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ABsTRACT. — In this paper conditions ensuring bifurcation from any
boundary point of the spectrum is studied for a class of nonlinear oper-
ators. We give a general minimax result which allows an enlargement of
the class of non-linearities which has been studied up to now. The general
result is applied to study the existence of solutions (u, A)e H! (RN) x R for
the equation

—Au+pu—N@W)=Au, u#0,

where A is located in a prescribed gap of the spectrum of —Au+ pu. The
function p is periodic and the superlinear term N derives from a potential
but is not assumed to be compact.
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Resumt. — Dans cet article, nous donnons des conditions assurant la
bifurcation pour tous les points au bord du spectre pour une classe
d’opérateurs non linéaires. A T’aide d’un résultat de type minimax, nous
élargissons la classe des non-linéarités étudiées jusqu’a présent. La théorie
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378 B. BUFFONI AND L. JEANJEAN

est appliquée a I’étude des solutions (z, A)e H! (RY) x R de I’équation
—Autpu—N@)=Au, u#0,

ou A se situe dans une lacune donnée du spectre de — Au+ pu. La fonction

p est périodique et le terme surlinéaire N dérive d’un potentiel mais n’est
pas nécessairement compact.

1. INTRODUCTION

In this paper we consider the equation

—Au(x)+p(x)u(x)—r(x)|u(x)‘°u(x)=)»u(x),}

1.1
xeRN, AeR, a.D

where it is assumed that

(Bl) peL®(RY), p(x+a)=p(x)a.e. on RY, 1<i<N,
span {a;, 1Si<N}=R" (p is periodic),

(B2) reL®(RM), r=0 a.. on RN,

(B3) 0<o<

for N=3 and 6>0 for N=1, 2.
N-2

We seek weak solutions of (1.1) in H! (RY).
The linearisation of (1.1) is the periodic Schrodinger equation

—Au@)+p(x)u(x)=ru(x), xeRN
It is therefore natural to introduce the self-adjoint operator
S: D(S) = L2(R™ - L*(RY)
defined by
D (S)=H?(R"Y) and Su=—Au+pu.

The spectrum of S, o (S), is bounded from below and consists of a union
of closed intervals. Let /e o (S) be such that [[—¢, /[N o (S)=F for some
£>0. We want to derive conditions on the nonlinearity which insure that
1 is a bifurcation point. More precisely we require this bifurcation to occur
by regular values. This is the case if there exists a sequence
{ (uy )} = H'(RY) x [I—¢, [ such that

1. Vn, VoeH! (RY):

J (Vu,,Vv+1‘5u,,v—r[u,,|“u,,v)dx=7»nj u, vdx,
RN RN
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SEMILINEAR ELLIPTIC EQUATIONS 379

2. Vn:u,#0,

3. (u,, M) — (0, D).

In the following, / will always refer to a point of o (S) such that
[[—¢, I[N o (S)= for some £>0.

Clearly (1.1) can be viewed as a generalization of the equation

—Au(x)—rx)|ux) | u(x)=ru(x), xeRY, AeR, (1.2

where (B2), (B3) hold. This equation has raised a lot of interest in recent
years. One of the reasons is that bifurcation can occur at the infimum of
the spectrum associated with the linearized equation

—Au(x)=hu(x)

(see [19-22] and the references there). It is interesting since the bifurcation
point belongs to the essential spectrum and hence the methods of classical
Fredholm theory do not work. Multiplicity results has also been proved
i.e. the existence of infinitely many bifurcating branches [17, 18].

In view of the results obtained on (1.2), one is led to inquire if points
of type [ can be bifurcation points for equation (1.1) and under which
conditions. It was only very recently that the first results in this direction
were obtained [7-13]. In [11], under appropriate assumptions on the nonlin-
earity, it is shown that for each point / there exists a bifurcating sequence
{(, X))} = H' (RN x [I—¢, I[. Moreover each u, has a defined (small)
norm in L2 (RY). Another way of attacking the problem was put forth by
Heinz [7] and Heinz-Stuart [10]. Let a, be o (S) with la, [N c(S)=J.
In [7] conditions are given on the nonlinearity which insure that for every
L€la, B[ there exists a solution u, of (1.1). Under stronger assumptions,
it is also proved that ||u, ||qt @Y — O as A — b. Thus bifurcation from the
point b is obtained. In this approach there also exist multiplicity and
regularity results [8]. The method used by Heinz and Stuart is based on
abstract critical point theorems for strongly indefinite functionals devel-
oped by Benci and Rabinowitz [3, 4, 16]. In order to use these theorems
it is necessary to assume that the nonlinear term in (1.1) is compact. This
amounts to requiring the decay property lim r(x)=0. This (strong)

|x| = o

restriction is also necessary in [11, 12]. A first step towards a release of
the compactness condition was made independently by Alama and Li [1]
and the authors [5]. In [1], the existence of a solution for every A e R\ o (S)
is proved in the autonomous case (i.e. r(x)=r>0, a.e. on RY). Under the
same assumptions on r(x) we obtained the existence of a bifurcating
sequence of solutions for each given point /.

In this paper, an original variational approach to the existence of
non trivial solutions is developed. In particular we obtain a minimax
characterization of critical points. This allows us to treat a larger class of
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380 B. BUFFONI AND L. JEANJEAN

non-compact nonlinearities. Let us introduce the condition (B4):
(B4) one of the following conditions hold:

1. N=1and 0<o<2,

2. N1, there exists L>0 and 120 such that r(x)2L|x|™" a.e. on C,
where C={1x, 121 and xeB(xy, d)} for some x,eR" and 0<d<|x,|

Moreover 0<o< ——.
N
Our main result is:

THEOREM 1.1. — Let (Bl) to (B4) be satisfied and assume that there
exists a periodic function r*(x) of period comparable to the one of p(x)
such that

1. lim {r(x)—rP(x)}=0,

x| =+

2. r(x)2r"(x) a.e. on RY,

3. P (x)>0a.e. or P (x)=0 ae.

Then 1 is a bifurcation point towards regular values for equation (1.1).

Note that compact and non-compact cases are simultaneously treated
here.

In order to avoid to use too specific properties of equation (1.1) (in
particular the fact that the nonlinearity is homogeneous), we develop the
variational method in an abstract setting. This also enables us as we
believe to present in the clearest way the essential features of the method.
This setting is introduced at the beginning of Section 2 where existence
and bifurcation theorem are obtained for an equation set in an abstract
Hilbert space. As the reader will see, the abstract results presented there
go beyond the scope of equation (1.1). Application to (1.1) and extensions
to other partial differential equations are presented at the end of Section 3.
In particular we rederive in a simple way some of the results previously
obtained on equation (1.2).
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2. THE THEORETICAL SETTING

Instead of working directly with equation (1.1), we shall consider first
a general equation, set in an abstract Hilbert space, which contains (1.1)
as a special case. Let H*(RN) denote the usual Sobolev space of functions
with square integrable derivatives of order up to k. In discussing (1.1),
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we can assume without loss of generality that p(x)=1 a.e. on RN. Conse-
quently the bilinear form:

(., HRMxH'RY - R
defined by

{u, v>=J (VuVo+puv)dx
RN

is a continuous scalar product. The corresponding norm ||. || is equivalent
to the usual norm on H! (RM). In the following it is assumed that H* (RY)
is equipped with this scalar product. Since the form

u, veHl(RN)—-»J‘ uvdx
RN
is continuous bilinear symmetric, we know that there exists a unique
bounded selfadjoint operator

A: H'(RY) - H![RY
such that for ve H' (RY)

(Au, v>=J‘ uv dx.
RN

Trivially {( Au, u)>0 for u#0. Concentrating on the nonlinearity we see
that under assumptions (B1) to (B3) the function

ve H! (RY) —»J‘

rlul°uvdx
RN

is continuous for all ue H' (RY). Consequently there exists N (x)e H! (RY)
such that Vu, ve H! (RV):

J rlulfuvdx={N(@u), v).
rN

Recall that solutions of (1.1) are defined as couples (u, A)e H* (RY) x R
satisfying for all ve H! (R")

uv dx.
N

J Vu Vv+puv—r|u|°uv)dx=7»f
RN

R
Using the definitions introduced above, this can be written:
VoeH: {(u,v)—{(N@),v)=r{Au,v)
or equivalently
Iu—N@=AAu

The preceding observations justify the introduction of the following
abstract problem.

Vol. 10, n® 4-1993.



382 B. BUFFONI AND L. JEANJEAN

Let H be a real Hilbert space with scalar product ., .) and norm ||. ||
and A and B two continuous selfadjoint operators satisfying

AB=BA and Vu#0: {(Au, ud>0.
The resolvant set of the pair (B, A) is defined by
p(B, A)={AeR:B—AA has a bounded inverse }

and the spectrum of (B, A) by o(B, A)=R—p (B, A). We introduce an
auxiliary scalar product:
{.,.)a: HxH-R
defined by
Cu,v),={Au,v)

and |||, is the associated norm (which in general is not equivalent to ||. ||)

Let ¢eC?(B,, R), where re]0, +oo[ and B,={ueH:|u|<r}. We
denote by N: B, - H the derivative of ¢ and assume that N (0)=0.

Finally we consider /e (B, A) and £>0 such that [[—¢, /[ < p(A, B).

We are interested in the (non-linear) eigenvalue problem:
To find couples (u, A) e B, x [I—¢, I[ verifying

Bu—-N@w=AAu, u#0.

For convenience, we state now all the conditions which will be required

on @ and N:

(H1) ¢(0)=0, N(©0)=0 and 3C, 6>0 such that
VueB,: ||IN')|=CllulF,

(H2) N(u,)— N (u) whenever u,— u (weakly in H),

(H3) VueB,:(N(u), u)220¢ ),

(H4) ¢ is even and convex, and 3y>1 such that

VueB,: (N@), u)<(1+7)0 @),

(H5) @ is defined on all H and there exists a sequence {v,} = H and a
constant M >0 such that:

= Vn:||v,|la=1,

— Vn:¢(v,)>0and { ¢ (v,)} is bounded,

= Vn:||(B=1A)v, [ SM|{(B-1/A)v, v,)|,

i (BIA)D,0,)

n— o (p(vn)
Clearly if for ue H! (RY) we set

0= ;‘i‘z‘LN’(")'“(") 72 d,

by standard arguments as in [19, 20], we see that ¢ satisfies the conditions
(H1) to (H4) with H=H'(R), ¢’ @)v={N(w),v ) and n=y=0c+1. The
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SEMILINEAR ELLIPTIC EQUATIONS 383

fact that (B4) implies that the condition (H5) is satisfied has been estab-
lished by Heinz-Kupper-Stuart [9].
This proves that (1.1) is of the form

Bu—-N@)=AAu.

In the rest of this section we will work on this abstract equation.

Lemma 2. 1. — If condition (H1) is verified, then

VueB,:|[N@)| s [l *°

l1+o
and

C 2+e
o= m”“” .

Proof. — For ueB, and veH,

KN@, v)|=

Jl (N (tu)u, v)dt

1
<[ cofupeps)a
1]

C

=——|lul* |||
and

1
|<p(u)|§U {N(tw), u)dt
0

1
éJ _C__t1+o“u”2+odt
ol+o

C

“Troaiot

It is well known that if uy€B, is a critical point of the functional
1
J(u)=-2'<Bu’u>—(p(u), uEBn

under the condition ||u||,=c, where ¢>0 is constant, then there exists a
Lagrange multiplier A, such that Buy,— N (45)=1,Au,. Clearly all the
critical points are not interesting since we require A, €[/—¢, J[. In order to
introduce a variational method which allows us to find appropriate critical
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384 B. BUFFONI AND L. JEANJEAN

points we need the following definitions:

DEFINITIONS:

1. For ¢>0, S(c)={uecH:|lul[y=c} is the sphere of radius ¢ (defined
with the norm ||.|,).

2. P is the orthogonal projection on the eigenspace of the operator
B— (/—¢) A associated with the positive part of its spectrum. (Some proper-
ties of P are derived in Lemma 4.1.)

3. For ve PH with v#0,

M(e)= {ue}IHu“A—“v”m Y [ EL }
3N 2 /TA
can be considered as a piece of the “meridian” on S(||v||,) of direction o.
The fact that the norm ||. ||, and ||.|| are not equivalent on PH presents
a difficulty when we try to develop our variational procedure. In order to
overcome this difficulty we introduce the open set:

V={vePH:(Bov,v)<(+1){(Av,v)}.

As we see in Lemma 4.2 the equivalence of norms is satisfied on V and
we will show that our search of critical points can be confined into this
set (in a sense which will be precised later).

The idea of the method is to study

m(c)= inf sup J(u), c>0.
veVAS(c) ueM()

The next result says that sup can be replaced by max. Its proof and the
proofs of the main theorems stated below will be given in the last section.

THEOREM 2.1. — If condition (H1) holds, then for all veV with ||v]|,
small enough,

1. M(v) = B,

2. there exists an unique G (v) e M (v) satisfying

(J°G)(v)=max {J(w):ueM (@)},
3. G is continuously differentiable, PG (v)#0 and (F° G) (v)=0, where
Fw=(0-P){Bu—N@w—qwAu},
Bu—N®@), Pu
q= BN, Pu)
([Pl
(ueB, with Pu#0).

4. there exists K independent of v such that || 1—P)G (v)|| <K ||| *°.

Clearly if (I—P) H={0} then M (v)={v} and the theorem is obvious
(set G (v)=v). This situation happen when / is the infimum of o (B, A).
From Theorem 2.1 we deduce that

m(c)=inf{(J>G)(v):veVNS(c) }.
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TueoreM 2.2. — Under conditions (H1) and (H2) and for ¢>0 small
enough, if {v,} = VN S(c) and v.e PH satisfy

1. (J°G)(v,) > m(c),

2. v,— 7,
then there exist u,, A, and a constant K >0 such that

1. Bu—Nw)=AAu,

2. u=0<v,=0,

3. ||u||I=Ke,

4. 7»c—l|<Kc"/2

2m (C)

Moreover A< if (H3) is also satisfied.

As one clearly sees in the proof given in the last section, this result is
valid because without loss of generality each minimising sequence of
(J°G) on VN S(c) stays uniformly bounded away from the frontier of V.
This fact, which was first pointed out in [5], occurs because the nonlinearity
is of order higher than linear at the origin.

Since VN S(c) is bounded, all minimising sequences of (J°G) admit a
subsequence converging weakly, but the weak limit can be null. We
must now find a sequence {v,} = VNS(c) and v.ePH such that
J-G) (v,) = m(c), v,— v, and v,#0. With this aim, we introduce ¢ and
N satisfying (H1) and (H2) w1th the same constants r, o, K as ¢ and N.
We define J, G, m(c) as before.

THEOREM 2.3. — We suppose that ¢ and ¢ verify (H1) and (H2) and
that ¢>0 is small enough.

1. If 9— =0, then m(c)<m(c).

2. If {v,} = VNS (c) satisfies (J G) (v, = m(c), v,—0, and if 9— @ is
weakly sequentlally continuous at 0, then m(c)<m (c)

3. If 9— @20 and if {v,} = VN S(c) satisfies (J°G) (v,) — m(c), then
(J°G) (v > m (o).

COROLLARY 2.1. — Under the same conditions as the preceding theorem,
if @ — @ is non-negative and weakly sequentially continuous at 0, and if there
exists a sequence {v } = VA S(c) such that

o J-G)(@,) »m(),

e v,—v.#0,
then there exists a sequence {v,,} < VN S(¢) such that

e (J°G)(v,) > m(o),

® v,— v #0.

Proof — By Theorem 2.3, Part 1, m(c)<m(c). First, suppose that
m(c)=m(c) and set v,=7,. Part 3 shows that { v, } has the desired proper-
ties. Now suppose that m(c)<m(c) Since VN S(c¢) is bounded, we can
always find a minimising sequence of J°G in VM S(c) convergmg weakly.
By Part 2, the weak limit cannot be null because m(c)<m(c). B
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386 B. BUFFONI AND L. JEANJEAN

THEOREM 2.4. — Under conditions (H1) to (H5), there exists a sequence
{c,} =10, oo such that
1. ¢,—0,
2‘ 2 m (c”)
c’l
The proof is given in the last section. We can state now our first bifurcation
result:

<l

THeOREM 2.5. — If conditions (H1) to (HS5) hold and if ¢ is weakly
sequentially continuous at 0, then | is a bifurcation point towards regular
values, i.e. there exists a sequence { (u,, A,)} = Hx[I—¢g, I[ such that

1. Va:Bu,—N(u,)=\,Au,

2. Vn:u,#0,

3. (u,, M) — (0, ).

Proof. — Since ¢ (0)=0 and ¢ is convex, we see that ¢ is not negative.
By Theorem 2.4, there exists a sequence { ¢, } < ]0, o[ such that
1. ¢,—0,

c2

For eachnn, we can find {4} } = VN S(c,) satisfying
(J>G) (vp) = m(cy), vk— v,

<l

Set =0 and N=0. It is easy to check that Vc>0:r7t(c)=%lc2. Theo-

rem 2.3 (Part 2) then shows that v,#0. We conclude by Theorem 2.2. R

In the next section, we shall apply this theory in a case where ¢ is not
weakly sequentially continuous at 0 and therefore Theorem 2.5 is no more
applicable. The last theorem of this section emphasizes the importance of
the sign of the non-linear term:

THEOREM 2.6. — If the condition (H1) holds and if © is convex, then
there exists no sequence { (u,, \,) } = Hx[I—¢, I such that

1. Va:Bu,+N(u,)=A,Au,

2. Vn:u,#0,

3. (u, A,)— (0, ).

3. APPLICATION

We now turn back to equation (1.1) and prove Theorem 1.1. In order
to use the general theory obtained in Section 2 we need to check that
o (S) is equal to the cojointed spectrum o (I, A). Since this demonstration
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is rather lenghty we admit the result here and delay the proof (see
Lemma 4.5 in the last section).

Theorem 1.1 in the case r’=0 a.. is a direct consequence of
Theorem 2.5, because @ is then weakly sequentially continuous (see [19-
22] for such results). Now suppose that r(x)=rf(x)>0 a.e. on RN. We
set

b= [ roluwr s

Since (B1) to (B4) are still satisfied when r(x2 is replaced by r*(x), ¢

satisfies conditions (H1) to (H5). Moreover ¢ = ¢ because r (x) =% (x) and

¢—¢ is weakly sequentially continuous since lim {r(x)—rf(x)}=0.
|x]| =00

Applying Theorem 2.4 to ¢ and then Theorem 2.3 (Part 1), we deduce

that there exists a sequence { ¢, } < ]0, oo[ such that

1. ¢,—>0,
5 2m(c,,)§2m(c,,)<l.
e e

Now assume that the following result holds:

LemMa 3.1. — There exists a sequence {v}} = V(N S(c,) such that

o 0-G)@ - (e,

o u;—v"#0.
We deduce by Corollary 2.1 that there exists a sequence
{#;} = VN S(c,) such that

e (J-G)(w) > m(c,),

o u;—v"#0.

Theorem 1.1 is now a direct consequence of Theorem 2.2. It remains
to prove the lemma. Let {27} = V N S(c,) satisfies

d-G)@}) - m(c,).

Since VN S(c,) is bounded, we can assume that 77— 7" (passing to a
subsequence). We shall prove that the minimising sequence can be chosen
such that " #0. For convenience, we shall from now on omit the indice 7.
Clearly there exists a subsequence (still denoted by {5,, }) satisfying one
of the two following possibilities
1. (vanishing)
lim sup J 22 (x)dx=0, VR<+ o0,
y+Br

k= +ow ye[RN

2. (non-vanishing)
Ja>0, R<+o  and {7} <RN

Vol. 10, n° 4-1993.



388 B. BUFFONI AND L. JEANJEAN
such that

lim inff 22 (x) dxZa>0.
k- +o Jy +Bg

We shall prove that only the case of non-vanishing can occur.
Since

lim (-8)@)=m(c)< ~ic?
k- +o 2
and (J- G) (v) 27 (), we can deduce

lim supJ () < lIc2 ™.
k—= +ow 2

This implies 3B >0 such that

lim inf @ (2,) =B >0.

k- +o
Indeed since {v, } = VN S(c), we get %( By, 0, )= %lcz. The result fol-

lows from (*) and the definition of J.
On the other hand:

-~ o~ 1 ~
¢ (vy)= c—-FEJRNrP(x)'vk (%) |°+2dx

P
§ |r lcoJ‘ l;k(x)|o+2dx
RN
<K || o 7372

Using Lemma I.1 of [15] and setting in this lemma p=2 and ¢=2, we
see that in the case of a vanishing sequence
lim sup ¢ (7,)=0.
n—> +o
This is a contradiction. So only case (2) can occur.

Since we are considering periodic nonlinearities, we can take advantage
of the invariance under translation to prove the existence of a minimising
sequence {v, } for which the sequence {y,} = RN appearing in case (2)
stays bounded.

The basic idea is to consider an arbitrary minimising sequence { v, } and
to pull it back if the sequence {y, } goes to infinity. A rigourous proof of
the fact that the sequence so obtained stays a minimising sequence of
(J-G) on VN S(c) can be found in [5]. We do not repeat it here.

Now let Q be an arbitrary bounded domain in RN such that

{ye}+Brc Q.
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Since 7, — v weakly in H! (RY), by the compactness of the Sobolev embed-
dings H' (Q) = L?(Q) on bounded domains we get:

||5||fzgf 22 (x)dx =lim inff v (x)dx=a>0.
Q Q

n—> +ow

We conclude that %0 and this ends the proof of Theorem 1.1.

Remarks:
1. As announced in the introduction, our general theory can be used
to improve the previous results concerning the bifurcation properties of

the equation
—Au@)—r(x)|u@@)[fux)=ru(x), xeRN 1.2

For the sake of simplicity, we directly work with a non-compact nonlinear-
ity and assume that the following conditions hold:

(a) 0<c<ifor N=>1,
N

®) lim r(x)=r>0,

|x| = +o

(¢) 3x,€RN such that VceR

f r(x)dxgj rdx.
|x=x0|=¢ |x—xg|=¢c

This equation has been studied by Stuart [22] and Zhu-Zhou [23] under
analogous conditions. Clearly (1.2) is obtained from (1.1) when we set
p(x)=0. The spectrum associated with this equation is purely continuous,
o(S)=[0, + o[ and consequently 0 is the only point were bifurcation
towards regular values can occur. Since there is no spectrum on the left
of 0, G (v)=v. Setting

~ 1 +2
U= —— u(x)|°**dx.
b= 15 [ v

we then see clearly that we can replace in Corollary 2.1 the condition
(@—@)=0 by the weaker requirement Vk:(¢p—9)(2,)=0. [0, denote a
minimising sequence of J°G)=J on S(c) N\ V]

Now if {Zk} is a minimising sequence of J on S(c) NV, the sequence
{v¥} of Schartz-symmetrized (about x,) functions of v, is also a minimising
sequence of J on S(c) N V. We recall that these functions are decreasing
spherically symmetric. Since m(c) <0, (see [19, 22] for such results), the
vanishing does not occur and automatically the minimising sequence
{v¥} has a non-null weak limit.

The third condition on r(x) implies that Vk: (¢ — @) (v}¥)=0. Therefore
we can apply the modified version of Corollary 2.1 and conclude as
precedingly.
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390 B. BUFFONI AND L. JEANJEAN

2. In the examples we have presented, the nonlinearity is homogeneous.
It should nevertheless be made clear that such assumption is nowhere
needed in the abstract part (Section 2) or when working directly on the
equation (Section 3). In particular we can also treated equations where
r(x)|u(x)|"u(x) is replaced by a finite sum

n

2 ()| u () *tu(x)

i=1

with r;(x) and o; satisfying the hypotheses (B2) and (B3).

4. PROOFS OF THE MAIN THEOREMS

In this last section we give the proofs of the theorems stated in Section 2.
From now on, the letter K will denote various constants whose exact

value may change from line to line, but are not essential to the analysis
of the problem.

Lemma 4.1. — Set §=|[{B—(I—e)A}~!|| ™. We have
1. PB=BP and PA=AP,
2. PH#{0},

l=inf{M:uePH, u#O}
{(Au,u

and Vue(I-PYH:{(Bu, u)<(I—¢) (Au, u).
3. VAe[l—¢, I[, YuePH: {(B—AA)u, u>g§(l—?\.)||u||2 and
£

|@=2Ayuz 2= ull
4. VYr2l-¢, Yue((—-P)YH:{(AA—B)u, u =38 ||u|* and
[B=AA)ul|z8| ul,
5. VAell—e, ILVueH: | B=AA)u[2 20-1) | u].
€

Proof. — Since A and B commute with B—(/—¢) A, we deduce that
PA=AP and PB=BP. Moreover
VuePH: ({B—(I—e)A}u, u)=38|ul?
Vue(I-P)H:{({(I-e)A—B}u, u)25||u|*
If PH={0}, then

VueH:{(IA-B)u, u)2{{(—e)A-B}u, u)=3|u|?
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and so B—/A has a bounded inverse and /e p(B, A). Since we suppose
leo (B, A), we deduce PH#{0}. Set

7=inf{M:uePH, u;éO}.

{(Au,u

Clearly 7>1—¢. Since B—7A and P commute,
c(B-TA)=0 B—TA|pw) U B—TA |y_p ).

Since 0€ 6 (B—T7A |py), we see that Te 5 (B, A). For Ae[/—¢, I[ and ue PH:

(B-AA)u, uy={{B=(-e)Alu,u)y—{A—(—¢)}{Au,u)

2({B—(I—8)A}u, u)— ’; ((ll ¢ ({B=(-&)A}u, u)
-2

i (B-t-9A}kw
]|

T-a
g87—(1—8)

and
T-A

T-(l—¢)

|B=AA)ul|28

]
For A=/—¢ and ue(I-P)H:
(AA-B)u, u)2{{(—e)A—B}u, u)28| ul?
and ||(AA—B)u||23||u||. Finally, for Ae[/—¢, I] and ueH:
”(B—KA)u||2=“(B 7\.A)Pu“2+“(B—A.A)(I—P)u”2

-1 )2 ) )
;{57_(1 SFapuip+a-pup)

—{ s 8)} e

||(B—XA)u|[g877 A

and

This shows that [[—¢, /[ < p(B, A) and then 7=/. W
LEmMA 4.2. — V is a non empty open set and

YveV:||v|?< 1—+—8<Av, v ).

Proof. — The relation ( Bv, v )<({+1){ Av, v) implies
S|lo|P={{B-(U-8e)A}v,v)<(1+e)(Av,v). B
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392 B. BUFFONI AND L. JEANJEAN

Proof of Theorem 2.1. — For ueM (v),

1+s

leli=llol+1a-Pul< [ —=Ilvlla+ \/W

if || v || is small enough and therefore M (v) = B,. We define the function
h by

D(h)={(v,w)er(I P)H: ||w||< ” lla }—»H,

h(v, w)=_/[o[Z—TIw A2W+
A

Note that [|w(l,< /A HwHé%HvHA if (v, wyeD (k) and therefore A is

well defined and admits a twice continuously differentiable extension
defined on an open set containing D (k). Also ||k (v, w)||=||v]|s and for
all fixed veV, R(h(v,.))=M(v). Let us show that (Joh)(v, .) is strictly
concave in w and admits an unique maximum as a function of w. For
ze(I-P)H,

(Aw,z)

lolls TR =TIwlx

@/ow)h (v, w)z= —

v+z,

hence

(@[ow) k) (o, w), 2
={(Bh(v, w)—N (h(v, ), (3/ow) h(v, W)z )
=(Bh(v, w) =N (v, ), z)
_ (Aw,z)
[2lla /ToTR=TwIR
={(F°h) (v, w), z ).
Now using the definition of F and the orthogonality between PH and
(I-P)H we get
((@Jow)(Foh)(v, w)z, z)={Bz—q(h(v, w))Az,z)
—<(@/ow) (N =h) (v, w)z, z) = (0/ow) (g° h) (v, w), z) (A w,z).

{Bh(v, w)=N(h(v, w)), v)

Since
(Bv,v) (N(h(v,w),v)
22 lelallPAG wla

o _ (Awz)
©@/ow) || (P h) (v, w)||a 2 |PA, w)|a

q(h(v, w)=
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we have
{N'(h(v, w))(@/ow) h (v, w)z,v)
0/0 °h) (v, =—
(e [T TPAG, wils
_ (N, w),v)<{Aw,z)
lolallPhG wlla

The following inequalities are easily obtained using the definition of 4 and
the equivalence of norms on V:

|2, w)[|SK || 2]|a,
| @/ow) h(v, w) z|| <K || ]|,
[P, w)|[aZK [[o]|a-

We then obtain for ||v||, small enough
g(h(o, w)ZI-K||o[i21-¢,
(Bz=q(h(v, w)Az, z)< 8| z|7,
(oW (N1 @ Wz ) <Kol 217 ]|
and
(@Iow) @D e W2 CAw, 2> SK ol 2P Ol -

Therefore

(@/ow) (F=h) (v, w)z, z) < — glle’

and so (J° h) (v, w) is strictly concave in w and
@/ow)F(h(v, w)): (I-P)H->(I-P)H

ol
2 TAT

has a bounded inverse. Now if we assume veV, || w||= we have

k) (v, 0)—(J k) (v, )

1 lelZ=lIwlz
g—<B‘0,‘U> <B‘0,'U>
2 2[|»]I2

—1<Bw,w>—K||v||§+°

L oy By K ol

IIV

SACAW, W= (B, wH =K [o[3*
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394 B. BUFFONI AND L. JEANJEAN

2 AlwlP =Xl |z

]2

As a consequence, there exists an unique u (v) e M (v) which maximises J
on M (v). Moreover u(v) can be written in the form A (o, w(v)) and
(F<h) (v, w(v))=0. By the implicit function theorem, w(v) is continuously
differentiable and to obtain Parts 2 and 3 of Theorem 2.1 it suffices to
set G (v)=h (v, w(v)).

Finally, using (F < h) (v, w(v))=0, we get

{B=4(G(@)A}w(®)=(I-P)N(G ()

S
2
K

v

and
I @l 1{B-a G A} W@
< ING@)|<K|G@ ]
SK{||o||+][[w@ ||} *e.
Hence

” w (v) “1/(1 +a)§K1/(1 +o) ” v ” + | w (v) “1/(1 +0)

1
5|
if || v]|4 is small, and

v @K o3, m

Lemma 4.3. — Under conditions (H1) and (H2) and for ¢>0 small
enough, if {v,} =V verifies Vn:||v,||sSc and v,—0, then there exists a
subsequence such that G (v,)— 0.

Proof. — There exists a subsequence v,, such that
I-P)G(@,)—w
and
9(G (0,)) > Azl
Passing to the limit in (F°G)(v,)=0, we obtain
B-AA)w=A-P)N(w).
Consequently

[wll= Zl[B=2A)w]|

[A=P)N@)[[<K|w]'*e.

Qn | = N
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Since
|| w||§1im inf|| (I—P)G(v,,l.)||__<_K||v||A§Kc,

we deduce that ||w||=0 (for ¢ small enough). M

Proor oF THEOREM 2.2. — For 0<¢<1 and v, ue VM S(c) such that

(Bu, v>g<l+ %c"”)c2
and

{Bu, u>§<l+ %c"”) 2,
we have

3G @-0°-6)@)

= %<BG(v), G@)- %(BG(u), G- o(G@)+e(GwW)

g%(1—Kc2«)<Bv,v>—%<Bu,u>—Kc2+°
1 2 1 2 2 1 1 2 2 2+
2-(1-K2)| I+ =)~ | I1+-c"? ) =K **°
2 2 2 4
>0

if ¢ is small enough. Consequently taking a subsequence, we can suppose
that for all n:

{Bu,, v”>§<l+ %c"ﬂ) c?
and
TG <m(c)+ .
n
We apply the Ekeland’s g-variational principle [2] on the closed metric
space
E={ vePH:| v||,=c and (Bo, v )<(+c"?)c?} = VN S(0).
For all n=1, there exists v} € E with
1. -G @H=F°G)(v,),

1
2. ||v,,—v,f||§—,
n

3. VveE:(J- Q) (@H=(J-G)(v) + l||v—v,’:‘“
n
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396 B. BUFFONI AND L. JEANJEAN
Clearly (J - G) (v}) - m(c) and v* — v,. Taking a subsequence we also have
Vn:(Bu¥ o¥ >§<l+ 3c°/2>c2.

For vePH, v#0, we set
T,={zePH:{(Av, z)=0}.

For ze T, with z#0, we define

‘]—me,“—z“'d—»summ,

2
h(t)= l—tZMév,’th.
6'2

h:

This function satisfies /(0)=v¥, A’ (0)=z and
-G RrO)Y=J-G)h@)+ %||h(z)—h(0) |

if | 7] is small enough. Hence

(=G) (@), 2)={>G) (h(0)), K (0) )
— i IO GO~ -G h(0)

t-0 t

KO

>~
n

1
==~z
n

Replacing z by —z, we obtain
, 1
<TG @), z)|< ;||Z||, VzeT,.
For v€E and zeT,, let us develop { (J°G)' (v), z ).
Since { AG (v), G(v) y=( A, v ) we have
{(AG(v), G'(v)z)={An, z)=0.
We deduce
(d°G) (), z)

=(BG(@®)~N(G ()~ ¢(G () AG(v), G' (v)z)
=(BG (@)~ N(G ()~ ¢(G () AG (¢v), PG’ (v) z)

[using the fact that F (G (v))=0].
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The relations
PG’ (v)z= 4 {PG(v)}z
dv
1d
=_ —(“PG(v) HAv)z
c dv

( APG (v), PG’ (v) 2 )
¢||PG @)]a

b

1
=Z”PG(v)”AZ+

and
(BG(®)-N(G(®)-q(G®)AG (), v)=0

be definition of ¢, imply that
(0-Gy @), 2)=1PC Ok (G ()~ NG @) - ¢(G @) AG @, 2,
c
VzeT,.

For zePH, we have

[{BG @) ~N(G@))~q(G@)AG@}), z)|

=' < BG (o) N (G (o)) 4 (G (o)) AG (u3), z— <28 72 > l
C

<(J GY (v*), z— ”’Z’Z>v;:=>,
4

“PG( ") Il
< c . (A, z) N
“ n||PG(@¥)||a c? "

< ¢ <1 ”A" ||v*||2)” ”
~ n||PG @) ||a

K
< —|lz||

n

Therefore
P{BG(»})—N(G (@) —q(G@)AGE)} -0
and
BG (7)) ~N(G (v})) — ¢ (G (¥3)) AG (v7) - 0
since F (G (v}))=0. Taking a subsequence, we can suppose

G@)—u. and  g(G(F) —A,
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and we get
Bu,—N(u)=AAu,
|4 || <lim inf|| G () |
<lim inf(|| PG (v}¥) H+|| I-P)G@H|)
<Klim inf || v} ||<Kc,
A= lim ¢(G(v¥))
— lim (BGED-NG @), PG )
n- o |PG (v¥) |2
* *
— hm {%<Bv:, v:: _<N(G(vn))5 P%(vn)>}
n-w (€ ”PG(D'T)”A
Since

% %*
Vn: I (_“an, ) <Il+ 1c"’2
= cz = 4 b

we obtain after calculation |A,— /| <K ¢*/2. Finally, if condition (H3) holds,
A= lim q(G(v}))

_ i (BGED-N(GE), G@h))

n- oo |G @ |z

=i2 lim {2J(G @) +29(G@N)—(NG@), G}

C n-> o

< lz lim 2J(G (v¥))
2m(c)

c2

The second equality is obtained by combining the expression of g coming
from the definition with the one derived from (F - G) @5H=0. N

Proof of Theorem 2 .3:
1. Consider {v,} = VN S(c) with J>G)(v,) - m(c). Since
3-8 (@)2(T-G)(v,)
=(J-G) (@) *+(¢—6) (G (v,)
2(J>G)(v,),
we have

m(c)<lim inf (J G) (v,) <lim inf (F > &) (v,) = (c).

n = o n - oo
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2. Passing to a subsequence, we can suppose G (v,)— 0. The relation

-G ()20 G (@)=T°8G) (v)~ (0~ 9) (G (@)

implies
m(c)<lim inf J > G) (v,) £lim inf (J ° G) (v,) = m (c).
3. Since
J:6)(v)2(-G)(v,)
=(J-G)(w)+(0—9)(G(v,)
2(J°G)(vy),
we get

m(c)<lim inf (J» G) (v,) <lim sup(J > G) (v,)
< lim J-G)(v,)

=m(c). N
In order to prove Theorem 2.4, we need the following lemma:

LeMMA 4.4. — Under conditions (H1) to (H4), if there exists a sequence
{z,} =V such that

® |[z,[a=1,

® ¢(z,)>0,

o lim SBTNz)_,

n = ¢ (Zn)

then there exists a sequence {c,} < 10, oo[ such that

1. ¢,—0,

2. 2m@

Cn

Proof. — Let us show that we can find a sequence {#,} < R* such that
1. t,»0asn—-> + oo,
2. 2(J°G) (v) <!||G (v,) ||, where v,=1,z,.
If it is the case, the lemma will be proved since we can set

an ” G (vn) ”A

We have
2(J°G) (v,) ={BG (v,), G(vy) )20 (G (2v,))
=(BPG (v,), PG (v,) )
+{(BA-P)G(v,), A-P)G(v,) ) =29 (G (v,)
={((B-I1A)PG(v,), PG(v,))
+(B-IA)I-P)G(v,), A-P)G(v,) )
+I{AG(v,), G(,) )~ 20 (G (vy)
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400 B. BUFFONI AND L. JEANJEAN

={(B~-IA)PG(v,), PG(v,) )
+<{(B-IA)I-P)G(v,), I-P)G(v,) )
+I(AG (), G(v,))
—2'770 (PG (v,)) +2 ¢ (1-P) G (v,)
<((B-IA)PG(v,), PG(v,) )~ 3||(I-P) G (v, ||
+I{AG (v,), G(v,) )
—2'77@ (PG (v))+K||A-P)G (v, |**°
S{(B—-I1A)PG(v,), PG(v,) )
+I{AG (v,), G(v,) ) —2' "0 (PG (v,)
S((B-1A)v,, v, )
+I{AG (v,), G(v,) )—2' "0 (PG (v,)
s (B-1A)z, z,) +I{AG(v,), G(v,))
— 672770 (z,)
if ||v,|| is small enough, i.e. ¢, is small enough. In order to satisfy the
condition (2), we require
(B-IA)z, 7,

¢ (z,)
Since the right member tends toward zero as n— + oo, the ¢, can be
chosen such that lim ¢,=0. This ends the proof. W
n— +oo

Proof of Theorem 2.4. — The demonstration is very close to the one
given by Heinz and Stuart in [10]. Starting from the sequence {v,,} cH,
which appears in the condition (H5), we show that we can construct a
sequence {z,,} < V as required in the preceding lemma. Since {(p(v,,)} is
bounded, we deduce that lim ((B—I/A)v,, v,»=0, which implies

n— +o

lim ||(B—/A)v,||=0. Moreover

n— +wo

2{(B—-1A)z,, z,)<t!*12 "¢ (z,) <= t;“>27<

|B=1A)v,||2||(B—IA)(I—P)uv,|
28|/(I-P)o,||
)

I-P ,
\/W"”( )vnHA
which shows that ||(I-P)v,|| >0 and ||I—P)v,|], >0. We can then
assume without loss of generality that

>

Vn: IIPv.,HA% and  ||I-P)o,|<1.

Now

|<(B—1A)Pv,,,Pv,,>|
<|{(B—1A)v,, v,)|+|<{B-IA)I~P)v, I-P)v,)

B
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with
|{ B—1A)A~P)v,, I-P)v,)|
<[|B—1A)A-P)z,|| |X-P)o,||
§%||(B—IA)(I—P)v,,||2
é%ll(B—lAmllz
<X B- 185, 3,)]
and then

|[{(B—1A)Pv,, Pv,)|<K|{(B—1A)v,, v, |-

In particular {((B—IA)Pv,, Pv,» - 0. Since Vn:|Pv,|[,=1/2, we can
then assume that { Pv,} < V. Now we set z,=Pu,/||Pv,||, and show that
{z,} has all the desired properties. Clearly Vn:| z,[|,=1 and {z,} < V.
Now

Pv 1
<p(zn)=<p( . )z 0 (Pv,)
IPoulla/ " ||PvalX

20(Pv)227"¢ (@)~ ¢ (- P)v,)
22779 (v) — K| d=P)y,[***
22779 (v,)~K|[(B—1A) 7, [**°
22779 (w) ~K[{(B-1A)v,, v, )|
22"""Vo(v,)
if
K|[{(B—1A)v,, v,y |?*2<27"*Do(v,).
But this is true for n large enough since

p KB 1Ay, 0,y
n- +o ¢ (vy)
We can then assume that VneN, ¢ (z,)>0. Finally,
((B=1A)z, z,)S4({(B—IA)Px,, Pv,)

<K|((B-1A)v, 3,)].

We can conclude that
n— two ¢ (Zn)
and the proof is complete. W
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Proof of Theorem 2.6. — Set v,=Pu, and w,=(I—P)u, We have
S
8 ” Wn “2+ g(l—)”n) ” Un I|2

<{(B-%,A)v, v,)—< (B=1,A)w, w,)

= (B (@, +w,), v = W )+ A (| Walla— [l 0a 1)

={( MA@, +w,)—N(v,+w,), v,,—wn>+7»,,(||w,,HA—H v,,HA)
=(N(@,+w,), w,=v,>=(N (v, +w,), 2w,~ (0, +w,) )
SOQw)SK | w,|[**e.

For n large enough,

d o
SlIwall?+ =U=4) [0, || <0
2 €

and therefore w,=v,=u,=0, which is a contradiction. W

ProoF oF LeMMA 4.5. — Now we establish the equivalence
o (S)=ac(l, A). We abbreviate H!(RY), L?(R") and H? (R™) by H, L? and
H?. Moreover (.,.) denotes the scalar product on H' (R") introduced at
the beginning of Section 2. We start with the inclusion p (I, A) < p(S).
For fix Aep (I, A), we know by Lemma 4.1 that there exist 3>0 and a
projector operator P: H — H such that

1. AP=PA

2. VuePH: {(I-AA)u, u)28||ul?

3. Vue(I-P)H: {(I-AA)u, u )< — 8| u|*

Setting H, =adh:PH and H_=adh2(I1-P)H, we see that
(L,, ||-|l2) can be decomposed into L?=H, @ H_. Indeed

YuePH, Vve(I-P)H: (u,v)2=(Au,v)=0
and, using the dense inclusion H = L2, we obtain
VueH,, VveH_: (u,v)2=0.

Moreover

VueH, NH?: {((S—ADu, ud2=CA-AA)u, u) 23| u|*=8| ul-
and :
VueH_ NH%: {(S=ADu, u) 25 —38| uli-

We denote by Q the projector defined in L? with range H, . It is easy to
show that Q and S commute. Consequently 6 (S)=0(S|y+) U o (S|s-)
and we deduce that Aep(S).

Let us now prove that p(S) « p(I—A). For A<0,
VueH?, (A-AA)u, uy={u, uy=||ul
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Using the dense inclusion H? <
VueH: {I—MA)u, u) 2| ul]

This proves Aep (I, A). For A>0, we introduce the projector operator
P:L?> > L? defined by P=I—Eg()A). Setting p=inf{ze o (S) such that
t>\}, we have for all uePL> N\ H?:

CE=ADu, ud2={{S—pD+@E—MI}u u).

_ ko2 {—M—(S—ul)+ul}u, u >Lz
M p=2

z“T<{<s WD+pl}u, ud

=
>

][
n

Moreover there exists >0 such that for all ue(I—-P)L? N\ H?,
(S=ADu, ud2< 8| uljf.

Since ||u||*={Su, u)2<A||u|f2, we get:

Vue(I-P)L>NH?*:{(S—ADu, u)2<— ;Huﬂz

Using the dense inclusion H2 = (H,
-\
VuePHNH?: (B-Nu, udz 22| u|?
N
and
Vue(I-P)HNH?*: (B-MNu,ud= —%Hu"z.

Since P IH is an orthogonal projection, we deduce that Aep (I, A). W
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