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ABSTRACT. — We apply to the gas dynamics equations the general
method of approximation for the generalized Riemann problem proposed
by Le Floch-Raviart[6]. We both consider the equations of gas dynamics
in Lagrangian coordinates in slab symmetry with a source term and the
equations in Eulerian coordinates in plane, cylindrical or spherical symme-
try. Explicit formulae are derived for the first order approximation of the
solution of the generalized Riemann problem. Such an approximate sol-
ution may be easily used to construct a second order version of the
numerical Godunov method.
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ResuME. — Nous appliquons au systéme de la dynamique des gaz la
méthode générale proposée par Le Floch-Raviart [6] pour 'approximation
du probléme de Riemann généralisé. Nous considérons a la fois les équa-
tions de la dynamique des gaz en coordonnées lagrangiennes en symétrie
plane avec terme de source et les équations en coordonnées eulériennes en
symétrie plane, cylindrique ou sphérique. Des formules explicites sont
obtenues pour I'approximation du premier ordre de la solution du pro-
bléme de Riemann généralisé. Ces résultats peuvent étre facilement utilisés
pour construire une version d’ordre 2 de la méthode de Godunov.
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1. INTRODUCTION

This paper is the second part of a work devoted to the approximation
of the solution of the generalized Riemann problem. We study here the
gas dynamics system in both Lagrangian and Eulerian coordinates and
we apply the general method of approximation proposed in Le Floch-
Raviart [6].

In the first part [6], we have considered systems of conservation laws of
the form:

2U+if(x, t, Uy=g(x, t, U),
ot ox

(1.1)
U(x, H)eRP, xeR, t>0,
where f and g are smooth given functions. The generalized Riemann
problem for (1. 1) consists in solving the associated Cauchy problem with
the initial condition:
U(x, 0)=U; (x) if x<0, Ug (x) if x>0, (1.2)

where U; and Uy are two smooth given functions. We assume that the
system (1.1) is strictly hyperbolic; each characteristic field is supposed to
be either genuinely nonlinear or linearly degenerate. First, we consider the
following classical Riemann problem:

5} 5}
U+ fU)=0,  U°(x, neR’ xeR, >0, (1.3
t X

U%(x, )=U2 if x<0, U if x>0. (1.4
In (1.3)~(1.4), we have set:-

f(U%)=f(0,0,U%, Up=UL(0), Ug=Ug(0).

As it is well known (Smoller [9], for instance), for | U — U | small enough,
there exists a unique entropy solution of (1.3)-(1.4), depending only on

S . x . .
the self-similarity variable £=—, which consists of p+1 constant states
t

separated by p elementary waves (shock wave, contact discontibuity or
rarefaction wave).

Then, let us recall that the problem (1. 1)-(1.2) admits an entropy weak
solution U=U(x, t), locally defined in the neighbourhood of the origin
(x, )={(0, 0), which has the same structure as that of U°. For details, we
refer to Li Tatsien-Yu Wenci [8] and Harabetian [5].

In [6], we looked for an asymptotic expansion for the function U in the
form:

Ulx, =Y U*@E).7, azf (1.5)

ke N

Annales de I'Institut Henri Poincaré - Analyse non linéaire



AN ASYMPTOTIC EXPANSION FOR THE GAS DYNAMICS 439

valid in each zone of smoothness of U. Each curve of discontinuity of U,
say x= o (), has also a Taylor expansion of the form:
o)=Y o*.rF*L (1.6)
ke N
We have determined explicitely the functions U*: R = R? and each coeffi-
cient . Furthermore, we have given error bounds for the approximate
solutions constructed from (1. 5)~(1. 6).

In this paper, we consider first the equations of gas dynamics in Lagran-
gian coordinates and in slab symmetry with a source term and a general
equation of state. We study next the system of gas dynamics in Eulerian
coordinates and in plane, cylindrical or spherical symmetry with an equa-
tion of state which is a generalization of that of a polytropic perfect gas.
In both cases, we determine the first order approximation of the solution
of (1.1)-(1.2), i.e. we derive explicit expressions for the function
U'=U*(§) of the expansion (1.5). These results are in fact identical with
those of Ben Artzi-Falcovitz ([1], [2]) who have used a fairly different
method.

Finally, let us recall that the approximate solution of (1.1)-(1.2) may
be easily used to construct a second order version of the Godunov scheme.
Such a numerical scheme appear to be very efficient in the numerical
computation of very strong shocks ([1], Van Leer [10]).

An outline of the paper is as follows. Section 2 is devoted to the
techniques of asymptotic expansion of Le Floch-Raviart [6] for a nonlinear
hyperbolic system under a general nonconservative form. Then, in
Section 3, we consider the system of gas dynamics in Lagrangian coordina-
tes. In Section 4, the Eulerian system is treated.

2. OUTLINES OF THE GENERAL THEORY

Let us begin by recalling the techniques of asymptotic expansion of
Le Floch-Raviart [6]. For the sake of simplicity, we shall restrict ourselves

to systems of the form
0 0
ZU+=f(U)=g(x, U). (2.1)
ot 0x

In fact, it will be convenient in the applications to use nonconservative
variables V such that

U=o(V) 2.2
where @ is a smooth diffeomorphism from a set ¥ =RP? into the set of
states % —RP. We first need to express the results of [6] in terms of the
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nonconservative variable V. In the domains of smoothness of the solution
U of the generalized Riemann problem (2.1)-(1.2), the system {(2.1) is
equivalent to the nonconservative system:

6—V+B(V)6—V=h(x,V) (2.3)
ot ox
where the matrix B and the right hand side member h are given by
B(V)=D® (V)™ Df (®(V)).D® (V) (2.4)
and
h(x, V}=D® (V)™ 'g(x, ®(V)). (2.5)

Let us introduce some notations: the system (2.1) is assumed to be

strictly hyperbolic, so that the eigenvalues of the matrix B (V) are real and
distinct:

A< (V)< .. <A, (W), YVey.

We denote by {r;(V)},;<;<, a basis of corresponding right (column)
eigenvectors and by {; (V)T }; << p» a basis of left (row) eigenvectors, i. e.

B(V)ri(M=2xMV)r(V), LWMTBV)=xL(V)LW.

al
-

|Q

0 0
U UR

F1G. 2.1. — Classical Riemann problem.

Moreover, as usual we suppose that each i-characteristic field is either
genuinely nonlinear

DA (V) r; (V) #0, VVey
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or linearly degenerate
DA; (V) r (V) =0, VVe¥y.

Now, we look for an asymptotic expansion of the function V=®~1(U)
of the form

Vix, =Y z*.vk(f) (2.6)
k20 t
t

(-'_)1(13) “

UL(X) UR(X)

FI1G. 2.2. — Generalized Riemann problem.

in the domains of smoothness of the solution U of (2. 1)-(1.2). First, the
zeroth order term V=V (£) in (2. 6) is given by

U= (VY 2.7
where U°(x, t)=U°(§) ( =§) is the entropy weak solution of the classical

Riemann problem

ou°® ¢
—+—f(U%=0 ]
ot 0x

U°(x, )=U¢ for x<0, U2 for x>0.f

Thus, the function U°? consists of (p+1) constant states separated by
rarefaction waves, shock waves or contact discontinuities. We denote by
o? and o? the lower and upper bounds of the speeds of the i-wave

(2.8)
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(1£i<p) and by U? (0<i<p) the (p+1) constant states. If the i-wave is
a shock wave or a contact discontinuity, we get
ol =0 =0;.
For details concerning the classical Riemann problem, we refer for instance
to [9].
Next, we note [8] that the function V has the same structure than the
solution V° in a neighbourhood of the origin. The (p+1) smoothness

domains of V are separated either by a smooth curve denoted by x = o;(t)
such that

00=0, ZLo,0)=0c?
dt

or by a rarefaction zone of the form
{(x, DERXRL; 0:()<x<;(8), 0<t<8}

where the curves x=0;(t) and x=0;(t) are smooth characteristic curves
such that

— d d_ _
9:(0=¢,(0=0, —0,0)=0?, —0)=07.
= dt - *dt
We shall also look for an asymptotic expansion of the functions ¢; (and
¢, ¢;) in the form
o; (=Y otk (2.9

bz0

If we compare the expansions (2. 6) and

U, =Y tkU"G), (2.10)

k20

we obtain that
=P (VY, Ul=D® (VO V!,

On the other hand, the higher order terms U¥, k=2, are related to the V*
in a more complicated way.
Replacing V by the expansion (2.6) in (2. 3), we derlve as in [6] the

ordinary differential equations satisfied by the function V¥, k>1. We
obtain:

(B(V%—¢) éV"+(DB(V°) V5 éV°+k.V"=a", (2.11)
where a* is a function of £ depending only on V°, ..., V¥~ 1 Ttis a simple
matter to check as in [6, Lemma 1], the following property: if V! is a

polynomial of degree less than I for 0 <I<k —1, then the function & — a* (§)
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is a polynomial of degree less than k—1. For k=1, we have
a'=h(0, V°)=D® (V%) 'g(0, ®(V?).

In the sequel, it will be convenient to write (2. 11) in the following way.

Since for W,, W, in R?, the function:
W— (DB(W,;)W) W,
is a linear mapping from RP into RP?, there exists a pxp matrix
C=C(W,, W,) such that
(DB(W)W)W,=C(W,, W,) W. (2.12)

Hence (2. 11) becomes

o ) )e
(B(V®) —¢&) = clve, = +k | VE=g*. (2.13)

Note that the equation (2.13) is valid in each interval of smoothness of
the function V°.

For integrating the differential system (2.13), we have to distinguish
between the two types of intervals: ]o?, o?; i[ and ]o?, o?[. Let us first
consider the case of an interval ]o?, o?, ;[ where the function V° takes
the constant value V¢, with the convention that 5= —c0, g3, ;= + o0.
We have the analogous of [6, Lemma 2]:

LEmMMA 2. 1. — Assume that & belongs to the interval ]6?, o?, [, 0<i<p.
Then, for all k=1, the general solution of the differential system (2.13) is
given by

VEE)=E—-B(V))*. Vi + P (§) (2.14)

where V¥ is an arbitrary vector of R? and & — P (&) is a polynomial function
of degree <k—1 with values in RP which depends only on V°, ..., V¥ 1
Moreover, for k=1, we have

P! =h(0, V?). (2.15)

Let us next consider the case of an interval Jo?, 6¢[ which corresponds
to an i-rarefaction wave for VO, It is easy to verify that:

A (VO(8)=¢
di V?is proportional tor; (V©).

Using the basis of eigenvectors {r;(V°(E)) }; <i<,» We set

P P
VE= Y o7 (V0),  a= 3 y;7,(VO). (2.16)
Jj=1

< j=1

Yol. 6, n° 6-1989.
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Then we have
(B(V%)—&) §V*—(B(V°) a)z{ ~r,-cV°)+ajiarj(V°)}

=Z(lj(V°)—§)—§d T (V°)+Za (B(V%)— E")d—gr (V).

Now, we introduce ®;=w; (V°) and B;=B; (V°), 1 <j, I<p, defined by

d7§r (Vo) Zmﬂ (Vo) rz(vo)
C (VO, di§V0> r; (V9 =z le (VO) r; (V9.

Hence, we obtain

(2.17)

d
z dj(B (VO) —&) d_érj(VO) = z o O‘z(vo) —&) (O] (Vo) r (VO)
i Jnl
and
0
C (VO, d_V—> VE=Y B, (VO) o (VO).
dg L
Thus, the differential system (2.13) may be equivalently written as

d
A; (VO
(()é){g

o;+ Z o,;(V )a,}
p
+ko+ Y By(V o=y, 1=Zj<p. (2.18)
1=1

Since A, (V°(£)) =&, we obtain for j=i a purely algebraic relation
J 4
koy+ Y Bu(VO) =1, (2-19)
1=1

which determines the coefficient «; in terms of a,, [##i. In fact, let us check
that in (2. 19) B;; is equal to 1. By differentiating the relation

B(VO) r (V) =Er,(V)
with respect to &, we get

(DB(VO) ﬂ;) r. (V%) + B(V°) —ér A(VO) =r,(V°) +§—§r L(VO).
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dVo
Since — is proportional to r;(V°), we have

dVo

(DB (V) ﬂ;) r,(V®) =(DB (V) r,(V%) - C (vO v

dg)r(V)

so that
C<V° d;;o>r(v°) (V) + (A, (V) —B (V) &'(Vo)

= ri(Vo) + Z (xi(vo) - (Vo)) 0y (Vo) r (Vo)~

=1

Thus we find

Bii(vo)=1 } (2 20)
Ba (VI =(E—-N(V)) @y (VY),  I#], '

and (2. 19) becomes
(k+Da;+ ) Bu(VO) oy=7s (2.21)

I#i

LeMMA 2.2. — Assume that £ belongs to the interval 16°, G?[. then, the
differential system (2. 13) is equivalent to the algebraic equation (2.21) and
the (p—1) coupled differential equations (2.18) for j#i.

In order to obtain the function V¥, we need to determine the vectors
VéeRP?, 0<i<p, introduced in Lemma 2. 1. Let us then consider the jump
relations satisfied by a function V* at a discontinuity of V°. First, at a
shock or a contact discontinuity, we may write the Rankine-Hugoniot
jump relation corresponding to the hyperbolic system (2. 1):

@; (0. [Ul=[f(U)] (2.22)

where [.] denotes the jump at the discontinuity x =@, (t). By means of the
diffeomorphism ®, we obtain

@; O[®(V)]=[f (@ (V)]

Then, by using the expansions (2.6) and (2.9), we can prove as in
[6, Lemma 4]:

Lemma 2.3. — Assume that V° contains an i-shock wave or a i-contact
discontinuity. Then for all k=1, there exists a vector q* € RP which depends
onlyon VO, ..., V¥ Y and o?, ..., o ! such that

DO(V7). (B(V?) —of)* ™! Vi=DO (V{_,). (B(V{_ ) — D) "1 VE_
I+ Dok @(V) —D (VO )~ (2.23)
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Moreover for k=1, we have
g} =DO(VY) (B(V)—a?) h(0, V?)
—D® (V- )(B(V-)—0))h(0, VD). (2.24)
Let us turn to the case where the i-wave of V° is a rarefaction wave.
Recall that x=¢,(t) and x=,(t) are the smooth characteristic curves
which bound the corresponding rarefaction zone of V. We set
@; (D= z of.t**1, o; ()= Z of. t*T
- kz0 kzo0

Using the continuity of V across the rarefaction zone, we get as in {6,
Lemma 5]:

LeEmMMA 2.4. — Assume that V° contains an i-rarefaction wave. Then, for
ull k2 1, there exists two vectors i =gt (o, ..., of "', V%, ..., V¥" 1) and
@&=qc?, ..., o7, VO .. VY such that

(VO )
V*(g? +0) + o ri(Vi-y =(a?—B(VO ) Vi +4* (2.29)
VA (VO D.r (Ve ) ' P

and
- - r, (V9 _
(O =BV Vi_ok L1101 _Vk(G2—0)+4-. (226
(Vo) VA (Vo) (V) ( )+q (2.26)
For k=1, we have _
gi=h©,V2_),  gi=—h(0, V). (2.27)

Finally, we need to determine the vectors V’(‘) and V';. Assuming that
the initial data V,, V; defined by

U,=0(V,y), Ur=®(Vyp)
are written in the form

V)= Z x* V'I‘; Ve (x)= z x* Vg

k20

kz0
we obtain as in [6, Lemma 6]:
LEMMA 2.5. — For all integer k=0, we have
VE=Vk, V’; =VEk. (2.28)

Let us end this section by recalling the local existence and uniqueness
result:

TueoreM 2.1 (Le Floch-Raviart [6]). — Let k=1 be an integer and
suppose thet the function V'=V'(£) and the numbers o} or the pairs
(o), 69, 1<i<p, have been already determined for 1=1, ..., k—1. Then,
if |[Ve@— V2| is small enough, there exists a unique function V*=V*(&) and
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a unique set of numbers o* or pairs (c¥, o¥), 1<i<p, solutions of the
equations (2.13), (2.14), (2.23), (2.25) and (2.26).

3. THE GAS DYNAMICS EQUATIONS IN LAGRANGIAN
COORDINATES

We begin by considering the gas dynamics equations in Lagranglan
coordinates and in slab symetry with a source term [4]

ot du

——==0, 3.1a
ot 0x ( )
@+§’i=h, (3.1b)
o 0Ox

%-i- (pu) hu. (3.1¢)

ot

In (3.1), t>0 is the specific volume, u the velocity, p>0 the pressure, €
. . 1 .
the internal energy per unit mass, e=za+§u2 the total energy per unit

mass, and the constant h represents a source term. We supplement the
system (3.1) with an equation of state of the form

p=pr(, &)

As usual, it is more convenient to use the set of nonconservative variables
{7, u, S} where the specific entropy S is defined by

TdS=de+pdr,

and T denotes the temperature. Then, for smooth solutions, the system
(3.1) becomes:

ot du

gt_%u_y, (3.24)
ot 0x
ou @ ot 0 as
_t— s S —_—t— s S —=h, 3.2b
PP AL P AR (3.26)
2s
—0. 3.2
6t (3.29)

Let us define the functions g=g (t, S) (g is the Lagrangian sound speed)
and g=¢(t, S) by

2_ 9P _ 6p/6p (3.3)

T T Tules
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0
h=<h>, (3.4)
0
0

——V+B(V)€¥=h. (3.9
ot ox

Thus, setting

T 0 —1 0
V=<u>, B(V)= <—g2> 0 gz/q>,
S . 0 0 0

we get a nonconservative form of the system (3.1)

The eigenvalues of the matrix B (V) are

A (V)=—g<h(V)=0<hr;(V)=¢

and one can choose the right eigenvectors of B(V)

1 -1 1
TI(V)=<g>, rz(V)=<0>, r;(V)= <—g>.
0

q ~0

As it is well-known, the first and third characteristic fields are genuinely
nonlinear and the second one is linearly degenerate.

As an example, we consider the following useful generalization of the
equation of state for a polytropic perfect gas

»(, 8)=(y—l)f+c_2'—_(¥_—1) (3.6)
T T.T

where ¢>0, 1>0 and y> 1 are given constants. Setting

- c?
P ==
YT
we have equivalently
S - la
p(t, Sy=——p. (3.6
T'Y

For such a gas, we get

-~ .S .S —~
e=Yo+n=L2 =T yp+pvr
T Tl T
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=0 _

o, =-9; T

FiG. 3.1. — Zero order terms.

‘EO

Now, for each state V2= u°>, the components (a;); <;<3 of a state
SO

T
V=<u> on the basis {r;(V°) }; ;< are given by
S

o= (3.7)

or equivalently

T=0; + 0, + a5,
u=g°(a,—as), (3.7
S=4q°a,.

Furthermore for the source term, we have the decomposition

R(V) =2igo(r1 (V) — 5 (VO)). (3.8)

Vol. 6, n® 6-1989.
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1 1 1 1 1 1 1 1
(el ugsSEaP) (TRsURsSRsPR)

FI1G. 3.2. — First order terms.

Let us apply the general theory recalled in Section 2. We now compute
the first order approximation

V(x, t)=V°(§>+tV1<§>+. ..

of the solution V of the generalized Riemann problem for the system (3.1).
Here p=3 and we denote by 1°, u p°, c° g°,. .. (respectively 1%, u', p!,
c', g', ...) the quantities associated with the state VO (resp. V!). Let us
recall that the zones of smoothness of VO are numbered from i=0 to i=3.
(See Figs. 3.1 and 3.2))

Since V° is the entropy weak solution of the classical Riemann problem
for (3.1), it consists of four constant states separated by i-waves, 1<i<3.
Recall that the 1- and 3-waves are rarefaction waves or shock waves,

. . . . N x
while the 2-wave is a stationnary contact discontinuity <—=0>. Moreover
t

the velocity u® and the pressure p° are continuous at the contact disconti-
nuity. Let us denote by uJ and p3 their respective values at £=0. In the
sequel, we will assume that the functions V° has been determined explici-
tely: see for instance [4], [9].

Let us now compute the function V!=V!(§) of the expansion (2.6)
associated with the system (3.1). As in Section 2, we set

Vig)= Y 4®r(V°@E), EeR (3.9)

15523
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which defines the functions o;=0o;(E), 1=j<3. Then, using (3.8) and
Lemma 2.1, we deduce the general form of the functions «; in an interval
where V° is constant.

LemMa 3.1. — In each interval 167, o, [, i=0, 1, 2, 3, there exists three
real constants a; , j=1, 2, 3, such that

h
o @)=E+gd)a;, t o

a8 =¢.4a; ,, (3.10)

o (E)=(E—g%)a; ——2—';—

i
Next, we consider a l-rarefaction zone ]o3, 6%[=]—gf, —g9[ or a 3-

rarefaction zone 163, 65[=]1g%, g3[. Then using (2.18) and Lemma 2.2, we
obtain the following expressions for the «’s.

LemMA 3.2. — Assume that V° contains an i-rarefaction wave (i=1 or
3). Then, there exist two constants b, , and b, 5 for i=1, and b; | and
by, for 1=3, such that for i=1 and Ee]—g?, —gJ[

1(5_.)——2 d—g(Lqu (E_.))az(&)—— 3(5_.)+ e

% @©=8 gk @

_ o0/ _,0N\1/2 rE 3/2 d
0= fL( é.gL) J_g°<—ygﬁ> 'E(ﬁ))d bz
- . L—g(l), 1/2 h (( &)1/2_ )
+ 2gL.< : ) by, 3+2& 1};

and for i=3 and Eelgd, g3

" L) e
w0=-5(2) " (%) (i)
) (@) )
+2 by —1),
gk(i) 1728\ g8 (3.12)

‘1R
b3 25
@) =8 —< e

aa(&)=— 20 ()~ L Logg® (). o, (B)+ .
4dg 4% |

In (3.11) and (3.12), q°=q° (&) is the function defined by (3.3).

(3.11)
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Proof. — Starting from (3.4), elementary calculations show that

(DB(V").V‘)E= (0, —2g° ((6—‘?)011 + (6—g>0 sl)ir", O)T,
dE ot as dE

or equivalently by the definition of C:

(o () e () o
T

aS dg
Hence, we have

c(v0 dd‘; >r1(V°)=—(—) A% (V) —ry (VO), |

ot/ dg
C (VO, ddV; ) r, (V9

() (@Yoo |
h ot dg !
C(V", d d‘:)rs (V)= — (6—g) ?a (ry (VO =1 (VO)).
Furthermore, we may write
digrl(V")— ( ‘figg,O)T=2%, ‘% (V) —ra (V) |
diérz V9= (0 o ‘fiqéo )T (3.14)
=;15 ‘Z_q; . (—-%rl (V°)+r2(V°)—%r3(V°))
digrs(V")—( d;‘% 0)=5:? ‘fi_gg (= (V)7 (V)

Then, consider for instance the case of a 1-rarefaction zone, for which
we know that

i 0 0 (Ey— _
dgs &)=0, g°®=-¢t
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Using (3.13) and (3.14), the differential system (2.18) for the functions
u;(E) becomes here:

0 dt° 04+°
al—(a—f> {a1+a2+%}i—(a—g) T 2=i

_ o 5
2 de \as) ae T 7 2%
d 1 dq°
. (&+_o i.az)ﬂfo,
dt g ;li
doy 1 1 dq
=28 —+—(—oy+oy)— a, |+
§<d§ 25( 1+ %3) 24° dE 2 T3
(o] 0 0 0
+(6_g) di{a1+a2+u3}+<a—g) dia2=—i.
or) dg S/ dg 2E
But an easy calculation gives
(B4 1 (Bt S
ot ) dE ’ oS dte  24° dg°
so that
dq° h
RN L (3.150)
2¢° dE 2&
d%(q%z)%q%z, (3.15b)
0
pgd% & 4 __h (3.15¢)
dg  2¢° d& 28

Now, it is an easy matter to obtain the general solution of the system
(3.15). In fact, (3.15b) is an ODE for the function a,, whose general
solution is obvious. Next, knowing a,, (3.15¢) gives an ODE for ay which
is again easily solved. Finally, the algebraic equation (3.15a) gives a;. W

In the particular case of the equation of state (3.6), we can obtain more
explicit formulae.

LemMa 3.3. — Assume that (3.6) holds. Then, the functions (0.)); <;<3 of
Lemma 3.2 are given for £e]—gP, g%[ by

1 1 h
oy (i)—m% (i)“iaa (§)+4—é,
g \o-vern
C12(§)=—<__g0) -8L - by,

_ gg _gg 1/2 _ é (By—1)2(y+1) (316)
0‘3@)'37—1< : ) { ”(—gﬁ) }b

() () )
+ 2gL( e > .b1,3—§-2é 20 1}
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o .0
and for Eelg3, ggl by

o () = +§Rl<g§)1/z{ _<£)<31—1)/2<1+1)+1}b3 .

gR ' 2
h
B 2 g (3.17)
§ G-y t+1)
o, (8)=gr - (_o> . bs,z,
8r
1
a3 (E)=— cz + (§)+—
3(8) 1(8) 201 1) ) At
Proof. — Consider for instance the case of l-rarefaction wave. We
know that
SO () =cte,

—g° @)=t

Thus, it is a simple matter to show that

24y +1) 2y/(y+ 1)
() ()
— &L

0
and

—8L

S

°(8) = ( 4 0>_2/(Y+1). Tg'
—&L

Therefore, we get the following expression for the function gy =g, (£)

S? S?
qO(E->)= YoL YoL

_gg —2/y+1)
© (&) _?(T)

—()". (8D, (_‘83)’2’”“’
4
so that
0 g \“arv
q (§)=( go) - (gD - ()
L
We obtain

(3.18)

d 1 2 —
TElosa’ ©)= - (

_ g€>= —2
—g Y+1\ & (y+1E
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and

& 3/2 0 & — (G/2)-C2/y+1)—-1
[Ce) aG)el (=g e
-2\ —8L dt\q” ) —0Y+1 \ -8l
_ 4 (1 ( & )(37—1)/2(7+1))
3y—1 —gr '

Hence the result follows from Lemma 3.2. H

Let us now derive the boundary relations satisfied by the function
V! at the discontinuities of V°. Consider first rarefaction waves. From
Lemmas 2.4 and 3.2, we have:

Lemma 3.4. — If VO contains a l-rarefaction wave, the constants b, ,
and b, 3 of Lemma 3.2 satisfy
by, 2=4ay, 2, by, 3=4a, 3 (3.19)
Moreover, we have the continuity properties at £E= —g3
a;(—gi—0)=a;(—g3+0), j=23. (3.20)

If VO contains a 3-rarefaction wave, the constants by , and bs , of
Lemma 3.2 satisfy

by, 1=a; 4, by ,=a, ,. (3.21)
And we have the continuity properties at E=gJ
o;(g9+0)=a;(g3—-0), j=1,2 (3.22)

- ; 1_ 1 AN L A
Define the function p*=p* (€) by p*' = P T+ s S*. Then at the
T
contact discontinuity, we get

LemMa 3.5. — The functions u* =u' (€) and p' =p' (€) are continuous at
E=0.
Proof. — At the contact discontinuity, the Rankine-Hugoniot jump
relations for the system (3.1) become
[u]1=[p]=0.

Following Lemma 2.3, we write
[P+t +...]1=[p°+ep'+...1=0
which yields
[4°]=[p°]=0
and

[u']=[p"1=0.
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Define the coefficients a, ; and ag ; 1 <j<3 by
3

3
Vi=3Y ap ;r;(VD)), Vi= 3, ag ;r;(VR). (3.23)

j=1 j=1

Then Lemma 2.5 enables us to determine the constants (a; ;);<j<3 of
Lemma 3.1 for i=0 and i=3.

Lemma 3.6. — We have for 1<j<3

ao,;=4ay, ; a, ;=ag, ; (3.24)

Let us next derive the jump relations satisfied by the function V' at a
shock discontinuity of V°. Let us assume that a state (1, u, p) is connected

to a state (1, 4, P,) by a shock discontinuity. Introducing the Hugoniot
function H, (1, p)

H, (v, p)=e(t, p)—e(1, pa) + % P +p.) (t—a), (3.25)

we have [4]
H, (7, p)=0
which defines a function

1=G,(0)=G (15 Po P)- (3.26)
Setting

q)a (P) =\/(p-—pa) (Ta_Ga (p))=q)(1a7 pa’ p);

it is a classical matter to check that

u=u,+e®,(p), =G, (p) (3.27)
where = —1 for a 1-shock wave and =1 for a 3-shock wave.
By writting
O+ttt + . =G+t 4+, plHtpt. L, PO +ept L),
and
Wttuwr+ .. . =ul+tul+. ..

+e@(+etl+. .., po4tpl+. ., pP+1tpt+. )
we obtain when V° contains a 1 or a 3 shock wave:

o] 0 o]
u‘=u§+e{<a£) ‘t:+<a£> p,}+(@) p‘}, (3.29)
g pq ap

0 o] 0
11=<Z—G> t§+<Z—G> p§+<(‘;—G> Pt (3.29)
Ta 'Da /4
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Here, for a 1-shock discontinuity we have set

tt=1t1(c940), 1tl=1!(c?-0)etc.
and for a 3-shock discontinuity:
=1 (c3-0), tl=1! (c9+0),etc.

Now in the particular case of the equation of state (3.6), We can state

LemMMa 3.7. — When the pressure p is given by (3.6), the relations (3.28)
and (3.29) may be written:

¢ (W° @ Q")

1
A= (WL@) i, Q.?)p: (0 —u) 5, (3.30)

and

2 0 0 0 0_ 2.2 0
Tl—(u )Qa t_t;+(ta u T )Qap; (3.31)
u —u ‘Cg u°—u2

where p, W2 (p°) and Q? are defined by

ul= 11

y+1 _

Wo(p)z=p+p+u (Pa+p) (3.32)
: (1-pd)1,
and
o_,0

Q= v . (3.33)

2(°+p+ 1 (3 +p))
Remark. — For our following derivations, we will use that we have

(see [4], again) for a 1-shock wave
WE (%) = p2. (1~ %) =p8. (43 — o)
and for a 3-shock wave:
WR(PY) = —pR(R—03) = —p3. (uy — %)
Proof. — An easy calculation shows that

1 y+1 y— y+1 - y—1 ) }
H,(t +yp++—p)t+ —| —p.+¥YP+ —>p )1,
(L D)= 7_1{<2p7p 2pa) (217 TP+ ——P

_ c?
where p= —. Hence, we have
vt
2(y—1 2y — 2yp
by )H.,(t, p)=(p+—yp+u2pa)r—(p.,+—yp +u2p>r..
yY+1 Y+1 v+1
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and
+1ip+Qv/(v+1)p
G(Tas Pas P)=‘Eap“ ": p ( Y/(Y ))]i
PR P+ QYI(Y+1)p

where p is defined by
2_Y— 1

ne= .
v+1

Since

we obtain
-, _
G (ty po p) =t Lt 2R OFD) (3.39)
ptp+pi(p,+p)

Now, we have
(1-p9)1 p—p
@ (14 Po p)=(p—p,,)\/ — 4 = e, (3.35)
(P+p+r*(P.+p)  W.(P)
Let us compute the partial derivatives of the function ®. We find
1 1

i( 1 )_ 1
AW, () 2W, () T,
1

6< 1 >= —p?
W,/ 2W,p) (p+p)+12 (P, +p)

op,
and
8 ( 1 )_ 1 1
ap\ W, (p) 2W, (@) (p+P)+1*(p.+P)
Hence, we have
a e(u—u,)
— @, (p)= %, 3.36a
o1, ®) 21, ( )
d 2 _
B R S . el S (3.36b)
op, W.(p) 2 (@+p+n (P, +p)
and similarly
I ¢ UV (3.36¢)

)
Top= s .
op - W) 2 (p+p+u*(p,+p))

Combining the above expressions with (3.28) yields (3.30).
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In order to prove (3.31), we compute the first partial derivatives of the
function G

_a_G:l,

at, T,
S ol (3.37)
Pa @HPEW @, AP) '
G _ wrt,—t

p  @+P+1r:(@a+D)
Together with (3.26), this gives
o (r9—pu? 1) pl +(p? 1 —1%)p!
T @°+P)+1p* (2 +P)
and (3.31) follows. W
We are now able to determine explicitely the function V!. By
Lemmas 3.1 and 3.2, we have only to compute the constants q; ;, 1 <i,j<3,

of Lemma 3.1. We have already noticed in Lemma 3.6 that a, ; and a,
1£j<3, are known. Using Lemma 3.5, we may set

ul=u'(0), pl=p'(0). (3.38)

We begln by deriving a 2 x2 algebraic system in the two unknowns u
and p* Next, we will show how to compute the coefficients a; ; from u;
and p,. It is worthwile to notice that in the construction of the second
order accurate version of Godunov method of approximation of (3.1), as
developed in [1], we need only to compute the pair u;, p; without cons-
tructing the whole function V!.

THEOREM 3.1. — 1. If the function V° contains a 1-rarefaction wave, we
have
1 1z g
u'+—.p CL+<g1) .= (3.390)
&1 ar 4
where

1
CL=(g?gE)”2{—ui+ —Pi

&L .
1 —g 3/2 d ]
+ = (”L +g01 ) f ‘( yo) .—( I )dy}. (3.39b)
4\gl ~g? \ —8L dE\q”° ()
2. If V° contains a 3-rarefaction wave, we have
1 2\V2 h
ui——opi=CR—<—;) =, (3.40a)
2 &r 4
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where

1
Ce=(838% m{—u.{— —~ph

8r

(o) [ G e (G5}
o Brpgert) R (2) L dy . (3.40b)
4(g2 e\ e\

3. If V° contains a 1-shock wave, we have
Fil 0 _0.0 d 0
1+0% —@ u1+{—1—<—®) }pl
{ l(ap L)1} * (&%)? op - 1 *
0
=KL+<1+0‘1’.(—?—(DL> ).h (3.41a)
ap 1

6 1]
K= +(—(I>L> (tro%+ud)
ot, 1

0
+(aia>L> {(ph o —(g0)2ub) +ut O —pl.  (3.41D)
pn 1

4. If V° contains a 3-shock wave, we have

d 1] _0.0 d 0
1—9( 2o u1+{ 3+(_q>) } L
{ 3(61’ R)z} 1D \ap i

0
=Kg+{ 1—09. _a_(DR .h (3.42q)
R 3 ap

2

P 0
Kg= —<——-(DR> A(tp ol +ud)

a“Ca 2
a o
—<6_¢R) .(p;cg—(gg)zu;)w.gcg—p;. (3.42b)
pa 2
In (3.41) and (3.42), we have set fora=L or R and i=1,2
° 9
(50) - 2oatmm. e
op i Op
Proof. — Consider first the case of a 1-rarefaction wave. By using (3.7)
and Lemma 3.1, we have on one hand
h
a3(0-)=—g%a, 3——
3(0-) £141,3 24°

Annales de !'Institut Henri Poincaré - Analyse non linéaire



AN ASYMPTOTIC EXPANSION FOR THE GAS DYNAMICS 461

1 0 0 0 0 _pl
i RCORE CORNICDR
q1 ot/ oS /4 ot /i (gD)

we obtain on the other hand

1/ —ut St 1/ —ul L
0= 3 T i( - )
2\ gf q: 2\ gy (g1)

and, by

Hence
1 /ut pl )
0 * *
g1“1,3+—=—-(—+ )
2g7 2 \g? ()
and therefore
u1+l 1_(g0)2 E 3.43
* Op* - 1 al, 3 + . ( . )
81 2

Next, the constant a, ; is determined as follows. By using Lemmae 3.1
and 3.4 we have

0t3(—g(1)+0)=0t3(—g‘1)—0)=—2g(1)al,3—— (3.44)

289

It follows from Lemma 3.2 that

esime- 2L ()7 [ () A
T4 e \—gl) Ta\em/)

o\1/2 0o\1/2
8L h 81
+—2g°.(—) Lay, +~<1—(-—) ) (3.45)
"\ gl B3 240 g

By (3.6), (3.23) and (3.38), we have

1/ ut pl ) 1 <—u1 pl )
ap = X - "%} Ay 3= *_ =) (3.46)
- 2(g? &9 o\ g @)
Hence, combining (3.44), (3.45) and (3.46) gives a, ;. Then (3.43) yields
(3.39). The case of a 3-rarefaction wave is similar.

Consider next, the case of a 3-shock wave (say!). We may write from
(3.28):

0
u‘(os—O)-(@) P (63—0)
dp /.,
0 0
=u1(0'(3)+0)+(22) 11(0§+0)+<g—®) p(cd4+0)=Ky+h. (3.47)
al/ 2 'Pal2
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On one hand, using (3.7), (3.10) and (3.24), we have
u' (63+0)=gR.{a,(c3+0)—x3(c5+0) }

h
.{<cg+ga)ak,1+<—cg+ga)ak,3+?}
R

mOo

=&

=oJur—pr+h,
(694 0)=(ot; +a, +3) (63+0)

=09. 13 +ug,
and

(o] (o]
p? (0'(3)+O)=<—Z—i) ! (Gg+0)+(Z_ISJ) .St (53+0)
R R

= —(gp)*(a, (63 +0) +0;3(c5+0))

=o3pk—(e9 1k

Hence the constant Ky defined in (3.47) is given by (3.42b). On the other
hand, we have in a similar way

h
ut (og—o>=g3.{<cg+g2>a2,1+<—og+g2>az,3+?},
2

P! (63—0)= —(g%)Z{(c%+g2) 0y 1 +(03—£Das 5 b
and

h h
ui=g2.{ggaz,1+ggaz,3+ —0}=(g2)2.{a2’1+a2_3+ 0 2}’
g (g2)

2

Pi: - (2))2- {gcz) a;, 1 —85 az,3}= —(82)3 {az, 1"‘12,3}-

Thus; the constants a, ; and a, ; are given by

o) a(=-%)-3)
a, = — —ful -2y ——
i (g‘z’> 2\ % g3/ 2

1\2 (1 1\
i

g2 2 g2 2
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Hence, the values of the functions u' and p* at £ =09 —0 can be computed
from their values at £=0:

1
ul(og—0)=<°3 +1) {l(u;—”—;)—f}
gz 2 g2 2
0 1
+< +1) {l(u},+p—;>—k}+h
gz 2 g2 2

=u,— o 1+2h
e T

and

o Ei _E P* ﬁ
P(03=0) (°3+g2){( g‘é’) 2} (<3 ){( gz> 2}

=—o03%.u,+p;+05.h
Replacing, in (3.47), 4’ (63—0) and p' (c3—0) by their above expressions
yields (3.42q). R
We emphasize that the 2 x2 system given by Theorem 3.1 is always

numerically solvable. After having determined u} and p}, we now compute

the constants a; ;.

THEOREM 3.2, — For i=1, 2, we have

a; 1= ! ul—pi h (3.49)
i, 1 2 (g?)z * g? .
and
P*
a; += —h . 3.50)
272 (g?)z{ } (
Moreover, if V° contains a k-rarefaction wave, we obtain
[}
al,z=q_l(;aL,2, if k=1 3.51)
q;
and
qO
az,zz“%ak, 2 if k=3. (3.52)
q2

If V° contains a k-shock wave, we find

0 (] 0
al,zz%%{ —ul+h}+ <§> {—u +p—*+h}
o;-(g1) op /1

(4] 1 0 2
+(§) {r{+1‘£}+(99) {pi (g9 L}, if k=1 (3.53)
aTa L 0(1) apa L Gl
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and

] (o] oG o] 1
a2,2=%+%. {—ui+h}+(——) {—ui+‘l—7%+h}
o3.(82) op /2 ‘23'

3
0 1 0 0
+(§) {ré+ﬂ}+<ﬁ) {p.i—(g“g u.i}, if k=3 (3.54)
a‘l:a R O'g apa R 0-3

Proof. — The expressions (3.49) and (3.50) are derived as in (3.483).
For a, , or a,_ ,, we first consider the case where for instance the function
V© contains a 1-rarefaction wave. By Lemma 3.4, we have

al(—g?+0)=°‘1 (—g?—O),

where
dl(_g?')f'o): —g?'al,Z:
and
0 0
q q
c11(_8(1)_0)= —g?q_{;dhz:'g?q_zao,z
1 1
q
= —g(l)_;aL,Z'
qi

This yields (3.51). The proof of (3.52) is similar. When the function V°
contains a 3-shock wave, we use Lemma 3.7 and we write

11(02—0)—(§)°p1 (cg—0)=(99)°rl(cg+0)+ <§>op1 (03 +0).
op /2 Ta /R D, /r
As in the proof of Theorem 3.1, we have
(o3 +0)=03. 13 +ul,
p'(c5+0)=03.pr— (gD ux,
and
P (63—-0)=—ocul +pl+03. A
Moreover, we get
‘tl(cg—O)z(al + o, +a3) (63 —0)
=°'g{az,1+%2,2'*(;a2,3}+g(z){az,1+az,3}
S8 (uy—h),
(&2)
which gives (3.54). The derivation of (3. 53) is similar. W
Finally, as a trivial consequence of Theorems 3.1 and 3.2, we obtain

_ 0
=034, >+

CoroLLARY. — The values of the function t* at £=0 are given by
1
11(0—)=—0{ui—h}, (3.55)
&1
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T O+)= % {ul—h}. (3.56)

2

Let us close this section by computing the constants arising in Theorem
3.1 in the case of the equation of state (3.6). As a direct consequence of
Lemmae 3.3 and 3.7, Theorem 3.1 and (3.36), (3.37) and (3.38), we
obtain:

THEOREM 3.3. — 1. If the function V° contains a l-rarefaction wave,
the constant C in (3.39) is given by

1 1
Q#ﬁﬂ%m{—%+%+6%+ﬁﬁ)
L L

ON\NBy—-1)/2(r+1)
S [c—l) —1]}. (3.57)
3y—1l\gb

2. If V° contains a 3-rarefaction wave, the constant Cyg in (3.40) is given
by

1 1
Ca=—(g32.8)" {+ué+ PRy (p—‘; +g31&)
8r 8r

O\ By—-1)/2(v+1)
x —1—[(5—2) —1] } (3. 56)
3y—1[\gr

3. If V° contains a 1-shock wave, the coefficients of the equation (3.41)
are explicitely given by

o o_,0
(3@) = 01 - LSl A (3.57a)
op )1 WR@Y) 2 (pa+p)+n (pL+p)
0 o_ .0
(idk) e e (3.57b)
o, /. 2t
and
o _ 2 o_,0
<£(DL> WO 1o - 0 Su* zuL)o = @.570)
op. /1 WL(py) 2 pitp+ri(p.+p)

4. If V° contains a 3-shock wave, the coefficients of the equation (3.42)
are explicitely given by

0 o_,0
<£(PR> - o1 0 +l' 0 I zuko = (3-584)
op /2 WR(PY 2 putp+p pr+p)
0 0 (ug —up)
= =TT R 3.58b
(5Ta(pk)2 2%Q (3.385)
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and

9 o —1 2 20— 1,0
(—(pn) _ clgw w5
op. /2 WPy 2 (r+p+u (@y+p)

a

4. THE GAS DYNAMICS EQUATIONS IN EULER COORDINATES

Let us now consider the gas dynamics system in Eulerian coordinates
and in plane (v=0), cylindrical (v=1) or spherical (v=2) symetry [4]:

7] 0 \Y
—_— +_ u + u=0’ 4‘1a
5" ax(p ) x0+xp ( )
0 d 2 v R
—(pw)+ —(pu*+p)+ pu*=0, (4.1b)
ot Ox Xo+x
5} 0 \Y
—(pe)+ —((pe+p)u)+ (pe+p)u=0. (4.1¢)
ot 0x Xg+Xx

. .\ 1. . .
In (4.1), x4 is a positive number, p=— is the density, while the other
v

variables have the meaning defined in Section 3. For the sake of simplicity,
we assume the equation of state (3. 6).

Using the nonconservative variables (p, u, S), the system (4. 1) becomes

0 0 v
—p+_—(pu)=—-pu, (4.2a)
ot 0x x
0 3 (u? 1 0
— U+ — — }|+-— — ’S :0’ 4.2b
ot 6x( 2) p 6xp(p ) ( )
?—S—+u§=0. (4.2¢)
ot Ox
On the other hand, the equation of state can be written
2 _
p(p. S)=p’S—7-p, 4.3)
P |
with p= =. We get a nonconservative system of the form (2. 3) where
v
u 0 v
p 2 P —;P“
V=<u>’ BV)=l & u o] kW)= , (4.9
) 0
.S
0

0 u 0
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and the sound speed c is given by

_
c(0, 9= 2L p(p. 5)= z(,,+ “—a)s Yo+p).
P Y P

op
t
7 3
6—2 = Ui -Cg cg
/
(ug,/Pg)
/

(py,5))

/ (05,53)
/

v
x

F1G. 4.1. — Zero order terms.

Now, the eigenvalues of the matrix B(V) are
A =u—c<i,=u<iz;=u+c,

and we take as a corresponding basis of eigenvectors

p Y /P
nWF=<w>, rAW=<()>, rdW=<C>-(4$
0 —vS 0

(¢}

p
A state V°= <u°> being fixed, the characteristic coordinates (o), <;<3
SO

p
of any arbitrary state V= <u ), ie.
S-
3
V= Z 0‘i"i(Vo),
i=1

i=
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468 A. BOURGEADE, PH. LE FLOCH AND P. A. RAVIART

are explicitely given by

- S
oy=— ——, 4.6)
2 "YSO (
1/p u S
Ay= —| — S B
? 2<p° c® YSO) I
t
4

1 1 1 1 1 1 1 1
(oL up>SLaP) (ogsUg:Sp-PR)

FiG. 4.2. — First order terms.

or equivalently by

p=p°(a; +a,+as), }

u=c(—o, +a,), 4.7
S=—vyS% «a,.
Moreover, we shall use the following decomposition of h(x, V)
v 1
h(x, V)=——pu—(r (V) +r5(V9). (4.8)
x  2po

We apply again the theory of Section 2, and we derive the first order

approximation
V(x, )=V° <f>+zV1 <f>+ o
t t

of the solution V (x, t) of the generalized Riemann problem for the system
(4.1). The notations are as shown in Figure 4.1 and 4.2. In order to
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AN ASYMPTOTIC EXPANSION FOR THE GAS DYNAMICS 469

determine the function V!=V* (&), we introduce as before its decomposi-
tion on the basis of eigenvectors r;(V°)
Vi@= Y o,@ri(Vo(E), EeR

1553

We begin by deriving the general form of the functions «; =o;(§) in an
interval where the function V° remains constant:

LeMMA 4.1. — In each interval 160, o2, [, i=0, 1, 2, 3, there exist three
real constants a; ;, j=1, 2, 3, such that

oy (B)=(E—ud+c)a,  ——u?,
2 x,
ay (é):(é—u?) a; 5, 4.9)
as(&)=(&—u?—c?)a,-,3—%u?-
[v]

Next, we consider the case of an interval ]of, of[=]ud —cf, u?—c9[
corresponding to a 1-rarefaction wave of V°.

LeMMA 4.2. — Assume that V° contains a 1-rarefaction wave. Then
there exist two real constants b, , and b, 5 such that for all £€lo?, Y[ :

a, (&)
2(y+1)

Y3 v | 28 o, 2¢f
O 4x0{7+1+7+1(u +Y_1)}, (4.104)
a,(E)=b, ,c®E)r*r=1 (4.10b)

a3(§)_ 1,2 . (&)(7**1)/(7 1)
3y— 1
3 @CTEETD L MO (0 (8)) ¢ (8) ° (B) + N2 (c®(8)). (4.10¢)
where c®=c® (&) is the sound speed in a 1-rarefaction zone. The functions
M%=M?®(c®) and N2 =NP(c°) are defined by

a, (€)=

+1 5
MO()=L T ypl
1 5 )
MO()=— L Y og 0 i y=2,
X, (y—1) 3
and
1 20
(O) V Y+ <L+ CL>’ lf 'Y7£3 )
2%, 73 v—1 | (4.12)
v y+1 [, 2cﬁ> .
+ .Log c°, =3.
N ()= 2x02(v—1)<“ vary R A A
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470 A. BOURGEADE, PH. LE FLOCH AND P. A. RAVIART

Proof. — Starting with (4. 4), elementary calculations show that

Th p! 0
0 2
DB(V)Vi=| (y— 2)( 0) pl+ypr 2.8 wr (=1 (p%) 2p' ],
P
0 ul
so that the matrix C°= ( ) defined by (2. 12), is given by
i 0 _d__po 0
dg dg
d d
2 4,0 y-24 o
(r— )( ) i YPS dgp
0 0

Next, in a 1-rarefaction wave, we know that the Riemann invariants S°

1
and u®+ j—c (p, S) dp are constant and
p

uo_co=§
Thus, we have
Do 20 A 2 )
dg +1 ¢ dg y+1’ (4.13)
d o_ Y 1 ii_so___ S
8¢ Y+1’ dt
Hence, the matric C° becomes
1 —p%/c® 0
2 c®
Cl=—"—102-7= 1 —c%/8°
T 2-7 50 /
0 0 0
Now, it is a simple matter to check that
0 o o, 3—Y 0
Cory (VO =r (V) + r3(V9),
vy+1
1
Cor, (VO =— ri(Vo)+ 3 rs(V9), (4.14)
v+1 Y+1

-3 _
T3 voys 3 Yy (VO).
Y+1
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AN ASYMPTOTIC EXPANSION FOR THE GAS DYNAMICS 471

On the other hand, we deduce the derivatives of r;(V®) from (4.5) and
(4.13)

4 o by, (03 o

dirdl(V)— 5n (V) 5 T (V)

4 _ o o

dE_,rZ(VO)_ (Y+1)c0(71(V)+T3(V)), (4.15)
d 0 (7_3) oy __ 1 0

2 V= 5 w5 (V=5 (V)

Finally, using (4. 14).(4.15), the ordinary differential equations (2. 18)
becomes

_ [0}
2o, -2 Y3, ¥ (4.164)
Y+1 y+1 2x,
o, +a,=0, (4.16b)
3_
25+ 22 1 T Vo oy * 4.160)
Y+1 v+1 2xo

The integration of (4.16 b) is straightforward and gives (4.10b). Then,
replacing o, by its expression (4.10b) in (4.16¢), we obtain an O.D.E.
for the function a;, whose solution is given by (4.10¢). Finally (4.10a)
follows from the algebraic equation (4.16a). W

Then, we treat  similarly the case of an interval
163, o3[=1u3 + ¢, ug + cf[ corresponding to a 3-rarefaction wave of V°.

LEMMA 4.2 bis. — Assume that V° contains a 3-rarefaction wave. Then,
there exist two real constants by , and b;_, such that for all £ela$, o3[ we
have

1, (§)=b3, . c° (5)3—1/2 (r—1)
+ 5 DM () € )+ N O

oy (E)=b; , 0B+ D),

_—=-3 0w(@E v [28 y-1(, (.17
BT R TowY 4xo{7+1+y+1(“

%))
y—1/§
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472 A. BOURGEADE. PH. LE FLOCH AND P. A. RAVIART

where c®=c® (%) is the sound speed in a 3-rarefaction zone. The functions
MP=M?(c° is defined by (4.11), and the function N =N2(c°) is given by

+1 2¢8 ,
Ng=—— Y—(u::— °"), if 1#3
2x5 v—3 y—1

1 22
No= v _Yt_<ug_ CR)Logco, if y=3.
2xq 2(y—1) vy—1 |

Let us now derive the boudary relations for the function V! at the
discontinuities of V°. We consider first rarefaction waves. As a direct
consequence of Lemmas 2.4 and 4.2, we obtain:

(4.18)

LEMMA 4.3. — Assume that V° contains a 1-rarefaction wave. Then the
constants b, , and b, 3 of Lemma 4.2 satisfy
b1,2=—a0’2.(cﬁ)_2/(7_1) (4.19)
and

OVy—3)/2(r—1 0
1’1,3=(C1_)(7 e ){—201_-‘10,3

(¢] (o]
—ﬂ+——cL—ao2—M°(c2)c2—NS(cﬁ)}, (4.20)
2x, 3y—1 7

while the relations at £ =ul—c are

o;(ug—cd—0) =a;ug—ci+0), j=2or3. 4.21)

Assume that V° contains a 3-rarefaction wave. Then, the constants b, ,
and b , of Lemma 4.2 bis satisfy

by, y=a3 ,(cp) "2, 4.22)

and

(0T -2 (o~ 1 0
by, 1 =(cQu 2@ ){+20R03,1
vul c

S 2x, 3y-—1

Gy 5+ MO (c2) @ — NS (c2) } (4.23)

while the relations at £ =u3 +c$ are
o (Ul +c3—0)=0o;(ue+c3+0), j=1lor2 (4.24)

Then, we emphasize that the jump relations for a shock wave have been
already studied in the previous Section 3 (see Lemma 3.7). It remains to
consider the contact discontinuity corresponding to {=u3 (ud=u3). As in
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Section 3, we define the function p' by

0 0
p1=<—@-) p1+<—a£) St (4.25)
ap S
and get
LemMma 4.4. — The function u' and p' are continuous at the point
E=ud.

Again, define the coefficients a; ; and ag ; 1<j<3, by
Vi= Z a, jt; V), Vi= Z ag, jrj(Vg)'
i i

Then, Lemma 2.5 enable us to determine the constants (a; ;);<;<3 of
Lemma 4.1 for i=0 and i=3:

LEmMa 4.5. — For j=1, 2, 3, we have
ay ;=ay as j=ag_j (4.26)

Remark. — Using (4.6) and (4.26), we easily get the following explicit
formulae for the constants a,_ ;

1 ul 23 )
o 1=, ;== ——+—"7—},
o 2( & Y(@L+p)
=Si_p_
YSt P Y(@L+D)

1 (ui PL )
Ao, 3=0L, 3= | o t+t—% =}
2\t v(@2+P)
Similar formulae may be derived for the a;, ;.

For obtaining the function V!, it remains to determine the constants
a; jof Lemma 4.1 for i=1 and i=2. Thanks to Lemma 4.4, we can set

u, =u' (1), pi=p' (ud). 4.27)

As in Section 3, we begin by a 2 x 2 algebraic system in the unknown u,
and p;.

g, =4y, 2=

and

THEOREM 4.1. — 1. If the function V° contains a 1-rarefaction wave, we
have

ﬁ Py = by, () -1
¢ y@L+p) 3y—1 .
+by 5 (€ 2O L MO () ¢+ NP (c2) — ;i (4.28)
Xo
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474 A. BOURGEADE, PH. LE FLOCH AND P. A. RAVIART

where b, , and b, ; (respectively M® and NY) are explicitely given by
(4.19) and (4.20) (resp. (4.11) and (4.12)).
2. If the function V° contains a 3-rarefaction wave, we have
_Me, Py
Y(pe+D) .

0
€2
a2 (oot MO () 3+ NG(eD) — Lk
By-1D 2 x,

where by | and b, , (respectively M°® and NY) are explicitly given by
(4.22).(4.23) (resp. (4.11) and (4.18)).
3. If the function V° contains a 1-shock wave, we have

{2—p?.(c‘f—u2).Qﬁ}ui+{

bs’ L (C(Z))(s -7/2(—-1)

(4.29)

—(o9—ug)
Y(s+p) Wi (pQ)
=(0%—u?) Y ud+K?, (4.30)
Xo
where the constants W? (p3), and K¢ are given by (3.32), (3.33) and

\
o Qﬁ){—(c?—uﬁ)pi

+Q2}pi

Pl
Ki=(c?—u))ul — = -+-(—

L

WP (p2)
+v(p2+ﬁ)(ui+iuﬁ>} (4.31)
Xo

0 0
U, —u, v
+(—* OL) {—(Gg—ug)Pi*‘Pgui*'—Pg“E}

2.p5 Xo !

4. If the function V° contains a 3-shock wave, we have
—(c3—u?) 1
(2-p8(e8-u). QR+ { J_
* L@+ WD)

=(c3—u2) xi W +KS (4.32)
0

where the constants W3 (p2), QS and K3 are given by (3.32), (3.33) and

#12 QR ){ (8- ik

+Q3}Pi

P
K2=<cg—ua>u;——o+(

Pr Wﬁ(P‘i)
o_,0
+y(pg+ﬁ)(u;+lu3)}+M (4.33)
Xo 2.pr
x {—wg—u:z) oi+pRupt Y psua}
Xo

Proof. — Consider for instance the case where V° contains a 1-rarefac-
tion wave (the derivation is similar in the case of a 3-rarefaction wave).
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At £=ul—0, we may write by Lemma 4. 1:
v
o3 (u°—0)=—cla, ;—— ul,
0

and using (4. 6) and (4.25), we have also

1 1 1 1
a3(u2—0)=1<&+ ;+i‘3) 1(—;+—";*—_>.
2\p? & Sy 2\ y(@L+D)

Thus, we obtain

1 1
Uy Py { 0 v .0
4 —F—=2¢(—cla; 3;——u } (4.34)
& y(@2+p) 2x, "
Hence, to prove (4.28), it suffices to determine now the constant a, ;.

Thanks to (4. 21), the function o is continuous at & =u? —c%. Therefore,
using (4.9) and (4. 10), we have

v b
_260a " u0= 1, 2 CO y+1)/(x—1)
11, 3 2x0 1 3’Y—1(1)
+by, 3 (€D)ET2OTDE MO (D) e} + NP ()

which yields a; ;.

Next, we consider the case of a 3-shock wave (again the derivation is
similar in the case of a 1-shock wave). Lemma 3.7 gives the following
relation between u' (63+0), p* (63+0) and p*(c3+0):

Yol —-0)—
u'(c3—0) <W2

= °)p1<cg—o>=u1<og+0)

, (4.35)

1 p'(c3+0)
—{ - +12 QY ) pt (09+0)— (0 —uQ). B 1T T
(wg(pg)uQR)p(s - -, 2L
where the constants p, Wg (p3) and QJ are defined by (3.32).(3.33).
We begin by computing the right hand side of (4.35). Using (4.7) and

(4.9), we get
u' (63+0)=c3.(—a; 63 +)+a;3(c3+))
=R.(—03+m— ) ag, 1 +(03—uR—cR) ag, 3)-
Then because of (4.26) and (4. 7), we have

u' (63 +0)=ch {(co—uf{) a3 e P }
3 - 3 o “RT T4 =
08 Y(PR+P)

=(o3—up) ug— 0 .
Pr
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By the same arguments, we get also:
~ v
R L T
0

=108+ { (05— L~ - g
; YR " x

— A%
=(o%—ug) pé—v(p3+p)-<ué+ = u;‘i),
0

and
o P& oMV o
p'(c3+0)=pR(0S—up)— - —cgR o — — W
PR CR  Xo

v
(O 0y A1 01 0,0
=(o3—up) PR-PR“R_'—X PR Ug-
0

So that we have the value of the second member of the equation (4. 35).

Now, we compute the left hand side of (4.35). Again using (4.7) and
(4.9), we obtain

u' (63—0)=c%.{—a; (c3-)+a;(ci—)}
=Cg-{(_cg+ug_0g)az, 1+(0'g—ug—cg) a,, 3}

=c3. {(0%—u)(—ay, 1+a, 3)—c3(a,, 1+a5 3)}

and
P (03=0)=y(@P3+p).{a; (63—)+a;3(c3-)}

- v
103+ (03— D, 1+ (03— = - u |
0

— \'%
=Y(P2+P)- {(Ug*ug) (az, 1 +a,, 3)+C(2) (@z, 1—a,, 3)—.;' ul }

*
0

We need to express the constants a, ; and a,, ; in terms of functions of
u, and p,. We may write by Lemma 4. 1:

uy=—(c3)?(a;, 1 +a,, 3),

= v
pi=7(p2+p).{c2(a2, 1—a;, 3)—;‘142},
o
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that is

1

477

Gy (+a, j=— —*
2, 1 2,37 7 Toua’
(0(2))2 . (4 36)
1
Py vy
a, 1—a; 3= + .
Y@+ xoch
Hence, the values of u! and p* at £=03—0 are:
pt ; vul
u' (03 —0)= —(c3—uQ) ——— o +uy—(oS—ug) —*,
Y (s +P) Xo (4.37)
p' (05 —0)=—(05~up). pS. uy +pj.
Finally, noting that [4]
W (P3)=p5. (c3—uy),
formula (4. 32) results from (4.35). &
We are now able to determine the whole of constants a;;.
TheoreM 4.2. — For i=1 and 2, the constants a; | and a; 5 are given
by:
1 1 o
ai,1=—0.{—h+—lo,*—+v u*} (4.38)
2¢ ¢ 'Y(P +p) Xo
—1 1 O
a; T e ot 4.39
T2 {c? Y(p°+p) } @39
When V° contains a k-rarefaction wave, we have
0 1 1
‘L PL PL ,
a, ,= { ——}, if k=1, (4.40)
A+uy Ly(@2+p)  pp
and
[} 1
‘r Pr _ Pr .
a,, 5= { }, if k=3. (4.41)
ct—uy LYy(;R+p) R
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When V° contains a k-shock wave, we have

4y, 2= b - P
D (o)—ud) Yy (2+D)

0
+ P l:(aG) ((0'1_“*) p3 u* p*)

o?—ul L\ dp
0
(Y o g2 gL (e
ot /L (PD)*  Xo PL
oG Y
+(‘“> {‘”(Ul‘ug)Pi+Y(PL+;)(ull.+"‘ug)}]
opr. /L Xo
and
1 1
a, 2= e Pa

€* (o3— u,.) Y (@e+P)

+—>— [( ) (c§—ud) pPSuy—py)
(03_1‘*) 0 (4.43)
G_G 0 Pllz _é__iﬁ‘l )
+(ara)n {“’3 W00 e x pa}

+(§)° {—(cg—ug)pé+v(p8+ﬁ)<ué+ v )}]
op./w Xo

where the derivatives of the function G are given by (3.37).

Proof. — Formulae (4.38) and (4.39) were previously demonstrated in
the proof of Theorem 4.1. To prove (4.40) [it is similar for (4.41)], we
have by (4.9)

a(—=c)=—(F+u})a,, 5
and by (4. 10)
ap(—cf)=by, 5 ()0,

But we deduce easily from (4.19), (4.26) and (4.6) the value of the
constant b, ,:

by ,=—ag 5 () M D= St (C?)—zl(v—l){p_ll-____pll-_}.
' ’ YSP pr  Y(PL+P)
Thus, we get

—(C(1)+u(l)) a 2=CI(.’.- {P_]l_. - —l{"——}
: P Y(PL+P)

which yields (4. 40).
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In the case where V° has a shock wave, say a 3-wave, (3.29) [or (3.31)]
gives a relation between p' (c9+0) and p* (o9 1 0):

o' (a3—0)
(02)? +(ap)”( 0

o ]
(G (G esso- wa

As in the proof of Theorem 4.1, we can compute p'(c)+0) and
p'(6940) and get:

\%
p'(03+0)=(05—up) pr— PR Ur — — PR UR»

X9
- v
pl(cg+o>=<cg—ua)p;—y(pg+p>(u;+ x )
0
and
pH(c3—0)=— (0§ —ul) pSul +p,.
Using (4.7).(4.9), we also determine p* (c3—0):
p'(63—0)=p3. (o, + 0, +a3) (65—0)
vul
=pg{(cg—ug)(a2, 1163, 2t a;, ) +cs(a,, ,—a,, 3)_x—}
0
pl
=p3(c3—ud) a;, ;—(c5—u) p3 ()~ ?u; «t (CO;Z .
2

We introduce these expressions in (4. 44):

1

1 pl
(05 —u3) — a5 ,—(c3—uj) * *
p3 p2(cD” (P (c))?

0G\° 3G\ ol ub
+ —= ) .(—(6%9—u%) plul +pl =<— .(c —u R _ZR
(ap)z( (Oimwpiuntr)={ 5 ) (537 (ays o
v ul oG \° — v
+———R)—(—) {<og—ua)pa—y<p3+p><u;+—ug)},
Xo PR 0P, /r Xo

which yields (4.42). W
Finally, as a trivial consequence of Theorems 4.1 and 4.2, we get:

CoroLLARY. — The value of the function p* at E=u? are given by
P - Dy
pr(u—0)= —2L1*_, (4.45)
* 2+p)
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and
0,1
P2Py
plul +0)= —2*_. (4.46)
* Y (Ps +P)
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