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Periodic solutions for N-body type problems
by

Vittorio COTI ZELATI(*)

SISSA, Strada Costiera, 11
34014 Trieste, Italy

ABSTRACT. — In this paper we prove the existence of a T-periodic
solution (for any given T) for a class of Hamiltonian systems which
includes the N-body one. We also prove that the solution we find is not a
simultaneous collision one.
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ResuME. — Dans l'article on démontre Pexistence d’une solution
T-périodique (pour chaque T>0) pour un ensemble de systémes hamilto-

niens comprenant celui des N-corps. On démontre aussi que la solution
ainsi trouvée n’est pas une solution de collision totale.

Mots clés : Probléme des N-corps, solutions périodiques.

INTRODUCTION

In the last few years a quite large amount of papers dealing with the
existence of periodic solutions for “singular” Hamiltonian systems using

Classification A.M.S. : 70F 10, 34C25. .
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478 V. COTI ZELATI

variational methods has appeared in the literature. Such papers extend to

. . 1 .
Hamiltonians of the form 3 |p|>+V (g), where V (g) behaves like ll—“ near

q
|¢]|=0, results on periodic solutions of Hamiltonian systems contained in

several papers (for example [9]).

We recall here [7], [1], [8], [6], [3], [2] for results on 2-body type problems.

As far as periodic solutions for N-body type problems are concerned,
variational methods have just started to be used. We recall here the
paper [5], where the variational structure of the problem is used to prove
the existence of periodic solutions of the N-body problem in the case one
mass is large and all the others very small (actually a bifurcation result),
and the paper [4] where the existence of generalized T-periodic solutions
(“‘generalized” means —roughly —that collisions could —see paragraph 1
for a precise definition) for the 3-body problem is proved.

Motivated by the paper [{4] we have studied the N-body type problem
and in this paper we prove the existence of periodic solutions of assigned
period T for the following system of ordinary differential equations

—mx =V, V(x;, ..., %), i=1,... N (P)

where x;e R¥, m,;>0 and

1
Vixg, ..., xN)=§ Y V(= x)).

i#tj
The N-body problem being our model problem, we assume
V,;eCH(RN\{0}; R) and
Vi(xg, ..., x0) =0, V(xq, ..., xy)€(RHY
Vy€) > -0 as [§[0;
Vij(E.a)=Vji ©), Vi#j, YEeR:

Under these assumptions we prove, in section 1, the following theorem

THEOREM A. — Suppose that V satisfies the above assumptions. Then
(P) has, YVT>0, infinitely many generalized solutions. Moreover if V;
satisfies, YV i#]j, the following Strong Force condition

JU,;eCHRN{O0};R)  such that Uy (x)— + o0
x—=0
V()£ —|VU; ()| VxeRN {0}, |x|small
then (1.1) has infinitely many non-collision solutions.

The other two sections of the paper are devoted to the study of
simultaneous collision solutions, i.e. of generalized solutions of (P) such
that all the bodies collide at some time ¢=¢*. The method used to prove
existence, based on minimization of a suitable functional, permits us to

(SF)
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N-BODY TYPE PROBLEMS 479

prove that under the additional assumption

_a m;m;

b B
a SV(xg, o vy XS — = —
2 1simjgn X=X 2 1si%;

where 1§Z§u, (here p is a quantity that can be easily computed; it

depends on a and my, ..., my; it is >1 in many cases, See remark 3.4)
the solution we find is not a simultaneous collision solution.

With respect to the existence results contained in [4] we point out that

(@) we require V;;(x)=V;(x) but we have no assumptions (besides
boundedness from above) on the behaviour of V at infinity;

(b) our method, based on minimization of a suitable functional, is
simpler than the one used in [4] and works for any N>2;

(¢) in the case the strong force condition is not satisfied the result of
Theorem A, as that of any theorem proving existence of periodic solution
for system like (P), can be obtained just minimizing f on the set of
simultaneous collisions (minimum which is achieved whenever it is finite
since the action functional is weakly lower semi continuous). To this
regard, Theorem 3.3 shows that, in some situations, the solution we find
is not a simultaneous collision solution;

(d) while in [4] it is proved the existence of infinitely many periodic
solutions also in the case in which the potential V depends on time i.e.

V=V (t, x;, ..., Xx) we can only prove the existence of one solution
under the additional assumption
T
A" t+5, —Xgy e =X 1=V X, -, XN

See Remark 1.2.

1. EXISTENCE OF SOLUTIONS

Let us consider the following system of ordinary differential equations
—mx; (O)=V, V(x (D), ..., xx()

x;(0)=x;(T) 1.1
x; (0)=x{(T)
where we assume
1
Vxe, - Xp)== z Vi (= xj); VD)
1<i#j<N

VUECZ (Rk\\{o}; R), Vij (x)=Vji (%),

V2
VISi#j<N, VxeRN\{0}; V2
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480 V. COTI ZELATI

V() > —w, VI<Ki#j<N. (V3)
&1 -0
Vixg, - .., x) <0, Vixg, o o., x) e (RON (V4)
N
We will also always assume m,>0, Vi and set M= Y m,.
i=1

We will say that a function X (1)=(x, (1), ..., x4 (©)eC? ([0, T}; (RHY)
is a non-collision solution of (1.1) if x; O #x;(1), Yi#j, Vte[0, T] and if
X (¢) solves (1.1).

We will say (following [3]) that X (£)=(x, (1), . . ., xx(£)) e H! (S%; (RY)Y)
is a generalized solution of (1.1) if, denoting by % the set

€={1€[0, T] such that x; (r)=x;(¢) for some i}

we have that:
(a) meas (%)=0;
b)) XO=(x,(0), ..., xx () solves

—mx; (=V Vi (0, ..., xn ),
Ve[, TNG;

(@ E=Y 2

Then we prove

X (O =V (x, (0, ..., xy(®) is constant in [0, TI\%.

Tueorem 1.1. — Suppose that V satisfies (V1-2-3-4). Then (1.1) has,
VT >0, infinitely many generalized solutions. Moreover if V, ; satisfies, ¥V i #],
the following Strong Force condition

FU;eCHRN{0}; R) such that U;j(x) —» + oo
Vi)=—|VU;®) ], YxeRN\{0}, xI_)’c([)small
then (1.1) has infinitely many non-collision solutions.
Proof. — We set
Q={(x;, ..., xn)eR*x ... xR such that x;#x;Vi#j},
A={X (0=, (®), ..., xy(D) such that XeH'(S; Q) },
AO—_-{XGA such that X<z+ :Zr—>= —X(z)}

and define f: A > R as

(SF)

fGy o x)=Y M

> JTlx,f(z)lzdz—JT V(x (), ..., xx(D)dr

It is easy to see that the critical points of f on A are non-collision
solutions of (1.1).

Annales de I"Institur Henri Poincaré - Analyse non linéaire



N-BODY TYPE PROBLEMS 481
Since V;;(x)=V;(x), we have that

1
V(=x, oo, —x)== > Vi(—x+x)
1=2i#j=N
1
== Z Vi (x;—x;)
2 1Zi#j<N
=V(x{, - .., Xn)s
hence one can easily check that the critical points of fa, are actually
critical points of f on A.
We now prove Theorem 1.1 in three steps.

Step 1. — V8>0 we modify V,; in B5(0) in such a way that the modified
potential V; satisfies (SF).
This can be done, for example, setting

V?j(x)= Vii— A (I D

where ¢, C®(R™; RY), 05(x)=0, VX235, ¢;(x)=1,Vx< g Then,

Vi ()< l;lf —|V log | x|

so that (SF) holds with U, (x)= —log|x]|.

. 1
Setting VP (xy, ..., x))== Y. V3(x;—x;) we define
1<i#j<N

2
>

v)x| <,
2

S5 (x4, ...,xN)='Z: %f |x;(z)‘2dz—f Ve (x, (), ..., xx(D)dL.

Clearly, no modification is necessary if V; already satisfies a (SF) condi-
tion.

Step 2. — Existence of a minimum for f;.
Let

c;=inf { f;(X) where Xe A, }.

Consider a minimizing sequence (X™)eA, such that f;(X™) — ¢;. Then,
for N large,

N T T
¥ % | ()| dt — f VeGP (1), ..., X® (1) dt <cg+e.
i=1 0

0
Since V(x{, ..., x®) <0, we deduce that

jTlxﬁ""(t)lzdt§M,

0 i
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482 V. COTI ZELATI
. T
Since xi(z+§>= —x;(#), we have that
1 T
x| =—|x({@)—x{t+—
x0]= |0 ( 2)]
1 t+(T/2)
=” x'(8)ds
21,
1 T t+(T/2) 1/2
<- = x'(s) | ds
2V 2 (J,

=£ { IT x' (1) |2 dt }1/2,
4 0

hence
T T
]]x|[fm§~J |x"())]2dr,  VxeA,,
16 J,
and we deduce, for the minimizing sequence X®=(x{", .. ., x)
[| % ||g2 < Const., V1<Zi<N, Vn sufficiently large.
This implies the existence of X°=(x}, ..., x}) with x¥eH!(S!; R¥),

¥ 1<i<N such that

x™ — x* weakly in H'(S}; RY), V1Zi<N

n=>+w

and

XMW —— x® in C°(SY; RY, VI<i<N.
n>+w
It is well known that from (SF) it follows that f(X™) —» + o for every
sequence (X®™) such that X® —— X weakly in H' and strongly in C° if

n—+w

XedA (see [7], [1]). This proves that X*eA,. Since f is weakly lower
semicontinuous, it immediately follows that X°e A, is a minimum for f;
on A,. Such a minimum is then a non-collision solution of (1.1) (with V3
replacing V). In particular we have proved that (1.1) has at least one
non-collision solution if (SF) is satisfied (in such a case V®=V),

STeEP 3. — 8§ 0.

Clearly ¢;<C, V¥ 8>0. This implies

T
||;§|1,§1gcj | (OPdi=C, VI<i<N, Vv8>0.
[¢]

Then, as before, X3 — x; weakly in H' and strongly in C°. We will show
80

that X=(x;, ..., xy) is a generalized solution of (1.1).
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In fact, set, Vi#j, ;= {1€[0, T] such that x;(r)=x;(¢) }. Then each
is a closed set and

X (@H—x3() - 0 on %, (uniformly).
8 —+0

Then, if meas €,;>0

T
¢=f(X%)2 —J V(R ()= x5 (1) dt » +oo,
0 6—+0
and we reach a contradiction which proves meas %;;=0, Vi#}.
Let = U %, Then meas ¥=0. Take Vn=1K,c[0, ]\%, K,
1<i#j=N
compact, U K,=[0, T\%, K,<K,,,. Let K,={X(?) such that reK,}.
nz1
Then, Vr=1K, is compact and K,<Q. Take a neighborhood U, of K,
such that the closure of U, is compact in Q. Then, V& sufficiently small
we have that A in CH(U,; R). Therefore
V. V@, .., xR(®) >V, V(X (1), ..., Xy(0) uniformly on K,. Since

—m;(x9)" ()=V V(3 (1), ..., XX (D)
we deduce that

X} - x; in C? on K,
50

and hence X ()= (x, (¥), . .., xx(f)) solves
—mx; (=V, V(x (0), ..., x5(0), VteK,

Since U K,=[0, T\ ¥ we have that X satisfies (a) and () of the defini-

nx1
tion of generalized solutions. (¢) follows noticing that

N

Es(t)s% S m| B OR+VEE @, ..., B@)

i=1
is a constant of the motion. Moreover, from

1

)

N
=1

E =l = =y _ m, T 2 (012 d
5 So(x1s oo XR) Ixi (t)l !
T 2 Jo

=

i

T
it follows, since f;(X® =c; and J |x¥(f)|>dt are bounded, that E; is
4]

bounded in R. We can then assume E; — E. It follows that,
§—-0
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484 V. COTI ZELATI

Vi, t,€[0, INF
N

Eot)=) T mlROF+VE, .. 5 (0)

= lim E;(¢,)
8—-0
= lim E;(¢,)
8->0
=E,(t)
and this proves X is a generalized. T-periodic solution of (1.1). We deduce
that, VT>0, (1.1) has at least one generalized solution X-.

To prove the existence of infinitely many T-periodic solutions we simply
remark that X; cannot be a constant solution of (1.1). Otherwise the

T
symmetry property XT<I+5>= — X1 (¢) would imply that X, =0, in con-
tradiction with the fact X; is a generalized solution. Then X, is a T-

periodic, non costant function. Let , k=1 be its minimal period.
k
. T .
Applying what proved above for T=m we find a solution Xy,

which is a e -periodic solution of (1.1). Since the problem is auton-

omous, such a solution is also a T-periodic solution. Iterating such a
procedure the theorem follows. O

Remark 1.2. — If V depends on time in a T-periodic fashion, satisfies
(V1-4) and

T
V<z+5, Xis - os xN>=V(t, Xis o v o5 XN)

then the same proof of Theorem 1.1 shows that one T-periodic solution
exists also for the non-autonomous system. []

2. ESTIMATES ON SIMULTANEOUS COLLISIONS

In this section we want to estimate the infimum of our functional on
the generalized solutions of (1.1) which are simultaneous collisions, where
by simultaneous collision solution we mean a generalized solution such
that it exists a r* [0, T] such that

xi(Z*)zxj(Z*)> VIgl’]éN

Annales de UInstitut Henri Poincaré - Analyse non linéaire



N-BODY TYPE PROBLEMS 485

Such an estimate will be deduced from an estimate on simultaneous
collisions for a potential V of the form

V(xl,...,xN)=—é Y

2 1simien [x— Xl

m;m;

We start by proving the following
LemMa 2.1. — Let X=(xq, ..., xp)) eR¥x ... x R*. Then

(Z mi mj)(z +a)/2

1 m; m; 1 i%j 1
5 — -2 2.1
2 1<i7jsN ng*lea—2(a+1)/2 M2 N /2 2.1
o (Z milxilz)
Proof:
. _a/2
Y mm=3 mym; %= ] S
i£j itj lx,-— jla/

§( > M>1/2< > mimjlxi—xj["‘)l/z
iz | XX i*j
< /2 VG ) (3 mm)® (S mymy| = g P

i*j i*j

—\/2 \/V (X1 - s X)) (Y mym)@ =04

itj

x(2M Zmilxilz—zlz mixilz)a/d'

S2TEME VG ) (Z mam) @7 ([

i#j

and the lemma follows. [
Let us introduce the following notation: we set, for X=(x, ..., xy)€A

N
1 T b T dt
(I)b(xl,..., E 2 ‘[ dt+5 Z J\

1<i#j=N Jo lxi(t)_xj(t)la
1 T +
and, for ReHg ([0, E:" R )
(Z mimj)(2-+-a)/2

M (T2 = T/2
¥, (R)= — J IR (1) > dt+ b iz J a
2, PG+ 12 M® s RQF

We also set

me=inf { @, (x,, . .., xy) such that (x, (9), . . ., xx(2))
is a simultaneous collision }

Vol. 7, n° 5-1990.



486 V. COTI ZELATI

Then the following lemma holds

LEMMA 2.2:

me22 inf{‘Pb(R) such that ReH} <[0, %:l, RJ“)}.

Proof. — Suppose X(£)=(x,, ..., Xy) €A, is a simultaneous collision.
Then, without loss of generality, we can assume that the simultaneous
collision occurs at 1=0, i.e. that x;(0)=x;(0) Vi, j. Set n=x;(0). Then,

T
since X € Ay, we have that xi<5>= -.
On the other hand

N
P()= Y mx()
i=1
is constant along solutions; this implies that
N
Z@= ) mx(0)
i=1

(which is a continuous function V ¢) has the form Z (1)=& 1+ &,. Since Z(?)
is T-periodic we must have £=0. Then

N

Eo=2(0)= Z m;x;(0)=Mn

i=1

and

which implies £,=Mn=0.
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T
Using Lemma 2.1 and the symmetry property X <t+ E)= —X() we
have that, VX eA,

N
¢>,,(x1,...,xN)=2{_z
b
2

dt

§§ J 0~ x<t>|}

ey

( Z m;m )(2+a)/2

+ i#j T2 dt
2(a+ 1)/2 Ma/2 o ( N )u/Z

m;
2

[u

+

dt

M zn/\

Z milxi(t)lz

i=1
N
Setting now MR (1)?>= Y m;|x;(r)|* we have, since X is a simultaneous
i=1

from

N
T
collision, that Re H} ([O, E:|’ R*) and that MR’ (1) <) m
1

which the lemma follows. [
Using the methods of [6] it is possible to give a more explicit estimate
of

0, (o, b)=inf {‘{’b (R) such that ReH} (l:O, ;]’ R*) }

In fact if follows from [6], section 2, that
0, (o, 5)20, (o, b)

where
( Z m.mj)(2+a)/2
b i 1
= 1 2 2 ' J ——
0, (a, b) T;n;,l {m MR?+ e o e R“} (2.2)
hence
2
0, (a, b)=<1+;> MR2@?T (2.3)
where

2+a)/2

ab (Y, mm)E*te
i#j

2(6+a)/2M1+a0)2

R2*o= 2.4

Vol. 7, n® 5-1990.
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Remark 2.3. — In the paper [6] it is also proved that

— e0 (Cl, b)
e1 (as b)
is a lower semicontinuous function with values in [1, + oo] such that
I.o()=1;
2. l<o()< + o0, Vax>1;
3. p(@)=+to0, Va2,
To sumarize the results of this section, we can state the following

o ()

ProrosiTioN 2.4, — Suppose
b R
V(xl’---st)é_E — . (V5)

Then

Inf {f (X) such that X is a simultaneous collision }
226, (x, )220, (o, b).

3. EXISTENCE OF SOLUTIONS WHICH ARE NOT
SIMULTANEOUS COLLISIONS

In this section we will prove that, under suitable assumptions of V,
inf {f (X)|XeA, }<inf {f(X)|X is a simultaneous collision solution }

and from this it will follow that the generalized solution found via
Theorem 2.1 is not a simultaneous collision.
Let us first of all estimate the infirmum of fon A,,.

Lemma 3.1. — Suppose
N (V6)
2 1<i#jsN \xi—xj‘a

Then, denoting by X, one of the solution found via Theorem 1.1, we have
that

2\ R3o*T
f(XO)§<l+a> ZM G (my, ..., nmy)
where
R*2= aaM p(a,ml,...,mN)’ 3.2)

22w’ o (my, ..., my)

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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pla,my,....md= 3 MJMJ— (3.3)
151% 5N (i
n —_—
and
- . 2 T (i—))
o (my,...,m)= Y  mm;sin? ——= (3.4
15i%jgN N

Proof. ~ Take &, neR* such that | |*=|n|*=1, (§, n)=0 and define
2mi 1 2wl
X (=R cos|wt+ — — ) mycos{ot+ —-
“ {é[ ( N>M§' < N)]
+n l:sin (cot+ EE)-— —Z m, sin (cot+ 2—“):”
N M T N

where R e R is to be determined. Then

iﬁ T| () de= <M———mecos “(i"’))RZmZT
i=1 2 Jo M N

n(i—))

N

while
2. 2 gin? n(i J)
|%,(n—x;(D]*=4R N

This implies

—V & @), .., E()S S y m;m;

2 15i%jsN lx(t) X; (’)!
a m;m;

= o Tany
21+uRu Lgiti<N " T (l"j) o
N
We deduce that, VR >0
- - RZw?*T aT
f(@y, .., XS cy(ml,...,mN)+Wp(a,m1,...,mN).

Minimizing the right hand side, we find
RIw?T

f(fl,...,xN)g(HE)
o

o (my,...,my

Vol. 7, n® 5-1990.



490 V. COTI ZELATI

where

aaM p (o, my, ..., my

Ra+2=
2 2+a .2 :
227w o (my, ..., my)

Now, let X, be the (generalized) solution of equation (1.1) which we
have denoted X in the proof of Theorem 1.1. Then X,= lim Xj. Since
8§—-0

f3 (Xs)=min {f;(X) such that XeA,}
we have that

fs Ko =1 (X).
Since Vy=V outside a 8-neighborhood of the singularity set, we have that
fsXe) <5 X)=f (X).
On the other hand it follows from the lower semi-continuity of f that
 (Xo)<lim inf £ (X;) <lim inf f; (X;) </ (X)

50 50
and the lemma follows. [J
Setting

20 ( Z m; mj)(z +a)/2
1Zi#jEN
= 3.5
p' p(aa mla'"9mN)c(m13"~’mN)a/2 ( )

W€ €an now prove

THEOREM 3.3. — Suppose that (V 1-6) hold and that

p>1. (3.6)
Then, if

lIA

ol R
lIA

" (3.7)

(1.1) has, for every T>0, at least one T-periodic solution which is not a
simultaneous collision solution.

Proof. — Take X, to be one of the solutions of (1.1) for which
Lemma 3.1 hold. Suppose that X, is a simultaneous collision solution.
Then from Proposition 2.4 it follows that

20, (o, ) =<1 (Xo)-
On the other hand from Lemma 3.1 we deduce that
2 > RZ@2T

f(Xo)é(H-
o

oc(m,...,my

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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where R, is given by (3.2). This implies

2 2 .2
26, (0, b)§(1+—) Ry’ T
o

IRZ<R2 oc(my,...,my

which reduces to

2«(2 m.mv)(2+a)/2
P
l_l > i#j

= b
b p(a9 m15"-;mN)c(ml,"'amN)a/Z

contradiction which proves the theorem. [

Remark 3.4. — Theorem 3.3 states that among the functions satisfying
T .. .
the symmetry property X ( 1+ 2—)= —X (—1), the total collisions solutions

of (1.1) have action (i.e. value of the functional), greater than the one of
a particular planar and uniformly rotating function, provided V satisfies
condition (3.7). We remark that our condition (3.7) is not, in general,
optimal. In fact we know that it exists a planar and uniformly rotating

solution of (1.1), with V(€)= "|7,& m;

or equal than the one of our test funtion X (coinciding with it when all
the masses are equal). Moreover we do not know if our estimate on the
minimum of f on A, could be improved considering particular non-planar
solutions. Such a problem seems interesting since it could indicate the
existence of periodic, non-planar solutions. Another remark concerns the
estimates on simultaneous collisions. While such an estimate proves to be
optimal (in the sense that we can construct solutions whose action is equal
to the estimated ones) for N=3 and k=2, it becomes less and less precise
for k fixed as N increases.

One can check that condition (3.6) holds for a large class of choices of
masses and o (even if not for all). For example, if m;=m; Vi, j, we have
that p>1 for all values of N <68. Moreover, p increases the more different
the masses are. For example, for N=16, we have that, if m;=1, then
pu=1.39, while, if m;=1, then p~1.43 and, if m;=¢, then px~1.64. [

, for which the value of ®, is smaller
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