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184 H. FRANKOWSKA

1. INTRODUCTION

Consider a set-valued map G:X — Y between two metric spaces and
define its inverse G™!: Y —» X by

G '(»={xeX]|yeG(x)}

Let xeX, yeG(x) and let B,(x) denote the closed ball in X centered
at x with radius A>0. This paper is mainly concerned with sufficient
conditions for:

1. the uniform open mapping principle at (x, y):3¢>0, k>0, p>0 such
that

V (x, y)e Graph (G) N B, (x) x B, (),
Vhel0, €], B,x (1) e G (B, (x))
2. the Holder regularity of the inverse mapG~! at (y, x):3k>0, £>0,
L >0 such that

V(x;, y;) € Graph (G) N B, (x) X B, (¥),
Vy,eB.(y), dist (x,, G_l(,"2))§LdY(,V1,Y2)1/k

3. necessary conditions verified by boundary points of G (B, (x)).

A classical result of functional analysis states that if a (single-valued)
C!-function f: X = Y between two Banach spaces has a surjective deriva-
tive f'(x) at a point xeX, then for all 4>0, f(x)eIntf (B,(x)) (i.e. the
open principle holds true) and the set-valued mapf ~! is roughly speaking
Lipschitzian at f (x). It implies in particular that if f* (x) is surjective, then
Ker f”(x) is tangent to the level set { xe X: f(x)=f(x)} [31]. We refer to
[11], [10], [28] for historical comments and an extensive bibliography. The
open mapping principle part of the above theorem is sometimes referred
as Graves theorem ([24], [25]).

However the above classical result is not strong enough to answer many
questions arising in Control Theory and Optimization:

We may have to deal with maps defined on metric spaces (which have
no much regularity) rather than with C!, single-valued functions. On the
other hand the sets of constraints are given by set-valued maps. This is
then a first source of motivations to use new tools adapted to these
purposes.

Actually set-valued maps are in the background, even when many efforts
where devoted to hide them. Indeed there have been many attempts to
overcome the difficulties, and most of them are actually based on a careful
construction of a selection f(x)eG(x) to which one or another open
mapping result can be applied. However very often this is neither a direct
nor a simple way to follow.

Let us mention also that beside the above theorem used together with
such selection f[6], several different open mapping arguments have been
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INVERSE MAPPING THEOREMS 185

applied to f, for instance the one based on Brouwer’s fixed point theorem
(see for example proof of Pontriagin’ principle in [30]), a “degree theory”
open mapping result [39], extensions of Grave’s theorem to nonsmooth
functions [43], etc. We also refer to [33], where a number of fixed point
theorems and their applications to infinite dimensional control problems
are given.

Our strategy is then to deal directly with inverse and open mapping
theorems for set-valued maps from a complete metric space to a Banach
space and to replace the notion of derivative (which needs a linear struc-
ture) by a notion of variation, which describes the infinitesimal behavior
of a map at a given point.

The inverse function theorem for set-valued maps is also a very conven-
ient tool to be applied to optimization problems, even those whose data
are given by single valued functions. We refer to [1], [4], [28] and their
references, where this issue is illustrated by many examples.

Most extensions of the above classical result are of the first order
involving surjectivity of the first derivative. Such assumption excludes
from consideration those functions whose derivative is not surjective or
simply vanishes. A high order open mapping principle for single valued
maps taking their values in a finite dimensional space was proved in [25]
using Brouwer’s fixed point theorem and for set-valued maps in [18] on
the basis of Ekeland’s principle. I would like also to acknowledge the
private communication of J. Borwein, that, still using Ekeland’s principle,
it is possible to show that the sufficient condition for openness proved
in [18] implies as well the Holder continuity of the inverse.

Finally a convenient extension of the inverse mapping theorem is neces-
sary to treat nonsmooth problems. Some generalizations in this direction
can be found in [8], [43].

In this paper we prove first and high order sufficient conditions for
openness and regularity of the inverse map which allows to obtain several
new results concerning controllability, optimality and Lipschitzian realiz-
ations. Sufficient conditions for invertibility are expressed in terms of
variations of set-valued maps defined on metric spaces.

Variations measure infinitesimal behavior of a map and seem to be a
very (may be the most) natural notion to be used to study the uniform
open mapping principle (see Remark following Definition 5.1 from
Section 5). In several examples of applications provided here, we show
how variations can be computed. In particular this leads to a short and
direct proof of the maximum principle in control theory (both for finite
and infinite dimensional cases).

In summary our extensions deal with:

1. nonsmooth functions and set-valued maps;

2. set-valued maps defined on a complete metric space;
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186 H. FRANKOWSKA

3. maps taking their values in a Banach space;

4. high order sufficient conditions.

The strength of these results is showed by examples of applications to:
1. reachability of nonlinear infinite dimensional control systems;

2. necessary conditions for optimality;

3. small time local controllability;

4. some problems of nonsmooth analysis.

The outline of the paper is as follows. We first show equivalence of the
uniform open mapping principle and Hoélder continuity of the inverse
(Section 2). So the problem of regular inverse reduces to sufficient condi-
tions for the uniform open mapping principle. We use Ekeland’s varia-
tional principle to investigate this problem. In particular we prove that
whenever Y is a smooth Banach space, then the uniform open mapping
principle is equivalent to a “convex uniform open mapping principle”,
which can then be applied together with separation theorems (Section 3).
In [17] we derived from these results some second order conditions for
invertibility of a C2-function taking its values in a Hilbert space and for
stability with respect to a parameter of a system defined by inequality
constraints.

Applications of Ekeland’s principle appear often in nonsmooth analysis
to derive necessary conditions for optimality and sufficient conditions for
invertibility. In this paper Ekeland’s principle is rather used to prove
stability of the uniform open mapping principle (Section 4). Necessary
conditions for optimality can be seen as a violation of the open mapping
principle. For nonsmooth problems, necessary conditions can be seen as
a violation of the uniform open mapping principle for smooth approxim-
ations. This approach to nonsmooth problems was pioneered by J. Warga
([41]-{43]). In Section 13, we derive several “nonsmooth” results based on
stability of the open mapping principle.

To express sufficient conditions for the uniform open mapping principle
we introduce in Section 5 ““variations” of set-valued maps, which describe
infinitesimal changes of a map on a neighborhood of a given point. We
shall consider two different types of variations. The first one is called
contingent variation and is related to the (first) Gateaux derivative. It
allows to prove the first order sufficient conditions. The second type of
variations is much more regular (similar to continuous Fréchet derivative)
and is defined for all orders. Naturally it leads to higher order results.

Several extensions of the first order conditions to set-valued maps on
Banach spaces can be found in [1}, [4], [28]. A high order open mapping
principle via high order variations of set-valued maps was proposed in [18].
Their proofs use Ekeland’s principle but now can be derived directly
from Theorem 2.2 (Section 2). The proof of Theorem 2.2 is based on a
constructive argument, similar to the one used in [24], [11], which allows
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to estimate the Holder constant, the neighborhood where the map can be
inverted and errors. Although several proofs of this paper are also based
on the variational principle, it is applied mainly to bring some convexity
arguments, while in earlier works this was not exploit at all.

The first order inverse function theorems for a map G taking its values
in a Banach space Y are proved in Section 6. Special attention is given to
the case when the norm of Y is Gateaux differentiable away from zero.
This also allows to derive necessary conditions satisfied by boundary
points of the image of G. They are used to prove necessary conditions for
optimality for an abstract infinite dimensional mathematical programming
problem in Section 11, which in turn is applied to an infinite dimensional
optimal control problem with end point constraints and to a semilinear
optimal control problem.

First order inverse function theorems are also used to investigate Lipsch-
itz behavior of controls for finite and infinite dimensional control systems
(Section 10) and the implicit function theorem (Section 9). This last theo-
rem allows to make a Lipschitz realization of an implicit dynamical system.

A high order inverse function theorem for maps with values in a
uniformly smooth Banach space is proved in Section 7. An application of
this result to question of small time local controllability is given in
Section 12. Finally Section 13 is devoted to some finite dimensional
nonsmooth problems. One can find in [17] some further applications of
set-valued inverse mapping theorems.

CONTENTS

. Introduction.

. Uniform open mapping principle and inverse mapping theorem.
. Uniform open mapping principle in smooth Banach spaces.

. Stability of the uniform open mapping principle.

. Variations of set-valued maps.

. First order inverse mapping theorems.

. High order inverse mapping theorems.

. Taylor expansion and the inverse theorem.

O 0 NN AW N~

. An implicit function theorem.

10. Lipschitz behavior of controls.
10.1. Finite dimensional control system.
10.2. Infinite dimensional control system.
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188 H. FRANKOWSKA

11. A multiplier rule for infinite dimensional problems.
11.1. A semilinear control problem with end point constraints.
11.2. Optimal control of a problem with state constraints.

12. Small time local controllability.

13. Applications to nonsmooth analysis.

2. UNIFORM OPEN MAPPING PRINCIPLE
AND INVERSE MAPPING THEOREM

Consider a set-valued map G from a complete metric space (X, dy) to
a metric space (Y, dy). That is for every xe X, G (x) is a (possibly empty)
subset of Y. Recall that graph of G is a subset of the product space
XXxY:

Graph(G)={(x, »)|yeG(x)}.

When it is not otherwise specified explicitly, we shall use on it the
following metric:

V(x,»), (x',y)eGraph(G),  d((x,»),(x, y)=dx(x, x)+dy(y, ).

In this paper we restrict our attention to those maps whose graph is
closed. From now on we posit such an assumption. The inverse map G ™!
is defined by

VyeY, G '(»):={xeX|yeGx)}.

In the other words (x, y) € Graph (G) if and only if (y, x)e Graph (G ™).

In this section we study a relationship between the uniform open map-
ping principle and the regularity of the inverse map G™'. For all xeX,
h>0 denote by B, (x) [respectively B,(x)] the open (respectively closed)
ball in X of center x and radius 4> 0.

TueoreM 2.1. — Let k>0, p>0, x,eX, yo€G(xy). The following
statements are equivalent:

(i) For all (x, y)e Graph (G) near (x,, y,) and all small h>0

Bk (%) =G (B, (). M
(ii) For all (x,, y,)€ Graph(G) near (x,, yo) and all y, €Y near y,
disty (x;, G (3 ) =<p~ ¥ dy (1, y)'-. (2
Remark. — When Y is a Banach space and B denotes the open unit
ball in Y, then the inclusion (1) can be formulated as
y+pHBcG(B,(x)
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INVERSE MAPPING THEOREMS 189

or equivalently as
. G(B,(x)—y
pBc ——( h (k ) .

The implication (ii) = (i) in the above theorem is immediate. The oppo-
site claim results from the more precise:

THEOREM 2.2. — Consider y,€ G (x,). If there exist k>0, £>0, p>0,
0<B<1 such that for all (x,y)eGraph(G)N B, (x,)xB,(v,) and all
hel0, €]

sup  disty (b, G (B, (x))) < Bp

be Bogk (v)

then, for all (x,, y,)eGraph(G)N B, 2 (x0) X B, (vo), for all h=0 satis-
. h €
Sfying max{l—_B—I/k, 2ph }< 5 and all y,eBx(y,)

' ) 1
disty (x;, G™1 (1,)) < Tﬁl—,k”

or equivalently for all (x,, y,)e Graph(G) N B,, (x0) X B, (vo) and all
v, €Y satisfying dy (y,, y2)<m1n{4, p<2> (1—[}”") }

1 1
Bl/k Tk dy (v, y)U-

Proof. — Fix any B<a<1 such that h/(l—a”")g%. Then for all

disty (x;, G™' ()<

(x, y)e Graph(G) N B, (x,) x B, (¥,) and all h€]0, €]
sup disty (b, G (B, (x))) <ap h*. ?3)

b e Bogk (y)

Let x;, y1, ¥, h as in the conclusion of theorem. It is enough to consider
the case h#0. We look for x,e G~ (y,) satisfying dy (x,, x,) S h/(1 — a'/%)
as the limit of a sequence we shall built. Set u,=x,. By (3) there exists
(uy, vy) € Graph (G) such that dy (4o, u,)=dx (x;, u;)<h, dy (vy, y,)<op k.

Assume that we already constructed (u;, v;) e Graph (G), i=1, .. .,n such
that
dx(u;_y, u) < o~ Dk p 4)
dy (v, y;) <p o H*=p (a'* h)*. (5)
Then
o h

d (xl’ 1)< Z d (uj 1> ])<h Z u'J/k<

j=0 l_a"/k

(6
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190 H. FRANKOWSKA
and

h
-y (xg, u) Sdy (X0, X1)+dy (xy, u) < QT Ze
2 1—at

€ .
dy (¥o, v) Sdy (¥, yotdy(yy, y)+dy(yy, v) 5 +Phk+ Palhkéﬁ-

Hence by (3) and by (5) applied to (u, v,), there exists
(4,4 1> Vp+1) € Graph (G) such that

dy (thyy Upiy) S A% h, dy (v, 1, y)<pa™*l Ak

Observe that (4) implies that {#;} is a Cauchy sequence and that (5)
implies that lim v;=y,. Let x, be the limit of {u;}. Since Graph (G) is

closed, (x,, y,)eGraph(G) and thus x,eG~'(y,). Moreover by (6),

dy(x, x,) < and therefore

1/k

1

dx(x1, G (y)) < k™

Since a€]B, 1[ may be chosen arbitrary close to B, the proof is complete.

3. UNIFORM OPEN MAPPING PRINCIPLE
IN SMOOTH BANACH SPACES

In the previous section we have shown that the uniform open mapping
principle (1) is a necessary and sufficient condition for the “Hélder conti-
nuity of the inverse map” (2). However verification of the open mapping
principle may be a difficult task. In this section we replace it by a “convex
uniform open mapping principle”” which, thanks to separation theorems,
is more simple to deal with. We assume that Y is a Banach space and
that its norm || . || is Fréchet differentiable away from zero. We denote by
d the metric of the complete metric space X and by co the closed convex
hull. We start by a first order result.

THEOREM 3.1. — Let y e G(x,). If for some p>0, €>0, M>0 and all
(x, y)e Graph (G) N B, (x,) X B, (y,) and all he]0, €]

pl°3c5<G(B"(x))_y
h

) )
or equivalently

inf sup{(p, v)lve&"ix))——yﬂMB}gp

lpliys=1
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INVERSE MAPPING THEOREMS 191

then for all (x, y)€ Graph (G) N B, (xo) X B/, (o) and all he]0, %[

s GB, )~y

pB P ®)

Remark

(a) Assumption (7) may be seen as the convex uniform open mapping
principle (compare with Remark following Theorem 2.1).

(b) It is clear that if (8) holds true on a neighborhood of (x,, y,, 0) in
Graph (G) xR, then so does (7). Hence uniform open mapping principle
and the convex uniform open mapping principle are equivalent in those
spaces whose norm is Fréchet differentiable away from zero. O

Proof. — It is enough to prove that for every A>0 and all x, y, & as in
the conclusion of the theorem

P g CBON—y
1+2A h

Fix A>0 and assume for a moment that for some

(¢, 2) € Graph (G) N B, (xo) X B, (¥o) and helo, %[, there exists

€)

_ ph _ B
yez+ mB, y¢G (Bi(1) (10)

Define 0<®<1 by @*=||z—y||(1+1)/ph. Applying the Ekeland
variational principle [12], [13] to the complete metric space
K :=Graph (G) N B3 (¥) X Y with the metric

A
dxxy (%, p), (X', y)=d(x, x') + ﬁlly—y'lf an

and the continuous function (x, y) - ||y —y|| we prove the existence of
(x, ) e K N Bgi(#) X Bgi(z) such that

- - ® A
VK [T+ 3 (dw D+ el ) 02

From (10) we know that y#y. By differentiability of the norm
of Y, for some peY* of |ply.=1 and all veY of |+|<M,

ly+ho—y||Z|ly—y||+ <p, hv> +o0(h), where lim 2@=0. Hence for

h— 0+

all (u, y+hv)eK with ||v]|<M

ly=FlI<ly =7+ <p, o> +oh)+ %(d(u, )+Ah)
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192 H. FRANKOWSKA

and therefore, for all small >0

V1S B~

This yields that for some g, - 0+
_(G(Bh x) -y
h

AMB, (p,vd= —<®p+ %)

Yveco ﬂMB), (p,v)y2—0Op—g,.

Let v€Y, |[o]|<1 be such that (p, v){—_/@. By our assumptions, for
all h€]0, €], pv belongs to the right-hand side of (7). Hence for all small
h>0 we have — h/@pg —®p—¢,, which leads to a contradiction and
ends the proof.

In the high order result stated below we assume that Y is a uniformly
smooth Banach space, i.e. its norm || . || is uniformly Fréchet differentiable
away from zero. That is, for a function o:R, — R, satisfying

lim o()/t=0 and for yeY with 0<|/y|]|£1 there exists

t—0+

JWeY*, [T

y+= 1 such that for every reR
sup |||y + o[~y [|-1<T ), v >[S00 (1))

lolist
where (., . ) states for the duality pairing on Y*xY. Recall that a
uniformly smooth Banach space is reflexive. Every Hilbert space is
uniformly smooth and a space Y is uniformly smooth if and only if its
dual Y* is uniformly convex. In particular L” spaces are uniformly smooth
for l<p< oo [5].

THEOREM 3.2. — Assume that Y is uniformly smooth. Let Yo€G(xy),
kz1. The following statements are equivalent:

(1) For some p>0 and for all (x, )€ Graph(G) near (x,, y,) and all
small h>0

G _
phe SBLI-y

(i) For some p>0, M>0 and for all (x, y)e Graph (G) near (x4, y,)
and all small h>0

GB,(x)—y
hk

(ii) For some p>0, M>0 and for all (x, y)€Graph(G) near (x,, y,)
and all small h>0

p}"ac5< ﬂMB).

inf sup{<p,v>|vecLBh}§f))—_lmMB};p.

IIply»=1
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Prof. — Because of separation theorems (ii) is equivalent to (iii).
Obviously (i) yields (i) with M =p. To prove the implication (ii) = (i) we
proceed by a contradiction argument. Assume contrary that for some
(¢;, z,) € Graph (G) converging to (xo, y,) and h; — 0+ there exist

niez+2 R HEB, ¢ G (B, (1) (13)

Applying the Ekeland variational principle [12], [13] to the complete
metric space K;:=Graph(G) B, (z)xY and the continuous function
(x, ) = ||y —y: ||, we prove the existence of (x;, y;) € K; such that

1 — 1
d(x;, t)+||yi—z| £ —hs lyi—y:l|' = —h (14)
2i 2i

Yoo ek, iRl -l @ x)+ sl (19)
I

From (13) we know that y;#y,. Since Y is uniformly smooth for some

pieY* of || p;|ly-=1 and all y,
|y=y:l|Ellyi=p:ll+ oo y =y o |y =)
Hence
”y_}ji“ukéllyi_}ji“uk(l +<Pi’ y_}ii >+ 0(“)"2’;‘”))%
=yl 7= ¥
§||yi—.}7i”1/k<l+l<Pi’ y_J’_i >+5< ”y—)i“ ))

k lyi=»ill “yi_yi”

for a function o: R, — R, satisfying lim %h) =0 and, by (15), for all
h— 0+

(x, »eK;

|1/k

_ — 1 —_
“}’i—J’i“Uké”}’i_J’il + El‘)’i_}’ill(l/k)_l {Ps Y=y

i lly—=7 1
a2 )+ s oyl
or equivalently
1 - -y,
—<p,-,y—yi>+Hy,-—y.-|I0<”y—y_‘H)
k “yi”yli”

+ ;Ilyi—ﬁll“‘_””‘(d(x, x)+ | y=y: -

0=

Set
_ GBr) -

H

h—'=i_1/2k“yi_)7i”1/k5 Ai
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194 H. FRANKOWSKA

and observe that, by (14), d(x, t)+h< Zl'hi+ zl'hi= l.h,.ghi. Thus
i i i
Bi (x)< B, (¢;) and

VoA, 0<—(p, v>+ﬁa<ﬂ”_ﬂ)+r«+1»2k(1 + R o])).
k Ji

Hence for a sequence ¢, — 0+ and for all ve A,MB, (p;, v>= —¢;
Consequently

Voeco(A;NMB), (p,v)2—g¢ (16)

On the other hand, by our assumptions, for all large i,
inf {p;, vyY=—p. But (16) yields— p= —¢;, which contradicts the

vetTo(A; n MB)
choice of ¢;.

4. STABILITY
OF THE UNIFORM OPEN MAPPING PRINCIPLE

The main aim of this section is to establish “‘stability” of the uniform
open mapping principle. Namely we prove here that if a sequence of set-
valued maps with closed graphs G;: X — Y from a complete metric space
X to a Banach space Y approaches uniformly a map G on a ball B, (x,)
and satisfies the uniform open mapping principle on a neighborhood of

(x¢> ¥o), then so does G. This result is helpful for investigation of
nonsmooth problems.

THeOREM 4.1. — Consider a sequence of set-valued maps { G}, from
a complete metric space X to a Banach space Y having closed graphs. Let
Vo€ Gy (x,). We assume that for some >0 and for every A>0 there exists
an integer 1, such that for all i2],, xeBg(xy)

G;(x)cGy(x)+AB

If for some 0<e<3d, p>0 and for all i21, xeB,(x,), yeG;(x) N\ B, (y,)
and all hel0, €]

y+phBcG;(B,(x)
then for every (x, y)e Graph (G,) M B,y (x0) X B,y (o), he [O, T—J we have

y+phBc G, (B, (%))

Proof. — Set G=G,. It is enough to check that for every A>0 and all
(x, ), h as in the conclusion of theorem, the inclusion (9) holds true. Fix
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INVERSE MAPPING THEOREMS 195
A>0 and assume for a moment that for some

(t, 2)€Graph (G) N By (¥o) X By (o), 0<<

&M

there exists yeY as in (10). Define 0<®<1, K as in the proof of
Theorem 3.1. By Ekeland’s variational principle applied to the continuous
function (x, y) - || y— || on the complete metric space K with the metric

dy oy (U, v), (W', V))=du, u)+ %Hv—v' H (17
there exists (x, y) € Graph (G) M Bgi(f) X Bg;(z) such that
VoK, [y-Flslo e S dw 0+ Hay)) ay

By the choice of y, y#y. Consider >0 so small that
+ —
28p(1+2) <min{ ly— y[| Q1 ®)h} Z

O<O+oé<l,n:=

2(1+1)+Or 2 2
2
and let i be so large that for all ue B, (x,), G, (1) =G (u) + — B. Pick
2(1+2)
. n?
€@G;(x) such that < . Then, b 18), for all
v (x) »1l YA+ R) y (18)
(u, v)eK;:=Graph(G) NB{H) x Y
O » n?

Op
~F<lo- y||+q(d< x>+—llv v”) T+h Tenp 217

<[lv—y]|+ %(d(u, x)+ E|1v-v'|])+ 152_‘1

Applying Ekeland’s principle to the continuous function

on the complete metric space K; with the metric (17), we show that for
some (u, v) eK; N B, (x) X B, (v") and all (u, v)eK;

- - ® _ Ay— — 0
lo=7+ 1—+%<d(u, 9+ 2o H)§“v—y“+ P (w0

0 (a2 vl!)<llv q

@, v) > |lo—7]|+ l(i—px(d(u, X)+ g

+&Hv
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196 H. FRANKOWSKA

—"(d(a, x)'+k i )

- 22 (a@s Byl ) ff (460 2ot

Hence for every (u, v)eK;

na—y“n§||v—y‘n+(®+5)i%<d(a, i)+ %ua—vu).
Moreover from the choice of n, v’

[

lo=3lzly=ylI=l" =y = Il 2]z =

— 3 -
Observe that d(u, xo)gzs, |v= o ||<e and, by the assumptions of theo-

rem, for all 1[0, €]

v+ph eG; (B, ().

Hy vH
ShmeBanc§;ULfbrdlmnﬂlh>0

_= P
Y|+ (©+3) +X<h+php>
1

Iyl

la=Fll<lo+ph—=

o
éna—;u(l—ph

) (®+5) (1+X)
§||v—y||—ph+(®+8)ph.

Thus p<(®+8) p<p. The obtained contradiction ends the proof. []

Altough it is possible to prove stability of the higher order uniform
open mapping principle in uniformly smooth Banach spaces using ideas
from Section 3 and from the above proof we do not do it here: our
applications use only the above first order result.

5. VARIATIONS OF SET-VALUED MAPS

To check whether the uniform open mapping principle holds true it is
convenient to introduce variations of set-valued maps which measure
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INVERSE MAPPING THEOREMS 197

“infinitesimal changes” of the map. We recall first the notions of Kura-
towski’s lim sup and lim inf [3]:

Let T be a metric space A_.cY, teT be a family of subsets of Y. The
Kuratowski lim sup and liminf of A, at t, are closed sets given by

limsup A,={veY|liminfdist (v, A)=0}

T 10 T
liminfA,={veY]| lim dist(v, A)=0}.
T 10 T =10

Consider a metric space X and a Banach space Y. Let G:X - Y be a
set-valued map, that is for all xeX, G(x) is a (possibly empty) subset
of Y.

DerFINITION 5.1. — Let (x, y)e Graph (G), £>0.
(i) The contingent variation of G at(x, y) is the closed subset of Y

GP (x, y):=lim sup w

R0+ h

(i) The k-th order variation of G at(x, y) is the closed subset of Y

G (x,y):= liminf SBENTY
', ¥) ~Gx ) K
h— 0+
where — ¢ denotes the convergence in Graph (G).

In other words ve GV (x, y) if and only if there exist sequences h; » 0+,
v; — v such that y+ h;v,€ G (B,,(x)). The word contingent is used because
the definition reminds that of the contingent cone of Bouligand.

Similarly veG*(x, y) if and only if for all sequences h,— 0+,
(x5 y) = (x,y) there exists a sequence v;,—v such that
yithiv;eG (By, (x1))-

Clearly, G'* (x, y) and G*(x, y) are closed sets starshaped at zero. When
X is a Banach space, G: X —» Y is a Giteaux differentiable at some xeX
function and B denotes the «closed wunit ball in X, then
G (x)(B)cGW(x,G(x)). If G is Fréchet differentiable at x then
G’ (x) (B)=G'"Y(x, G (x)). Moreover if G is continuously differentiable at
x then G’ (x) B)=G! (x, G (x)).

Remark. — Observe that if G verifies the uniform open mapping
principle at (x,, y,) in the sense that for some p>0, k>0 and for all
(x, y) e Graph (G) near (x,, y,) and for all small 2>0

y+pHBcG (B, (x)
then p B=G*(x,, y,). Moreover if k=1 then for some £>0
pBc N G (x, y)

(x, y) € Graph (G)
(x, ¥) € Bg (x0) XBg (¥0)
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198 H. FRANKOWSKA

In Sections 6 and 7 we show that the converse statement holds true for
the first order condition. For the high order one we have to impose some
additional assumptions. [

Remark. — When X is a Banach space the following two set-valued
derivatives DG (x, y), CG(x, y) of G at a point (x, y)e Graph(G) were
considered in [3], Chapter 5:

VueX, 'UEDG(X,}’)u < (u,v)eTGraph(G)(x’y)
VueX, UGCG(xay)u < (ua U)ECGraph(G)(xay)

where Tg,apn ) (%, ¥) and Cg,,pn ) (%, ¥) denote respectively the contingent
and Clarke’s tangent cones to Graph(G) at (x, y) (see[9], [3]). It is not
difficult to show that

DG(x, ) B =GP (x, ), CG(x,»)(B)=G’(x, ).

Moreover if for a subset K<Y, G(.)=K, then for every xeX, yeK we
have GV (x, y)=T, (»), G* (x, ¥) =Cx (). In this way some results from
[3], Chapter 5 and [4], which use the set-valued derivatives CG(x, y),
DG (x, y) are consequences of those proved in Section 6.

Let co(co) denote the convex (closed convex) hull. We proved in [18]
some properties of high order variations. In particular, if Y=R" then for
any integer k=1

(n+ 1) *co G (x, y) = G- (x, y).

The following theorem extends those results to the infinite dimensional
case.

THEOREM 5.2. — For every (x, y)€ Graph(G), k>0 we have:
(i) For all K=k, 0 e G* (x, y)=G* (x, y);
(i) For all s>0, R, G*(x, y)=G***(x, y);

(iii) For all ,,;Z0, v;€G*(x, y), i=0, ..., m satisfying Y A=1,

i=0

Y, My eGr(x, y);
i=0
(iv) For all vecoG*(x, y) there exists £ >0 such that eve G*(x, y);
(V) UpsohcoG*(x, )= U0 AG*(x, y);
(Vi) U0 AG*(x, »)=Y < 0eIntcoG*(x, y). Moreover if Y=R" these
conditions are equivalent to

3oy, ..., v,eG*(x, ») suchthat Oelntco{vy, ..., v,}

Proof. — For all (x', y)e Graph (G) and h>0 we have y' e G(B,(x").
Therefore 0e G*(x, y). Fix K>k. Then for all h€]0,1], A**<h. Hence
GByxr) (x) -y =GB, (x) "

Annales de IInstitut Henri Poincaré - Analyse non linéaire



INVERSE MAPPING THEOREMS 199

Consequently for all veY
dist (v, w> <dist <v, G(B, ((72/5; D=y )

and (i) follows. To prove (ii) fix s>0, ve G*(x, y), A=0 and set k=k+s.
Let (x; y) =6 (%, ¥), h; = 0+, B;=A* p¥*_Then for all large i, b, <h,. Let
v; > v be such that y,+h'f v, —yl h"?»v € G (By; (x;)) = G (By, (x;)). This
1mp11es that Ave G* (x, y) and since A =0 is arbltrary (i1) follows. Fix next
A;» v; as in (iil). We proceed by induction. Observe first that

G (onh (W) — Z) -0
hk

. . k
lim  dist (7»0 Vg,
, 2) >Gg(x, )

B0+

Assume that we already proved that for some 0<s<m

S G B o
lim dlSt(Z Ve, Bhgo+. .. +19®) Z>=0. 19)

k
U, 2) >Gg(x, ) i=0 h
h—0+

Fix (u;, J) —g(x, ), h;— 0+. By (19), for some x; eB,, to+. . . +19(8))

and w; > Y Afv, we have z;+# w;e G (x;). This and Definition 5. 1 imply
i=0
that

— o —HE W
G By, (X)) =2, = I w’)=0 (20)

h';
Since B“ +1(x)CBh,(xo+ .. 414y (#;), the definition of w; and (20)
yield

lim dist (Xﬁ 105410

j= o

s+1
lim dlst< Y Afo, G Bryoor ... H‘“)(uj))ﬁzj>=
- hk
Jj= o0 i=0 g

Because the sequences (u;, z;) = (x, ), h; > 0+ are arbitrary we proved
that (19) is verified with s replaced by s+ 1. Applying (19) with s=m and

using the identity Y A;=1 we obtain (iii). Fix next veco G*(x, y) and let
i=0

w;>0,v,€G*(x, y) besuch that Y, p,=1, ¥ p,v,=0. Set L, = () */(m+1)

i=0 i=0
for i=0, ...,m and A,,;=1— % A, v,,,=0. Since p;<1 we have
m i=0 1
Y. A;<1 and therefore, by (iii) and (i), Y. A¥v;e G*(xo, yo). On the other
i=0 i=0
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200 H. FRANKOWSKA

m m+1

hand (m+1)"*v=Y ((m+1)"'p}M*v,= Y A¥v, and therefore (iv) holds
i=0 i=0

true with e=(m+1)"*. The statement (v) follows from (iv). Assume next

that \U AG*(x, y)=Y. Since G*(x, y) is starshaped at zero, for all

120
0=SA=Z, AG*(x, y)cpuG*(x, y). Thus U AG*(x, y)=Y, where Z denote
reZl
the set of positive integers. Using Baire’s theorem, we prove that G* (x, y)
has a nonempty interior and therefore also co G*(x, y) does. Assume for
a moment that zero is not an interior point of coG*(x, y). By the
separation theorem, there exists a non zero
pe(coG*(x, ) =(U AecoG*(x, )" <=(\U LG*(x, y))* = {0}.
Az0 220
The obtained contradiction proves that 0eIntco G*(x, y). The converse

follows from (v). The last statement is a consequence of the Caratheodory
theorem. [

Remark. — Observe that the proof of (iv) and Caratheodory’s theorem
yield that whenever dimY < o0

(dim Y +1)"*co G* (x, y) = G*(x, y).

6. FIRST ORDER INVERSE MAPPING THEOREMS

As one may expect, the first order results are more simple and require
less assumptions that their high order analogous. This is why we study
them separately.

In this section, we assume that X is a complete metric space with the
metric d and Y is a Banach space with the norm || . ||. Consider a set-
valued map G:X — Y having a closed graph.

THEOREM 6.1. — Let yoe G (x,) and assume that for some >0, p>0

pBc N GV (x, y). (21)
{x, y) € Graph (G)
d(x, xp)Se, [ly—yoll<e

Then for every (x;, y,)e Graph (G) N B, (xo) X B,y (), ¥, €Y satisfying

ly2—» H<min{§, %}
dist (x;, G (yz))%uyl = 22)
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1 .
Remark. — Inequality (22) implies that for every L>—, G ! is pseudo-
p
Lipschitz at (y,, Xx,) with the Lipschitz constant L (see(1]). U

COROLLARY 6.2. — Consider yo€ G (x,), p>0. Then (22) holds true for
all (x,, ¥, y,) € Graph(G) x Y near (xo, ¥o, ¥o) if and only if for some £>0
inclusion (21) is verified.

Proof. — Indeed if for all (x;, y,, y,)€ Graph(G) X Y near (x,, yo, Yo)
we have (22), then for every such (x;, y;, y,) and every 0 <p'<p

_ ) 1
dist(x,, G 1(}12))<E| y1— 72|

1 .. .
and therefore for some x'€ G~ (y,), d(x;, X')<—||y, —»,||. This implies
P

that for all small A>0, y, +p'hB<G (B, (x,)). Hence p' Bc G (x4, y,).
Thus (21) is satisfied for some £>0 and every p’ <p. Since the right-hand
side of (21) is closed we deduce that the inclusion (21) is verified as well
with p=p’. The opposite follows from Theorem 6.1. [

The above contains a classical result of functional analysis:

COROLLARY 6.3. — Let g:X - Y be a function between two Banach
spaces. Assume that g is continuously differentiable at some x,e€X and for
some p>0

pBcg'(x0)B (23)

Then for all (x, y) near (xq, y,), dist (x, g~ (»)) gz llg (x)=y||. In particular
P

for yo=g(x,) and for all xe x,+Kerg' (x,)
dist (x, g_l(yo))=o(”x—x0”)

and thus the tangent space to g~ ' (y,) at x, coincides with Ker g’ (x,).
To derive such result, it is enough to observe that since geC' locally

at x, by our assumption, for all x near x,, ch g (x)Bcg®(x, g(x)).

Remark. — By the Banach open mapping theorem, assumption (23) is
verified whenever g’ (x,) is surjective, i.e. g (xo) X=Y, O

Proof of Theorem 6.1. — By Theorem 2.2, it is enough to check that
for every A >0 and for all

(x, y)e Graph (G) N B, 3 (x0) X B/, (¥o), he€ [0, ‘;}
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202 H. FRANKOWSKA

inclusion (9) holds true. Fix A>0, (¢, z) e Graph (G) N B, (x,) X B, (o),
0<h §§ and assume for a moment that there exists yeY satisfying (10).

Define 0<®<1 and K as in the proof of Theorem 3.1. Applying the
Ekeland variational principle [13] to the continuous function
(x, ») = ||y—»]|| on the complete metric space K with the metric given by
(17), we prove the existence of (x ¥)€Bgi (1) X Bgi(z) verifying (18).
Observe  that  xeIntBi(1), yelntB,,(z) and y#y. Set

w=—p(y=—y)/||y~y|]. By our assumption there exist ; >0+, w,—>w
such that y+h,w;e G (B,,(x)). Hence, from (18) we deduce that for all
large i

Iyl w51l S (12

R [ AT A (R

and therefore h; p <A, || w,—w||+ %hi(l + ;:H w; || ) Dividing by p A; and
p

taking the limit yields 1<®. The obtained contradiction ends the
proof. [

THEOREM 6.4 (A characterization of the image). — Let y,eG(x,).
Assume that there exist closed convex subsets X (x, y)=GY (x, y), £>0
and a compact set Q<Y such that

Int N K (x »+Q#J. 24

(x, y) e Graph (G)
(x, ¥) e Bg (xq) X Be (o)

Then at least one of the following two statements holds true:
(1) There exist L>0, 8> 0 such that for all

(x1, ¥1, ¥2) €(Graph (G) N B; (x,) X B5 (¥p)) X B5 ()
dist (x, G™! (yz))éL”}H ) H

(11) There exists a non zero pe Y* such that

Vwe liminf K(x,y), {p,w) =0. (25)

(x, )G (x0, ¥0)

Consequently if for some 6>0, y, is a boundary point of G (B;(x,)), then
there exists a non zero peY* such that (25) is satisfied.

Observe that if Y is a finite dimensional space and 0eK (x, y) for all
(x, y) e Graph (G), then condition (24) is always verified with Q equal to
the closed unit ball.
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Proof. — If for some &' >0
Oclnt N K(x, »)

(x, y) e Graph (G)
(x. 1) € By (x0) X Be' (v0)
then Theorem 6.1 implies statement (i). Otherwise if for every &'>0
the above is not satisfied, by the separation theorem for a sequence
(x5 1) = (X0, o) and some p;e Y* of “Pi] =140+
inf  (py k)2 —p (26)

keK(xi, yi)

Let zeY, p>0 be such that the ball z+ p B is contained in the left hand
. [
side of (24). Pick w;eB such that {p,, w;> 21— and let k;eK(x; ),
i
q;€Q be such that z—pw,;=k; +gq,
Then
[
{po 2= qi)=Lpi» pw; ) +{Pss ki) gp(l *;>_Ui
Consider a subsequence g;; converging to some g€ Q. Then for all large j
_ p
{(Pip2—9q) 25

Let pe Y* be a weak-* cluster point of {p; }. Passing to the limit in
the last inequality we get {p, z—gq ) 2 p/2. Therefore p is different from
zero. On the other hand the inequality (26) yields (25). [

When the norm of Y is differentiable, then a stronger result may be
proved:

THEOREM 6.5. — Assume that the norm of Y is Gdteaux differentiable
away from zero and let y,€ G (x,). If for some €>0, p>0, M>0
pBc N co (G (x, y) " MB) (27)

(x, y) € Graph (G)
(x, y) € B (x0) X Be (yo)
then for every (x, y;) € Graph(G) N B, 4 (x¢) X B, ;4 (7o), y2€Y satisfying
Ep

2= 1 Hémin{g, g3

dist (x,, G‘l(yz))ééllyl—yzll-

Remark. — It was shown in [17] that in the case when G is single-
valued, the constant M in the assumption (27) may be taken equal to
+o0. [I
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204 H. FRANKOWSKA

COROLLARY 6.6. — Assume that Y =R" and that for some M >0
O0cInt liminf co(G™(x, y) "\ MB).

x, ¥) =G (%0, y0)
Then there exist €>0, p>0 such that conclusions of Theorem 6.5 are valid.
Proof. — By Theorem 2.2 it is enough to show that (9) holds true for
all A>0, (x, y)eGraph (G) N B, (x0) X B,2(00)» 0<}T§§. Fix such A,

h, (t, 2)=(x, y) and assume for a while that there exists yeY satisfying
(10). Define @, K as in the proof of Theorem 3. 1. Applying the Ekeland
variational principle [13] to the continuous function (x, y) - ||y — ] on
the complete metric space K with the metric (11), we prove that for some
(x, y) € Bgi(f) X Bgi(2), inequality (12) is verified. Since y+#y, from differ-

entiability of the norm, we infer the existence of pe Y* of || p||y.=1 such
that for all h; > 0+, v; > v

[y +h0=yl=lly=yl+{p hjw)+o,(h) (28)
where lim info, (h))/h;=0. Fix ve G (x, y) and let h; > 0+, v; > v be such

jow

that y+h4; vjeG(B,,j (x)). Then from (12) and (28)
®p A
Dividing by #; and taking the limit yields
®p A
, vy 2= — | 1+ —
r.vy2= 28 (120
and therefore
Voveco(GV(x, ) NMB), {p,v)z—0Op. (29)

Since (x, y)eB,.(x,)xB.(y,), by the assumption of theorem,
pBcco(GP(x, y)) MMB). Using that 0<®<1 we derive a
contradiction. [

The following theorem provides a stronger sufficient condition for local
invertibility but does not allow to estimate the Lipschitz constant.

THEOREM 6.7. — Assume that the norm of Y is Gateaux differentiable
away from zero. Let y,€ G (x,). Further assume that there exist e>0, M>0
and a compact Q<Y such that

Int N (co(GP(x, ») "MB)+Q)# . (30)
{x, y) € Graph (G)
(x, y) € Bg (x0) X Be (y0)

Then the following statements are equivalent
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) < liminf  co(G™ (x, y) "MB)+ G (x,, yo))+={0}

X, ¥) G (x0, ¥o)

(ii) for some 6>0, L>0 and for all

(%15 y1, ¥2) €(Graph (G) M B, (x,) X Bs (7)) X B; (o)
dist (x;, G™ () SL ||y, — x|

In particular if for some 5>0, y, is a boundary point of G (Bg(x,)), then
there exists a non zero pe Y* such that

Ywe liminf co(GY(x, y) "MB)+G! (xq, yo), {p,w) =0 (31)

x, »~G (x0, y0)

Moreover if G is single valued, then M in (30), (31) and (i) may be taken
equal to + co.

As a consequence we deduce a very useful criterion using interiority
properties in subspaces with finite codimension.

CoROLLARY 6.8. — Let y,e G(x,). Assume that Y is a Hilbert space
and that there exist a closed subspace HCY of finite codimension, p>0,
M=>0, zeY such that for all (x, y) e Graph(G) near (x,, y,)

z+pBycco (GP(x, y) N MB)

where By denote the closed unit ball in H. Then the conclusions of Theorem
6.7 hold true.

Proof. — Let P denote the orthogonal projection onto H and Q' denote
the closed unit ball in the ortogonal space H*. Then the set Q:=p Q"' is
compact and for all xepB, x=x—Px+PxeH*+H, where |Px||<p
and ||x—Px||<p. Hence pBcpBy+pQ’ and

z+pBez+pBy+pQ cco(GV(x, y) NMB)+pQ'
for all (x, y) e Graph(G) near (x,, y,). Therefore (30) is verified and the
result follows from Theorem 6.7. O

Proof. — By Theorem 2.1, (ii) implies that for all (x, y)e Graph(G)
near (x,, yo) and all small A>0

y+%hl°3cG(B,,(x))

and from Definition 5.1 we deduce that %BCG1 (x> o) Which implies

(). To show that (i) = (ii), by Theorem 2.1, it is enough to prove that
for some p>0 and all (x, y) € Graph (G) near (x,, y,) and all small A>0

y+phB=G (B, (%)
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Assume for a moment that for some (¢;, z;) =g (Xo, yo), f; > 0+ there
exist

)7,-¢G(B,,—i(ti)), H)Z—zi||<%, i=1,2, ... (32)

We shall derive a contradiction. Set K,=Graph (G) NBg () xY. We
apply the Ekeland variational principle ([12], [13]) to the continuous
functions K;a(x, ) > |[y—y|, i=1,2, ... to prove the existence of
(x;, ¥))e Graph (G) x B,,—,./i (AR B,,—,.ﬁ (z;) such that for all (x, y)eK;

Tl ly=52l+ 2 5+ =], €9

By differentiability of the norm and by (32), there exist p,e Y*,
|| P:|ly+=1 such that for all ;- 0+, v, > v, we have
“yi+hjvj_)7in= ”)’i_)Z'H+ (P hyjv)y+o; o (1))

where lim o; , (h)/h=0. Fix ve GV (x;, y;) and let h; > 0+, v; - v be such
h—-0+

that y;+ hjvjeG(B,,j (x;)). Setting y=y;+h;v; in (33) we obtain

0 <{p, hjv>+ol.,v(hj)+l(hj+hj]]vj||). (34)
1

Dividing by 4; and taking the limit when j— oo yields that for all
veGV (x;, y), (pv) = —l'(l +||v||) and therefore
i

Voeeo (GP (v, y) AMB), (py o) = —(1+M) (35)
1

By (30) there exist zeY, p>0 and g;eco(G™ (x;, y) N MB), ¢,€Q,
w,eB  such that (p,w,>=21- 1., z—pw;=a;+q;. From (35),
i

1+M . .
(poz—pw,—¢;> = _T' Consider a subsequence g;; converging to

some g€ Q. Then for all large j

(pipz—q)2

N o

Let peY* be a weak-*x cluster point of { pij}. Then from the last
inequality we deduce that p#0. On the other hand (35) implies that

Vwe lim inf ¢o(GY(x, y)) YMB), (p, w) =0 (36)

X, )= G (x0, y0)
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Fix next ve G! (x,, y,) and choose h; » 0+ in such way that

fim%e®) o and B,, (x) < B; (1).
Let v; > v be such that y;+k;v,€ G(B,,(x;)). Then from (34) there exist
g;— 0+ such that

(o) 2 =521+ u]).

Since p is a weak-* cluster point of {p;}, we infer from the last
inequality that for all ve G* (x,, o), {p, v 0. This, (36) and (i) together
yield that p=0. The obtained contradiction proves (ii). When G is single-
valued, the Ekeland principle has to be applied in the same way as before
to the continuous functions x — || G (x)—y; || on the complete metric spaces

Bh_i (t,-).

7. HIGH ORDER INVERSE MAPPING THEOREMS

We impose here on G, X the same assumptions than in Section 6. To
prove a high order inverse function theorem we need more smoothness
on the space Y. Namely we assume in this section that Y is uniformly
smooth (see Section 3). Observe that Theorems 3.2 and 2.1 immediatly
yield.

THEOREM 7.1. — Let y,€G(x,) and assume that for some k=1, p>0,
M> 0 and all (x, y)e Graph (G) near (x,, y,) and all small h>0

chE(%ch—))——yﬂMB)

or equivalently
inf {(p,v)[ve%f))_yﬂMB}gp.
lHpilys=1 h

Then there exists L>0 such that for all (x,, y,)€Graph(G) near (x,, ¥,)
and all y,€Y near y,

dist(x,, G~ ! (D)=L ”.V1 — )2 H 1k,
THeoreM 7.2 (High Order Inverse Function Theorem). — Let
vo€G(x,) and assume that (30) holds true for some >0, M 20 and a

compact set QY. If for some k=1, 0eIntco G*(x,, y,), then there exists
L >0 such that for all (x,, y,)€Graph(G) near (x,, y,) and for all y,eY
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near y,

dist (x;, G™' (1) SL ||y, —p, ||~

Observe that if Y is finite dimensional then (30) is always verified with
M=0, Q=B. From Theorem 5.2 (vi) follows

CoroOLLARY 7.3. ~ Assume that Y=R" and that for some k=1 the

convex cone spanned by G*(x,, y,) is equal to Y. Then the conclusions of
Theorem 7.2 are valid,

Proof. — By Theorem 2.1 it is enough to show that for some p>0
and all (x, y) e Graph (G) near (x0, ¥o) and all small £>0

y+pHBcG(B,(x).

If we assume the contrary, then, by the proof of Theorem 3.2, there
exist (1, z;) = (o, Yo)s (x5, ¥,) =6 (X0, Yo)s yi=yor h;— 0+, hi—0+,
peY* of |pfy»=1 and a function o:R, - R, such that
By (x) =B, (), y;#y;, lim o(h)/h=0 and

h—=0+

1
V(x, y)eGraph (G)N B, (1) XY, 0= £<pi, y=yiy

=l P2 bR sl 6
and
G (B;Ti (x)) = y;
we———mo—
7

0= <, w>+ﬁa<%)+i_““”“(l+Ei-“1HWH)-

5

Fix ve G*(x,, y,) and let v, — v be such that y,+ ¥ v,e G (B (x))). Thus
we deduce from the last inequality

0=1(p, vi>+ﬁ(“%’)+r““w<1 R )

Let p be a weak cluster point of {p;} (it exists because Y is reflexive).
Then taking the limit in the above inequality we obtain {p, v» =0 and
since v is arbitrary

pe (G (x0s yo)) T = (E G* (x0s J’O))+ = { 0 }

We show next that p can not be equal to zero. Fix ve G® (x,, y,) and

let h;— 0+, v; > v be such that yi+hjvjeG(th(xi)). Setting y=y,+ h;v;

Annales de I'Institut Henri Poincaré - Analyse non linéaire



INVERSE MAPPING THEOREMS 209
in (37), dividing by 4; and taking the limit yields
1 1 — W
e R s e (R Y

Hence for a sequence g; — 0+ we have
Voeco (G (x. y) NMB), (p,v)2—e.

The end of the proof is similiar to that of Theorem 6.1. Let z, p, w,,
a;, q; be as in the proof of Theorem 6.1. Then

1
(Poz—qi) 2P pWi)+{ps a;) gp(l—;)—si.

Consider subsequences {p; }, {qij} such that {p; } converges weakly to
p and gq;. » geQ. Then the last inequality implies that (p,z—g) Zp
which yefds that p can not be equal to zero and completes the proof. [

CoOROLLARY 7.4. — Let yoeG(x,). Assume that Y is a Hilbert space
and that there exists a (closed) subspace HcY of finite co-dimension, ze H,
p>0, M>0 such that for all (x, y)eGraph(G) near (x,, y,) and all small
h>0

z+ pBycco(GP(x, y) N MB).

If for some k21, 0eIntco G*(x,, y,) then we have the same conclusions as
in Theorem 7.2.
The proof is similar to the proof of Corollary 6.8 and is thus omitted.

8. TAYLOR EXPANSION
AND THE INVERSE FUNCTION THEOREM

Consider a function f from a Banach space X to a uniformly smooth
space Y. Let x,eX and assume that for some integer k=1, feC* at x,,.
Then f can be approximated on a neighborhood of x, by its Taylor
expansion:

ai

Let S

i

(x) denote the i—th derivative of f at x. Then there exists a

k
o(h )=0 and for all x near x, and

function 0:R, — R, such that lim
h—0+

allveB

Hf(x+hv)—f(x)—§ £t

X)v...v||<o(H).
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210 H. FRANKOWSKA

THEOREM 8.1. — Assume that Y=R" and

kogi—k ai
Oclntco lim inf {Z h kaf(x)v...‘v | llvllél}.

x—-xg, h»0+ (i=1 it 6x‘
Then there exists L >0 such that for all x near x4 and y near y,

dist (x, /* O) L £ (- [ P%.

The above is a consequence of Corollary 7.3 and the following.

LEMMA 8.2. — The k— th variation f*(x,, f (x,)) is equal to

kogi—k i
lim inf {z K0 oo | Hv”él}.

x—-xg, h=0+ {i=1 l‘ ax'

Proof. — For all x near x,, and all veB and 4> 0 we have

k hi 6‘f
fOx+th)—f(x)=Y ——=(x)v...vto(H, x)
i=1 il oxt
. H* )
where lim Mll =0. Hence the Hausdorff distance of
x—xg, h—»0+ hk
kogiok i _
{ Y h_' i{(x)v. ool o] =1 }and[(—B'&C})Tzlﬁis smaller that € (h),
i=1 Ul X
where lim g(h)=0. The result follows from the definition of the k—th
h-0+
variation. [
Observe that Theorem 7.1 yields.
THEOREM 8.3. — Assume that for some p>0, M >0 and for all x near

xq and all small h>0

lpily*=1 i=1 1! ox'

inf {<p,w>|we{£ 20 . o | [|v|1§1}, l]w“§M};p.

Then there exists L>0 such that for all x near x, and y near y,

dist(x, /L G)SL|| £ )=y %

Remark. — In [17] we derived from the above theorem a second order
sufficient condition for the existence of local Holder inverse of f with the

1
Holder exponent equal to > (k=2).
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9. AN IMPLICIT FUNCTION THEOREM
Consider Banach spaces X, P, Y and a continuous function
g: XxP - Y. Assume that for some (x, p)e X xP
g(x, p)=0
and %g (.,.) is continuous on a neighborhood of (x, p). We investigate
X

here the sets
Z(p)={xeX:g(x, p)=0}.

Since g is continuous, the (set-valued) map Z has a closed graph.
Moreover

xeZ(p).

The results of Section 6 yield the following implicit function theorem.

THEOREM 9.1. — Assume that for some p>0
B %z 7B (38)
Ox

and let 0<g<1 be given. Then for some >0 and all (x, p)eB;(x) % Bs(p)
there exists z(p)eZ(p) (i. e, g(z(p), p)=0) such that

1 1
Ix=z@)l= = Sligtx Pl

The above result extends [37], Theorem 2.2. The Banach open mapping
theorem imply that (38) is verified (for some p>0) when the derivative

0g ,— . -
—g(x, p) is surjective.
Ox

Proof. — Fix g'<e<l and let 8>0 be such that for all
(x, p)€ By (x) X By, (p)

(1-¢)pBc a—g(x,p)B.
0x

’

Let 0<é< % be so small that for all

(x: P)€B, () X By (7). IIg(x,p)H<min{%’&(fEﬂ}.

For every p e B;(p) define the (single-valued map) G,: X - Y by
VYxeX, G,(x)=g(x, p)

Vol. 7, n° 3-1990.



212 H. FRANKOWSKA

Then G, satisfies assumptions of Theorem 6.1 with p replaced by
(1—€)p and £=0". Therefore for every (x, y)eBS,M()?)XY satisfying

5 _ {8 ¥p(-¢)
HG,,(X)”éZ, |y Gl,(x)H<m1n{8,__——_4 }

dist(x, G, 1 () < ; |G, ()= ]

1
W“GP(X)—))H<

Applying the above with y=0 we obtain

1
p(—e)

VxeB;(x), dist(x,Z(p))< —1—1—8 %Hg(x, »ll.

Since p e B, (p) is arbitrary the proof is complete. [

Remark. — Theorem 9.1 can be proved for more general spaces P, Y
and for a less regular function g. We do not do it here in order to simplify
the presentation of the result. [

As an example of application consider a continuous function
f:R*xR"—> R™ and an implicit dynamical system.

S (e x)=0 (39)

An absolutely continuous function xe W-1(0, T), T> 0 is called a trajec-
tory of (39) if for almost all ¢€[0, T], f (x(£), x"(¢))=0. A direct way to

make the above system implicit is to replace (39) by the differential
inclusion

x'eF(x) (40)
where the set-valued map F:R" — R" is given by
F(x)={veR"| f(x,v)=0}.

An absolutely continuous function xe W'-*(0, T), T>0 is called a
trajectory of (40) if for almost all 1€[0, T], x' ()€ F (x(¥)). It is clear that
solutions of the implicit system and of the corresponding differential
inclusion do coincide. Since f is continuous, F has a closed graph. If
moreover for all x e R" there exists £ >0 such that

liminf inf || f(x, v)|[>0 410

fv]]l = o xeBe(x)

then F has compact images and is upper semicontinuous. When F is
locally Lipschitz in the Hausdorff metric, then it inherits many properties
of ODE. For instance, solution sets of the differential inclusion depend in
a Lipschitz way on initial conditions [2] and the variational equation of
ODE may be extended to differential inclusion ([20], [21]). The result
below provides a sufficient condition for the local Lipschitz continuity of
F (in the Hausdorff metric).
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THEOREM 9.2. — Assume that feC! and that (41) holds true for all
xeR™ If xeR" is such that F(x)# & and for all veF(x) the derivative

of — -
5[ (x, v) is surjective, then F is locally Lipschitz at x.
v

Proof. — Fix x as above. By (41), F(x) is a compact set. Hence the
surjectivity of derivative yields that for some p>0 and all ve F (x)

oB< Y G 0B
dv

Since feC!, by (41), there exist L>0, >0 such that for all
veF(Bs(x)), f(.,v) is L-Lipschitz on Bz(x). Applying Theorem 9.1 to
the function g (x, p):=f (p, x) and using compactness of F(x) we prove
that for some K >0, 0<3<98 and all x, yeB;(x), v,€B;(F(x)) N F(x)
there exists v, € F (y) satisfying

o, = v ISK || f, v [[SKL || y—x]]. (42)

On the other hand the upper semicontinuity of F yields that for some

0<d'<? and all xeB; (x) we have F (x) = B;(F (x)). Therefore for all x,

y€B;. (x) and all v, e F(x) there exists v,e F(y) satisfying (42). This is
equivalent to the local Lipschitz continuity of F at x.

10. LIPSCHITZ BEHAVIOR OF CONTROLS

Let U be a separable metric space, E be a Banach space and
f:ExU —E be a continuous, differentiable in the first variable function.
We assume that

(a) f is locally Lipschitz in the first variable uniformly on U, i. e. for
every xeE there exist L>0 and €>0 such that for all ueU, f(., u) is
L-Lipschitz on B,(x) : i. e.

Vx', x"eB,(x), | f(x',w)—f (x",w)| <L]

x=x"].
... of . .
(b) For every ue U the derivative —5—( ., W) is continuous.
x

(¢) For every xeE the set f (x, U) is bounded.

For all T>0 a (Lebesgue) measurable function u :[0, T] » U is called
an admissible control. Let %; denote the set of all admissible controls
defined on the time interval [0, T]. Define a metric on %y by setting

dr (u,2) = ({1€[0, T} u() %0 (1) })

where p states for the Lebesgue measure. The space (%, dy) is
complete [13].
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214 H. FRANKOWSKA
10.1. Finite dimensional control system

Let E=R", x,€E and f, U be as above. Consider the control system
xX'=f(x,u(t), ue¥,T>0
x(0)=x,.

An absolutely continuous function xe W1 (0, T) (the Sobolev space)
is called trajectory of the control system (43) if x(0)=x, and there exists
u€ such that x' () =f (x(¥), u(?)) a. e. in [0, T].

For all T>0 the reachable set of the system (43) at time T is given by

R(D)={x(T)|xe W (0, T) is a trajectory of (43) 1.

Let ze W1 (0, T) be a given trajectory and we%; be a corresponding
control. We provide here a sufficient condition for

z(T)eInt R (T)

and for regularity of the “inverse”.
Consider the linear control system

(43)

w'(n= g(z @ u@w@O+y(@), y@)ecof (@), U)~f (z(1),u()

w(0)=0 49

and define the corresponding reachable set
RY(T)={w(T)|we W1 (0, T) is a trajectory of (44) }
For all se[0, T, let S;(. ; s) denote the solution matrix of the system

Z' ()= if(z @), u (D) Z (1), tefs,T)
dx

Z(s)=1
where 1 states for the identity. Then

T
RY(T)= {j Si(T; 9y ds|y(s)eco f(z(s),U)—f (Z(S),u(S))}-
o]
For every ue%; we denote by x, the solution of (43) (when it is defined
on the whole time interval [0, T]) corresponding to the control u.
THEOREM 10.1. — Assume that
0eIntRY(T) (45)

Then z(T)eInt R (T) and there exist £>0, L >0 such that for every control

uey satisfying dy(u, uy<e and every beB,(z(T)) we can find a control
ueU with

x (T)=b; u({te[O,T]}ﬁ(t)#u(t)})§L“b—xu(T)“
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INVERSE MAPPING THEOREMS 215

In particular for all beB_(z(T)) there exists a control ue % such that
%@=b  u({tel0, T u@®#a(®H=L||b-z(D|.

Remark. — The fact that from (45) follows z(T)eIntR(T) is well
known. The second part of Theorem 10.1 providing an estimation of
controls is a new results. We also observe that € and L in the above claim
can be estimated from the data of the problem. [

. t
Proof. — Replacing ¢ by T we may assume that T=1. Set #=4%,. From

the Gronwall inequality follows that for some 3>0, the map ¢ (¥)=x,
from Bs(u) to C(0,1; E) is single-valued and Lipschitz continuous. For
all ueB;(u) and se[0,1] let S,(.; s) denote the solution matrix of the
linear system

Z ()= gl(xu(t),u(t»zu), tels, 1]
X
Z(s)=1

Fix ueB;, (1), veU and let 0<ry<1 be such that x(10)=f (x,(t,),
u(ty)). (The set of such points ¢, is of full measure in [0, 1].) For all small
h>0 consider controls

- <
uy ()= { o™ h <1l (46)
u(o), otherwise

and let x, denote the solution of (43) corresponding to u,. Controls (46)
are needle perturbations of « and it is well known that

im D7D g 1 ) o) —f (o) u ). (@)

h— 0+ h

Set V, ()=f (x, (), U)—f (x,(9), u(¢)) and define the Lipschitz continu-

ous map G:Bs(u) - E
GW=ow)(1)=x,(1).

Then, by (47), for every arbitrary but fixed ue By, (w), for almost all
to€[0, 1] and all veV, (t,), S,(1; t,) ve GV (y, x,(1)). Let M be the Lip-
schitz constant of G. Hence G (u, x,(1)) = MB and we proved that for
almost every ¢,€[0, 1], and every

yecoV,(tg),  S,(1; to)yeco(G® (,x,(1)) N MB).

From the mean value theorem follows that for all measurable selection
y()ecoV, (1)

Jl S.(1; Dy (ndteco(GV (1, x,(1)) NMB). (48)

0
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216 H. FRANKOWSKA

By (45) there exists p>0 such that

pBc {Jl Sa(1; t)y(t)dt]y(t)EEVu—(t)}- (49)

0

On the other hand Gronwall’s inequality and the assumptions (a), (b)
imply that { S,(1;.) } converges uniformly to S;(1;.) when u—u and
from (a), (¢) and continuity of f we deduce that

1
lim j H (coV(t), coV, (1)) dt=0
u—>1J0

where # states for the Hausdorff distance. Since the right-hand side of

(48) is convex, this yields that for some 0 <8< %8 and all ue Bz (u)

0

B {fsu(l; t)y(t)dtly(z)eavu(z)}

< co (G (u, x,(1)) NMB)  (50)
Theorem 6.5 then and (50), (48) end the proof.

10. 2. Infinite dimensional control system

We assume here that E is a Banach space the norm of which is Gateaux
differentiable away from zero. Let { S(¢) },5, be a strongly continuous
semigroup of linear operators from E to E and A be its infinitesimal
generator, x, € E. Consider the control system

X () =Ax(O)+f (x(D),u(®)), ueUy, T>0}
x(0)=x,

Recall that a continuous function x: [0, T] — E is called a mild trajectory
of (51) corresponding to the control ue % if for all 0<¢<T

(1)

x()=S®x,+ jtS(t—s)f(x (s), u(s))ds.

As before we define the reachable set of (51) at time T >0 by
R(T)={x(T)|xeC(0,T;E) is a mild trajectory of (51)}.

Let (z, u) be a trajectory-control pair of (51) on [0, T]. We study the
same question as in the previous section, i. e. sufficient condition for

z(T)eIntR(T)
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and for regularity of the “inverse”. Consider the linear control system

W ()= Aw()+ jl (), TO) w(d),
X

_ _ (52)
y(®eco f(z(),U)—f (1), u(®)
w(0)=0
Let S;(¢; s) denote the solution operator of the equation
Z(n=AZ(n+ jl (@, u()NZ(2) (53)
x

That is the only strongly continuous solution of the operator equation
VpeE,

Sa(t; )p=S(t—s)p+ fts(t—c)glf(Z(G),ﬁ(G)) S;(o; s)pdo
X

where 0<s<t<1. Then the reachable set R“(T) of (52) by the mild
trajectories at time T is given by

R(T)= {J Si(T;8)y () ds|y()ecof (z(s), U)—f (z (), 17(3))}-
0

For every ue; denote by x, the mild solution of (51) (when it is
defined on the whole time interval [0, T]) corresponding to the control u.

THEOREM 10.2. — Assume that 0€IntRY(T). Then z(T)eIntR(T) and
there exist €>0, L>0 such that for every control ue%; satisfying
dr(u, uy<e and all beB_(z(T)) there exists i€ Uy with

x(M=b;  p({te,Tu@®#a®}NSL]b-x, D).
Proof. — The proof is analogous to the proof of Theorem 10.1 so we
only sketch it. We may assume again that T=1 and applying the Gronwall
inequality, we can find >0 such that the map ¢:B;(u)— C(0,1; E)
associating with every ue B; () the mild solution x, of (51) is Lipschitz
continuous. For all ue B;(u), let S, (z; s) denote the solution operator of
the equation
, of
Z'(n=AZ(n+ a—x(xu 0, u(D) Z(2). (54)
Define the continuous map G:B;(#) - E by G (v)=x, (1) and consider
again the needle perturbations of controls (46) and the corresponding
trajectories x, of (51). Then we obtain (47) for all fixed u near u and all
t, from the set of Lebesgue points of f (x,(.), #(.)) of full measure (see
for example [14]). Let V,(¢) be defined as in the proof of Theorem 10.1.
By the same arguments for all u near u and every measurable selection
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218 H. FRANKOWSKA

y(t)ecoV,(¢) the inclusion (48) holds true. The assumptions of theorem
yield (49) for some p>0. The Gronwall inequality imply that (50) holds
true for all u near u by the same reasons as in the proof of theorem 10.1.
Theorem 6.5 ends the proof.

11. A MULTIPLIER RULE
FOR INFINITE DIMENSIONAL PROBLEMS

We study here necessary conditions satisfied by optimal solutions to the
abstract optimization problem

minimize { J (u) |ue %, G (u)eK } (55)
where
%, is a complete metric space

J, is a locally Lipschitz function from % to R

G, is a locally Lipschitz function from % to a Banach space
X
K, is a closed subset of X.

We denote by || . || the norm of X.

Recall that the contingent cone to K at xe K is defined by

Tk (x)= lim sup K

h—>0+

and Clarke’s tangent cone to K at xeK by

Ce(®)= liminf

x>+ gx,h—>0+

where — ¢ denotes the convergence in K.
The normal cone to K at x is the negative polar of Cy (x) :

Ng () =Cy (x)" = {peY*|¥we Cy(x), (p. w) 0}
The cone Cy (x) is convex and is contained in Ty (x) ([91, [3D).

DermNiTION 11.1. — We say that the set K is sleek near x,e€K if there
exists a neighborhood A of x, in K such that for every xe /"

Tk (x)=1im inf Ty (x)

x' = Kx

In this case for every xe A", Ty (x)=Cg (x) [3].
In particular K is sleek when it is convex or when it is a C'-manifold.

THEOREM 11.2. — Assume that u, solves the problem (55) and that K is
sleek near G (uy). Further assume that for some compact Q < X, p>0, £>0
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and closed convex sets C(u) = (J, G)YV (u, J(u), G (u)) containing zero we
have

V (u, k)€ B, (o) X (K N B, (G (1)), pB<=n(C@)—Tx(x)+Q (56)
where T denotes the canonical projection of R X X onto X. Then there exist

)\4;0, pENK (G (uO))5 (x‘sp)¢0 (57)
such that
V(j,g)elim infC (), rj+{p,g)=20. (58)
¥ 2 ug
Remark.

(a) Observe that when X is a finite dimensional space, then the condition
(56) is always satisfied with Q equal to the unit ball and p=1.

(b) It is possible to prove a similar theorem without assuming that K is
sleek, by using closed convex subcones of Tk (x) and their lower limits.
This will lead however to somewhat “heavy” formulas. The sleekness
hypothezis allows to avoid such misbehavior of nonsmooth sets of
constraints. [

Proof. — Consider the set-valued map P: % — R x X defined by
Pw)=J(w)+R,,G@u)—K).

We first verify that Graph (P) is closed. Indeed let (u,, g,) € Graph (P)
be a sequence converging to some (u, g). Then for some r,20, k€K,
g.,=J ) +r,, G(u,)—k,). Since J, G are continuous (r,, —k,) = qg— J (),
G (w)) and thus { r, } and { k, } are converging to some (r, k)eR, xK.
From now on we write (J, G)¥ () for (J, G)V (u,J (1), G (w)). It is not
difficult to show that for all ue#, r20, keK

J,G) P @) —R_xTg (k) = PV, I () +r,G(u)—k) (59)

Hence for all ue%, r20, ke K

A, k):=Cw)—R_ xTg (k) =« PV (u,J (w)+r,G(w)—k).

Since J is locally Lipschitz there exists M >0 such that for all ue % near
uy and for every (v, w)eC(u) = RxX we have ||v||<M. This and the
assumption (56) yields that for all ue % near u, and all ke K near G (i)

[-L1]xpBc A k)+[- M-I, M+1]xQ
The sets A (1, k) being convex closed, we may use Theorem 6.4 with G
equal to P. Since u, is an optimal solution (J (), 0) is a boundary point

of Im P (image of P). Therefore the second statement of Theorem 6.4
holds true. Thus for some AR, pe X* not both equal to zero

V{j,g)elim infC(u), r=0, ve lim inf Ty (k),

u — ug k =xG (ug)
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AG+n+{p,g—v)=0.
Using that K is sleek we deduce that
lim inf Ty (k) =T (G (45)) = Ck (G (o))
k —2xG (uo)
Setting (j, g)=0 we obtain (57) and setting r=0, v=0 we get (58). [

When the norm of X is differentiable, then the sleekness hypothezis on
K may be omitted and a stronger result can be proved:

THEOREM 11.3. — Assume that the norm of X is Gdteaux differentiable
away from zero and let u, €% be an optimal solution of (55). Further assume
that for some compact set Q = X, p>0, y>0,e>0

V (1, x)€ B, (o) X (K N B, (G (1)),
pBcco(GV(u,Gw)—Tg (x)N¥B)+Q.
Then there exist (A, p) as in (57) such that
Y (j,g)elim infco (J,G)M (u, T (), G (), Aj+{p,g)>=0. (60)

u 2 ug
Observe that if Q < X is compact, so is co Q. Therefore we may always

assume in Theorem 11.3 that Q is convex. This and the separation
theorem immediatly yield

THEOREM 11.4. — Let X, uy be as in Theorem 11.3. Further assume
that there exist subsets A (1) = co GV (u, G (1)), such that the map u — A (u)
is continuous at u,. If for some compact set Q < X, p>0, y>0 and all
xeK near G (uy)

pPB = co(A(uy)— T () NYB)+Q
then the same assertions as in Theorem 11.3 are valid.
CoroLLARY 11.5. — In Theorem 11.4 assume that J=¢°G, where
@:X - R is C' at G(uy). Then there exist \, p as in (5T) such that
VweA (up), (Ao (G(up))+p,w)20.
Proof. — Let (J, G)*(u) and the set-valued map P be defined as in the
proof of Theorem 11.2. We already know that Graph (P) is closed and

that (59) holds true for all ue%, r=0, keK. It is also not difficult to
check that

R, X (= Cx (G (up))) € P (o, J (145), 0). (61)

Since J and G are locally Lipschitz, there exists M >0 such that for all
u near u,, (J, G)™ (1) = MB. On the other hand for every we G (u, G ()
there exists veR such that (v, wye(J, G)* (). Indeed let h; — 0+, w, > w,
u;€ By, (u) be such that G (u)+h;w;=G (). Since J is Lipschitz at u, the
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sequence { M)

keeping the same notations we may assume that for some veR
J(u)— T ()
v = —————— 0.
h;
Thus A@+h;v, G@@)+hw)ed, G) (B, ) and therefore

(v, wye(J, G)V (). This and the assumption of theorem yield that for all
u€¥ near u,, for all 20 and all keK near G (u,)

[-L1]xpBcco(J,G)PwW)—[—1, 0] Tx (x) NYB)
+[-M-2,M+2]xQ
< o (PO (] (w)+r,G)—k) N /MEFyZFIB)+[~M—-2,M+2]xQ

} is bounded. Hence taking a subsequence and

Since u, is an optimal solution (J (%), 0) is a boundary point of Im P.
Hence by Theorem 6.7 there exist AeR, peX* not both equal to zero
such that

V,we  liminf  co(®P®(ut,2)N /MZFY*+1B)
(u, t, z) =p (w0, J (o), 0}

+P1(u09‘](u0)90)9 )"'U+<P,W>go
Then from (61) we deduce (57). On the other hand from (59)
lim infeco (J, G)V (w) lim inf co PV (u, t,z) N \/MT+ Y*+1B)

u - ug (u, t, z) = p (o, ¥ (ug), O)

and we get (60). U
We apply the above results to derive necessary conditions for optimality
for two infinite dimensional control problems:

11.1. A Semilinear control problem
with end point constraints

Let E be a Banach space whose norm is Géiteaux differentiable away
from zero. Consider a C!-function ¢:ExE — R, T>0 and closed subsets
Ko, K1 < E. We study the optimal control problem

minimize @ (x (0), x (T)) (62)
over solutions of the system
X(O=Ax(@O)+f (x(®), u@®), uelUr
x(0)ekK,, x(MekK;

where A, f, %, have the same meaning as in the Section 10 and satisfy
the same assumptions. Let S;(.; .) be the solution operator of (53).

(63)
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THEOREM 11.6. — Let (z, u) be an optimal trajectory-control pair of the
problem (62)-(63) and let R (T) denotes the reachable set of the linearized
system (52) at time T. Assume that for some p>0, y>0, €>0 and a
compact set Q < X

VxeKi N B, (z(T)), chRL(T)—Fo_(TKT(x)ﬂyB)+Q (64)

Then there exist A20, £y€ Ny (2(0)), &€ N (z(T)) not vanishing simulta-
neously such that the function

p<t>=su-<T;t)*( BN <0>,z<T))—E,T) (65)
0x,

satisfies the maximum principle

(p(0), f @, u(®))=max{p@®), f(z(),w)) a.e in{0,T] (66)

uelU
and the transversality condition
P 0), —p(M)=210"(z(0),z(T)) + (€0, Ep)- (67)
Proof. — It is not restrictive to assume that T=1. Set #=%,. We
apply results of Section 10. Define the Ilocally Lipschitz
map G:Ex% - EXE by
Vxo€E, VYue¥,  G(xg,u)=(xq,x,(1)

where x, denotes the solution of (51) corresponding to the control u.
By the Gronwall inequality G is locally Lipschitz. Set
Voo (D= (0, U)=f (x,(9), u(2) and

1
R;, ()= {J Seoull; t)y(t)dtIy(t)econo,..(t)}
0
where S, (. ; .) denotes the solution operator of (54). From Section 10.2
we known that for all ue % near u,
{0} xRE (1) = co(GP (x0, u, G (x4, u))).

Differentiating with respect to the initial condition, we obtain easily
that for all x,€eE, weE, ue#%

lim G (xo+ hw,u)— G (X, 1) —g

h—0+ h

(1;0)w.

xQ, u

Therefore for all ue% near u,
1
A(xo, w): = 3 {W, S50, (1 O)W) [ w]|=1}

1 —
+ {0 } X E RIx‘g, u(l)CCO G(l) (xo’ u, G(x05 u))
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On the other hand, by Gronwall’s lemma and assumptions (a)-(¢) from
Section 10, the map (x,, u) = A (x,, u) is continuous in the Hausdorff

metric. Let >0 be so small that for all ||w] <3, || Sz(1, 0)w[|§g. Thus,

from the assumption (64), for all (y,, y,)e Ky % K, near (z(0), z(1))

S _ —

3 X 2 B A (x, @) —co(Tg, (¥o) N B) X CO<Tx1 (}’1)0% B)
+{0}x 2 Q0 GV 4 2(1)

- (T, 0 B (T, G NYB)+{0} Q.

Hence, applying Corollary 11.5 we deduce that for some AZ=0,

(Eos £1) €Nk xk, (2(0), z(1)) =N, (z(0)) x N, (z(1)) not all equal to zero
VweB, reRL(D),

(A" (2(0), z(1)+ (o, &y), (w, Sz(1; 0)w+r)>20}

Define p by (65) with T=1. Setting r=0 in the above we get

(68)

YweB, <Xf5_(p (z(0), z(1)+&,—p(0), w> 20
0x,

and therefore p (0)=2A ;—(p (z(0), z(1)) + &,. Setting w=0 in (68) yields that
X, o
for every measurable selection v(t)eco f (z(¢), U)—f (z(2), @ (2)),

<7» 2 0, 2+ r Sa(1; 0) v(t)dt> =Jl< —p (), v(1))dt20
6x2 0 o

and the maximum principle (66) follows. From the definition of p we get
the transversality condition (67). O

11.2 Optimal control
of a problem with state constraints

Let Q be an open bounded subset of R", (< 3) with C? boundary I', X
be a Banach space and L:C,(Q)—X be a C'-mapping. Set
Y=H2(Q) N H(Q) and consider sleek closed sets K< L?*(Q), D=X and
a continuously differentiable function J: C, (©2) x L2 (Q) — R. We study the
problem

minimize J (y, u)
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over the pair (y, u)eY xK satisfying
' Ay+o()=u in Q

y=0 on T
L(»eD
where
Ay=-— Z axj‘(ai, ;(X) 0y, ¥) T ao (x)y
i j=1
and

a,eL®(Q), a,(x)20 fora.e. x€Q, a; ;is Lipschitz on Q

VEER", xeQ, Y a ;(x) g;E;Z 0| &|? for some a5 >0
i, j=1
@eC! is a nondecreasing function,

A similar problem was considered in [7] with convex sets K, D and an
arbitrary C*-function ¢.

TueoreM 11.7. — Let (3, 1) be an optimal solution of the above problem
and By, denote the closed unit ball in X. Further assume that for some p>0
and a compact Q< X, we have

VdeD near L(5), pBxcTp(@+Q. (69)

Then there exist L=0, pe Ny (), peWh 5(Q), se]O,#n—l[ not all equal
n—
to zero, such that
_ ) B
A*P+<P'(y)*P=7»—é;(y, #)+L ()" (70
ol _ _ _
~h— (G, W~ peNg (@ Q)
Ou
Proof. — Replacing Q by coQ we may assume that Q is convex. Define
A:Y-L2(©Q),],: YR G:Y X xL2(Q) by
AG)=Ay+o()  LL0)=I0 A0, GO=LO):A o)
and set # =D x K. Then, K and D being sleek,
V(d, k)eDxK, Ty(d, k)=Tp{(d) x T (k) (72)
and our problem reduces to
minimize {J, () |yeY, G)eA }.
A direct computation yields that for all yeY and all weBy
T0) (w, Aw+¢ ()W), L'0)w, Aw+o' () w)=(, G)V(y, 1), GO
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Moreover, since ¢ is nondecreasing, VxeQ, o (y(x))=0. Hence
from [35] follows that for some £>0

€B 2 g c(A+ ¢’ (7)By.
This and the assumption (69) imply that for some p>0 and all (d, k)e A
near (L (7), A; (7))
PBcl{(L' () w, Aw+ o' ()W) | [ w]|<1}-To (@ x T () -Qx {0}
where ¢/ denotes the closure. Since the map
Y= ZO):=d{L'G) w, Aw+o’ G| wl|£1}=GD (3, GO))

is continuous in the Hausdorff metric, using the separation theorem, (72)
and convexity of tangent cones Ty (d), Tk (k), we prove that for all ket
near (L (), A, (5)) and all yeY near y

chZ(y)—Tx(k)—QX{O}.

Applying Theorem 11.2 we deduce that for some A>0, ne Np (L (5)),
peNg (A () not all equal to zero and all we B,

ALY w, Aw+@" (D w)+ (L )*p, w) +(A*p+ 0" (7)*p, w ) 20.
Hence
a(1 8 o) oo (1o G
du du
oy _ _ o
+A— (@, @a)+L Fy*u=0.
dy
. a _ . .
Setting p= — A Ew (y, #) — p we obtain (70), (71). From (70) follows that
u

A* peC,(Q)* and, consequently, that for all 0 <s< —n—l, peWE *(Q).
n—

12. SMALL TIME LOCAL CONTROLLABILITY

Let U be a complete metric space and f:R"x U — R” be a continuous
function, x,eR".

We assume here that:

(a) f is locally Lipschitz in the first variable, uniformly on U (see
Section 10);

(b) For some ie U, f (x,, #)=0, i.e. x4 is an equilibrium;

{¢) For all x near x,, f (x, U) is a convex, compact subset of R".
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Consider the control system (43). It is called small time locally control-
lable (s.t.1.c.) if

VI>0, x,elnt R(T) (73)
where R (T) is the reachable set of (43) at time T=0.
DEerFINITION 12.1. — A4 vector veR" is called a variation of R(.) (of
order k= 1) if for all t=0
xo+ veR (1) +o0 ().

In other words v is a variation of order k if and only if
. . R(nH—
lim dist <v, —QI‘—E>=O
>0+ t

or equivalently if there exists a selection r (f) € R (¢) (in general discontinuous)
such that

"(t)‘xo_”)

tk
THEOREM 12.2. — Assume that for some variations v,, . . ., v, of order
<k
Oelnt co{vy, ..., 0,}. 74)

Then (43) is s.t. 1. c. and there exist L>0, £>0 such that for all small t>0,
all y, near x, and all y € R (¢) there exists t, such that

y1€R(1y), |t1_tI§L”}’1—ynuk
Proof. — Define the set-valued map G:R - R” by
>
o, otherwise.

There exists T>0 such that the map G restricted to [0, T] has a closed
graph (see for example [2]). It was shown in [19] that vy, . . ., v,€ G*(0, X,).
Theorem 7.2 ends the proof. O

In [19] and [23] we illustrated how the above theorem can be applied to
study small time local controllability of the implicit dynamical system (39)
and the differential inclusion (40).

13. APPLICATIONS TO NONSMOOTH ANALYSIS

The main aim of this section is to show how stability of the uniform
open mapping principle can be exploited when one deals with nonsmooth
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problems. Consider a locally Lipschitz map f:R" — R™. Its generalized
Jacobian at a point x,eR" is defined by

of (xg)=co { lim f'(x)}

x = xp

where limits are taken over all sequences { x; } converging to x, such that
the derivative f (x;) does exist and { f(x;)} is a converging sequence [9].
In [42] the following approximation of f was considered: Let {: R* — [0, 1]
be a C®-function having its support in the unit ball. For all integer i=1
define f;:R* > R™ by

f,-(x)=fnf(x—§y)¢(y)dy.

Then f,e C®, f; = f uniformly on compact sets and
Vex>0, 36>0, Iz1
such that
Vizl, VxeB;(x,), fi(x)edf (x,)+€B
(see [42]).

The result below extends the inverse function theorem from [9], p. 253.

THEOREM 13.1. — Assume that every Aedf (x,) is surfective, then for
some L.>0 and for all (x, y) near (x4, f (x,))

dist (x, fPONEL [ f D)y [
Remark. — If p>0 is such that for every Ae€df (x,), pB=A(B) then

. 2 ..
the constant L in the above theorem can be taken equal to — . This is an
p
easy consequence of the proof given below. [

Proof. — Pick Aedf (x,). It is surjective and therefore for some p’>0,
p' B< A (B). Then there exists a neighborhood 4" of A such that for every

AetN ,% B« A’ (B). Since df (x,) is compact for some p>0, ¢>0 and

all Aedf (x,)+¢B, we have pBc A (B). Consider f; defined as above and
let >0 be such that for all large {

VxeBy(x), f)(x)cdf (x,)+eB.

Since f; (x) BV (x, f;(x)), for all large i and all xeB;(x,) we have
pBcf®U(x, f;(x)). On the other hand, using that f; are equilipschitzian
on By(xy), we prove that for some 0<8<d and for all xeBsz(x,),

o
i —=fix)||= k From Theorem 6.1 we deduce that for some £>0
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and for all large i
VxeB,(x,), hel0,€, [ (x)+phBcf (B, (x)).

This and Theorem 4.1 imply that the above holds true as well with f;

replaced by f for all x near x, and for all small A>0. Theorem 2.2 ends
the proof. O

Remark. — In this paper we did not address the question of univocity
of the inverse. When m=n then, using the mean value theorem, it is

possible to check that f ™! is actually single valued on a neighborhood of
Xo. (see [9]). O

THeoreM 13.2 (Implicit function theorem). — Consider a function
2:R"xXR? - R* and let (%, p) e R* X R? be such that g (X, p)=0. Let 1 denote
the projection of R*x RP X R¥ on R™x R*. Assume that every Aendg (%, p)
is surjective. Then there exists L.>0 such that for every (x, p) near (X, p)
satisfying g (x, p)=0 and every p’ near p there exists x’ with

g, p)=0,  ||x'=x|sL{]p'~p]|

To prove the above it is enough to apply Theorem 13.1 to the function

S =0, g(x, p)).

Remark. — The last theorem allows to obtain results analogous to those
of Section 9, concerning Lipschitz realisation of the implicit dynamical
system (39) with the function f merely locally Lipschitz. O

We study next a nonsmooth control problem:

Consider a separable metric space U and a continuous function
f:R"xU - R". We associate with it the control system

x' (=1 (x(®), u(1), ue%}
x(0)=x,
where % denotes the set of all measurable selections u:[0, 1]—- U. We
consider % with the metric from Section 10.
Let g:R*—R* be a locally Lipschitz function and K,, K;<=R" be

given closed sets. We study properties of the above control system under
additional constraints

(75)

x(0)eK,, x(ekK, (76)
and the following assumptions on datas:
(a) VxeR", f(x, U) is bounded;
(b) ¥ xeR" there exists a neighborhood 4" and L >0 such that for every
ueU, f (., u) is L-Lipschitz on A"

TureoreM 13.3. — Let (z, @) be a trajectory-control pair of (75) defined
on the time interval [0, 1] and satisfying the end point constraints z(0) € K,,,
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z(1)eK,. Then at least one of the following two statements holds true:
(i) There exist AeR* and an absolutely continuous function p: [0, 1] > R"
not both equal to zero, satisfying the adjoint inclusion

—p(ed . f(), a(®)*p® ae in0]] (77)
where 0 f (x, u) denotes the generalized Jacobian of f(.,u) at x, the

maximum principle

max {p(2), f (), W) )={p @), f (), u(1)) a.e.in[0,1] (78)

ueU

and the transversality condition
p(0)e Ny, (2(0)), —p(1)edg (z(1))* A+ N, (z(1)). (79)

(ii) There exist L>0, £>0 such that for all (a, b, ¢, xo, )
e Rk x R" x R" x R™ X U satisfying
lamgepliss  [blse  felse  [z@-xlse
n{tlu@#a@m e

there exists a trajectory-control pair (x;z @) e W (0, 1) x % of (75) with
glx;())=a, x;(0)eb+K,, x;(DectK,

and if x, denotes the trajectory of (715) then

[ x:0)~x, ][+ ({rlu@#a@OP=L (|la—g (x, (1) ||
+dist (xo—b, Kg)+dist (x,(1)—¢, Ky))

In particular this yields that for every ae R* with ||a—g(z(1)) || £ € and every
trajectory-control pair (x,, u) of (75) satisfying the end point constraints (76)
with || x,(0)—z(0) ||+ p({re[0, 1]|u(f)#i(r) }) e there exists a control i
and an initial condition %, K, such that

| £o—x, ([ +r({rel0, Na@#uD=L|la—glx, (1)

and the corresponding trajectory x;(1)eK,, g(x;(1))=a. Consequently if
g(z(1)) is a boundary point of the set

{g(x ()| x is a trajectory of (75), (76) }

then the statement (i) holds true.

A statement concerning boundary points was proved in [9], p. 200 under
somewhat different constraints. The above result shows that the maximum
principle (77)-(79) is verified for every trajectory-control pair (z, #) where
the system is not controllable in the sense of (ii).

Proof. — Denote by x(.; u, x,) the solution of (75) corresponding
to the control ¥ and the initial condition x,. We define the single-
valued map ®:R*"xX% - RxR*xR" and the set-valued map G:
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R"x % — RxR"x R" by

VXOER", u6%9 (D(XO’ u)=(g(x(l; U, xO))s x05 x(l; u, xO)),
G (xg, W) =D (x,, )~ {0} xKox K.
By Gronwall’s inequality, ® is locally Lipschitz and therefore Graph (G)
is closed. We shall use the result from Section 4. Let {: R” —[0, 1] be

a C=®-function having its support in the wunit ball. Define
Si:R"XU->R" g;:R">R by

fitx u)=jf<x—§y, u) Vo) dy, g.-(x)=fg (x—%y) vO)dy

and denote by x;(.; u, x,) the solution of (75) with f replaced by f;
corresponding to the control u(.). Define the single-valued maps
O;:R"x % - RxR"xR" and the set-valued maps G;:R*x % - RxR"xR"
by
D, (xo, 1) =(g;(x;(1; u, xo)), X0, x;(1; u, x,)),
G;(x, W) =D;(xo, w)— {0} x Ky x K.

For the same reasons as before Graph (G,) are closed sets. Since for

every ueU, { f;(., w)}, { g} converge uniformly on compact sets to f (., u)

and g respectively, we deduce from Gronwall’s inequality that for every
0>0 and all A>0, there exists I=1 such that

Vizl, VxoeBy(z(0)), VueBg(@), G;(xo, ¥)=G(xy u)+AB. (80)

If there exist £>0, I=1 such that for some p>0, M>0 and all i>1 we
have

pBc N co (G (c, d "MB).  (81)
(¢, d) e Graph (G}
(¢, d) eBg (z (0), @) xBg (g (z (1)), O, 0)

Then, by Theorem 6.5 and (81) for some 6>0 and for all large i

Y (¢, d)e Graph (G;) N B4 (z(0), &) x By (g(z(1)), 0, 0),
hel0,8],  d+phBcG(B,(0)

and by Theorem 4.1 the above holds true with G; replaced by G and

replaced by 2 Hence from Theorem 2.1 and definition of G we deduce

that statement (ii) is verified.

Let us assume next that there exists no g, p, M >0 satisfying (81). Then,
by the separation theorem, we can find y,—z(0), u; > &, a; >, z(0),
b;— x,z(1), j;— o, N; > oo such that for some (A;, n;, ¢)eR*XR"xR”
of [|(A;, M g;)||=1 and p,; > 0+ we have

v (Cl, B’ Y) EZO_(GLU (yi’ Uz, (Dji (yi’ ui) - (O’ a;, b;)) ﬂ Ni B)9} (82)

<)\’i’ a>+<ni9 B>+<qi’ ’Y>;—p'l
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From now on the proof reminds in many aspects those from [41] and
[22]. So we shall omit many details. Let S;(.; s) denote the fundamental
solution of the linear system

o,
- (x5, (6w, ), w, (N2, Z(s9)=1d.
Ox

Z'=

Define absolutely continuous functions p;: [0, 1] - R" by
p:(O=S;(1; * (=g, (1 uy, y))* i —q) (83)
Then p; is the solution of the adjoint system

Ji
Ox
-p; (=g (e (1w, y))* At g,

=pi=—— (x;,(t; u;, ), u; (D)* p;;

(84)

Taking subsequences and keeping the same notations, we may assume
that

lim A,=2, lim n;=n, lim ¢,=gq,
lim g (x;,(1; u, yp))*=0

i— w©

and that {p,} converges weakly in W' ® to some p. Observe that from
the Gronwall inequality and the assumptions (a), (b) follows that

x;,(., 4 y) = z(.) uniformly on [0, 1]. (85)

Thus from the definition of g; we get @edg (z (1))*. It is clear that for
all i

—{0}xTg,(a)x{0} =G (v, u, ©;,(;, u)— (0, a, b))
- { 0} X {0} X TK1 (bi)CGS'il) i 43 (Dji O u)—(0, a;, b)).
Hence from (82) we deduce that
V (K, m)ETKO (a)x T, (b) of ” (k, m) “ =N,
<T'l.-, -k>+<qu _m>§_2uz (86)
On the other hand from [3], Chapter 4
lim inf T, (x")=Cy, (z(0)), lim inf Ty, (x)=Cx, (z(1)).

¥ =K,z (0) ¥ ok 2 (D)

Thus, by (86), neNg,(z(0)) and ge N, (z(1)). From (83) follows that
—p()=wh+qgedg(z(1)* A+ N, (z(1)).
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Differentiating with respect to the initial condition we also prove that
for every w, e R” of || w, || <1, the solution w of the system

’ af]l
w= F™ (x5, (85 ui, y2), ui (1)), tef0, 1]

. w(0)=w,
verifies

(g}i (xj,-(l; U, y)) w(l), we, w(l))EG_(iil)(yia u;, (Dj,- O u)— (0, a;, by).

Since it is given by w(£)=S, (¢; 0) w,y, we deduce from (82) that for every
wo€R™ of || wy[|<1 and all large i
<g}i (xji(l; U, Y Ay S;(1; Oywy )+ (M Wo )
g5 8;(1;0) wo )= —pi(0)+ 1, wo )2 ~H;
Taking the limit we obtain that for every wyeR*, such that || w,||<]1,
{=pO)+n, wo > 20.
Therefore p (0)=mne N, (z(0)) and we proved (79). Let M be the Lip-

schitz constant of ® and ®; on a neighborhood of (z(0), @) (it exists
because of the Gronwall inequality and the definition of f;, g,). Set

V; (t)=5fji (x5, (86w, y), U) =1} (x5, (8w, ), i (1)).
From Section 10. 1 we deduce that every solution w of the linear control
system

of;,
w' =£ (x5, (85w, y), i () wHy(0), y (D eV, (D)

w(0)=0
verifies
(g O (15w, p)) w(1), 0, w(l))
Eco (G_(hl) (.yb U;, ' (.yia ui) - (0’ a; bl)) m MB)
and from (82) we deduce that for all large i and for every measurable
selection v (£) e V, (1)

1
<g_’h (xji(l; uia yi))* )“i+qi’ J‘

0

S;(L; ) v(t)dt> =j C=pi@), () ) dez —py
0

Since f; (., ¥) > f (., u) uniformly on compact sets, using (85), we obtain
from the last inequality that for every measurable selection

v(Heco [ (z(t), U)—f (z(1), u (D), J1< —p (), v() >dt=0. Hence p sati-

0
sfies the maximum principle (78). Finally from (85), (84) and Mazur’s
lemma we deduce that p is a solution of the adjoint equation (77). O
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