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ABsTRACT. — Given a Lipschitz continuous function H : R"*! - R we
construct hypersurfaces in R"*! with prescribed mean curvature H which
satisfy a Plateau boundary condition provided the mean curvature function
H satisfies a certain isoperimetric condition. For n<6 these surfaces are
free from interior singularities.
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H : R"*! 5 R, nous construisons des hyper-surfaces dans R"*! avec une
courbure moyenne imposée H qui satisfait une condition frontiére de
Plateau pourvu que la fonction de courbure moyenne H satisfasse une
certaine condition isopérimétrique. Pour n<6, ces surfaces n’ont pas de
singularités intérieures.
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192 F. DUZAAR

1. INTRODUCTION

The motivation for our work originates from the following problem:
Given a C? domain G in R"*!, a nontrivial n— 1 dimensional boundary
B in G and a continuous function H : G - R, does there exist an n
dimensional hypersurface in G with boundary B and prescribed mean
curvature H? In the context of 2 dimensional parametric surfaces in R?
this problem —know as Plateau’s problem for surfaces of prescribed mean
curvature —was studied by various authors (see [Stl] for a list of refer-
ences). To treat the higher dimensional situation we work in the setting
of geometric measure theory, i.e., B#0 is a closed rectifiable n—1 current
with spt (B)= G and #"(spt (B))=0 and Z (B; G) — the class of admissible
currents —is the set of all locally rectifiable integer multiplicity »n currents
T in R"*! with finite mass M (T), support spt(T)cG and boundary
0T =B. We say that Te % (B; G) solves the mean curvature problem for H
and B in G, if T safisties

(1.1) j(Dg.PT+H*T.g)d]|T||=0

for all ge C5(R"*!, R**1) with spt(g) N spt(B)= . Here
AR RO

denotes the usual isomorphism defined by the standard volume form
dx; A ...Adx,,, Pyr(x)eHom(R"**, R"*') stands for the orthogonal
projection on the subspace associated with the simple n vector Te A, R"*!
and Dg.P,=trace (DgP%) is the usual inner product in Hom (R**!, R"*1).
Our convention is that the mean curvature of an oriented hypersurface is
the sum of its principal curvatures not the arithmetic mean.

Oriented frontiers (boundaries of sets of finite perimeter) with prescribed
mean curvature were treated by Massari [Ma]. However, in this context
one cannot solve boundary value problems for hypersurfaces with prescri-
bed mean curvature everywhere in R"*!,

The first successful treatment of the above mean curvature problem in
the setting of geometric measure theory and H#0 is due to Duzaar and
Fuchs [DF1]. They proved that the problem can be solved for H and B
in the open ball B(R) of radius R if

n+1 n
(1.2) ]| Lo (B(R»<—i—, lH(x)|<E for xedB(R).

In [DF2], [DF3] and [DF4] they also showed solvability of the mean
curvature problem for H and B in R**! provided

"o,
1.3 Hll; o gn < —Lﬂ,
(1.3) | H [ gn+1y ”\/2AB

Annales de I'Institut Henri Poincaré - Analyse non linéaire



PRESCRIBED MEAN CURVATURE SURFACES 193

where Ay denotes the area of a mass minimizing current with boundary
B and a,,,=%""'(B(1)). Assuming (1.3) they also solved the problem
in a bounded C? domain in R"*! under an additional assumption relating
the mean curvature of G to the prescribed mean curvature H.

The present paper originates from an attempt to generalize the results
of Steffen [Stl], [St2] to the higher dimensional case. Our main result
reads as follows: Let G be a C?> domain in R"*! such that 0G has
nonnegative mean curvature 3 ,g. Suppose furthermore that B is a closed
rectifiable n— 1 current with spt(B)c G, # (B; G)# & and #" (spt(B))=0
and that H : G - R is continuous with

(1.4) [Hx)|S#,5(x) for xedG.

Then there exists a current T e % (B; G) with prescribed mean curvature H
on R** '\ spt (B) provided one of the following conditions is satisfied:

1/(n+1) 1
1) [J‘ |H‘n+ldgn+1j| <
G Yn+1

2) supI:J |H(z, t)|"d,££"(z)]1/n<l
Gy Y

teR n

3) sup[s"*! £ ({xeG : |H(x)|gs})]”"‘+”<n":7a,,+1
s>0

4 sup [ 2"({z€G,: |HE 9)|zs D" <= 1) [fa,
s>o,teR

(Here G, :={zeR": (z, )€ G} and v, denotes the optimal isoperimetric

constant (1+1) " Ja,,.)

We now briefly describe the proof of our main theorem and the organiz-
ation of this paper. In section 2 we define an energy functional E,(T)
having the property that the first variation 8E,4 (T, g) with respect to
Ci(R**1, R"*1) vector fields g with spt(g) N spt(B)= & is given by

S Ey (T, g)=J(Dg-PT+H *T.g)d| T|,

and then study the following obstacle problem: Minimize the energy func-
tional in & (F; G). In theorem 2.1 we prove the existence of an energy
minimizing current in & (B; G), provided H satisfies a certain isoperimetric
condition (for the details we refer the reader to section 2). In theorem 3.4
we show for minimizing currents Te % (B; G), that the first variation
SE,4 (T, .): C{(Q, R"*1) > R, with Q :=R"* "\ spt(B), is represented by
integration, i.e. we have

5K, (T, g)=j e vAd||T|
Q
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194 F. DUZAAR

whenever geCg(Q, R**"). Here A : Q> R is a || T|| almost unique || T||
measurable function with support in spt(T) N dG. Moreover, for | T||
almost all xespt(T) M oG we have

0=SA)=HE)*T.v(x) = Ho6(x)".

Then, in corollary 3.5 we show that (1.4) is a sufficient condition for the
vanishing of A, so that T has in the distributional sense mean curvature
H on Q=R"""\spt (B). For He L* (G) a standard monotonicity formula
enables us to deduce compactness of spt (T) (see corollary 3.7). In section
4 we define locally energy minimizing currents on B (a, R). Decomposing
a locally energy minimizing current locally into a sum of boundaries of
sets of finite perimeter we can use the regularity result of Massari [Ma]
to conclude the following optimal regularity theorem: Suppose
H :B(a, R) > R is locally Lipschitz continuous and T is locally energy
minimizing on B(a, R), then Reg(T) is a C** submanifold in R**', for
every 0<pu<l1, on which T has mean curvature H and locally constant
integer multiplicity. Moreover, the singular set Sing(T) is empty for n<6,
locally finite for n="1 and of Hausdorff dimension at most n—"1 for n>8.
Let me thank K. Steffen for many stimulating discussions.

2. NOTATIONS AND EXISTENCE OF ENERGY MINIMIZING
CURRENTS

B (a, p) will denote the open ball with center a and radius p; in case a=0
we write B(p) instead of B(0, p). We shall frequently use the formalism of
currents, for which we refer to [Fe], Chap. 4 or [Si], Chap. 6. In the
following I, (R"* ')~ the class of integral k currents—will be the class of
all locally rectifiable integer multiplicity k& currents in R"*! with
M(T)+M(dT)< o (such currents would be called “locally integral cur-
rents of finite mass and finite boundary mass™ in the terminology of [Fe]).
For a closed set KcR"*! let [,(K) be the class of integral k currents
with support in K. The only assumption on the boundary Bel" ! (K)
(always #0) in this section is that B bounds an integral n current T, el (K).
Corresponding to a fixed boundary B we shall use the notation
Z (B; K) :={Tel,(K): dT=B} for the class of admissible currents with
boundary B. For two integral currents S, Tel,(R"*?!) with 6(T—S)=0
let Qg 1 be the unique n+1 current with finite mass and boundary S—T.
Since Qg is a current in the top dimension there exists an unique
integrable function g ; : R"*! — Z such that

Qs,r((P)=<E"+1 L es,T; (P>=J Hes,'r‘P for (PGQMI(R"H)
Rn
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PRESCRIBED MEAN CURVATURE SURFACES 195

and

M(Q;, T)=J‘ 1‘|95,T|d$"+1-
Rn+

Note that in view of
S—T)(xg)=(E""' L 6, T)(d*g)_;JQS, rdivgd "1
the total variation of 85 r equals the boundary mass E** 'L O q, i,

M@E™ 'L 8 )=  sup fes,Tdivgdy"“,
gec(l) R Rn+l),
llgllLrs1

so that 85 ; is of bounded variation. The isoperimetric inequality [Fe],
4.5.9, (31), applied to the locally normal current E"*' L 85 ; implies

4 n/(n+1) n/(n+ 1)
[J IBS,T_c‘dgn+1:| [j |65,T—c|1+1/nd$n+lj|
IR"+1 Rn+l

SVt M(aQs )

with an unique integer ce Z. Note that in view of 05 y—ceZ the first
inequality is trivial. Here y,,, :=(n+1)"1y, """ denotes the optimal
isoperimetric constant. Combining this with the fact 85 ;eL'(R"*!) we
infer that ¢=0, and hence 65 ye L' (R"*") N L' *'"*(R"*") with

fin+ 1)
2.1 I:J +1|es,T|1Hmdg"H]ﬂ SYur 1t M(S-T).
Rn

Now, let H : R"*! » R be a measurable function. Then, for two integral
n currents S, Tel, (R**!) with 8(S—T)=0 and 65 yHeL'(R"*!) we
define the H-volume enclosed by S—T as the quantity

IA

VyuS, 1) :=J‘ 0s fHde" 1.
R" +1

Now, fix some T,e# (B;K). Then, for Te# (B;K) with

0y, 1, HeL! (R"*") the energy functional Ey (T) is defined by

Ey(T) :=M(T)+Vyu(T, T0)=M(T)+J

Rr"

Oy, 1 HdL" .
+1

Motivated by the work of Steffen [St2] we consider a functional pu which
associates to every measurable function H :R"*! - R an extended real
number p(H)€[0, oo] satisfying the conditions

pE)=p(H) and |H||A| = p(H)sp(H).

Vol. 10, n° 2-1993.



196 F. DUZAAR

Examples of functionals p we actually work with are

1 1/(n+1)
)J‘(H):= [J}H|n+1dgn+1]

Yn+1

and

1 tn+1 1/(n+1)
p(H) :=- sup[——g"“({x:{H(x)lgt})] .

not>0] Oyyy

Tueorem 2.1. — If KcRcR"™! are closed sets, R"*'\K has no
component of finite measure and the isoperimetric condition

2.2) Sp(H)M@E™! L A))

j' Hd$n+1
A

holds whenever A <K is a set of finite perimeter and H : K — R is measura-
ble, then the following assertions are true:
(D) If H: R"*' 5> R is measurable and p(H)< o, then the H-volume
Vyu (S, T) is defined for all integral n currents S, Tel, (K) with 8(S—T)=0.
() IfH : R"*! - R is measurable, 0Sp(H)<1 and

inf pH-H)=0,

ﬁ eL® (R" + 1)
then the variational problem
E,(T) > min among all TeF (B; K)

has a solution, provided B is a closed rectifiable n—1 current in R"*! with
spt(B)cK and # (B; K)# .

Proof. — (1) follows along the lines of [St2], Thm. 1.2, (i). For
convenience of the reader we give the proof. First, we show that

J‘ fHd¥"*?! exists for every function feL!*'"(R"*') of bounded
Rn+1

variation with spt(f)cK. In case f=0 we find using Fubini’s theorem
that

j f|H|d$"”=J j IH ()| d2*! (x) d2™ (1)
& 0 Jirzy
Observing that for #* almost all #>0 the sets A,:={xeK : f(x)=¢} are

sets of finite perimeter (because feL'*!/" is of bounded variation) we
apply the isoperimetric condition with A, H replaced by A,, |H| to obtain

J~f|H|dg"+1gu(H)rM(a(E"“ L A)dZ ().
K

0
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PRESCRIBED MEAN CURVATURE SURFACES 197
Noting that
JCDM(Z)(E"’rl L A)dZ ()=M@E"** L))
by [Fe], 4.5. 9? (13) we conclude
ﬁf|H|d3"“§u(H)M(a(E"“ L f))-
K

To treat the general case we observe that if f is of bounded variation, so
are f* :=max(f, 0) and f ~:=f"* —f. Using

M@E™ L fF)+M@E™' L f7)=M@E""' L f))
(see [Fe], 4.5.9, (13) again) we find

2.3) ﬁfHd;Z’"“

éJ\~f+|H|d$n+l+J~f~‘H|d$n+l

Sp(EME@E™! L ).

We use this to prove the assertions of (1). From the constancy theorem
[Fe], 4.1.7 it follows that every integral n+ 1 current Qel,, ; (R**?!) with
spt (0Q)<=K has support in K, i.e., Qel, ., (K). Hence, for two integral
n currents S, Tel, (K) with (S—T)=0 the multiplicity function 05, r has
support in K [note that spt (85, ;)=spt(Qs r)<=K]. Since 05 yeL**'" is
of bounded variation, we infer from (2. 3) the existence of V4 (S, T).
Now, we come to the proof of (2). From the isoperimetric inequality
(2.3) and the assumption 0<p (H) <1 it follows for all Te % (B; K) that
2.4 E;(Mz=M((T)— J O 1, HdZ"*!

K
>M(T)- R E)M(T-T,)
Z(1-pH)M(T)—p(H)M(T,)

2 — p(H)M(T,).
Assured by (2.4) that E,: 7 (B; K)->R is bounded below and
Z (B; G)# I by hypothesis we can define

—wo<B:= inf Ey(S)
Se # (BK)

and choose a minimizing sequence { T, } =% (B; K), i.e., p= lim E(T)).
k = o
W.lo.g. we may assume that E,(T,)<f+1 for all k. Recalling the
assumption 0 <p (H)<1 we deduce from (2.4) the uniform mass bound
1+B+p(E)M(T,) _.

1—p(H)

2.5) M(Ty)< ¢y <00.

Vol. 10, n° 2-1993.



198 F. DUZAAR

Applying the compactness theorem for integer multiplicity rectifiable cur-
rents we infer the existence of an integral n current Te # (B; K) and a
subsequence {T, } (w.lo.g.k’'=k) such that T, > T weakly. Next, we
define Q,=E"*'L 0, :=Qy, 1,€0,4+,(K). Then, from (2.1) with 6 o,
S—T replaced by 6,, T,— T, we conclude that

M (Qk)"/(n+ 1)§'Yn+1 M(T,—Ty) =7, 41 (¢, +M(Ty)).

Hence, by the BV-compactness theorem there exists an integral current
Q=E"*!'L 0el,,,(K) and a subsequence, again denoted by {Q,}, such
that 6, —» 0 in LL_(R"*1). Since we also know that T, — T we easily deduce
that Q=E”*! |_ @ is the unique n+ 1 current of finite mass with boundary
T-T,.

Recalling the assumption that H can be p approximated by bounded
functions, i.e., inf  pH-HA)=0, we find a sequence

HeL® @®"1)

{Hi}cLoo (Rn+1)

such that p(H—H;) » 0. We may assume that |H,;|<|H]| for all i. Then,
from the isoperimetric inequality (2.3) we infer that
v J H-H)0d"* | <p(H-H,)M@E""' L 6))>0

K

as i — oo uniformly on {Qel,,, (K) : M(6Q)<M } for every M >0. This
implies in particular that

(2.6) |Ey(S)—Ey,(S)|=

J H-H)6g r d"*?
K

SH(H-HM(S-To) -0

uniformly on & (B; K)N {S: M(S)sM }.

Now, let p>0. From slicing [Fe], 4.3.6, 4.2.1, with u(x)=| x| we infer
for #! almost all r=0 that {(Q,;r)el,(R""") for all k and that
spt({ Q,; r ) =dB(r) N K. Assured by [Fe], 4.2.1 that

*2p
j MQq r)+MEQ; r )AL ()

SMQ, L {p<u<2pD+M@QL {p<u<2p})
SM(Q)+supM(Q)=: ¢, <0

121

we obtain using Fatou’s lemma

k> o

f (M ((Q; ry)+lim infM({ Qy; 7 >>) A% (D <ey
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PRESCRIBED MEAN CURVATURE SURFACES 199

and find a number p <r <2 p which has the property
2.7) M((Q; r))+lim infM((Qqu r) 2.
k- o p

Once more we replace our sequences by subsequences (depending on r) to
assure that for all ke N

2¢c,
p

2.8 M(EKQg r)=

For fixed i we decompose
Ey, (T)=M(T, L B(N)+{ QL B(r); o;)
+M(T, L {u2rD+{Q. L {u=r} o),

where o; denotes the bounded measurable 7+ 1 form H;dx, A ... Adx, ..
Observing that Q,€l, ., (K) and

QL {u2r})=0Q, L {u2r}—{Qu r)=(T,—To) L {uzr}—{Qsr)
we can apply the isoperimetric inequality (2.1) to estimate
QL {uzr}; o) |SRE)M@Q, L {uzr})
SpH)M (T, —To) L {uzrD+ME Qg r )]
Since p(H)<u(H) <1 it follows that
Ey (TOZM(T, L B(r)+<{ QL B(); 0; ) —p(H)M(KQy r))
+(A—pH)M(T, L {uzr})—p(H)M(T, L {uzr})

_>__M(TkLB(r))+j O H,domt — 262
< P

KnB(r)

~M(T, L {uzr}),

because M({Q,,; r»)<2¢,/p by (2.8). From the preceding estimate, the
lower semicontinuity of mass with respect to weak convergence and the
convergence 8, — 0 in LL_(R"*!) we get
lim infEy (T)2M(T L B(r))+f 6Hid$"“—-2&
KnB (r) p
—M(T, L {ugr})=EHi(T)—M(T L {ugr})—M(To L {ugr})
+{QL {uzr} o) 23_2
p

Using once more the isoperimetric inequality (2.3), p(H)<p(H) and
(2.7) we find that

k = o

KQL {uzr}; w.->|§u<H)[M(<T—T0)L {ugr})ﬁﬂ.

Vol. 10, n°® 2-1993.



200 F. DUZAAR

Combining the last two estimates we get

(2.9) lim infEy (T,) 2 Ey, (T)—2M(T L {u2r})

k= oo

SIM(T, L {uzr))—22.
p

-~ In view of (2.5) we may apply (2.6) with
M={T}U{T ken=Z (B; K)
to obtain
|Eg, (S)—Ex(S)|[Sp((H—H,]) (c; +M(Tp)=: 1; >0
uniformly on .#. This implies (note that p<r<2p)
B=1lim infEy(T)2E,(T)—2M(TL {u=p})

k= o

“OM(T, L {uzp})—2p— 222,
P

Letting p — o0, i > o0 we then have

E (T)=p= inf Ey(S),

Se Z (BK)

which shows (2) as required. O

Remark 2.2. — From the proof of theorem 2.1 it is obvious that in
case HeL® (R"*!) with 0<p(H) <1 we need not require p approximabil-
ity of H by bounded functions, because the arguments leading to (2.9)
remain true, if we replace H; by H (note that now

J GkHdz"*‘—»j OHJ4dy"*?
RaB® KnB®

since HeL (R"**) and 6, — 6 in L},,).
The following indecomposability property of minimizing currents is an
immediate consequence of the isoperimetric condition and the assumption

0spH)<I.

LeMMA 2.3. — Suppose that the hypotheses of theorem 2.1 part (2) are
satisfied, in particular (2.2) holds with w(H) < 1. Then, each energy minimiz-

ing current Te & (B; K) is indecomposable, i. e., there exist no closed current
R in K with

(2.10) R#0 and M((T)=M(T-R)+M(R).
Proof. — Assuming the statement false we find R #0 with J0R=0 and
(2.10). Then, the isoperimetric inequality (2.3) applied to R and (2.10)

Annales de !'Institut Henri Poincaré - Analyse non linéaire



PRESCRIBED MEAN CURVATURE SURFACES 201
imply

E,(T)=M(T-R)+M(R)+ V4 (T—R, T0)+J9RHd$"“

_>__EH(T—R)+M(R)—U9RHd$”“l
2Ey(T-R)+(1-pH)MR)>E,(T-R),

contradicting the minimizing property of T. O
In order to apply our existence theorem to certain functionals p we
recall the following result of Steffen (see [St2]).

PROPOSITION 2.4. — Assume that p is one of the following functionals:

1 1/(n+1)
@.11) w(H) ;= U |H|"“d££"“]]
Yn+1LJrrt1
1 Py 1/n+1)
2.12) p(H):=- sup[ °?"”“%{xelR"“:|H(x)|gs})]
n s>o0 Gn+1
1/n
(2.13) pn(H) :=sup l[J‘ |H(z, t)l"a',?":l
teR YplLJRr"

(2.14) p(H): ! sup [S—"sz"({zege":|H(z,z)|gs})]1/".

n—1 temr,s>o0la,

If H: R"*' SR is measurable with w(H)<oo, then the isoperimetric
inequality

Su(HME@E L A))

f Hd$n+1
A

holds whenever AcR"*! is a set of finite perimeter.

3. THE VARIATIONAL EQUATION AND APPLICATIONS

In this section we assume that K is the closure of a C? domain G in
R"*! and that H: G - R is a continuous function. We extend H to a
function on R"*! by H(x)=0 for x¢ G and assume that the energy
functional Ey is defined on % (B; G). Moreover, we suppose that the
variational problem E(T) - min among all Te % (B; G) has a solution.
To derive the variational equation for an energy minimizing current T in
Z (B; G), we consider variations of the form T,:=®,, T where
®: RxR"*! - R"*! denotes the flow of a compactly supported C! vector-
field g with spt(g) N spt(B)= . For our obstacle problem it is natural
to require that spt(®,, T)=G. This will be the case, if the variational

Vol. 10, n® 2-1993.



202 F. DUZAAR

vectorfield satisfies one of the following admissibility conditions:

(1) g.v=0 on 0G (v denoting the inner unit normal vectorfield on 0G);
then ®,, Te # (B; G) for all teR.

(2) g.v=0 on 0G; then ®,, Te # (B; G) for all 120.
The first variation of mass is given by (see [AW], 4.1)

d d
(B.1)  SM(T, &) =—M(®,, T),-o=— || (A, DD)T|d|| T||
dt dt|o

=ng.PTd|]T||.

To compute the first variation of the volume functional with respect to
admissible variational vectorfields we proceed as follows: Let Q be the
unique n+1 current of finite mass with boundary T—-T, and
Q,:=Q+®, ([0, ] xT). Then, the homotopy formula ([Fe], 4.1.9)

implies
0Q,=0Q+®,, T-T—-®,([0, {]xB)=,,T—T,,
because g, o, gy = 0. In particular, we see that Q, is the unique n+1 current

of finite mass with boundary ®,, T—T, The multiplicity function
00, 1,1, associated with Q, is of the form 61 1+ 8, 1 1.

In view of 6;; HeL'(R"*') and 6, rHeL'(R""") (because

spt (Bg, .1, 1) =spt @, ([0, 7] X T)=spt(g) and HeL (R"* 1)) we find for
the H-volume enclosed by ®,, T—T, the formula

Vu(®,, T, To)=Vyu(T, To)+je¢t#T,THd3n+1
=Vu(T, To)+je¢,#r,TH¢d$n+l’

where @ is a function in C3(R"**) with ¢ =1 in a neighborhood of spt(g).
Now we approximate H ¢ by a sequence { H; } =CJ (R**') such that

sup|H;|<£C<o0 and  H(x)¢(x)= lim H;(x)

iz1 i—>
for every xe R**!, Then,

IelPt#T,THi‘écle(pt#T,TIELl (Rn+1)'
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Hence, by the dominated convergence theorem and [Fe}, 4.1.9, we obtain

Jed’t#T,TH(pdg"+1 = lim JVGQt#T,TH,'dg"*'I

i—

= lim {®, ([0, x T); o;)

t
= lim J‘f fi(s, x)dsd|| T|| (x),
i— o 0
where o; :=H;dx, A ... Adx,,, and
ﬁ (S3 )C) = < mi ((I)s (X)), (i)s (x) A (An D(Ds (X)) T (X) >
Denoting by f the integrand corresponding to
op(@:=Hdx A ... Adx,, )

we find f; (s, x) = f (s, x) as i > oo for || T|| almost all xe R"** and s€[0, 1.
Furthermore

fiGs x)lgcngan[ sup |D®s<x>v\}"

fol=1

=: C|lg||L= DO, () [|"<C]l ]| L~ exp[ns|| De || =]

Using once more the dominated convergence theorem we infer

lim f J L, 0dsden (x)=th {(@w) (@,); b, A (A, DDYT ) dsd||T||
0 0

=Ht<m(®s);¢s/\(Anchs)T>dsd||T||,
0

because @ gy (= 1. Therefore
(3.2) Vu(@,T, To)=Vu(T, Ty)
t
+” (@ (®,); ®,A (A, DOYT Y dsd|| T
]
If geCy (R, R"*1) satisfies the admissibility condition (1) we see that

the function Ras— o (®,(x))e A"t R"*! is continuous for every xeG.
Thus,

I t
p f (@ (@,(x)); &, (x) A (A, DO, (0)) T (x) ) ds - { @ (x); g () AT (%))
0

as t—0 for || T| almost all xeR"*! (note that spt(T)=G), and from
(3.2) we obtain

i 1
lim -[V4(@,T, To>—VH<T,To)]=f<m; gAT)d||T|,

t-0 ¢
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which in view of (3.1) implies

3.3 %EH((I),#T),,=O=J(Dg.PT+H*T.g)dHTH.

If g satisfies the admissibility condition (2), we deduce similarly that

3.4 1i1no1 %[EH((I),# T)—EH(T)]=J(Dg.PT+H *T.g)d|T|.

Remark 3.1. — Equation (3.3) [resp. (3.4)] remains true for locally
bounded Baire functions H : G — R which are continuous except on a set
of vanishing n dimensional Hausdorff measure.

Motivated by (3.3) and (3.4) we define a linear functional
SEL(T, .): C{(Q,R"H) >R,
where Q :=R"* !\ spt (B), called the first variation of Ey at T by letting

SEy (T, ) .'=j(Dg.PT+H*T.g)dl|T||.

LemMA 3.2. — Let T be energy minimizing in % (B; G) and spt (B) #G.
Then the following statements are true:

(1) 8EL(T, g)=0 for all geC{(R"*!, R**') with spt(g) N spt(B)=
and g.v=0 on 0G.

(2) 8EL(T, )20 for all geC3(R* !, R**Y) with spt(g) N spt(B)=
and g.v=0 on 0G.

Proof. — Since spt(B)#G by hypothesis, the class of admissible vector-
fields ge CL(R"*!, R"*') with spt(g) N spt(B)=F is nonempty. In case
spt(g) N spt (T)# F the conclusions of (1) [resp. (2)] follow from (3.3)
[resp. (3.4)]. O

Now, C! vectorfields N on R"*! with N=v along 4G lead us to the
following lemma.

LeMMA 3.3. — Assume T is energy minimizing in % (B; G) and
spt (B)#G. Then the following statements hold:

(1) There exists a positive Radon measure A on Q :=R"* !\ spt (B) such
that for any @€ C} (Q):

Q

(2) A is independent of the extension N of v.
(3) For A we have the estimate

0SAS|| T L Log oo (H*T.v=—5#,0)
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Here # , denotes the mean curvature of 0G with respect to the interior
unit normal v.

Proof. — Let e C}(Q), =0. Then, g :=¢ N is admissible and
SE4(T, oN)20

by lemma 3.2, (2). Thus, there exists a positive Radon measure on Q
such that

3.5 SE, (T, (pN)=J @d\ for all eC}(Q).
Q

Replacing N, A by N, X in (3.5) (N denoting a C! extension of v to R"*!
with N #N) we find

OEy (T, (P(N—N))=J wdh“J @ dh.
Q Q

Since g : =@ (N —N) vanishes on 0G, we know that SE4 (T, ¢ N—N))=0
by lemma 3.1, (1). Hence, A =X, which proves (2).

Now, we come to the proof of (3). Let @ be an arbitrary nonnegative
Cl(Q) function. Since G is a C? domain, there exists a C* function
p:R"*! 5 R with p=0on G, p<0 on R"*'\G, p>0on G and Vp+#0
on dG. Choose R >0 with spt(¢) =B(R) and t,>0 such that |V p(x)|>0
for every xe{|p|<21,} NB(Q2R). Next, choose 9eC'(R, R,) with
8()=1 for t=1/2, 3()=0 for t=1 and ¥ (1)<0 for all reR, let
9, (¢) :=9(¢/¢) for £>0 and define for 0 <t<1(;

\Y
srm)V—g on BR)N{|p|<t}

Vol
N =
: 0 on B R)NG)\{|p|<t}

v on G\ B(R).

By N, denote an arbitrary C* extension of 4", to R***. Then, for ||T||
almost all xeR"*! we have

P (x). DA (x)=(3;°p) (x) [¢ (x) D (x) . P (x) + V p (x) . (P (x) n(x))]
+(8p) )| Vp ()| Pr(0)n(x)|?,

where n=V p/|Vp|. In view of 9,<0, we get
J ¢ﬁ§f91(p)[¢(Dn.PT+H*T.n)+V(p. ®yn)]d||T].
Q

Since the left hand side of the preceding inequality is independent of =,
we can pass to the limit t|0. Noting that 3. (p(x)) = 1;,<0,(x) as t|0
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and spt(T) =G, we obtain with the dominated convergence theorem
(3.6) J (pd)»g‘[lm[cp (Dn.Pr+H*T.n)+Ve.(Pyn)]d| T|.

Q

Using the fact that Tan(||T||, x)=T,0G for ||T|| almost all
xespt(T) N G we find Py (x)n(x)=0 and

[Dr (x). Pp(x)]n(x)= — # 56 (x)
a.e. on spt(T) M 0G and hence, (3.6) becomes

f(paxgjlac,(p(n*T.v—xm)d“TH,
Q

which implies the desired estimate for A. [

From lemma 3.3 we next derive a variational equation for vectorfields
2eCy(Q, R**1). For this we fix some C! extension N of v and cover
spt(g) by finitely many open sets U with UNspt(B)=¢F. In case
UNoG# we assume that U is carrying an orthogonal frame
X, ..., X,, N of C! vectorfields. Choosing C* functions ; with compact
support in U such that ) y;=1 on spt(g) we obtain g=) Y g. Now, if

u 8]

UNoG=, we have (Yyg).v=0 on JG, so that lemma 3.2, (1) implies
(3.7 SEy (T, ¥y £)=0.

In case UNJG# we multiply the corresponding vectorfields
X, ..., X, by cut off functions to obtain C* vectorfields with compact
support in U which coincide with X; on spt (). Since X, (x), ..., X, (x),
N (x) form an orthogonal basis of R"*! if {; (x) #0, we have

Vyg=0,. N+ }: 0; X;
i=1

t

with @,eC}(U) (note that spt(¢;)c=spt(Yy)). For i=1, ..., n we apply
lemma 3.2, (1) with g replaced by ¢,;X;eC}(U; R**?) to obtain
(3.8) OE, (T, ¢,X)=0.

Using lemma 3.3, (2) and the fact that ¢,,;=V¥yg.v on G we conclude
that

8F:H(T" (pn+1N)=J‘ \IIUg‘VJ)\"

Q

From this, (3.7) and (3.8) we immediately obtain the following theorem,
which is well known (see [DF1], Thm. 4.1) in case of C? domains GcR"*!
with compact closure G.
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THEOREM 3.4. — Suppose GeR"*1 is a C* domain, H ; G — R is con-
tinuous, Bel,_,(G) and spt(B)#G. Suppose further that T is energy
minimizing in the class F (B; G). Then,

(3.9) SEy (T, g)=J(Dg.PT+H*T.g)d|\T||=j g.vd\
Q

holds whenever g is a C' vectorfield on R"*' having compact support in
Q=R""\spt(B) (A denoting the unique Radon measure from lemma 3.2
on Q).

From lemma 3.3, (3) it easily follows that H (x) * T (x). v (x) 2 # 5 (x)
holds for || T|| almost all xespt (T) N G N Q, so that

0SAS|| TIL log noH*T.v—5#,50)"

on R"*!\ spt(B). Evidently, A is absolutely continuous with respect to
| T||. The theory of symmetrical derivation (see [Fe], 2.8.19, 2.9) shows
the following: there exists a real valued positive || T || measurable function
A : Q- R, with support in spt (T) N 0G satisfying

0SAM)SHE) *TX).v(x)~Ho6(x)"

for ||T|| almost all xespt(T)N 4G NQ, such that A=|T||L A on Q.
This implies in view of (3.9)

(3.10) f(ng.PT+H*T.g)d||T||=j g vAd||T],
Q

whenever ge C} (Q, R"*1).
COROLLARY 3.5. — Let G be a C? domain in R"** such that
|Hx)|S# 6 (x)  for xedG.

Suppose further, that the boundary Bel,_,(G) satisfies spt(B)#G. Then,
any energy minimizing current Te % (B,; G) has prescribed mean curvature
H in Q=R"* "\ spt (B), i.e., we have

(.11) f(Dg-PT+H*T.g)dIITI|=0’

whenever ge CL(Q, R**1).
Proof. — Since |H (x)| S # 6 (x) on dG, we have
H(x) *T(x).v(x)— # c(x)=0

for || T || almost all xespt(T) M 4G. Hence, (H*T.v—#,5)" =0 a.e. on
spt(T) N 0G and A=0 as required. [

Remark 3.6. — If we assume #"(spt(B))=0 (and B#0) instead of
spt (B) # G, then each energy minimizing current T e % (B; G) has support
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disjoint to spt(B)|| T|| almost everywhere. In particular, T has || T || almost
everywhere prescribed mean curvature H. However, there are situations
with #"(spt(B))#0, even with s#"*! (spt(B))#0, in which the support
of an energy minimizing current T is not completely contained in spt (B).

COROLLARY 3.7. — If spt(B) is compact and He L* (G), then also each
energy minimizing current T in & (B; G) has compact support. If spt(B) is
unbounded, then dist (x, spt (B)) —» 0 as | x| - oo, xespt (T).

Proof. — From (3.11) we see that T has bounded mean curvature

vector H :=H * T. Therefore, by [AW], 5.3, we obtain for aespt(T) that
the function

r™"M(T L B(a, r)) exp[||H|| .~ ]

is nondecreasing in r on 0<r<dist(a, spt(B)). Furthermore, the upper
semi-continuity of the density and the monotonicity formula imply

M(T L B(a, p)) < M(TL B(a, r)

1<0"(||T||, @)= lim - < exp[||H|| L= ],
plo o, p a,r"

so that

(3.12) M(TL B(a, r))=a,r" exp[—||H]|| .~ 7],

whenever 0 <r<dist (a, spt(B)). We use this to prove the assertions of the
corollary. Assuming the contrary, we find r>0 and infinitely many disjoint
balls B(a,, r) with g, espt(T)\spt(B) and B (q,, r) N\ spt(B)=J. Apply-
ing (3.12) with a replaced by @, we deduce that

M(T L B(g, r))2a,rexp[—||H|| L~ 7]

for every ke N, contradicting M(T)<co. O

By the results of section 2 and 3 we can solve the Plateau problem for a
boundary current Bel,_, (G) and a continuous prescribed mean curvature
function H: G >R in a domain G in R"*!, if a certain isoperimetric
inequality holds and |H (x) | < 3 5 (x) on 0G.

THEOREM 3.8. — Let G be a C? domain in R"*' with 0G having
nonnegative mean curvature # , and let H : G — R be a continuous function
with
(3.13) |Hx)|S#,6(x)  for x€dG

(no condition if G=R"*"). Suppose further, that the boundary
0#Bel,_, (G) satisfies spt(B)#G and F (B; G)# . Then, there exists a
current Te F (B; G) with prescribed mean curvature H in R"* '\ spt (B)
provided one of the following conditions is satisfied

1/(n+1)
(3.14) U lH|"“d££"“] <L
G

Tn+1
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(3.15) supU |H(z, t)|"d$"(z)]”"<l
teR G, Yn
(3.16) supls"*! 2" ({xeG : [HE)|Zs P+ V<n" Jo,.;
s>0
(3.17) sup [s",?"({zeG,:|H(z,s)|gs})]”"<(n—l)\7a_,,,
s>0,teR

where G, :={zeR": (z, 1)eG}.

Proof. — We extend H to a function on R"*! by H(x)=0 for x¢G.
Then using proposition 2.4 and theorem 2.1 (with K=R"*!, K=G there)
we find a solution Te Z (B; G) of the variational problem

E,(S) > min among all Se # (B; G).

Since | H (x) | £ # 5 (x) on G we can apply corollary 3.5 to infer that each
energy minimizing current T in & (B; G) has prescribed mean curvature H
on R** "\ spt(B). O

From theorem 3.8 we immediately obtain

COROLLARY 3.9. — Suppose G, 0G, # , and B are as in theorem 3.8,
H : G - R is continuous and
|[HX)|SH# 6 (x)  for xelG.

Then, there exists a current Te # (B; G) with prescribed mean curvature H
in R"* '\ spt (B), if one of the following conditions holds:

o 1/(n+1)
3.18 sup|H|<(n+1)[ —2L
( ) Gpl I ( )<$n+1(G)>
1/n
(3.19) sup|H(.,t)|§cn<g:!("G)) for all teR,
G t

where 0<c<1.
In particular, if G is the unit ball B=B(1) in R"*!, (3.18) and (3.13)
are satisfied, if

sup|H|<n+1, |H(x)|srn  for xedB.
B

Hence, the result of [DF1] is contained as a special case. If G is the
cylinder C :=B"(0, 1) xR in R"*?, then (3.19) and (3. 13) are implied by

sup|H|<n, |H@®)|sn—1 for xedC.
C

It should be noted that results of this type are well known for parametric
2 dimensional surfaces of prescribed mean curvature H in R3. The reader
is referred to [Hi], [GS1], [GS2], [St1] and [St2].
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4. REGULARITY OF MINIMIZERS

From Allard’s work [AW] and corollary 3.5 we know that energy
minimizings currents T in & (B; G) are smooth, i.e., locally represented
by an oriented n dimensional C! submanifold with constant integer multi-
plicity, on a dense and relatively open subset of spt(T)\spt(B). In this
section we are going to prove the optimal regularity theorem for energy
minimizing currents Te % (B; G) with spt(T)=G. The proof is based on
the regularity theory initiated by Federer [Fel] for mass minimizing cur-
rents in codimension one.

Our general assumptions in this section are the following: H: B(R) - R
is a locally Lipschitz continuous function and ®: B(R)—> A"*!Rr*!
denotes the n+1 form Hdx, A ... Adx,, ;. Moreover, Te2,(B(R)) is a
locally rectifiable integer multiplicity n current with 0<M(T)< oo and
dT=0 in B(R) such that

@.1 My (T)sMy, (T+X)+{Qx; ©)

for any open set W a= B(R) and any rectifiable integer multiplicity current
Xe2,B(R)) with 0X=0 and spt(X)= W (Qx denoting the unique n+1
current with finite mass and boundary X). Currents T which satisfy (4.1)
are called locally energy minimizing. To describe the regularity theory for
locally energy minimizing currents we first recall the following definition.

DeFINITION 4.1. — Let UcR"*! be open and TeZ,(U) a locally
rectifiable integer multiplicity » current. Then:

1) Reg(T)— the regular set of T—is the set of all points aespt (T) with
the property: there exists an open ball B(g, p), an integer me N and an
oriented n dimensional submanifold McR"*! such that

TL B(a, p)=m[MNB(a, p)l.
2) By Sing (T)—the singular set of T—we denote the relatively closed
complement of Reg (T) in spt(T)\ spt (JT).
We are now in a position to state the following regularity theorem.
THEOREM 4.2. — Suppose H : B(R) - R is locally Lipschitz continuous,

Te2,B(R)) is a locally rectifiable integer multiplicity current with
M(T)< o0 and 0T=0 in B(R) such that

My (T) SMw(T+X) +{Qx; ®)
for every open set W = B(R) and any rectifiable integer multiplicity current
XeZ,B(R)) with X =0 and spt (X)cW. Then, Reg(T) is a C** subman-

ifold, for every 0<u<1, on which T has mean curvature H and locally
constant multiplicity. Moreover, Sing (T) is empty for n=<6, locally finite in
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B(R) if n="7 and of Hausdorff dimension at most n— 7 in case n>7, i.e.
H#" 73 (Sing (T)=0 for all $>0.

Proof. — First, choose 0 <g <R (arbitrary close to R) such
that TL B(gel, (R"*Y). Since J(TL Bg)el,_,(R**!) and
spt & (T L B(g)) = B (g), there exists Zel, (R"*1) with spt(E) = B (g) and
é2=0(T L B(g)). Next, let S: =T L B(g)—E. From the decomposition
theorem ([Fe], 4.5.17] we infer that

S=Y o(E"'L U, IS|[= X le@®E*+* L Uy
ieZ ieZ

where U;cU,_, is a sequence of #"*! measurable sets of finite perimeter.
Let T, :=[0(E""! L U)] L B(g). Then, spt(dT,)<= B () and

“4.2) TLB@E=) T, |ITL B ||=Y || T:||

ieZ ieZ

From (4.1) and the decomposition (4.2) it easiliy follows that for each
ieZ the corresponding current T; is locally energy minimizing on B(g).
This implies in particular that

(4.3) Mg (@B L U,.))+J Hd "1

B nU;
<My, (3 (B |_B))+J- Hdgm !
B() B
for every Borel set B&R**! such that (B\ U;) U (U;\B) has compact
closure in B(g). In view of Massari’s regularity theorem [Ma] we find an
open subset O;=B(g) such that spt(T)MNO; is an n dimensional C**
submanifold of R**! for all 0<p<1. Moreover, B(e)\ O, is empty for
n<6, finite for n=7 and has Hausdorff dimension at most n—7 for n=>7,
i.e., we have
H"THIB()\O,)=0 for all $>0.
Now, for aespt(T;) and 0<p<e—|a| the mass estimate (3.12) applied
to T, implies that
M(T;L B(a, p))2a,p"expf—p H H || L® (B(e))]’;
consequently the set A(a) :={i€Z : aespt(T,)} is finite and
a(a) :={dist(a, spt(Ty) : i¢ A(a) }>0.
Let
0 :=B(E\ U (spt(T)\O).
ieZ
Then
B(e\Oc U (spt(TY)\O)

ieZ
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and
H"THEB(e)\0)=0

whenever 6 >0. Now, we show that O is open and that spt(T) N O is an
n dimensional C! submanifold of R***. Let aespt(T) N O. Then, we have
aeReg(T) for every ieA(a). Using the inclusion U;cU; for i>j and
0Tan (U,, a)=Tan (spt (T,), @) we obtain Tan (spt(T,), a)=Tan(spt(T)), a)
whenever i, jeA(a). Assume that a=(0,0)eR"xR,
Tan (spt(T;), a)=R"x {0} and

spt(T,)=graph(4;) for all ieA(a)

in a neighborhood of a, where u; : R">B"(r) > R are C! functions with
4;(0)=0 and Vu,(0)=0 (note that Massari’s theorem implies u;e C** for
all 0<p<1). Moreover, u; is a weak solution of the non-parametric mean
curvature equation on B*(r), i.e.,

div— VY H( w)

/T+][Vu,[?

In view of the inclusion U;cU,, i>j, we either have u;2u; or y;Su;
Thus, we may assume that v: =u;—u;20 for all i, jeA(a) with i>].
Furthermore, v is a weak solution of the uniformly elliptic equation

9 (a"‘ (%) E{) +co=0
0x, 0x,

where

1 1 0,u, 0, u
alk x):= Slk__ 1%t Yk ™t 1
) L \/l+]Vu, 2( 1+|Vu,|2>
and
H(x’ ui(x))_H(x’ uj(x))
ui(x)~uj(x)
0 otherwise,

and u,:=(1—1t)u;+tu; Notice that ceL”(B(g)), because H is locally
Lipschitz continuous on B (R). The Haranck inequality (JGT], Thm. 8.20)
implies v=0 in B"(r), ie, w=u; for all i, jeA(a), and hence,
spt (T,)=spt(T)) in a neighborhood of a(=>spt(T)=graph(y;) for some
ieA(a)) and aeReg(T). The usual elliptic regularity theory (e.g. [Mo])
then yields that spt(T) is a C** submanifold of R"*! in a neighborhood
ofaforall O<p<l1. O

In order to apply the regularity theorem to solutions Te Z (B; G) of
variational problems of type E,(.)— min on % (B; G)(G denoting the

()= if  w;(x)#u;(x),
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closure of a C? domain G in R"*!, H : G - R a locally Lipschitz continu-
ous bounded function) one clearly tries to exhibit geometric conditions on
H and 0G which guarantee that spt(T) lies in the interior of G, e.g.
spt (T)=G. Then, theorem 4.2 can be applied to minimizers Te % (B; G)
on suitably small balls B (a, R) with aespt (T)\ spt(B). To give the precise
statement we have to introduce some additional notations. For xeG
denote by d(x) the distance from x to dG. Since G is of class C? there
exists an open neighborhood O of 0G in R"*! such that the nearest point
projection © onto G is defined on @ by n(x)€dG, |t (x)—x|=d(x) and
is of class C!. For r>0 we define

f,(x):={ n(x)+rv(x) if xe0, dx)<r

otherwise.
Then, a simple adaptation of the proof of [DF1], lem. 7.2 yields the
following proposition.

ProPOSITION 4.3. — Suppose G, 0G, H, and f, are as above spt(B)cG,
TeZ (B; G), spt(T) is compact. Assume also that

|H(x)|<H#c(x)  for xedG.
Then, there exists ro>0 such that f,, Te ¥ (B; G) and
Ey (fr4 T)<Ey(T)

whenever 0 <r <r, and dist (spt (T), 0G) <r. In particular T cannot be energy
minimizing in  (B; G), if spt(T) N oG # .

Results of this type are well known for 2 dimensional parametric surfaces
of prescribed mean curvature in R? (see [GS1], [St1]).

From corollary 3.7, proposition 4.3 and theorems 3.8, 4.2 we immedi-
ately deduce the following final result.

THEOREM 4.4. — Assume in addition to the hypotheses of theorem 3.8
(in particular one of the conditions (3.14)-(3.17) is satisfied) that spt (B) is
a compact subset of G and H : G — R is locally Lipschitz continuous and
bounded with

[H(X)|<# 6 (x)  for xe€dG.

Then, the Plateau problem for H and B admits a solution T e # (B; G) with
compact support in G and each solution T has the following property:
spt (T)\(spt (B) U Sing(T)) is a C** submanifold of R"*!, for every
0<pu<1, on which T has mean curvature H and locally constant multiplicity;
the relatively closed set Sing(T) in spt (T)\spt (B) is empty for n<6, locally
finite for n="1 and of Hausdorff dimension at most n—7 for n=8.
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