of (10) and u<v on 99, then u<v
in Q. The strategy for doing this is to assume to the contrary that
u(x)>v(x) for some xe. It is then easy to see (using the assumption at
the boundary) that for large A>0 if (X, y) has the property (1) then
%X, 7eQ. In view of the Theorem 1 and the assumptions, we then have

(11) F(x, u(), AMx—7), X)Z0ZF (), v(), AE—7), Y)

for some X, Y satisfying (6), and then one proceeds by deducing a
contradiction as A — oo (which, of course requires some structure condi-
tions on F, etc.). We give examples of this in Section 2. We remark that
in practice it seems that the simpler structure of the assertions concerning
the existence of a Z as at the end of the theorem suffices to treat many
possibly degenerate equations, while the more detailed information in (6)
is needed in strictly elliptic equations. The constants are sharp in (8) and
perhaps not in (6) —one worsens the bound above from (3) in order to
have a lower bound, and we do not know if the constant in the lower
bound is sharp for a given upper bound, but this does not seem important.
The reader will see from the proof that if the constant 2 in upper bound

in (6) is replaced by

1
2 and the 4 in the lower bound is replaced by -
—2¢ £

. 1
where 0 <2¢g< 1, then the result remains true ((6) results from £=Z>. The

application of Theorem 1 indicated above does not use the possibility that
(%, Ned(Q2xQ) allowed in the Theorem. However, this possibility is
important for discussing more general boundary conditions as was pointed
out to us by H. Ishii, and we are grateful to him for recommending the
more general formulation (see also Remark 3 below for a still more general
variant suggested by Ishii).

The first part of Theorem 1 is a sharpened version of LemmalIV.1 of
Ishii and Lions[3] which in turn was deduced from an argument of Ishii
[2] which in turn relied on results of Jensen [4]. The statement of Theorem 1
is less mysterious than that of Lemma IV.1 of [3] and has the virtues that
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. 1 .
the lower bound does not contain a large parameter ~ depending on u, v
€

in an uncontrolled way and the statement concerns every (X, ) for which
(1) holds. While the range of application to equations like (10) is not
really increased by these ameliorations, the tasks of writing proofs and
discovering structure are less onerous when working with the cleaner
statement and this is pleasing. Indeed, Theorem 1 (including such variants
as will appear as the need arises) appears to us to be the right way to
summarize the information needed for the uniqueness theory of viscosity
solutions. As regards this theory, there have been recent significant
advances following the path breaking (and now obsolete) results of Jensen
[4]. Ishii and Lions [3] present a comprehensive overview from a point of
view consistent (but necessarily a bit more complex in the absence of
Theorem 1) with the remarks above, while Jensen [5] offers a competing
presentation from another point of view as does Trudinger [8] in a special
case. The reader is invited to consult these works and their references to
obtain a balanced image of the area (the bibliography of [3] is large).

To the expert in this subject, the principal contributions of this note
consist, perhaps, of the formulation of Theorem 1 and the following
lemma concerning quadratic forms which corresponds to the fact that the
theorem is true in the quadratic case:

LemMMA 2. — Let X, Y € S*"*" satisfy

" <x o>§<1 _1)
0 -—-Y -1 1

1
Then for e<§, (I—eX) and (I1+¢Y) are invertible and if

(13) Xe=X(I-eX)"!, Y, =Y(I+eY)™},
then

(14) X<X<Y.,£Y

and

" —1
b e )
e\0 1 0 -Y.,/ (1-2g\-1 1

Moreover, there is a Z€S™™" such that

(16) X<Z<Y and —I<ZZL

We will prove the lemma in Section 2, while Theorem 1 is proved in
Section 1 assuming the validity of the lemma. Addressing the experts, we
point out that a principal feature of the lemma is the following: while the
set of matrices satisfying (12) is unbounded, the regularization processes
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424 M. G. CRANDALL

(13) produce matrices which are bounded as indicated in (15) and favorably
related (as in (14)) to the original ones in the ordering from the point of
view of semidifferentials and this provides ample compactness for various
arguments. Finally we mention that there is another path to the proof of
the first part of Theorem 1 which parallels the route taken by Lions and
Ishii rather closely and this path is also outlined in Section 2.

Having dispensed with the experts, we offer the novice something more.
We will outline a full proof of Theorem 1 (although we will call on two
results —one from Aleksandrov[l] and another from Jensen[4]) in a way
we like (certainly no real news here, as this proof is largely a cleaning
up of arguments from the references given above), thereby conveniently
collecting the essential points needed to understand the uniqueness theory
of viscosity solutions. Indeed, for example, with this proof, Theorem 1
and the sample use of this theorem in this context given in Section 2 in
hand, one may peruse [3] quite comfortably and simplify other of the
arguments there as well. In the very brief Section 3 we formulate a version
of Theorem 1 appropriate to the discussion of fully nonlinear parabolic
equations.

We have kept this note as brief as possible consistent with a certain
completeness and remark that we intend to consider appropriate variants
arising from changes of variables, unbounded domains, infinite dimen-
sional considerations, etc., elsewhere.

The author would like to thank Carl de Boor for useful discussions in
the course of this work.

1. THE PROOF OF THEOREM 1

We begin the proof of Theorem 1 by noting that we may replace u, v
by u/A, v/A and reduce to the case A=1 and we do so herafter. We will
sketch the proof in a sequence of steps.

Step 0. — We may assume that (X, p)ef. Indeed, if we choose a
sufficiently large constant M and extend u, v to functions u,, v, on R" by
setting u,(x)=—M, v,(x)=M on RYQ, then a check of the definitions
shows that (1) holds for u,, v, in place of u, v and a full neighborhood N
of Q in place of © and, moreover, for xeQ, (u, (%), p, X)eD* * u, (%)
(closed as a graph on N) if and only if (u (%), p, X)e 22 * u (%), etc.

Remark 3. — In fact, 2%, 9% ~ are local objects by their definitions
and the above reduction does not require “Q” to be the closure of an

open set. Thus one can treat the situation in which u, v are defined on an
arbitrary locally compact subset of R"

Step 1. — We show that the result holds if u and v are twice differentia-
ble at (%, ) in the sense that (2) holds. In this case we know that
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p=q=%—7 and (3) holds. Since
(@), £—9, X)e2> *u(®), @), -5, Y)e2> ~v ()
and we have (14), we will also have (directly from the definitions) that
w(®), £—p, X% * u (%), @), =9, Y)eD® " v(p).

Putting e=i and using (15) we find that the desired relations (6) hold

with X, Y® in place of X, Y. In order to produce Z with the properties
of the final assertions of the Theorem, we simply use the final assertion
of the lemma. Notice that we don’t need to use the closures of 9% ¥,
2* ~ here.

To obtain the general case, we make several approximations and take
limits.

Step 2. — We show that if the result holds when the inequality (1) is
strict for (x, ¥) #(%, 7), then it holds in general. We replace u(x), v (») by

%L n0)=00)+3|y-7|?

where 8> 0 so that (X, J) becomes a strict maximum after this replacement.
Assuming that the result is true in this event, we have the existence of
X (8), Y () such that

(A7) (us(%), =5, X(3)e D™ "1y (%), (), X5, Y(3)) 2> "0, ()

and

18) _4<1 0)<<X(8) 0 ><2<1 _1>
0 I\ 0 -Y®),) \-1 1

However, recalling the definitions of u;, v5, (17) amounts to
W(%), £—3, X (8) +28) €D * u(%), (0 (), =3, Y (8)—28De D>~ v(5)

ua(x)=u(x)—8“x—)‘c

and since the set of symmetric matrices in any fixed interval in the ordering
is compact, we may pass to a subsequential limit as 6 |0 to obtain the
existence of X, Y with the desired properties. The existence of Z follows
similarly.

Step 3. — In this “step” we recall some standard facts. While not all
of these facts are needed here, they tell a complete story. The utility of
the approximation about to be introduced in this arena was first pointed
out in Lions and Souganidis[7] and Jensen, Lions and Souganidis [6]. Let
O < R™ be open and bounded. Let W: @ — R be upper-semicontinuous and
bounded

(19) |W|=cC.
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426 M. G. CRANDALL

For e>0 we define W*: @ - R by
1
(20) W (x)=sup (W@)—;llx—yllz)-
ye®

Then the following things are true (and the first three are obvious).
(i) W<W:<where C is from (19).
.. 1 . . .
(i) The map x+> W*(x)+—]||x||2 is the supremum of linear functions
£

and is therefore convex.

(1) We is twice differentiable a.e. on @. This follows from (ii) and
the result of Aleksandrov[l] asserting that convex functions are twice
differentiable a.e.

(iv) Since W is upper-semicontinuous, for each xe @ there is a point
Y. €0 such that

21 W‘(x)=W(ye,x)—éllye.x—xH ?

and any such point satisfies [by (i) and (21)]
(22) |7e c—x]|2<e2C.

(v) For xe @, W*(x) | W(x) and lnye,,—xnh»o as £ 0. This follows
£

from (21), (22), (i) and the upper-semicontinuity of W.
(vi) If ¢ € C*(R™), X and
(23) Wix)—@(x) =W (X)—@(X) for xe0,
then
(249) WO)—oO+3x—y d=W(y, J—o0(X) for ye(@+y, ;—X)NO0.
In particular, if y, ;€ @ so that y may range over a neighborhood of y, 5
y—=W (@)~ (+xX—y, o has a maximum at y, 5
(25) (W, 9, Do(2), D’ (2)e2* " W(, 2,
and, as a consequence, if x, y, €0, then
(26) (We(x), p, X) e 2* * W*(x) implies (W (¥, »), p, X)€ 2> * W(y,, ,).

The reader will deduce (24) from (23) quickly upon using the definition
of We, while (25) follows from the immediate fact that if e C? and W—y
has a maximum at z, then (DY (2), D2{(z))e2* * W(z) and (26) then
from the fact that all the values of 2% * W can be so obtained.

(vii) Let B, () be the ball of radius r centered at y and B,=B,(0). If
¢eC?(R™), £eC and (23) with strict inequality for x# % holds, then for
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every 8>0 the set

{xeONBs(X) : IpeByax
> W*(x) — ¢ (x)+{p, x ) has a maximum at x }

has positive measure. This follows from (ii) and Lemma 3.10 of Jensen
[4] (which is itself a variant of earlier results by Aleksandrov and others).
Recall, in applying this lemma, which may be read quite independently of
the main text of [4], that convex functions are locally Lipschitz continuous.

(viti) If peC?(R™) and We—¢@ has a maximum at xe@, then for
every 8>0 there exists peB; such that x+—W*(x)— @ (x)+<{p, x> has a
maximum at a point x,€B;(X) and W¢ is twice differentiable at x,. This
follows at once from (vii) and (iv).

(ix) If

W) -0 (xX)EW(K)—@(X) for xel

holds with strict inequality for x#x and x* is a maximum point of W*— ¢,
then x* - X, W*(x%), W(y, ), = W(X) as €} 0. To see this, observe that

W) -0 () =W (X) =0 (X)W (x)— 0 (x)=W (), o) — ¢ (x)
so that if % is any limit of x* (and hence y, ,<) as €0, then
W (x)— ¢ (x) £ liminf W*(x®)— o (x°)
£l 0
<liminf W(y, ) — 0 ()W (X)— o (X)

£ 0
and we conclude that X=x. Moreover, choosing x=x =x, we learn that
W(yz, x:)3 We(xs) - W()‘C‘).
(x) The reader may skip this point at this time as it is not used except
in an alternate proof of Theorem 1. If @ is convex and A, &, >0, then

(27) (AW (x)=A W3 (x) for xed.
The relation (28) follows from appropriately composing the identities
(A W)E =AW

(which is trivially true for all g, A>0) and if y>0, then
(W) (x)=W="7(x),

which is seen to be true upon changing the order in the iterated supremum
process on the left and using the definitions provided that @ is convex (or
that a point y for which one has

(28) (W97 (x)=W*(y)— %Hy—XHZ
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lies in ).

1
Step 4. — We complete the proof. Assume that u(x)—v (y)— 5“ x—y||?

has a strit maximum at (X, ) in QxQ. Set 0=QxQ and

W(x, y)=u(x)—v(y) on & (so the pair (x, y) plays the role of x in the
1

discussion of Step 3). Then (by (ix) above), We(x, y)— Ellx— y|I*> has

a maximum at a point (x,, y,) and (x, y) — (%, §) as € | 0. Moreover, by
(vili) and (ix), there are points p,, ¢.€ R" of norm at most & such that

We(x, y)— %||x-—y|[2+ {p., x>+<4q, y) has a maximum and two deriva-

tives at a point (X, y) which is within & of (x, y). Since
We(x, y)=u*(x)—v.(y) (where u* is defined via (20) and v,= —(—v")), we
conclude from Step 1 that as soon as € is sufficiently small (as it also
must be several places below) that there are X (g), Y (g), such that

) { W R, Z=Fe—po X (@) D> *u* ()
WG, %=Fi+ a0 Y ()€™ 0,6)

(30) _4<I 0>§(X(e) 0 )§2< I —I)
0 I 0 —-Y (g) -1 I
while if

-~ ~ 1~ 1, ~
wt(xv ye)zw(xz, FA) Ve, )75)_ Ellxz_xz, ngZ_ Euyt_yt- )7:“2

(26) then yields

(31) { (u (xa, i't)’ ;:—;a—pe’ X(S)) e@l, * u(xt, ft)
(U (ya, )7:)’ gn_;z+ de Y (8)) € 92, - v(yt. )7‘)'

Since (x,, ) —(x, y) as €0 we also have (X, »)— (X, ) and then
(xe. i Yo ;:) _: (£9 ):) [by (IV)] One shows that u(‘xt, :'Et) - u(i)a
v(x,, g)—v(y) just as in Step 3 (ix) and then concludes that any limit
point (X, Y) of (X(g), Y (&) as €0 satisfies (6), (7) (recall that we put
A=1). The existence of Z is demonstrated similarly, and it’s over.
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2. THE PROOF OF LEMMA 2 AND AN APPLICATION OF
THEOREM 1

To prove Lemma 2, we observe several things. First, if (12) holds, then

) { (i) X<,

( (1) —I<Y,

and

3 { () X=X(1-X)7'=Y,
(33) (i) X=Y(J+Y) 1Y,

and, in fact, either pair of relations (32) (i), (33) (i) or (32) (i), (33) (ii)
are equivalent to (12). We work below with parts (ii) of these relations — the
other pair are entirely similar. Let us first note that (12) is equivalent (by
definition) to

(34) <XX,x>—<Y.V,.V>§Hx'—.V”2, an yGR"
and choosing successively y=0, x=0, x=y we learn that
(35) XZLY=z-1 and XY,

Since Y= —1I, if (32) (ii)) does not hold, then there is a unit vector z
such that Yz= —z Putting x=z, y=0oz in (12) then quickly yields a
contradiction.

The second inequality in (33) (ii) is true for scalars y> —1 and so for
Y, and the first inequality in (33) (ii) follows from minimizing the right-
hand side of

(Xx, x )< x=y[P+<{Yy, ¥>
over y (as been previously noted in [3] and is the reason for out notations
—X%, Y, are just given by the appropriate versions of (20) with ¢ =R")
and so the asserted equivalence is evident. Next we assert that for e< 1.
(36) (1—-eX=((1—-9)Y)(1+(1—-9Y) '=(1—-gY(1+Y) L
Indeed, it is simple algebraic fact that the asserted identity holds and then

the inequality is valid by (33) (ii). From the equivalence noted above, we
conclude from (36) that

7 ((1—a)x 0 )§<1 —1).
0 —(1-9Y,)"\-1 1

Next we perform the analogous operation again, thid time replacing

(1-£)X by (1 —€) X)® with 8=( £ and note the algebraic fact that

1—¢
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(vX)®=vX" to discover that

£ 1 I -1
(39) R )
0 -Y 1—-2g\—-1 1
The first inequality of (15) is trivial from (35) and we have established
(15). The relations X <X* and Y, <Y are obvious.
In order to produce Z as in the second assertion of Lemma 2, we

consider more generally the problem of whether or not we can solve (16)
given only the information

(39) X<Y, X=I -IgY

which is a consequence of (12). First we claim that this possible if X, Y
commute. Indeed, we may then assume that X and Y are both diagonal
and the problem reduces to the scalar case. However, if X, YeR, X<1,
—1<Y, and X £Y, then either 0e[X, Y] (in which case we choose Z=0)
or Y=0 (in which case we choose Z=Y) or X=0 (in which case we
choose Z=X). In all cases —1<Z<1.

Next we recall (33) (ii) and that Y(I+Y) '<I and use the case just
discussed to conclude that there is a Z satisfying

YI+Y) 1gZ<LY, —-I£Z<1
and we are done.

It is interesting that the commutativity assumption is essential in a very

strong way as is shown be the next example. For small £¢>0 we define
X, Y, as

2
-3 =

_2_~:~1_2 0 1
€ & €

It is straightforward to check that for e<1X,.<Y,, X,<I, Y.=2—1 and
that if X,<Z.<Y,, then Z, must be unbounded as € | 0. (The reader wiil
not appreciate the pain involved in producing this example.)

We remark that there is nothing really finite dimensional in the discus-
sion of Lemma 2 and the result is true in Hilbert spaces.

We also remark that the identity in (36) is a general (nonlinear) fact;
indeed, it corresponds to part (x) of Step 3 in a slightly different technical
setting (€ =R™). This observation corresponds to another proof of the
first part of Theorem 1 parallel to the arguments leading to Lemma IV.1
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of [3]. We sketch this path in a rather elegant manner which makes things

quite transparent.

Let (1) hold with A=1 and assume, (without loss of generality, since
the phenomenon under study is local) that Q is a ball centered at (x, ).
Replacing  u(x) by u(x)—u(x)—{x—y, x—x» v() by
v(y)—u(f)—(f— ¥, y—y> and then translating (x, y) to the origin, we
achieve the following situation: u, —v are bounded and upper-semiconti-
nuous on Q, which is a ball centered at the origin, and

(40) u(0)=0v(0)=0, u(x)—v(y)_S_%“x—y”z, Vx, yeQ.

We will simply say that u <v if (40) holds. Then, with the obvious meaning,

for1>s>0
2

(41) (1-2g)u*<(1—-2¢)v,, and u=su**=<ov, <o

To see this, note that (1) is equivalent to u <v, and then (1 —g) u <(1—¢) v,,
since ((1—¢)v,.),=(1—¢€)v, by (28) (or it’s equivalent version for the
subscripted approximations), and then continue as in the proof of
Lemma 2 above to conclude quickly that (41) holds. Hence

1
u*(x) —v,, (y)— ————|| x—y||> has a maximum at the origin (0, 0).
() =02 () (1_28)211 y]l gin (0, 0)

Using various parts of Step 3 of the proof of Theorem 1, one sees that there
are X, Y e S*** for which (0, 0, X) e 2% * u?*(0), (0, 0, Y) e 2> ~ v,,.(0) and

) __l(l O)§(X 0>§ 1 (I —1)‘
e\0 I 0 —-Y/T(1-2e\-1 1

By Step 3, these points are also values of the closed semidifferentials of u,
v at some points (X, g, Ve, o) such that

0=1(0) =u(x,0)— 12l
2e

2
0=03, (0 =00, )— 120l
’ 2¢
Clearly x, o=y, o=0 satisfy this relation. We can assume that it is the
only such point upon replacing u (x), v (y) by u(x)—|| x||* and v (y) + ||y ||*
(which doesn’t affect the semidifferentials at 0), and sketch is complete. We
finally remark that we did not choose this (with appropariate expansion) as
the primary presentation for several reasons. First, it does not seem to us
to be the best way to reach the conclusion of Step 1 (the twice differentiable
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case) and we regard this as an important orienting case. The *“reason”
Step 1 holds is “really” Lemma 2. In a similar vein, one does not get the
insights provided by Lemma 2. Finally, we would need to introduce a
matrix lemma to obtain the conclusions involving Z in any case, and this
would decrease the unity of the presentation.

We turn to a typical comparison result one may obtain from Theorem
1. Let F satisfy (9) and, in addition, assume that there is a y>0 such that

(43) F(x,r,p, S)—F(x, s, p, S)=y(r—s)

for all xeQ, r, se R and SeS"*" with r=s. Assume also that there is a
nonnegative function ® and a number 0€(0, 2] such that ®(0+)=0 and

44 Fy,r,h(x—y), X)—F(x, r, A(x—Y), Y)§m(”x—y”+l”x—yne)

for all x, yeQ, A>1, reR and X, Y eS"*" which satisfy (6). We will
prove, for completeness, the following result. It is the variant of [3]
Theorem IV.1 which arises from replacing their Lemma IV.1 with our
Theorem 1. The enormous scope will be evident upon perusing [3], as will
the way to proceed with other variants. It is worth pointing out a couple
of simple examples from [3]. The condition (44) holds with =2 if

F(x,r,p, X)=r—trace(A (x) X)

provided either that A(x):Q —S8"*" is Holder continuous with an
1 . ... — . .
exponent >5 and is strictly positive on Q (a strictly elliptic case) or has

the form A (x)=X (x) Z (x)* where X:Q — §"*™ is Lipschitz continuous (a
possibly degenerate case). Moreover, one may form inf,supg F, ; given a
family F, , each of which satisfies (44) with the same ® and remain within
the class, producing highly nonlinear examples.

THEOREM 4. — Let F satisfy (9), (43), and (44) with 8=2. Let u, v have
the continuity and boundedness properties of Theorem 1, and be, respectively,
a subsolution and a supersolution of (10). If u<v on 0Q, then u<v in Q.
Moreover, if one of u, v is locally Hélder continuous in Q with exponent
o €(0, 1}, then it suffices to have §>2—a.

Proof. — Assume to the contrary of the assertion that u(x)>v(x) for
some x €(); the reader may easily check that then for large A we have (1)
for some point (x, y) eQ x Q and, moreover,

(45) Alx—y]? >0 as A— oo
— this is all analogous to some points in Step 3 above. We therefore
have the existence of X, Y satisfying (6) such that (11) holds. Small
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manipulations using the conditions assumed on F yield
(46) Y@ —-v) = ([ x—y| +r]x—y|".

Since we clearly have u (x)—v(x)Su(¥)—v () for xeQ, if 6=2 (45), (46)
imply that «<v upon letting A — o, a contradiction. If, for example, u is
Holder continuous with exponent o, the relation (1) with x=y=y shows

that

(47) Mix=yP=K[x-y[°

so || x—y|? > 0 as A > oo provided 6>2—o and we are done. We make

the standard remark that if o =1, then (47) provides a bound on A(x—y)

and we only need (44) to hold when this bound is satisfied by A (x—y).
We will not pursue further applications here, but let us remark that the

first part of the proof of the strictly elliptic case in [3] can be eliminated

using Theorem 1.

3. THE PARABOLIC CASE

As a last topic, we briefly consider the case of parabolic equations and
formulate a corresponding version of Theorem 1. If Q is as above and
T>0, we put Qr=(0, T]xQ and Q,=[0, T] xQ.

We consider a typical “parabolic equation” F(t, x, u, u,, Du, D?u)=0
in Q; where D u, D? u refer to differentiations in the x-variables. Here

F: QO xRxRxR*'xS"*" >R
and (degeﬁerate) parabolicity corresponds to the condition
48) F(t, x,r,a p, X)SF(t, x, s, b, p, Y) whenever r<s, a<h, Y<X.

Let u: Q —» R. We denote by 22", 2% ~ the variant of the semidif-
ferentials 9> ¥, 2%~ we will use in this parabolic situation and
(u(t, x), a, p, X)e Rx Rx R"x S"*" lies in % *u(t, x) if (t, x)eQp, t>0
and

(49) u(t, )Su(, x)+at—)+<{p, x—x)
+%<X(x—£), x—x>+o(t—t| +|x—x]|»
for t<f (etc.). We say that u : Q. — R is a subsolution of F=0 in Q if u
is bounded and upper-semicontinuous and
50y F(t, x, u(x, 1), a, p, S)<0
if (¢, x)eQp, and (u(x, t), a, p, S)eP? *u(t, x);
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supersolutions are defined in the analogous way. We will also assume that
F is coercive in y, in the sense that

(51) lim F(t, x, r, a, p, S)= + oo uniformly for bounded ¢, x, r, p, S.

a— two

We have:

THEOREM 5. — Let u, v: Qp — R be, respectively, sub and supersolutions
of F=0in Q, geC*((0, T], t, x, ye(0, TI xQx Q and

A A - - A Ay~ oA
(52) u(t,X)—v(t,}’)—g(t)—iﬂx—yHzéu(t,X)—v(t,}')—g(t)—illx—yll2

for x, yeQ and 0<t=<t. Let (51) hold. Then there are X, Y €S"*" such
that

(53) —4X<I O>§<X 0>§2x<1 —I)
(V| 0 -Y -1 I

and ae R such that

(54) (u(t, x), g D+a, A(x—y), X)eP> u(l, x), .
(D(t, y)a a, X(x*}’), Y)E'@z,_v(t’ y)

Moreover, there are ac R and Ze€S"™" such that (54) holds with X=Y =7
and

(55) —AI=Z =AML

The proof is a slight variation of the proof of Theorem 1 and will not
be given. Observe, however the difference in the formulation — we assume
here that u, v are sub and supersolutions of an equation for which (51)
holds and no corresponding assumption is made in Theorem 1. The way
this condition is used in the proof is just to obtain a bound on the
t-component of the first order superdifferentials of (approximations of)
u(t, x)—v(s, y) at maximum points of

A
u(t, x)—v(s, ) —gO—M(t—s)*— Ellx—sz
as M — oo. It is a routine matter to establish the parabolic analogue of
Theorem 3.
REFERENCES

[1}] A. D. ALEKSANDROV, Almost Everywhere Existence of the Second Differential of a
Convex Function and Some Properties of Convex Functions, Lenigrad University
Annals (Mathematical Series), Vol. 37, 1939, pp. 3-35 (In Russian).

[2] H. IsHII, On Existence and Uniqueness of Viscosity Solutions of Fully Nonlinear Second-
Order Elliptic PDE’s, to appear in Comm. Pure Appl. Math.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



SEMIDIFFERENTIALS 435

{3] H. IsHI1, and P.-L. LIONS, Viscosity Solutions of Fully Nonlinear Second-Order Elliptic
Partial Differential Equations, to appear in J. Diff. Equa.

{4] R. JENSEN, The Maximum Principle for Viscosity Solutions of Fully Nonlinear Second
Order Partial Differential Equations, Arch. Rat. Mech. Anal., 101, 1988, pp. 1-27.

[5] R. JENSEN, Uniqueness Criteria for Viscosity Solutions of Fully Nonlinear Elliptic Partial
Differential Equations, preprint.

[6] R. JENsEN, P.-L. Lions and P. E. SOoUGANIDIs, A Uniqueness Result for Viscosity
Solutions of Second Order Fully Nonlinear Partial Differential Equations, Proc.
A.M.S., 102, 1988, pp. 975-978.

[7] P.-L. LioNs, and P. E. SOUGANIDIS, Viscosity Solutions of Second-Order Equations,
Stochastic Control and Stochastic Differential Games, Proceedings of Workshop on
Stochastic Control and PDE’s, LM.A., University of Minnesota, June 1986.

[8] N. S. TRUDINGER, Comparison Principles and Pointwise Estimates for Viscosity Solutions
of Nonlinear Elliptic Equations, preprint.

(Manuscript received August 14, 1988.)

Vol. 6, n° 6-1989.



	Semidifferentials, quadratic forms and fully nonlinear elliptic equations of second order



