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ABSTRACT. — A general notion of G-convergence for sequences of
maximal monotone operators of the form 7, u= — div (g, (x, Du)) is intro-
duced in terms of the asymptotic behavior, as A - + o0, of the solutions
u, to the equations &/, u,= f, and of their momenta g, (x, Du,). The main
results of the paper are the local character of the G-convergence and the
G-compactness of some classes of nonlinear monotone operators.
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ResuME. — On présente une notion générale de G-convergence pour
des opérateurs maximaux monotones sous forme divergence. On démontre

le caractére local de la G-convergence et de la G-compacité pour certaines
classes d’opérateurs de ce type.

Mots clés : G-convergence, opérateurs monotones, équations elliptiques non linéaires.

INTRODUCTION

The aim of this paper is to study a general notion of G-convergence
for nonlinear monotone operators o/ : H}- 7 (Q) - H™1-2(Q) of the form

0.1 & u= —div(a(x, Du)),
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where Q is a bounded open subset of R*, 1<p< + o0, and 1/p+1/g=1.
We assume that the (possibly multivalued) map a: QxR* » R* which
occurs in (0. 1) is measurable on Q x R", is maximal monotone on R” for
almost every xeQ, and satisfies suitable coerciveness and boundedness
conditions (see Section 2). The class of all these maps will be denoted by
M, (RY.

The main examples of maps of the class Mg (R”) have the form

0.2) a(x, =0V (x, &),

where 0, denotes the subdifferential with respect to & and

Y:Q xR" - [0, +oof is measurable in (x, &), convex in &, and satisfies the
inequalities

e |EfF SV (x, O =, (1+]E]Y)

for suitable constants 0 <c¢; <¢,. In this case the operator (0.1) is the
subdifferential of the functional

(0.3) \P(u)=J V¥ (x, Du)dx
Q

and the notion of G-convergence of the operators (0. 1) can be studied in
connection with the notion of I'-convergence of the corresponding
functionals (0. 3) (see [1], [17], [3)]).

Let us return to the general case of maps of the class Mg (R") for which
the representation (0.2) is not always possible. Let (a,) be a sequence in
M, (R") and let ae M, (R"). To introduce the notion of G-convergence in
M, (R") we begin with the simpler case where a, and a are single-valued
and strictly monotone on R". We then say that (a,) G-converges to a if,

for every f e H™1-1(Q) and for every sequence (f,) converging to f strongly
in H™1-¢(Q), the solutions u, of the equations

—div(a, (x, Du,))= on £,
(0 . 4) ( h( hl) fh
u,eHy 7 (Q),
satisfy the following conditions:
u, » u, weaklyin H'7(Q),
a, (x, Du,) - a(x, Du) weaklyin (L?(S))",
where u is the solution of the equation
—div(a(x, Du)=f on Q,
0.5 (a(x, D)=
ueHy 7 ().

If we drop the hypothesis that g, and a are single-valued and strictly
monotone, then the definition of G-convergence is more delicate, due to
the non-uniqueness of the solutions of the equations (0.4) and (0.5).
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(G-CONVERGENCE OF MONOTONE OPERATORS 125

In the general case we say that (a,) G-convergences to a if for every
increasing sequence of integers t(h), for every feH 11(Q), for every
sequence (f,) converging to fstrongly in H™1'1(Q), for every sequence
(u,) of solutions of the equations

—div(a,y (x, Dw,))3f, on Q,

u,eHy (),

and for every sequence (g,) in (L1(Q))" with

0.6)

gn(x)ea, 4, (x, Dy, (x)) a.e.in Q and —divg,=f, in Q,
there exists an increasing sequence of integers o (#) such that
Uy — 4, weakly in H?(Q)
and
8oy & Wweakly in (L1(Q))",
where u is a solution of the equation
{ —div(a(x, Du))sf on Q,

©-7 ucHY ?(Q),

and
g(x)ea(x, Du(x)) a.e.in Q.

Let us emphasize that the notion of G-convergence in Mg, (R") is inde-
pendent of the particular boundary condition chosen in the definition, in
the sense that, given ¢ e H"*?(Q), we can replace H}'?(Q) by o+ H} 7 (Q)
in (0.4), (0.5), (0.6), (0.7) without changing the G-convergent sequences
and their limits.

The main result of this paper is the compactness of the class Mg (R") with
respect to G-convergence. Moreover we prove the following localization
property: if (a,) G-converges to a, (b,) G-converges to b, and
a,(x, .)=b,(x, .) for almost every x in an open subset Q' of Q, then
a(x, .)=b(x, .) for almost every xeQ'.

Finally we determine some subsets of Mg, (R™) which are closed under
G-convergence. This allows us to prove in a unified way the compactness,
with respect to G-convergence, of all general classes of linear or nonlinear
operators of the form (0.1) which have been considered in the literature.

The notion of G-convergence for second order linear elliptic operators
was studied by E. De Giorgi and S. Spagnolo in the symmetric case (see
[24], [25], [26], {12]), and then extended to the non-symmetric case by
F. Murat and L. Tartar under the name of H-convergence (see [27], [28],
and [18]). We refer to [5] and [23] for the related problem of the homoge-
nization of elliptic equations and to {30] for the extension of the notion
of G-convergence to higher order linear elliptic operators.
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The properties of the G-convergence for quasilinear elliptic operators
were studied by L. Boccardo, Th. Gallouet, and F. Murat in [7], [8],
and [6].

The first results in the nonlinear case (0.1), with p=2, are due to
F. Murat and L. Tartar, who studied (in [20]) the properties of the
G-convergence in a suitable class of monotone operators of the form
(0.1), assuming that the maps a are uniformly Lipschitz continuous and
uniformly strictly monotone on R”. The corresponding homogenization
results were studied by L. Tartar in [27] and H. Attouch in [2].

A similar theory of G-convergence for more general classes of uniformly
equicontinuous strictly monotone operators was developed by
U. E. Raitum in the case 2<p< + o (see [22]). For the corresponding
homogenization results we refer to [13] and [14].

We remark that, in order to include the case (0.2), we do not assume
the maps of our class Mg (R") to be continuous or strictly monotone on
R”, and this requires a deep change in the proof of the compactness of
Mg (R") under G-convergence. While all proofs in the quoted papers are
based essentially on a density argument, which is made possible by the
continuity of the operators & or of the inverse operators o/ ', our
proof relies on a theorem by F. Hiai and H. Umegaki concerning the
representation of every closed decomposable subset of L* as the set of all
measurable selections of a suitable multivalued map (see [15]).

1. MULTIVALUED FUNCTIONS

In this section we fix the notation and recall some results concerning
multivalued functions and their measurability. Furthermore, we summarize
the main theorems for multivalued monotone operators on Banach spaces
which will be applied in this paper.

If x, y are elements of a set X, by [x, y] we denote the ordered pair
formed by x and y, whereas (x, y) denotes the scalar product of x and y,
provided X is a Hilbert space.

MULTIVALUED FUNCTIONs. — Let X and Y be two sets. A multivalued
function F from X to Y is a map that associates with any xeX a subset
F x of Y. The subsets F x are called the images or values of F. The sets

D(F)={xeX:Fx#} and GF)={[x, yJeXxY:yeFx}

are called the domain of F and the graph of F, respectively. The range of
F is, by definition, the set

R(F)= U Fx.

xeX
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(G-CONVERGENCE OF MONOTONE OPERATORS 127

If for every xe X the set F x contains exactly one element of Y, we say
that F is single-valued.

In general, we shall identify every multivalued function F with its graph
in X xY. The inverse F~! of the multivalued map F from X to Y is the
multivalued function from Y to X defined by xeF~ 'y if and only if
yeF x; in other words, F~! is the multivalued function, whose graph is
symmetric to the graph of F.

MEASURABLE MULTIVALUED FUNCTIONS. — Let (X, ) be a measurable
space, and let F:X — R" be a multivalued function from the space X to
the family of non-empty subsets of the space R". For every BSR” the
inverse image of B under F is denoted by

F'(B)={xeX:BNFx#J}.

We shall consider the following measurability conditions:
(1.1) for each Borel set B€R", F"1(B)e J;
(1.2) for each closed set C<R", F~1(C)e J;
(1.3) for each open set UcR", F~1(U)eT;
(1.4) there exists a sequence (o,) of measurable selections such that
Fx=cl{o,(x):heN} for each x (a selection of F is a map o:X - R"
such that o (x)eF x for every x);
(1.5) G(F)eT ®Z(R"), where £ (R") is the o-field of all Borel subsets
of R".

We say that a multivalued function F:X - R" is measurable [with
respect to 4 and £ (R")] if (1.2) is verified. Let us state a theorem which
links this definition of measurability of a multivalued function F to the
other conditions on F listed above.

THEOREM 1.1. — Let (X, J) be a measurable space. Let F: X - R" be a
multivalued function with non-empty closed values. Then the following condi-
tions hold:

O 1.D)=>1.2)=1.3)=(1.49)=>(.5);

(ii) If there exists a complete c-finite measure |\ defined on 7, then all
conditions (1.1)-(1.5) are equivalent.

The proof of the above theorem can be found in [11], Chapter III,
Section 2. A useful tool for problems of this type is given by the projection
theorem below (see [11], Theorem III.23).

THEOREM 1.2. — Let (X, 7, n) be a measurable space, where p is a
complete G-finite measure defined on . If G belongs to 7 @A (R"), then
the projection pr, G belongs to I .

The next theorem states the equivalence between conditions (1.2) and
(1.5) for certain multivalued functions even if the measure space is not
complete.

Vol. 7, n® 3-1990.
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THEOREM 1.3. — Let (X, J, p) be a measurable space, where p is a
complete c-finite measure defined on 7. Let F: X — R*X R™ be a multiva-
lued function with non-empty closed values. Let H: X xR* - R™ be the
multivalued function defined by

(1.6) H(x, §)={neR™:[E, nleFx}.

Then the following conditions are equivalent:

(i) F is measurable with respect to 7 and # (R")@% (R™);
(i) G(F)e 7®%ZRYQ%(R™);
(iii) H is measurable with respect to 7 ® B (R") and % (R™);
(iv) GH)eT R®Z RHYVZ(R™.

Proof. — By Theorem 1.1(i)) we have that (i)<(if). Moreover,
Theorem 1.1 (i) guarantees that (iii) = (iv). Since G (F)=G (H), we obtain
easily that (ii)<>(iv). To conclude the proof of the theorem we shall
show that (ii) = (iii). To this aim it is enough to prove that (ii) yields
H ' (C)eT®%#R") for every compact subset C of R™ Let us fix a
compact set C=R™. By taking (1.6) into account we have that

1.7y H YO ={[x, §]leXxR":IneR™:[E, nleFxN(R"x C) }.

Let B denote the set of all xe X such that Fx M (R"x C) is non-empty.
By (ii) and the projection Theorem 1.2 it follows that Be 7. If @ is the
multivalued function from X to R”x R™ defined by ®x=Fx N (R*x ),
then D(®)=B and (1.7) becomes

(1.8) H™ ' (C)={[x, E]leX*xR":IneR™:[§, n]edx }.

Since G(@)=GF)NXxR*"*xC)e T RZ (R)Y®% (R™), by Theorem 1.1
there exists a sequence [o,, g;] of measurable functions from B to R" xR™
such that

(1.9) O x=cl{[p,(x), g,(x)]:heN}
for every xe€B. By taking (1.9) into account let us define the set
(1.10) M={[x, E]eXxR":xeB, Eecl {@,(x):heN}}.

We shall prove that M=H"!(C). The inclusion H™*(C)cM follows
easily from (1.8), (1.9), and (1.10). To prove that McH ™ *(C), let us
fix [x, EJe M. By definition there exists a subsequence (@, ) of (¢,) such
that (@, (x)) converges to &. Moreover, the corresponding sequence
(85 @ (x)) belongs to the compact set C. Hence, by passing, if necessary,
to a subsequence we may assume that (g, 4, (x)) converges to some neR™.
By (1.9) we have [E, n]e® x, hence [x, §]e H™ ! (C), which concludes the
proof of the equality M=H ! (C). Since

M={[x, leXxR":xeB, inf |~ ¢, (x)|=0},
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we have that MeJ ®Z#Z(R") and the proof of the theorem 1is
accomplished. B

Finally, let us give a more general theorem for the existence of a
measurable selection of a multivalued function due to Aumann and von
Neumann (see [11], Theorem II1.22).

THEOREM 14. — Let (X, 9) be a measurable space and let F be a
multivalued function from X to R" with non-empty values. If the graph G (F)
belongs to T ®% (R™) and there exists a complete o-finite measure defined
on I, then ¥ has a measurable selection.

MAXIMAL MONOTONE OPERATORS. — QOur present aim is to remind the
definition and some basic properties of multivalued maximal monotone
operators in Banach spaces.

Let X be a Banach space and let X* be its topological dual. By {, > we
denote the duality pairing between X* and X.

DEeriNITION 1.5. — A subset A= X x X* is called monotone (resp. strictly
monotone) if

{Y1= Y2 X1 =%, )20 (resp.>0)
for any [x,, y,]€A, [x,, y,]€A.

DerFNITION 1.6. — A monotone subset ASX x X* is called maximal
monotone if it is not properly contained in any other monotone subset of
X xX* i e. for every [x, y]e X x X* such that

(y—m, x—£>20, V[, nleA
it follows that [x, y]e A.

We say that a multivalued operator F:X — X* is monotone (resp.
maximal monotone) if its graph is a monotone (resp. maximal monotone)
subset of X x X*.

Remark 1.7. — Since the monotonicity is invariant under transposition
of the domain and the range of a map, F is (maximal) monotone if and
only if F~! has this property.

Let us note that if F is a (multivalued) maximal monotone operator on
X, then for any xe D (F) the image F x is a closed convex subset of X*
(see, for example, [21], Chapter I11.2).

Before giving the statement of the next theorem, which will be heavily
applied in Sections 2 and 5, we recall the definition of the concept of
upper-semicontinuous multivalued operator.

DeriniTiON 1.8. — Let S, and S, be two topological spaces, and let F
be a multivalued function of S, into S,. Then F is said to be upper-
semicontinuous if for every s,€ S, and for every open neighborhood V of

Vol. 7, n® 3-1990.



130 V. CHIADO’ PIAT, G. DAL MASO AND A. DEFRANCESCHI

F s, in S, there exists a neighborhood U of s, in S, such that Fs<V for
every se U.

The following result provides a useful criterion for maximal monotoni-
city (see [10], Theorem (3.18)).

THEOREM 1.9. — Let X be a Banach space and let X* be its dual. Let F
be a multivalued monotone operator of X into X*. Suppose that for each x
in X, Fx is a non-empty weak* closed convex subset of X* and that for
each line segment in X, F is an upper-semicontinuous multivalued operator
from the line segment to X*, with X* given its weak* topology. Then F is
maximal monotone.

Finally, we state a surjectivity result for a class of multivalued monotone
operators which is of crucial importance in the proof of our theorems in
Sections 2 and 4.

THEOREM 1.10. — Let X be a reflexive Banach space and let X* be its
dual. Let F be a multivalued maximal monotone operator from X to X*. If
F is coercive, then R (F)=X*.

We remind that the (multivalued) operator F: X — X* is called coercive
if

(Fx,x>=+

lim
isti-w  |lx]l
The proof of Theorem 1.10 can be found in{21], Chapter III,
Theorem 2.10.

2. MULTIVALUED MONOTONE OPERATORS
IN SOBOLEYV SPACES

In this section we study a class of multivalued monotone operators on
Sobolev spaces of the type —div (a(x, Du)).

Throughout the paper we denote by p a fixed real number, 1 <p< + o0,
and by g its dual exponent, 1/p+1/g=1. Moreover we fix a bounded
open subset Q of R", two non-negative functions m,, m,eL! (Q) and two
constants ¢; >0, ¢,>0. By #(Q) we denote the o-field of all Lebesgue
measurable subsets of 2, and by # (R") the o-field of all Borel subsets of
R". The Euclidean norm and the scalar product in R are denoted by | . |
and (., .), respectively.

DrriNtTioN 2.1. — By M (R") we denote the class of all multivalued
functions a:QxR”— R” with closed values which satisfy the following
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G-CONVERGENCE OF MONOTONE OPERATORS 131

conditions:

(i) for a.e. xeQ the multivalued function a(x, .):R" —» R" is maximal
monotone;

(ii) a is measurable with respect to Z (Q)® % (R") and £# (R"), i.e.

a ' (O)={Ix, E]leQxR":a(x, Y NC#F } e L (Q®Z (R")

for every closed set CSR";
(i1i) the estimates

2.1 Inftsm, ()+c; (M, &),
2.2) [E[P<m, () +cy(, §)
hold for a.e. xeQ, for every £eR”, and nea(x, &).

REMARK 2.2. — Conditions (2.1) and (2.2) imply that there exist two
functions m; € L1(Q), m, e L' (Q) and two constants ¢; >0, ¢, >0 such that

(2.3) In|<m;(x)+es 7Y
(2.4) (M, &) zm, (x)+cq |8

for a.e. xeQ, for every £eR” and nea(x, &). Conversely, if a satisfies
(2.3) and (2.4), then (2.1) and (2.2) hold for suitable m,, m,, ¢,, c,.

REMARK 2.3. — For a.e. xeQ and for every £eR" the set a(x, &) is
closed and convex in R” by (i) (see, for instance, [21], Section III.2.3).
Moreover, (ii) and Theorem 1.1 (i) imply that the graph of a belongs to
Z(OQR%(RHYR®HE(R™. By (2.3), for a.e. xeQ the maximal monotone
operator a(x, .) is locally bounded, hence a '(x, .) is surjective
(see [21], 111.4.2). This implies that a(x, &) # & for a.e. xe Q and for every
EeR".

Given aeM,(R"), feH 19(Q), and ¢eH"?(Q) we consider the
Dirichlet boundary value problem

—div(a(x, Dw)>f on Q,

ueHy 7 (Q),
where H.'7(Q)={ueH"?(Q):u— o Hy 7 (Q) ).
To study the solutions of (2.5), and in particular their dependence on

f and a, we shall give some equivalent formulations of this problem which
are used in the sequel.

2.9

DerINITION 2.4. — Let oeH"?(Q). By M(H; ?) [resp. M (H'?)] we
denote the class of all multivalued operators A:H,'?(Q)— (L7(Q))
[resp. A :H! 7 (Q) - (L7(Q))"] satisfying the following conditions:

() if w;e HY P (Q) [resp. H?(Q)] and g;€ Au;, i=1,2, then

(Du;,—Du,, g,—g,)20 a.e.on
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(i1) the estimates

(2.6) lgl"<m;+c,(Du, g) a.e.on Q,
2.7 |DulP<m,+c,(Du, g) a.e.on Q,

hold for every ue Hy'# (Q) [resp. ue H"?(Q)] and ge A u.

By # (H}'?) [resp. .# (H''?)] we denote the class of all multivalued
operators &/ :Hgy'?(Q) > H™ " 9(Q) [resp. & : H!?(Q) » H™ 1 4(Q)] of the
form

(2.8) Au={—divg:geAu},
with AeM (H,'?) [resp. Ae M (H!7)).

REMARK 2.5. — In the case @=0 the operators of the class .# Hy ?)
are monotone according to Definition 1.5 in consequence of (i). If
o/ € 4 (Hy?) is maximal monotone, then D («#)=H2 ?(Q). Indeed o is
locally bounded by (2.6), hence .o/ ! is surjective (see [21], II1.4.2).

DEFINITION 2.6. — Let e H"?(Q). To every aeM,, (R") we associate
the operators Ae M (H"?) and s/ € .4 (H!'?) defined by

Au={geL1(Q)":g(x)eal(x, Du(x))fora.e. xeQ},
Au={—divg:geAu}.

Their restrictions to Hy'7(Q) belong to M (H.'?) and .« (H;' ) and will
be denoted by A® and «/®, respectively.

By taking these definitions into account, problem (2.5) becomes then
equivalent to the following one: given fe H™ 1 9(Q), find ue H,' 7 (Q) such
that

2.9 { fesdu,
ueHL?(Q),

or equivalently, find e H} 7 (Q) and ge (L?(Q))" such that

geA’uy,
—divg=f,
ueHL?(Q).

Let us denote by I the (single-valued) monotone operator from L?(Q)
to L1(Q) defined by Iu=|u|P~? 4. The next theorem is more than needed

for solving problem (2.9) in the case ¢ =0, but it is used in its generality
in Section 6.

(2.10)

Tueorem 2.7. — Let o° be the operator in M (H}:?) associated to a
Junction ae Mg, (R") in the case =0 (Definition 2.6). Then

(i) «#° is maximal monotone ;

(i) R(L°+AD)=H " 9(Q) for every L =0.
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Proof. — Let us start with the proof of (i). To this aim we show that
the operator .o/ satisfies the assumptions of Theorem 1.9.

(a) For every ueHy ?(Q), we have &/°u# 5. To prove this assertion
let us fix ueHgy ?(Q). By Remark 2.3 the set a(x, Du (x)) is non-empty, .
closed, and convex in R” for a.e. xeQ. Therefore, by taking Theorem 1.1
into account we conclude that there exists a measurable function: g:Q2->R"
such that g(x)ea(x, Du(x)) for a. é. xeQ. Finally, the estimate (2.3)
yields g e (L?(€2))", which concludes the proof of (a). _

(b) For every ueHy ?(Q), o/%u is a convex subset of H™19(Q). This
follows easily from the fact that a(x, Du(x)) is a convex subset of R” for
a. e. xeQ (Remark 2.3).

(c) For every ueHy' ? (Q), ##°u is a weakly closed subset of H™1-4(Q)
and the multivalued operator .«/° is upper-semicontinuous from the strong
topology of Hy'?(Q) to the weak topology of H™14(Q). By the bounded-
ness condition (2.3), to prove this assertion it is enough to show that, if
(u,) converges to u strongly in Hy ?(Q), (f,) converges to f weakly in
H™%1(Q), and f,e.o°u, for every heN, then feo/®°u. Under these
assumptions on f,, f, u,, u, the boundedness condition (2.3) guarantees
the existence of a sequence of functions g,e(L? ()" and of a function
g€(L7(Q))" such that (up to a subsequence) (g;) converges to g weakly in
(L))", g, (x)ea(x,Du,(x)) for a. e. xeQ, —div g1=r and —divg=f.
Therefore, it remains to verify that g(x)ea(x, Du (x)) for a. e. xeQ. If
we show that the set

M={xeQ:3EeR", Inea(x,£):(g(x)—n,Du(x)—£)<0}

has Lebesgue measure zero, then the maximal monotonicity of a yields
g(x)ea(x,Du(x)) a. e. on Q, which concludes the proof of (¢). To prove
that [M|=0, let us writt M={xeQ:Gx# &}, where

Gx={[¢,nleR"xR":nea(xt), (€(x)—n, Du(x)—£)<0}.

By Remark 2.3 the graph of G belongs to ¥ (Q) ® # R") ® # (R™), thus
Me Z(Q) by the projection Theorem 1.2. By the Aumann-von Neumann
Theorem 1.4 there exists a measurable selection (€, ] of G defined on
M. Therefore n(x)ea(x,E (x)) and

2.11) (g () =1 (x), Du(x)— & (x)) <0

for every xeM. On the other hand, the monotonicity assumption on a
implies that

2.12) (€ ()= (x), Du, (x) - E(x)) 20, a.e.onM

for every heN. If |[M|>0, there exists a measurable subset M’ of M with
[M’[>0 such that [£(x),n (x)] is bounded on M". By integrating (2.12)
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on M’ and by passing to the limit as A — + co, we obtain

J (g () =N (x), Du(x) — & (x)) dx 20,
w

which contradicts (2.11) being |M’|>0. Therefore we have to conclude
that | M|=0. This proves (c) and completes the proof of (i).

Proof of (ii). By (i) we have that «/° is maximal monotone. Since
D(«%)=D()=H{ ?(Q), and I is maximal monotone on HE ? (), the
operator &/°+ A1 is maximal monotone for every A =0 (see {21], TIT.3.6).
By (2.2) it is also coercive and therefore R(«#°+A)=H 7(Q) by
Theorem 1.10.

REMARK 2.8. — Problem (2.9) has a solution for every peH" 7(Q).
Indeed, let us define the multivalued function a,(x,£)=a(x,&+ D (x))
which still belongs to the class Mg, (R"). If ./ denotes the operator in
M (Hy'?) associated to the function a, by Definition 2.6, it follows easily
that &/°(u+@)=/gu for every ueHy ?(Q). Since by Theorem 2.7 (i)
we have that R(Mg)= H™19(Q), our assertion follows immediately.

Finally, the following result is a useful tool to check the maximality of
certain monotone operators on Hy' 7 (Q).

Lemma 2.9, — Let & be a (multivalued) monotone operator from
HY 7 (Q) into H™14(Q), let >0, and let 1 be the (single-valued) function
Sfrom LP(Q) to LY(Q) defined by Tu=|ul’"?u. If R(«/+AD)=H™"1(Q),
then & is maximal monotone.

Proof. — Let #:Hy?(Q)>H 9(Q) be a (multivalued) monotone
operator such that o/ = #. The proof will be accomplished if we show
that Z < . Let f e Zu. It is clear that

(2.13) frrilueButilu

On the other hand, since R (& +AI)=H »9(Q) there exists ve Hy 7 (Q)
such that f+ Alue .o/ v+ATv. Then the assumption &/ < % implies

(2.14) fArlueBo+ Al

By taking (2.13) and (2.14) into account, the strict monotonicity of the
operator #+ Al yields v=u a.e. on Q. Thus, f+Alues/u+ilu, or
equivalently, f € o/ u, which concludes the proof of the lemma.

3. G-CONVERGENCE OF MONOTONE OPERATORS
In this section we introduce a notion of convergence in the class of
multivalued functions M, (R") which permits a satisfactory analysis of the

perturbations of Dirichlet problems of the form (2.5).
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The convergence considered here is defined in terms of a general concept
of set-convergence named Kuratowski convergence (see [16], Section 29)
which can be formulated in abstract terms in an arbitrary topological
space (X, 1) as follows.

DeriNiTiON 3.1. — Let (E;) be a sequence of subsets of X. We define
the sequential lower limit and the sequential upper limit of (E,;) by

(3.1) K, (0)-liminfE,={ueX:3u, »u, IkeN,Vhzk:u,eE,},

h - ©
and
(3.2) K

seq

(t)-lim supE,
h— o

=rueX:3o(h) » +0,Fu, »u,VheN:u,€E 4 }.
()

Then, we say that the sequence (E,) K., (t)-converges to a set E in X if

seq

3.3) K eq (0)-lim inf E, =K. (1)-lim supE,=E
h - o h—-+ o
and in this case we write K, (1)- lim E,=E.
h—- o

REMARK 3.2, — From the definitions above it follows immediately that

K;eq (0-lim inf E, € K, (7)-lim sup E,.

h— o h— o

Therefore (E,) K
EcK

seq (T)-converges to E if and only if

(t)-lim infE,  and K, (t)-lim supE, < E.

h— h— o

seq

ReEMARK 3.3. — It is easy to prove that

Kieq (r)—li;n supE, c E
if and only if every subsequence (E, ) of (E,) has a further subsequence
(E, (c &y such that

K eq (0)-lim infE, o), € E.
h—+

This notion of set-convergence has been particularized to obtain the
graph-convergence of sequences of maximal monotone operators on
reflexive Banach spaces (see [3], Definition 3.58), which is useful for handl-
ing convergence problems for the stationary and evolution equations
associated to such operators.

To study perturbations of Dirichlet problems of the form (2.5) we
introduce here a stronger notion of convergence.
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We denote by w the weak topology on H*:?(Q). If 5, denotes the weak
topology of (L%(Q))" and o, the topology on (L?(Q))" induced by the
pseudo-metric d(g,, g,)=||divg, —divg,||y-1.¢, we denote by o the
weakest topology on (L%(€2))" which is stronger than o, and o,. In other
words, (g;) converges to g in o if and only if (g,) converges to g weakly
in (L7¢Q))" and (—divg,) converges to —divg strongly in H™!-7(Q).

The conneetion between w and o is explained by the following lemma,
which will be frequently used in the sequel.

LEMMA 3.4. — Let (u,) be a sequence converging to u weakly in H*? (),

and let (g,) be a sequence in (L1(Q))" converging to g in the topology o.
Then

j g,,Du,,(pdx—»J gDu@dx
Q Q

Jfor every e C§ (Q).

Proof. — The lemma is a simple case of compensated compactness
(see [19], [29)). It can be proved by observing that

J gDy, @ dx={ —divghsuh¢>—J g, Do dx
Q Q

forevery peCg (). H

Having in mind the usual identification of a multivalued map with its
graph we give the following definition.

DermviTioN 3.5. — We say that a sequence (@,) in Mg (R") G-converges
to aeMgo(R") if

K. (wx o)-lim sup Ay = A°,
h— o
where A? and A° are the operators in M (H}'?) associated to a, and a by
Definition 2.6 in the case ¢=0.

ReMARk 3.6. — The condition K, (wXo)-limsupAp € A° in the

h—
above definition determines uniquely the G-limit @, as we shall prove in
Corollary 5.9.

ReEMARK 3.7. — Using Remarks 3.2 and 3.3 it is easy to prove that
the G-convergence satisfies the following axioms:

(i) axiom of the constant sequences: if a,=a for every heN, then (a;)
G-converges to a;

(ii) axiom of the subsequences: if (a,) G-converges to a, and (a, ) is a
subsequence of (ay), then (a, ) G-converges to a;
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In the sequel we enunciate some results regarding the G-convergence
on the class Mg (R") and make some comments connecting these results
to our investigation on convergence of solutions to sequences of Dirichlet
problems of type (2.5). We shall prove the following Theorem in Section 6.

THEOREM 3.8. — Let o HV?(Q), let (a,) be a sequence in Mg (R") and
let ae Mg (R™). Then the following conditions are equivalent:
(i) (a,) G-converges to a,

(i) K q(wxo)limsupA, c A,
h— o
(i) K q(wxo)-lim sup A} < A®,

h—
where A,, A are the operators in M(H'?) associated to a, and a by
Definition 2.6 and Af, A® are the corresponding operators in M (qu,’ ),

Remark 3.9. — It follows immediately from the boundedness hypo-
thesis (2.6) that the inclusion
3.9 K, (wXxo0)limsupA, = A
h—> o

is equivalent to the following condition: if o (h) is a sequence of integers,
(f,) is a sequence in H™*4(Q), and (u,) is a sequence of local solutions in
H!-7(Q) of the equations

—div(a, 4 (x,Du))a f, on Q
with

o(h) - + oo,
u,—u weakly in H?(Q),
f,— f strongly in H™1(Q),

then u is a solution to the equation
—diva(x,Du)> f on Q,
and for every sequence (g,) in (L4(Q))", with
gr(x)€a, 4y (x,Duy(x)) a.e.in Q and —divg,=f, in Q,
there exists a subsequence (g, ) such that
g.m— & weakly in (L1(Q))"
and

g(x)ea(x,Du(x)) a.ein Q.

ReEMARK 3.10. — The inclusion
3.5 K,.q (wx 0)-lim sup A} < A®

h—->
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is equivalent to the following condition: for every increasing sequence of
integers t(h), for every f e H™14(Q), for every sequence (f,) converging

to f strongly in H™9(Q), for every sequence (u,) of solutions of the
equations

—div(a, 4 (x,Dw))> f, on Q,
{ u, e HY P (Q),
and for every sequence (g,) in (L?(Q))" with
gn(x)€a, 4 (x,Duy(x)) a.e.in Q and —divg,=f, in Q,

there exists an increasing sequence of integers o (k) » + oo such that

U, — 1 weaklyin H?(Q)
and

8w — & Wweaklyin (L*(Q))",
where u is a solution of the equation

(3.6) { —div(a(x,Du))>f on Q,
ueHy ?(Q),

and

3.7 g(x)ea(x,Du) a.e.in Q.

In fact, assume (3.5) and suppose that t (4) £, f,, u;, g, satisfy the above
assumptions. By the coerciveness condition (2.7) the sequence (u,) is
bounded in H"?(Q) and therefore (g,) is bounded in (L4(Q))" by the
growth condition (2.6). Thus, there exists a subsequence [u, ), &, @) Of
[, g,] which converges to [u, g] weakly in H'* # (Q) x (L4 (Q))". This implies
that (—divg,) converges to —divg weakly in H™1-4(Q), hence f= —divg.
Therefore (u, ¢y, g, ] converges to [u, g] in the topology wx o and the
assumption (3.5) implies ge A%u, hence (3.7). This yields that « is a
solution of (3.6), being f= —divg.

The converse implication is trivial.

The following result, which will be proved in Section 6, shows the
relationship between our definition of G-convergence and that one consi-
dered by Ambrosetti and Sbordone in [1].

Let us denote by p the strong topology in H™*9(Q).

THEOREM 3.11. — Let o HV?(Q). Let (a,) be a sequence in Mg (R")
which G-converges to ae Mg, (R™). Then
() Kyeq(wx p)-lim =,
h~ ©
(i) Kyq WX p)-lim o/} =77,
h- o
where s/,, o/ are the operators in # (H''?) associated to a, and a by
Definition 2.6 and o4}, o4° are the corresponding operators in # (H,'?).

Annales de I'Institut Henri Poincaré - Analyse non linéaire



G-CONVERGENCE OF MONOTONE OPERATORS 139

ReMARK 3.12. — The condition
(3.8) Kjeq (W% p)- lim o/} = of®

h—- o

can be expressed in terms of convergence of solutions of differential
equations. More precisely, (3.8) holds if and only if both the following
conditions (@) and (b) are satisfied:

(@) if (f,) converges to f strongly in H™"9(Q), (u,) converges to u
weakly in H"7(Q), and u, satisfies the equation

{ —div(a, (x,Du,))>3 f, on Q,

3.9
¢ u, € Hy 7(Q),

for infinitely many he N, then u is a solution to
{ —div(a(x,Du))s f on Q,
ueH, *(Q);
(b) if feH 19(Q) and u is a solution to (3.10), then there exist (f,)

coverging to f strongly in H™"7(Q) and (u,) converging to u weakly in
H'?(Q) such that u, satisfies the equation (3.9) for every heN.

(3.10)

ReMARK 3.13. — Conditions (i) and (ii) in Theorem 3.11 do not imply
that (a,) G-converges to a. The reason lies in the fact that a is not uniquely
determined by the associated operator o as the following example shows.

Assume n=3, and let pe CJ (Q). Let us define

a(x,£)=g
and
b(x,5)=E+Do(x) xXE,
where x denotes the external product in R3. It is easy to see that @ and b
belongs to the class Mg (R?) with p=2, m,=m, =0, ¢;=(1 +max|Dg |?),
and ¢,=1. Q
Since
f (Do xDu),Dv)dx=0 forevery u,veH!2(Q),

Q

it follows that

3.11) j (a(x, Du), Dv)dx = j (b(x,Du),Dv)dx for every u,ve H 2 (Q).
Q Q

This implies that the operators in .# (H!'?) associated to a and b
according to Definition 2.6 coincide.
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4. A COMPACTNESS THEOREM

The main purpose of this section is to prove the following compactness
result for the G-convergence on the class of multivalued functions Mg, (R").

THEOREM 4.1. — Let (a,) be a sequence in Mg (R*). Then there exists a
subsequence (a, ) of (a,) which G-converges to a function a of the class
M, (R").

Without any difficulty Theorem 4.1 comes out from the next two
theorems and from the definition of G-convergence.

THEOREM 4.2. — Let (a,) be a sequence in Mg (R™), and let (AD) be the
sequence of operators in M (H}'F) associated to (a,) by Definition 2.6. Then
there exist a subsequence (AJy) of (AJ) and an operator
BeM (H}'?) such that

K,.,(wx o) lim AJ, =B.

h— w©

Moreover D (B)=H/ 7 (Q).

THEOREM 4.3. — Let BeM(H{'?) with D(B) 2 C$(Q). Then there
exists a unique function aeMq(R™) such that B < A°, where A° denotes
the operator in M (H}' ) associated to a by Definition 2.6.

The proofs of these theorems are quite technical and will be divided in
several steps. We devote this section to the proof of Theorem 4.2, whereas
Theorem 4.3 will be proved in the next section.

The following proposition is the first step of the proof of Theorem 4.2.

ProrosiTiON 4.4. — Let (B,) be a sequence of operators of the class
M (HY 7). Then there exists a subsequence (B, ) Which K . (w % ©)-conver-
ges to an operator BeM (H}' ).

seq

Proof. — On every separable reflexive Banach space X there exists a
metric d such that for every sequence (x,) in X the following conditions
are equivalent:

4.1) x,—x weaklyin X;
4.2) (x,)is norm-bounded in X and 4 (x,, x) — 0.

By 1, we denote the topology induced by a metric on H{ ?(Q) which
satisfies (4. 1) and (4.2). By t, we denote the topology on (L?(£2))" induced
by the metric

d,(g,,8,)=d(g, 8.0+ “dng1 —divg, “H’l'q(n),

where d is a metric on (L?(Q))" which satisfies (4.1) and (4.2).
Since t, X1, has a countable base, by the Kuratowski compactness
theorem (see [16], Section 29, Theorem VIII) there exists a subsequence of
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(B,), still denoted by (B,), which K, (1, X1,)-converges to a set
B < Hy' P (Q) x (L*(Q))"

By Remark 3.2, to prove that (B,) K, (w X o)-converges to B, it is
enough to show that

(4.3) Ko (WX c)-liin sup B, < B,
and
(4.4) B c K,,, (wx o)-lim infB,.

h— o

Let us verify (4.3). Let {u, gle K, (w* 0)-lim sup B,. Then, there exist

h - o
o(h) > + oo and [u,, g,] converging to [, g] in the topology w X o such
that [u,, g,J€ B, 4 for every heN. By (4.1) and (4.2) we get immediately
that [u,, g,] converges to [u, g] in 7, X T, and we conclude that [u, g]€B.
Let us prove (4.4). Let [u, gle B. Then there exists a sequence [u,, g,]
which converges to [u, g] in T, X T, such that [u,, g,] € B, for A large enough.
Since (div g,) is bounded in H™!4(Q), condition (2.7) implies that (u,) is
bounded in H} 7 (Q), hence (g,) is bounded in (L7(Q))" by (2.6). Then
the equivalence between (4.1) and (4.2) yields that (u,) converges to u
weakly in H)'?(Q) and (g,) converges to g weakly in (L?(€2))". Since
(—divg,) converges to —divg strongly in H™»%(Q), we conclude that
[, g} converges to u, g] in the topology w x o, which implies (4.4).
Finally, let us prove that the operator B belongs to the class M (Hy' 7).
We verify here only condition (i) of Definition 2.4. The boundedness and
coerciveness conditions (2.6) and (2.7) can be proved in the same way.
Let us fix ' e H} P (Q) and g'e B/, i=1,2. By (4.4) there exists a sequence
[}, g'] converging to [, g'] in the topology w X o in the topology w X o
such that [u}, gi]e B, for A large enough. Since B,e M (H}'?), we have
r
(Du, —Duj, g, —£7) ¢ dx 20
JQ
for every e CZ (Q), =0 on Q. By Lemma 3.4 it follows that

»

(Du' —Du?,g' —gH) o dx 20

v
for every 0 e C3 (), =0 on Q. This implies that
Du'-Du? gt—g?)=20 a.e.on Q,
hence B satisfies condition (i) of Definition 2.4. M
The second step to achieve the proof of Theorem 4.2 is based on the

next proposition.
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ProvrosiTioN 4.5. — Let (B,) be a sequence of operators in M (HyP) and

(4B,) be the corresponding sequence in M (H}*) according to (2.8). Assume
that

B=K,,, (wx o) lim B,
h—- o

Then

B=K, ., (wxp)lim A&,

h— ©

where & is the operator of the class #(H}?) associated to Be M (H}”?)
according to (2.8) and p denotes the strong topology of H™11(Q).

Proof. — The inclusion Z<K,,, (wx p)-lim inf 4, is trivial. To prove

h- o
the inclusion K oq (WX p)-lim sup %, < 4, let us fix
h— o
[u, 1€ K eq (W X p)-lim sup %,. By (3.2) there exist o(h) > +c0, and a

h— o
sequence [u,, f,] converging to [u, f] in wx p such that [u,, f,]€ &, ,, for
every heN. By Definition 2.6 this implies that there exists g,eB, 4 u,
such that —div g,=f,. By (2.6) we have

J]ghlqu§cl:1+J ]Du,,]"dx]
Q Q

for a suitable constant ¢, which implies that the sequence (g,) is bounded
in (L?(Q))". Thus there exists a subsequence (g, ) converging weakly in
(L% (Q))" to a function g, which yields that (—div g, 4) converges to —div g
weakly in H™ 1 2(Q). Since, by assumption, ( f,) converges to f strongly in
H™"%(Q), we conclude that f= —div g. Therefore, [u, (4, g. 4] converges
to [u, g] in the topology wx o and [u, 4, & w] € Bg « v Thus [, g]€B and
[w, fle. N

We are now able to prove Theorem 4. 2.

ProOOF OF THEOREM 4.2. — By Proposition 4.4 there exist a subsequence
(A2 4) of (A}) and an operator B belonging to M (Hy' P) such that
4.5) K . (wx0)-lim A2, =B.
h— o
Let us prove that D (B)=H} 7 (Q). Since the K-convergence is stable with

respect to continuous perturbations, Proposition 4.5 together with (4.5)
implies that for every A =0, we have

(4.6) Kooq W% p)- lim (04 + A=+ 101,

h—- o

where % is the operator in .# (Hj ?) associated to B according to (2.8).
Let us prove that R(@+AD=H 9(Q). Let feH %(Q). By
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Theorem 2.7 (ii), for every heN there exists u, € H) ? (Q) such that
EAPNTAE 29 7Y A

By (2.7) the sequence (u,) is bounded in H} ?(Q), thus it contains a
subsequence which converges to a function u weakly in Hy' 7 (Q). By (4.6)
we have

Bu+ilusf,

which gives R(Z+AD)=H 1-1(Q).

By Lemma 2.9 the operator 4, hence #~!, is maximal monotone. By
(2.6) the operator £~ is coercive on H™!'7(Q). Therefore Theorem 1.10
implies that R (#~')=HJ 7 (Q), which is equivalent to D (#)=Hj ? (Q).
This yields D (B)=H}'? (Q) and concludes the proof of the theorem. W

5. A REPRESENTATION THEOREM

The main goal of this section is the proof of the following theorem,
which contains Theorem 4.3 of Section 4.

THEOREM 5.1. — Let Be M (H!' ) with D (B)2C (Q). Then there exists
a unique multivalued function ae Mg, (R") such that BS A, where A denotes
the operator in M (H''?) associated to a by Definition 2.6.

The following representation theorem for maximal monotone operators
in the class 4 (Hy?) is an easy consequence of Theorem 5.1 and
Remark 2.5.

THEOREM 5.2. — Any maximal monotone operator in # (H)'?) is asso-
ciated to a function ae Mg, (R") according to Definition 2 .6.

Before starting with the proof of Theorem 5.1 we shall introduce some
notions and results related to measurable multivalued functions.

By & we denote the family of all measurable multivalued functions
F: Q- R"xR" with non-empty closed values, and for every Fe # we
indicate by &% 9 the set of all (L? (Q))" x (L2(Q))"-selections of F, i.e.

Fri={ fe(LP(Q) x(LI(Q)": f(x)eFx a.e. on Q}.

Then the following results hold (see, for instance, [15], Lemma 1.1 and
Corollary 1.2).

Lemma 5.3 (Castaign representation). — Let Fe#. If %2 is non-
empty, then there exists a sequence of functions (f,) belonging to S% % such
that F x=cl{ f, (x) : heN} for all xeQ.

LemMA 5.4. — Let Fy, F,e#. If SE1=SF# O, then Fix=F,x
a.e. on Q.
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Let M be a set of single-valued measurable functions f: Q — R"*x R".
We call M decomposable [with respect to £ (Q)], if f1, f,eM and Ue #Z (Q)
imply 1y f} +1g\v f2€M, where 1, and 1,y indicate the characteristic
functions of U and of O\ U, respectively. The following theorem gives a
characterization of the closed decomposable subsets of (L? (Q))" x (L?(Q))"
(for the proof see [15], Theorem 3.1).

THEOREM 5.5. — Let M be a non-empty closed subset of
(L7 (Q))" x (L4(Q))". Then-M is decomposable if and only if there exists
¥Fe% such that M=% 1.

Proor oF THEOREM 5.1. — Let E be the subset of (L?(£2))" x (L4(2))"
defined by

(5.1)  E={[Dy, gle(?(Q)"x (L9(Q))" : ue H" ?(Q), geBu}.
Then, E is non-empty and satisfies the following monotonicity condition:

(5.2) if [9,, g4], @2, g,]€E, then (¢, —¢,, g, —8,)=0 a.e. on Q.

Moreover for every [, g€ E we have

(5.3) |glism,+¢, (9, 8) ae.onQ,
(5.9 lofP<m,+c,(p, g a.e onQ.

Let dec E be the smallest decomposable set containing E. It is easy to
prove that [, g]edecE if and only if there exists a finite Borel partition
()i of Q and a finite family ([@;, g:]);.y of elements of E such that
[0, gl=10;, g] a.e. on Q,. Therefore, decE is non-empty and (5.2), (5.3),
(5.4) hold with E replaced by decE.

Besides decE, let us consider also the set

(5.5 E=cl,,, (decE),

defined as the closure of decE in (L?(Q))"x (L4(Q))", with (L?(Q))"
endowed with its strong topology and (L4(Q))" endowed with its weak
topology. The next proposition, whose proof will be given later, summa-
rizes the main properties of E.

PrROPOSITION 5.6. — Let E be the set defined by (5.5). Then the following
properties hold:

(a) for every |o, gl€E there exists a sequence [@,, g,]edecE such that
(®,) converges to @ strongly in (L?(Q))" and (g,) converges to g weakly in
L @) .

(b) E is decomposable and (5.2), (5.3), (5.4) hold with E replaced by E;

(¢) E is maximal monotone.

ProoF oF THEOREM 5.1 (Continuation). — Since E is a non-empty,
closed, and decomposable subset of (L?(€2))" x (L?(Q))", by Theorem 5.5
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there exists a measurable multivalued function F : Q - R" x R" with non-
empty closed values such that

(5.6) E= { [0, gle (P Q)" x (L1(Q))" : [0 (x), g(x)]eFx for a.e. xeQ }
Let us define the multivalued function a : Q X R" - R" by
5.7 a(x,&)={neR": [§, nleFx}.

We shall prove in Lemma 5.7 that a belongs to the class Mg (R"). By
(5.1), (5.6), and (5.7) we have BS A, where A denotes the operator in
M (H!-?) associated to a by Definition 2.6. The uniqueness of a will be
proved in Proposition 5.8. W

PROOF OF PRrOPOSITION 5.6. — Let us start with (a). Let [¢,, g,]€ E,
and let %, be the ball in (LP(Q))" with center ¢, and radius 1. Since
(5.3) holds for dec E, there exists a constant R=R (¢, m,, ¢,) such that,
if @, gledecE and @e%,, then ge %y, where # denotes the ball in
(L7(Q2))" with center 0 and radius R. We may also assume that g,e %.
Therefore,

(5.9) decEN# (¥ NBy)=decEN(U*X¥)#

for every neighborhood ¥~ of g, in the weak topology of (L?(Q))" and for
every neighborhood # of ¢, in the strong topology of (L?(2))" such that
USU,.

Since the weak topology is metrizable on %y, there exists a countable
base (¥7,) for the neighborhood system of g, in & endowed with the
weak topology of (L4(Q))". We may also assume that ¥",,, =¥, for every
heN. Let us denote by %, the ball in (L?(Q))" with center ¢, and radius
1/h. By (5.8) the sets dec EN (%, X ¥",) are non-empty, thus for every
heN we may pick up [p,, g,] €decE such that ¢,e%, and g,e¥",. This
yields that (@,) converges to ¢, strongly in (LP(2))" and (g,) converges
to g, weakly in (L9(Q))", concluding the proof of (a).

By applying (a), we obtain easily property (b) of E from the analogous
property of decE.

Finally, let us prove (c). To this aim we apply Theorem 1.9 to E. We
prove first that for every ¢e(L?(Q))", the set E (¢) is non-empty. In the
case ¢ e (LF(Q))", ¢ piecewise constant and with compact support on Q,
the proof follows easily from the assumption D(B)=2Cg (Q) and the
definition of decE. The general case can be obtained by approximation
of pe(L?(Q))" in the strong topology of (L?(Q))* with functions (¢,) of
the previous type. In fact, from above it follows that there exists
g,€(L7(Q))" such that g,e E(¢,). Then, the estimate (5.3) for E [proved
in (b)] implies that (g,) is bounded in (L?(Q))". By passing, if necessary,
to a subsequence, (g,) converges to function g in the weak topology of
(L4(Q))" and g lies in E(¢); the first assumption of Theorem 1.9 is so
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guaranteed. It is clear that for every ¢ € (L? (Q))" the set E (¢) is decompo-
sable and weakly closed in (L?(Q))". Let us prove that E(¢) is convex.
Fix g,, g,€E (o) and r€(0, 1). There exists a sequence (U,) of subsets
of Q such that 1}y, - and 1|g\y,— (1—1) in the weak* topology of
L*(Q). Since E(¢) is decomposable we have lthglJrl[Q\UhgzeE((p).
Since E (@) is weakly closed in (L?(Q))", taking the limit as 4 > + co0, we
obtain g, +(1—1)g,eE (¢), which proves that E(¢) is convex. Finally,
let us prove that E is upper semi-continuous from (L?(Q))", with the
strong topology, into (L4(Q))", with the weak topology. Fix ¢ e (L?(Q))",
and let ¥" be an open neighborhood of E () in the weak topology of
(L1(Q))". We claim that for every sequence (¢,) converging to ¢ strongly
in (L7 (Q))" there exists ke N such that E(¢,) =¥ for every h=k. Assume
the contrary. Then tllere exists a subsequence (¢, ) of (¢,) and a sequence
(g,) such Ehat g:€E(o, ) and g,¢7 for every heN. By the estimate
(5.3) for E [proved in (b)] the sequence (g,) is bounded in (L4(Q))", thus
there exists a subsequence, (g. ) of (g,,)~which converges weakly in (L1 ~(Q))"
to a function g. Since [@, ;) & ml € E for every heN we have ge E(9),
hence ge¥". But the last fact requires that g,e¥” for A large enough,
which contradicts our assumption. This implies that E is upper-semiconti-
nuous and concludes the proof of (¢). W

LemMaA 5.7. — The function a defined by (5.7) belongs to Mg, (R").

Proof of Lemma 5.7. — The measurability of a follows immediately
from the measurability of F and from Theorem 1.3. Moreover, the pro-
perty (5.2) for E and the Castaign representation of F (Lemma 5.3)
imply that F x is monotone for a.e. xe Q). We come now to the maximal
monotonicity of a. By (5.7) it is enough to show that the set M defined
by
M={xeQ:3[E n]eR"xR": [, n]¢Fx

and (§—-¢&,n—n")20,V[¢, nleFx}
has Lebesgue measure zero. To this aim let us write M={xeQ: Ox#J },
where

®x={[¢ nJeR"xR": [§, n]¢Fxand ¢E-&, n—n)20, V[§, neFx}.

Since Fe# and E=%27#(J, by Lemma 5.3 there exists a sequence
(@4, gu] € (L2 ()" x (L2(2))" such that

®x={[¢ nleR"xR": [§, n]¢Fx and (§—@,(x), n—g(x))20, VAeN}
=N {[& nleR"xR": [§, n]¢Fx and (§— ¢, (x), N~ (x)20}.

heN

Since @, g, are measurable and F is measurable, it follows easily that the
graph of ® belongs to % (Q) ® £ (R") ® #(R"), thus Me ¥ (Q) by the
projection Theorem 1.2. By the Aumann-von Neumann Theorem 1.4
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there exists a measurable selection [@,, g,] of © defined on M. Therefore,
for every xe M we have

(5.9 [0 (%), 8o ()] ¢F x,
and
(5.10) (9o (x)—&, go(x)—m)=0 for every [, n]eF x.

If [M|>0, there exists a measurable subset M’ of M with |M’|>0 such
that {@q(x), go(x)] is bounded on M'. Given [o,, g*]eE we define the
functions

6(x)={"’°(") HoxeMs
0, (x) if xeQ\M',
and

7 ()= { go(x) if xeM',
o g, (x) if xeQ\M".

Then [, gle (L? (Q))"x (L1(Q))". By (5.10) and by property (5.2) of E
we have that

j (0—9,g—gdx= f (Po— @, go—g)dx+ J (0= P, £, —8)dx20

Q M’ o\
for every [¢, gleE. Since E is maximal monotone’ [Proposition 5.6(c)],
the above inequality yields [¢, g] € E,or equivalently, [¢ (x), g(x)]eFx a.e.
on Q. But this implies that [@,(x), go (x)]JeFx for a.e. xeM’, which
contradicts (5.9) being |M’|>0. Therefore, we have to conclude that the
set M has Lebesgue measure zero, which guarantees that a(x, .) is max-
imal monotone for a.e. xeQ. To conclude that ae Mg (R") it remains to
verify that a satisfies (2.1) and (2.2), but this is an easy consequence of
Lemma 5.3 and of properties (5.3) and (5.4) for E [Proposition 5.6
(k) =N

The following proposition will be crucial in the proof of the localization
property considered in the next section.

PRrOPOSITION 5.8. — Let CeMHY?) with D(C)2y+C§ (Q) for a
given yeHY?(Q). Let a and b be two functions of the class Mo (R") and
let A and B be the corresponding operators of the class M(H" 7). If CE A
and CS B, then a(x, §)=b(x, &) for a.e. xeQ and for every EeR".

Proof. — 1t is enough to prove the proposition when y=0, since the
general case can be obtained easily by translation (Remark 2. 8).

Let E be the subset of (L?(Q))" x (L2(Q2))" defined as in (5.1) with B
replaced by C and let

E.={[o, gle (7 Q) x (LY Q) : g(x)€a(x, ¢(x)) a.e. on Q}.

Vol. 7, n® 3-1990.



148 V. CHIADO’ PIAT, G. DAL MASO AND A. DEFRANCESCHI

It is clear that Cc A implies ESE,. Since E, is decomposable we have
decEcCE,. Since E, is maximal monotone (see [9], Example 2.3.3), it is
sequentially closed in (L?(£2))" x (L4(Q))" with (L?(£2))" endowed with its
strong topology and (L?(£2))" endowed with its weak topology Therefore,
E<E,, hence E=E, by the maximal monotonicity of E [Proposition
5.6 (9]

Analogously, we obtain E=E,, therefore Lemma 5.4 implies that
a(x, £)=b(x, &) fora.e. xeQ and for every EcR*. B

The following corollary proves the uniqueness of the G-limit.

COROLLARY 5.9. — Let o H*?(Q), let (a,) be a sequence of functions
of the class Mg (R"), and let

C=K,., (WX ©)-lim sup A},
h—->
where A} are the operators in M (H;' P) associated to a, by Definition 2.6.
Let a and b be two functions of the class Mg (R") and let A® and B® be the
corresponding operators of the class M(H;”’). If C< A® and Cc=B®, then
a(x, £)=b(x, &) for a.e. xS and for every E€R".

Proof. — 1t is enough to prove the corollary when @=0, since the
general case can be obtained easily by translation (Remark 2.8).

Assume that CSA°® and C<B°. Since A°eM (H}'?) we have immedi-
ately Ce M (H}'?), and by Theorem 4.2 we get D(C)=H} ?(Q). The
conclusion follows now from Proposition 5.8. W

6. LOCALIZATION AND BOUNDARY CONDITIONS

In the first part of this section we prove the local character of the
G-convergence in the class Mg (R"). In the second part we study the
convergence of solutions to non-homogeneous Dirichlet problems of the
form (2.5).

Let Q' be an open subset of Q. Besides the topologies w and ¢ on
H»?(Q) and (L?(Q))" introduced in Section 3, we consider the topologies
w’ and o’ defined analogously on H*?(Q') and (L?(Q"))". For every
ae Mg (R") we denote by a’ the function of M, (R") defined by

6.1 d=a|g g
Then the following localization property holds.

THEOREM 6.1. — Let (a,) be a sequence in Mg (R") which G-converges
to a in Mg (R"). Then (a;) G-converges to a' in Mg (R”).

This theorem is an easy consequence of the next result.
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THEOREM 6.2. — Let (a,) be a sequence in Mg (R™) which G-converges
to ae Mg (R"). Then
6.2) K eq (W X 6')-lim sup A, S A,
h—+
where A}, and A’ are the operators in M (H"-? (Q')) associated to a; and o’
by Definition 2 .6.

Proof. — By Remark 3.3 it is enough to show that for every subse-
quence (g, ) of (a,) there exists a further subsequence (a, ( 4) such that
(6.3) K, W x o')-lim inf A; . 4, S A".

h—+

By the definition of G-convergence and by Theorem 4.2 for every
subsequence (a, ) of (a,) there exists a further subsequence (a, (, ) such
that

(6.4) C=K,,, (wx o) lim A, SA°,
h— o

where A2, @y and A° are the operators of M (Hy ?(Q)) associated to
4« 4y and a by Definition 2.6. This implies that

6.5) D (Koo (W' % 6")-lim inf Al ) 2CF ().

h—+

seq

Indeed, let u'eC¥ (') and let ueCY () such that u|y=u'. Since
D(C)=H} P(Q) (Theorem 4.2), there exists ge(L?(Q))" such that
[#, gleC. Thus, there exists a sequence [u,, g,] converging to [«, g] in the
topology wx o such that [u,, g,]e A2, @y for every heN. It is clear that
[ty |a» 8nla] converges to [u|q, g|o] in the topology w’x o’; therefore
[, glal€K g (W' X &')-lim inf A[ , 4,, Which proves (6.5).

h—> o

Proceeding as in proof of Proposition 4.4 we can also show that

(Kyeq (W' x o')-lim inf A ) eM (H"?(Q')). Therefore, by Theorem 5.1

h— o

there exists '€ Mg (R*) such that
(6.6) K q (W x o')-lim infA; 4, EB’,

h— o
where B’ denotes the operator of M (H!: 7(Q")) associated to 4" by Defini-
tion 2.6. We define C'={[u|q,glo]:[u gleC}. It is clear that
C'eMH"?(Q") and D(C)2CZ ('), being D(C)=H} 7(Q). By (6.4)
we have

seq (

6.7 CcA.

Moreover, without any difficulty it can be shown that

(6.8) C' cKieq (W xo')-lim inf A, 4, EB’.
h— ©
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By taking (6.7) and (6.8) into account, Proposition 5.8 guarantees that
a'=b'. Therefore A’=B" and (6.6) implies (6.3). W

The following corollary is an easy consequence of Theorem 6.2,

CoRroLLARY 6.3. — Let (a,) and (b,) be sequences in Mq (R") which
G-converge to a and b, respectively. If a,=b;, then a’'=b'.

Let (Q°);, be a family of open subsets of Q such that |Q\ U Q'|=0.
iel
For every ae Mg (R") we denote by @' the restriction of a to Q'x R". The
next corollary follows immediately from the compactness Theorem 4.1
and Corollary 6. 3.

COROLLARY 6.4. — A sequence (a,) in Mgq(R") G-converges to
aeMg (R") if and only if (a;) G-converges to a' in Mq: (R") for every icl.

We now prove the results stated in Section 3 regarding the convergence
of solutions to non-homogeneous Dirichlet problems.

Proof of Theorem 3.8. — (i) = (ii). It follows from Theorem 6.2 with
Q=Q.

(i) = (iii). — Let [u, g]le K, (wXx 0)-lim sup A}. By (3.2) there exist a

h— o
sequence of integers o (h) - + oo, and a sequence [u,, g,] converging to
[4, g] in the topologyﬂw Xa such that [u, g,]e A? ;,, S A, 4 for every heN,
hence [u, g]e A by (ii). Since clearly u—@eH{ ?(Q), we have [u, gle A°,
which gives (ii1).

(iii) = (i). The compactness Theorem 4.1 implies that for every subse-
quence (a, ) of (a,) there exist a further subsequence (a, (4, of (@)
and a function be Mg (R") such that (g, ,) G-converges to b. Since (i)
implies (iii), we get
6.9 K eq (WX 0)-lim sup A, ), & B?,

h— o
where B® is the operator of M (H;"’) associated to b.

On the other hand, by assumpation we have

(6.10) Kq (WX 0)-lim sup A? . ), S A°.
h—-
By Corollary 5.9 we deduce that a(x, §)=b(x, &) for a.e. xeQ and for

every £ e R". The proof can now be completed by using the Urysohn axiom
(Remark 3.7). R

We conclude this section by giving the proof of Theorem 3.11.

Proof of Theorem 3.11. — Let us prove (ii). To this aim we show first
that the G-convergence of the sequence (a,) to the function a in Mg (R")
implies that

(6.11) Keeq (WX p)- lim o)) =o/°.

h-> o
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By the definition of G-convergence and by Theorem 4.2 for every
subsequence (a, ) of (a,) there exists a further subsequence (a, ) such
that

B=K,,,(wx o) lim A2, SA°

seq
h =
By Proposition 4.5 this implies that
(6.12) B=K . (wxp)-lim L3 ) EL°.

h—
Since R(A2 4y tAD=H 4(Q) for every A20 [Theorem 2.7(ii)], it
follows that R (#+AI)=H " 1"9(Q) (see the proof of Theorem 4.2), hence
% is maximal monotone (Lemma 2.9). Therefore, by the monotonicity of
£/° the inclusion (6.12) implies that
Kieq (W% P)‘hlim A wny=A°

and (6.11) follows from the Urysohn property of the K-convergence.

To prove (ii) in the general case @ e H!'?(Q), for every Ae M (H*?) we
consider the operator A of the class M (Hg' ) defined by

AJv=A%(v+¢) forevery veHy ?(Q),

and the operator &/9 of .# (Hy?) associated to AJ by (2.8). By
Theorem 3.8 the G-convergence of the sequence (a,) to the function a in
Mg (R™) can be expressed by

K, .q (W X 0)-lim sup A} = A®,

h =
which implies that
(6.13) K,y (WX 0)-lim sup (A3 < AJ.

h -

Since (A,)e, Ag are operators of M (H§ ?), the inclusion (6.13) implies, as

already seen, that
Kseq (W x p)' lim ('dh)z = 'dga

h—

which gives immediately (ii).
Proof of (i). By Theorem 3.8 the G-convergence of (a,) to a in Mg (R")
implies that

K eq (WX o)-lim sup A, < A.

h—
Arguing as in the proof of Proposition 4.5 we obtain
K eq (WX 0)-lim sup o, < /.

h—
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By (ii) it follows that
A=K (wxp)-lim o = K,  (wX p)-lim inf .o/,
h~ w© h—
= Kseq (W X p)'hm sup 'dh = 4

h =+

for every e H™ ' 4(Q), which yields (i). W

7. SOME G-CLOSED CLASSES OF OPERATORS

In this section we consider some subsets of Mg (R"), which are closed
under G-convergence. These classes are obtained by imposing to the
operator a some additional conditions of uniform equicontinuity or strict
monotonicity.

DeriNiTION 7.1. ~— Given a non-negative function me L' (Q) and two
constants o and ¢, with 0Za<(p/2) A (p—1) and ¢>0, we denote by
U=U(a, ¢, m) the class of all operators ae Mg (R") such that

(7.1) m(x)+(My, &)+ (M2, €,)20
and
(7.2) ]m—nzléc@”_‘"“)”’(m—nz,il_iz)“”’

for a. e. xeQ, for every &, £,eR" and n,€a(x, £,), ny€a(x, &,), where
O=d(x,&,,&,,M;,N,) denotes the left hand side of (7. 1).

DeriNiTioN 7.2. — Given a non-negative function meL! (Q) and two
constants f and ¢, with pv 2<B<+oo and ¢>0, we denote by
S=S(B, c,m) the class of all operators ae Mg (R") such that

m(x)+ (M, &)+ (M, 8,)20

and

(7.3) (m—nz,il—iz)zc@”‘“””l&l—§z|”
for a. e. xeQ, for every &, £, eR" and n,ea(x, &), n,€a(x,§,), where
=0 (x,&,,&,,Mn,,M,) denotes the left hand side of (7.1).

Remark 7.3. — Conditions (2.1) and (2.2) imply that there exists a
non-negative function meL!(Q) such that (7.1) holds for every
aeMg(RY).

Moreover, by (7.2) every function a of the class U is single-valued.

REMARK 7.4. — By using the estimates (2.1) and (2.2) it is easy to
see that, if 0<a'<a=<(p/2) A (p—1), then U(a,c,m) c U(a',c',m") for
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suitable ¢’ and m’. In the same way it can be proved that, if
pVv2SB=P <+co,then S(B,c,m) = S(P’,c’,m’) for suitable ¢’ and m'.

The model example of operator of the classes U and S is given by
a(x,&)=b(x)|EP72E.

Indeed, if 0<b, £b(x)<bh, < + o0 for every xe(), then
an(%’ A@—1),¢,m)NS{p v 2,c”,m">

for suitable ¢, ¢, m’ and m”.

Before proving that the classes U and S are closed under G-convergence
we compare them with some other classes of monotone operators which
are not closed, but are defined in a simpler way.

DerFinmTION 7.5. — Given a non-negative function meL? () and two
constants o and ¢, with 0<a<1 A (p—1) and ¢>0, we denote by
U*=U* (a, c,m) the class of all single-valued operators ae Mg (R") such
that

(7.4 [a(x&)—ax,E)|Scm()+[&,|+]&; ) & —&, [
for a. e. xeQ and for every £, £,eR".

DEerFmniTION 7.6. — Given a non-negative function meL? (Q) and two
constants B and ¢, with pv 2<B<+o and ¢>0, we denote by
S*=S* (B, c,m) the class of all operators ae Mg, (R") such that

(7.5 (nl_nz,§1—§2)gc(m(x)+!§1 |+l§2’)p_ﬁl§1—§2 lp
fora. e. xeQ, for every £,,&,eR"” and n, ea(x,&,), n,ea(x,§,).

RemMark 7.7. — From (2. 3) we obtain that

(7.6) U(a,c,m)gU*( x ,c’,m’)
p—a

for suitable ¢’ and m’. Conversely, given ¢, ¢”, m’, and m", from (2.4) it
follows that

7.7 U*(a, ', mYNS*(B, ", m'") = U(gﬁg,c,m)
for suitable ¢ and m. Moreover, given ¢ and m, we have
(7.8) S(B,c,m) = S*(B,c',m")

(7.9) S*(B,e,m) = SB, ", m”

for suitable ¢’, ¢”’, m’, and m"".
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In particular, if 2<p< + o0, (7.6) and (7.7) imply

(7.10) U(g,c,m>g U*(1, ¢, m')
(7.11) U* (1, ¢,m) "\ S* (p, ", m") < U (1, ¢, m).
Finally, if 1<p<2, (7.6) and (7.7) yield

(7.12) Up—1,e,m) S U*(p—1, ¢, m')

(7.13)  U*(p—1,¢,m)NS* 2, ¢",m") U(Q’_zl)”,c,m).

The following lemma is crucial in the proof of the closedness of the
classes U and S.

LEMMA 7.8. — Let v and & be two non-negative constants with y+o6<1.
Let s, C, 8 be functions in L' (Q) and let (W), €5, (8,) be sequences in
L' (Q) converging to s, {, 0 in the weak sense of distributions. Suppose that
£,20, 8,20, and

(7.14) W< @)1 0,)° a.e.in Q.
Then
(7.15) WS008 a.ein Q.

Proof. — Let e=1—y—3§. By (7.14), for every 0eCy ), 920 we
have

o [ o (e o)

Since (7, @) converges to Yo in the weak sense of distributions we obtain

l\ll](pdx§lim ian [\Llhl(pdx,
Q Q

h—- ©

Therefore, by taking the limit in (7.16) as b — + o0 we get

o[ s [ [ o]

for every ¢eCg(Q), ¢=0. By standard approximation argument we
obtain (7.17) for every ¢ e L® (Q), ¢ =0. In particular, we have

[ e[ s ([ wa ([ o)
B (x) By (x) By (x) By, (x)

for every xeQ and p=0 small enough and this implies (7.15) by the
Lebesgue derivation theorem.

THEOREM 7.9. — The classes U and S are closed under G-convergence.
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Proof. — Let us fix a, ¢, and m as in Definition 7.1. Let (q,) be a
sequence in U (a, ¢,m) which G-converges to a function ae Mg (R"). We
have to prove that ae U (a, ¢, m). By hypothesis we have

K eq (WX 0)-lim sup AQ < A,

h—

where A2 and A° are the operators of M (H}'?) associated to a,, a by
Definition 2.6. By Theorem 4.2 there exists a subsequence of (ag,), still
denoted by (a,), such that

(7.18) B=K__(wX o) lim A? = A°.

seq
h— o

As in the proof of Theorem 5.1 we introduce the set E defined by
E= {[Du,gle(L?(Q))" x (L*(Q))":geBu}

and we denote by decE the smallest decomposable subset of
(L2 Q)" x (L1(Q))" containing E. Moreover, we consider the set

E=cl,,, (decE),

defined as the closure of decE in (L?(Q))" x (LY(QQ))", with (L?(Q))"
endowed with its strong topology and (L4(Q))" endowed with its weak
topology. As in the proof of Proposition 5.8 it follows that

(7.19) E={[0,gle (L? Q)" < (L1(Q)": g (x)ea(x, ¢ (x)) a.e.in Q}.

We are now in a position to prove (7.1) and (7.2). This will be done
in three steps.

Step 1. — If [u!, g'], [12, g*]€B, then
(7.20) |gt —g?|Scfr 1P (g — g%, Du' — Du?)*/?
a. e. on Q, where _

{=m+(g',Du)+ (g2, Du) = 0.

Step 2. — If [p},g'], [02 g%]€E, then
(7.21) |g'—g*|sca?™ 7P (g~ g2, @l — @?)*"
a. e. on §), where

o=m+(g', ")+ (g% ¢»)20.

Ster 3. — The inequalities (7.1) and (7.2) hold for a. e. xeQ, for
every £!, E2eR"and n'ea(x,t'), n2ea(x, £2).

Proof of Step 1. — Let [, g€B, i=12. By (7.18) there exists a
sequence [u}, g3] converging to [#,g'] in the topology wX o, such that
[ui, gile AL for every heN. Since a,e U (a, ¢,m) we have

|gh —gz|Scly~ 1% (gt — g2, Du, — Duf)™?,
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where
Ch=m+(gy, Duy) + (g7, Dup) 20.
Let us define
qjh:g;—gf’ \Ij=g1_g2’
0,=(e ~&i.Duy —Du),  0=(g'— g2 Du'— Du?).
By Lemma 3.4 (,) converges to { and (8,) converges to 6 weakly in the
sense of distributions. Therefore {>0 4. . in Q and Lemma 7. 8 yields
W |gge1-9rger g ¢inQ,

proving (7.20). e

Proof of Step 2. — The result of Step 1 can be reformulated by saying
that (7.21) holds for [¢,g']€E. The characterization of dec E mentioned
in the proof of Theorem 5.1 implies (7.21) for [¢, g'ledecE. Let us prove
the same property for E. Let [¢’,g7eE, i=1,2. By Proposition 5. 6 (a)
there exists a sequence o}, gi] € dec E such that (9}) converges to ¢’ strongly
in (L”(Q))" and (g}) converges to g' weakly in (L4 (Q))". Since (7.21) holds
on decE, we have

i —gi |Scof 1P (g} — g2, o} — 2)?,

where

©,=m+(g;, ) + (g7, 97) 20.
By applying Lemma 7.8 to

Wh=gi—g and  6,=(g —gZ ¢} — ¢}
we obtain (7.21) for [¢', g'] and [¢2, g%]. Moreover =0 a.e. in Q, being
®,20a.e.in Q for heN. o
Proof of Step 3. — Let us denote by M the set of all xeQ such that
(7.2) is not satisfied for some £, £2, n', 2 with n'ea (x, &Y, n?ea(x, ).
We have to prove that |M |=0. To this aim we write M = {xeQ:Gx#g}
where G:Q — (R"* is the multivalued function defined by

Gx:{[élsézs nl’ nz] :Inl _nzl

>c@eimap (M1~ M2 81— €)%, n'ea (x,&),i=12 } >
where @=m+ (', &)+ (n?,£2). By Remark 2.3 the graph of G belongs
to £ (Q) ® # (R")*, thus Me £ (Q) by the projection Theorem 1.2. By the
Aumann-von Neumann Theorem 1.4 there exists a measurable selection
(95, 93,25, &3] of G defined on M. Therefore, for every xe M we have
(7.22) |go—g3[>clm+ (g5 03) + (23, DI~ 1~/7 (g — g2, o} — p2)
and

(7.23) go(x)ea(x, ok (x)), i=12.

b
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If | M|>0, there exists a measurable subset M’ of M with positive measure
such that [@}, 03, g5,g3] is bounded on M'. By Step (a) in the proof of
Theorem 2.7 there exists g, € (L?(Q))" such that

(7.24) g.,(x)ea(x,0) a.e.in Q

For i=1,2, we define

e ol (x) if xeM/,
(7.25) v e {0 if xeQ\ M,
f gh(x) if xeM’,
(726 £ {g*(x) if xeQ\ M".
Then [¢’, g'] e (L? (Q))" % (L (Q))" and g (x) e a(x, ¢' (x)) a. e. in Q by (7.23)
and (7.24).

Therefore [¢’, g'] € E by (7.19), hence

lgs—gd|<clm+(gs, )+ (g3, @DIP 1 VP (g — g5, 06— ©3)" a.e.inM’

by Step 2. This contradicts (7.22) being |M’|>0. Therefore, we have to
conclude that M has Lebesgue measure 0, which proves that (7.2) holds
for a.e. xeQ.

The proof of (7.1) is analogous, therefore the class U (a, ¢, m) is closed
with respect to G-convergence. e

To prove that the class S(B,c,m), p v 2<P< + o0, is closed, we note
that (7.3) is equivalent to

| £.—& I Sc@P PP (n, —m,, & — &) P
and the proof can be concluded as in the case U(a,c,m). W

Theorem 7.9 and Remark 7.7 allow us to obtain some compactness
results concerning the class U* and S*.

CoRrOLLARY 7.10. — Assume p=2. Given two non-negative functions
m', m"” e L2 (Q) and two constans ¢' >0, ¢’ >0, there exist two non-negative
Sfunctions m', m"' € L2 (Q) and two constants ¢’ >0, ¢’ >0 with the following

property: if
a,e U*(1,¢',m’) N S*(2,¢",m")
for every heN, then there exists a subsequence (a,g) of (a,) which
G-converges to a function
acU*(1,¢,m) N S*(2,c",m").
The same result was obtained by different methods by F. Murat and
L. Tartar in [20].

CorOLLARY 7.11. — Assume 1 <p=2. Given two non-negative functions
m', m' e L? (Q) and two constants ¢' >0, "' >0, there exist two non-negative
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Sfunctions m', m" e L?(Q) and two constants ¢ >0, ¢ >0 with the following
property: if

a,e U* (p - 15 C’a m,) m S* (23 C”’ m”)

for every heN, then there exists a subsequence (a,y) of (a,) which
G-converges to a function

-1 ~ ~ ~, ~
ae U* (i s C,a m,) m S* (29 C”s m” ) .
-P

A similar result was obtained by N. Fusco and G. Moscariello in the
case of the homogeneization (see [13], [14]).

COROLLARY 7.12. — Assume 2<p<+ o0 and 0<a=1. Given two non-
negative functions m', m" e LF(Q) and two constants ¢’ >0, ¢’ >0, there
exist two non-negative functions m', m" € L? (Q) and two constants ¢' >0, ¢
>0 with the following property: if

a, e U*(a, ', m )N S*(p,c”",m")

for every heN, then there exists a subsequence (a,y) of (a,) which
G-converges to a function

a ~ o~ ~ o~
an*( 20 ) NS* (@, c’,m").
P

Compare this result with those obtained by U. E. Raitum in [22]. We
refer also to [13], [14] for the case a=1.

Derinition 7.13. — By L(cy,c,) we denote the class of all operators
a:QxR"—> R" of the form

a(x,8)=a(x)€ fora.e. xeQ,for every EeR”,

where a(x)=(a;;(x)) is a nxn-matrix of bounded measurable functions
such that

(7.27) la(EP<c (a0, 8),
(7.28) [E]?<c2(a(x)E,8)
for a. e. xeQ and for every £eR".

By L,ym(cy, ;) we denote the class of all operators of L(c,,c,) corres-
ponding to a symmetric matrix (a;;(x)).

REMARK 7.14. — Itis easy to see that L (c,, c,) is the set of all operators
aeMq(R"), with p=2, such that for a.e. xeQ the multivalued function
a(x, .) is linear, i.e. its graph is a linear subspace of R* x R™.

TueEOREM 7.15. — The classes L(c,c,) and L, (¢, c,) are closed under
G-convergence.
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Proof. — We give a sketch of the proof only for L(c,, ¢;), the case of
Lyym(cy, c;) being analogous. By arguing as in the proof of Theorem 7.9,
for which we refer for the notation, the result will be achieved in three
steps.

Step 1. — B is a linear subspace of Hj'? (Q) x (L (Q))".
Step 2. — E is a linear subspace of (L2 (Q))" x (L2(Q))".

Step 3. — For a. e. xeQ, the multivalued function a(x, .) is linear.
The proof of each step is completely analogous to the proof of the
corresponding step in Theorem 7.9, and is therefore omitted. M

The compactness under G-convergence of the class L (¢;, ¢,) was proved
by different methods by F. Murat and L. Tartar in [18] and [27]. The
symmetric case was studied earlier by S. Spagnolo and E. De Giorgi
(see [24], [25], [26], [12]).
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