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ABSTRACT. — In this paper we prove the existence and the regularity of
a harmonic map from the disk of R? into the Lorentz manifold S*x ;R,
with a given boundary condition. Since the energy functional is not
bounded from below, we search for its critical points which are not
minima.
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Resume. — Dans cet article, on démontre I’existence et la régularité
d’une fonction harmonique du disque de R? dans une variété de Lorentz
S?x ¢ R, dont la valeur est prescrite sur la frontiére du disque. Puisque la
fonctionnelle de I’énergie n’est pas bornée inférieurement, on cherche des
points critiques de cette fonctionnelle qui ne sont pas des minima.
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240 C. GRECO

1. INTRODUCTION AND STATEMENT OF THE RESULT

Let (M, g) be a m-dimensional riemannian manifold with boundary M,
and let (N, %) be a n-dimensional semiriemannian manifold. We are inter-
ested in the existence of harmonic maps w:M — N which satisfies a
boundary condition w; 5y =7, where y: M — N is a given smooth function.
Let H’;"’(M, N) be the Sobolev space of functions w: M — N whose the
k-th derivatives belong to LP, and such that w,y=vy. A map

weH}> 2 (M, N) is harmonic if it is a critical point of the energy functional
E:H!'>(M, N) > R:

ow' (x) ow (x
E(W)—J 5% o@D MO, g,
Mi,j=1 o, B=1 xa a B
where w', i=1, 2, , n are the local coordinates of w(x) in N.

In this paper we set M=Q={(x, x,)eR?|x}+x3 <1}, and suppose
that (N, ))=S>x;R is the Lorentzian warped product of
S2={(xy, x5, x3)eR3 |xt+x3+x3=1} times R (see [12]). In other words,
we consider S? with the canonical metric tensor / induced from R3, and
N=SZxR with the tensor # whose components at the point
w=(u, )eS* xR are hij(w)=l7ij(u) if i,j=1,2; hzwW)=hs;(w)=0 if
i=1, 2, and h;; (w)= — B (1), where B:S? - 10, + co[ is given C! function.
The main result of this paper is the following theorem.

THEOREM 1.1. — Let y=(v, 1) C*°(0Q, S?* x R); then, if v is not con-
stant, there exists a harmonic map weC® (Q, N) (" C%3(Q, N) such that
Wie="7-

The existence of harmonic maps between riemannian manifolds has
been extensively studied by many authors (see [1], [3], [4], [5], [13], [14]
and its references). More recently has been considered the case in which
the starting manifold (M, g) or the target manifold (N, 4) is a Lorentzian
manifold (see [8], [15] or, respectively, [10]). In the latter case, which is
our case also, the energy functional is not bounded from below, so its
critical point are not minima.

In [10], because of suitable symmetry assumptions, the problem is
reduced to the existence of geodesics in a Lorentzian manifold, and the
methods of [2] are used.

In order to prove Theorem 1.1, we consider, as in [13], a perturbed
functional E,(w)=E, (u, #) from H!'2*xH!? to R, such that E, is the
energy functional. Because the fact that the target manifold is a Lorentzian
warped product, we have that —E_ (u, .) is convex, and it possesses a
minimum point ¢,. Moreover the functional u— E, (u, ¢,) is bounded from
below, and there exists a minimum point u,, s0 w,=(u,, t,) is a critical
point of the functional E, for every a=1. (In particular, w, is a critical
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A DIRICHLET PROBLEM FOR HARMONIC MAPS 241

point of the energy functional in H" 2(Q, N)). Finally, we show that w,
converges to a smooth harmonic map we C* (Q, Ny C**(Q, N).

2. PROOF OF THE RESULT

The energy of a function w=(u, t) from Q to the warped product
S?x 4 R is given by

Bwo=| ¥ Ry 2 JB()Z(a ) ix,
Xk Xk

Qi j,k=1 k=1

where # is the metric tensor on 82 induced from R3, and ' (x) (i=1, 2)
are the local coordinates of the point «(x) in S2.
Since S? is isometrically imbedded on R?, we have

E (4, t)=j |Vt7|2dx—'[ B(u)|Vi|*dx,
Q Q

where
3

VaP =]z, P+ a3 |

i=1

2

": 512

0x,

af

Ox,

, |Vi]*=

]

3
ox,| T2 ax
and # (x) (i=1, 2, 3) are the coordinates of the point u(x)eS? in R>.

Let y=(v, 1) C*%(6Q, S?> x R), and set, for p=2:
HYyr=HY?(Q,S%, HE?P=Hy?=Hy?(Q R).

For every a=1, let E,: H!*2*x H}*2 — R be the functional (in the follow-
ing we shall write u instead of ):

E, (4, t)=f (1+|Vu|2)“dx—f B(uw)|Vi|*dx.
Q Q

Clearly, the critical points of E; are harmonic maps.

Remark 2.1. — Let BeC' (R3 10, + oo]) be such that B;s2=B and
B(w)=1 for |u|>2. It is easy to see that the critical points of E,, a1,
are weakly solutions of the following nonlinear elliptic system:

2
vyl [(1+1vu|2)a-1@]
i=1 Ox; 0x;

=(1+|Vul»> | Vul|?u’+ LZ’J
2a

20 or )
Z P, o

2.1
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242 C. GRECO

where p=1, 2, 3 and Z(u)=PB' () — (B’ (W) | ) u.

In fact, let w=(u, 1)e H!*2*x H!-? be a critical point of E; for every
9eCy(Q, R?), YeCy (Q R), we set I'(e)=((u+ep)|utep|™?, t+ei);
then
dE, (T (¢))

y ,£=0=2aj A+ Vu>» [(Vu|Ve)—|Vul* (u|9)]dx
€ Q

—j [(B’(u)lw)—(ﬁ’(u)Iu)(ultp)]!thzdx—?-J‘ B (V|V)dx=0
Q Q
for every @, V, so we get (2.1).

H

E,(u, .):H}? > R has a unique maximum point t,.
Proof. — Easy. B
Remark 2.3. — Clearly, there exists ¢>0 such that |[7,|[y:.2<5¢ for

every a>1 and ue H!'2® In fact, if we set B,=ming2 B, B, =maxgz B, and
fix toe H!' 2, we have E, (u, t,)=E, (u, t,), s0

J V1P de<(B./Bo) j V1 d.
a Q

For every a1, we consider the functional F,:H!'?* > R given by:

F,w)=E,(u, t,). We have the following lemma that we shall prove in
section 3.

LeMMmA 2.2. — Fix o=1 and ueH}?% then, the functional

LemMa 2.4. — For every a1, F,e C', and

(Fo(w),v)= < OF, (u, 1), v >
ou

So, ueHY 2% is g critical point of F, if and only if w= u,t,)is a critical
v p o y u
point of E,.

LEMMA 2.5. — Let o2 1. Then, the functional F,:H} ?* - R is coercive

and weakly lower semicontinuous, so there exists u,e H2* such that
F,(u,)=min F,(u).

Proof. — The coerciveness of F, follows from Remark 2.3. We fix now
teH! 2. The functional u+— | (1+|V u|?)*dx is clearly weakly lower semi-
continuous; moreover, since si{"“(ﬂ) is compactly imbedded in L7(Q)
(¢=1) for a=1 and in C(Q) for a>1, and since un——»f B()|Vit|*dx is

Q

continuous from L7(Q) or C(Q) to R, we get that ur E, (i, 1) is weakly
lower semicontinuous.
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A DIRICHLET PROBLEM FOR HARMONIC MAPS 243

Let (4,) be a minimizing sequence such that u, — u weakly in H! 2
Then ECI (un’ tu)éEa (uﬂ’ tu,,): FG (un)’ So

F,()=E, (u, t,) <lim infE, (u,, t,)<liminfF, (),

n— o n — oo
and the lemma is proved. MW

Remark 2.6. — Because Lemma 2.4 and Lemma 2.5, there exists a
critical point w=(u, t)eH!'2xH!} 2 of the functional E,; however, in
order to show that we C® (Q) N C* 3 ()), we use an approximation proce-
dure developed later.

LEMMA 2.7. — Let yeC*3(0Q); then, there exists o,>1 such that, if
l1<a=oa, and EL(w)=0, then we C* (Q) N C**(Q).

Proof. — Let w=(u, t)eH}2*x H!'2 be such that E, (w)=0, so that w
is a weakly solution of the nonlinear elliptic system (2.1). Let
p=(P)eR8, a=1,2, i=1,...,4, and let z=(z);~,

the following functions A%, B,:R*xR® - R:

A+|pP* ol for i=1,2,3 and a=1, 2,
B@pt for i=4 and a=1,2;

u+}13|2)""tﬁ|2zi+:—)_I—Zf(z‘)«p:)’ﬂp';f) for i=1,2,3,
o

Af(z P)={

Bi(za P)= {
0 for i=4.

The system (2. 1) became:

2
-y aiAg(w, Vw)=B,(w, Vw), i=1,...,4.

a=1 xa

It is easy to check that the assumptions (1.10.8) of [11] are satisfied, so,
as in [13], Prop. 2.3, we get weHZ2*(Q), and then weC®(Q). Since
ueH"2* (Q), we have 0P (w)/ox,eL?** (Q), so, because of [9],
Theorem 15.1, p. 187, applied to the fourth equation of the system (2. 1),
we have te H> 22(Q), which implies e C* ({). Now, in order to get the
regularity of # up to the boundary, we prove first that VueL® (Q); the
proof is similar to the proof of Theorem 3.1 in [1].

Suppose ||Vull o q,=+ 0, and let (r,) =10, 1] be such that r,~ 1 as
k—co. Let 6,=maxz |Vu|=|Vu(a)|, where A,=B(0,r). Clearly
0, — + oo and d(a,, 0A,) = 0 as k — oco. We can assume that g, - a€dQ
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244 C. GRECO

as k — co. From the system (2. 1) we have, in Q:

— q 2,4
~Au— 2(a—1) ¥ Ou o' 0’u
0x; Ox; Ox;0x;

2
,3
Zw)| Ve
20(1+|Vulp)e~t

=|Vulu+ 2.2)

Then

ou?
0x;0x

—Aut(@—1) Y A4 =|Vu>u+B(x) (2.3)

=1,2 j
1,2,3

in Q, where A, and B are continuous and bounded from Q to R>. Now,
we distinguish two cases.

1) Case: 6, d(a;, 0A,) - + o as k — oo;

Let p,=d(a,, 0A,); clearly we can assume p>0 for every keN. Set
Q={xeR?|6; ' x+a,eB(a, p)}, and let u,:0, >R> be such that
u (x)=u(6; ' x+a,). Notice that, for every R >0, there exists koeN such
that B(0, R) = Q, for k>k,. Moreover, since 0, 'x+a,—a for every

xeR?, u, > v=u(a) in C, (R?). Since

A ()=6, 2 Au(®; ' x+a),  Vu (x)=6,"'Vu(®; ' x+ay),
from the equation (2.3) we get, in Q
o2 ul
—Au+(a—1) A;.g.(e,;lx+a,,)a L =|Vu P u+6,2B®O; ! x+a,).

i,j=1,2 i J
q=1,2,3

Since |V u|=<1 in Q, from standard estimates in PDE (see e.g. [6],
Sec. 11.2), we have that, for every R >0, there exists y=1y R)€e]0, 1, such
that () is bounded in C*7(B(0, R)), so u, » v=u(a) in CL.(R?). On
the other hand, |V#,(0)|=6;"|Vu(a,)|=1, so we get a contradiction.

2) Case: 6,d(a,, 0A) > p<+ o0 as k— oo; then, we can assume
a=(—1, 0) and a, #(r,, 0) for every keN. Let U=]1/2, + o[ xR (= R?),
and let T:Q\{(1, 0)} - U be such that

(%1 X2)=T(x,, x2)=( ! 2 )

(1=x)%+x3 (1—x)2+x2
1 2 2

Let u: U - R? be such that #(X)=u(r, T~! (%)), s0 u(x)= u(T (r; * x)) for
xeA,. Since

Au(x)=r2|T(ry ' %) |* Au(T (ry ' x)),
|Vu(x)[2=rk"2]T(rk_1x)[4 [Vu(T (r; ' x) %,
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A DIRICHLET PROBLEM FOR HARMONIC MAPS 245

from (2.3) we get, in U:
| xFAuD @) Y AL TTN()

i,j,h1=1,2
q=1,2,3
LT, ) T 0 ) P u®
0x; 0x; 0x,, 0x,
2 -1 ==
Faml) Tt AL( T @) ) )
ij.h=1,2 0x;0x; 0x,
q=1,2,3

=r x| Vu@) Pu@x)+BrT 1 (x), (2.4

where x=T(r; ' x), and T, are the components of T. It is easy to check
that

T, (ry ' x _ _
}_&_—) §|T(’k 1X)|2="k 2|x|2,
0x;
*Ty(r ' x _ _
_'li_) é!T(rk 1x)|4=rk 4|x|4.
0x;0x;
Then, from (2.4), we get
- o’u R
—Aut+ Y Chy——= D%, % +|Viu|Pu+F, (2.5)
i,j,h1=1,2 0x,0x; i, j,h=1,2 0xy,
q=1,2,3 q=1,2,3

where C%,,, DY, and F are continuous and bounded (independently of k)
in U. Let @, = (x;, y,), $0 x, = — 1 and y, » 0 as k - o0, and let #,: U —» R*

~ o~ o~ = ~ 1 ~
be such that wu (x, y)=u <% +0,! <x— 5), 0, 'y+ yk>. Clearly, since

loc

0, - + o0, U — vzﬂ(%, 0>=u(a) in C2_(U). Using (2.5) we show that

u, = v in CL, (U). In fact, from (2.5) we have

~ ~ w1 ~, Ou -~
-Au+ Y Cy k—— Y D& —+|Vu | u+F,
Lihi=1,2 0x,0x;  Opijh=1,2 ~ 0%
g=1,2,3 q=1,2,3

2.6)
where C%,,, D%, and F are continuous and bounded (independently of k)
in U. Notice that V u, (X, )7)=9,;1Vz7<% +0, ! <§— %), 6,:1)7+yk>; since

Vu(x)|=r| x| 2|Vu(x)|, where xeU and x=r,T ' (x)eA,, we have

Vﬁk\§4 in U. Then, for every R>0, from (2.6) and [6], Sec. 11.2, there
exists y=7(R)€]0, 1[, such that (%) is bounded in C""(Ug), where
U, =0UNB(0, R). So, modulo subsequences, #, — v=u(a) in Cj,.(0).
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246 C. GRECO

~ 1 - - -
On the other hand, let x,= 5 +0, (xk— %) [we recall that (x, y,) are

the coordinates of @, =T (r; ! @,)], and consider the sequence a,=(X,, 0).
Since

§~1—9 ( 1=ry ' x, _1>=0kd(ak, N (re+]| a))
‘ (A-r ' x)’+0 ' x)? 2) 2[0—x)*+ )
from our assumptions we have that (a,) is bounded.

Moreover |V, (ak) |=0; 1| Vu(x, y)|~6; '|Vu(a)|~4, and this is
impossible since Vu;, — Vv—- 0 in C2_(0).

Then, we have proved that VueL® (Q). In particular, VueL*(Q). As
in [13], Proposition 2.3, we consider the linear operator

>

—Au=—Aut@—1) Y AL (x)
J= .2 Bx)-
q=1,2,3
Since for o — 1 small enough A, is close to A: H* *(Q) —» L*(Q), from (2.3)
we get ue H2*(Q) and then, by Sobolev, ue C* (Q), Finally, the fact that
w=(u, t)e C*%(Q) follows, for instance, from [11], Theorem 1.11.3. W
Let (w,), a>1, be such that E.(w)=0. For a<a, we have
w,€C® (@) N C>2(Q); let w,=(u,, t,) and 0,=maxg|Vu,| for 1 <a=a,.
Then, we have the following lemma.

LeEMMA 2.8. — Suppose (||V u,||2=) and (|| t,||.2) bounded independently
to o. Then, for every €€0, 1[ there exist a,€ll, o,), a, b>0 such that
maxg|V1,|<ab+b for every aell, ayl.

Proof. — We shall write w=(u, t), 0 instead of w,=(u,, t,), 0,. The
fourth equation of the system (2.1) became:

2 ou\ o
BwAt+ Y (G’(u)|_> — =0.
i1 Ox; ) 0x
From our assumptions, (||(B'(u)|du/0x;)||.2=) is bounded, so, from [9],
Theorem 17.1, p. 207 and p. 209, we get (|| ¢ ||;;2. 2) bounded independently
to a. Now, we fix €€]0, 1[; let >0 be such that e=1-2/(2+ o), and
g=(2+0)(4+0)/c. Since (||V¢|y.2) is bounded, we have, by Sobolev,
that (||V¢||.s) is bounded. Let t,=1—1, so t,€H} *(Q) and satisfies the
equation:

i

2
_ s ou \ Ot
At0=fE—At—Zﬁ(u) ‘(ﬁ (u)|—)—. 2.7
i=1 5xi 5xi
Let p=2+0/2, o, =1+ 0/2; we claim that there exist a;, b, >0 such that

| flleSa, 05 +b, for every ae]l, oy[. Then, from (2.7) and standard
estimates (see . g. [9], Ch. III, Sec. 11), we get || #|[s2.»<c (|| flle + 1| 2||L2)
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where ¢ does not depend on a. Since H*?(Q) 5 C!'(Q), the Lemma is
proved. In order to prove the claim, we must show that
ow ot

<a, O for every ae]l, a [ (i=1, 2, j=1, 2, 3). In fact,
0x; 0x;

LP

ow ot |P
where k=2a/(2+0c) (Notice that k<1 if a<a,=1+0/2). By Young
inequality (see €. g. [9], p. 37), we have

<|Vulp | Vi <0002 |Vul |V,

[Vupe | Vi 2o (Vapnzeors S vir= Lo |vuper Vi
(o) r [¢)

2(2+ o)
where r=((2+ o)/p)’, so that pr=gq. Then
ow ot

i p
9 §6<1‘k)P<—~—l|Vu||Lza+
LP 2+o

g‘; 0x;

and the claim is proved. H

We close this section with the proof of Theorem 1.1. For a=1, let
u,e HY 2* be such that F,(u,)=min {F,(u)|ueH) 2*} (see Lemma 2.5).
If we set w,= (i, ,), we have E,(w,)=0 because of Lemma 2.4. From
Remark 2.3, we have Il 4, ||H1 2<c; moreover it is easy to check that
(|| g ||H1 2a) is bounded (if o is bounded). Then, if we fix €€]0, 1[ and set
o, =min {0, o } (see Lemmas 2.7 and 2.8), we have

w,eC* (@ NC** Q)

s Vil sateorsaro,

and for every ae]l, a,:
max |V, |<a8;+b, (2.8)
Q

where 6,=max |Vu, |, and a, b does not depend on a.
Q

Let (o) = ]1, a,] be such that o, — 1. We shall write w,, u,, £, 6, instead
of Wy, Uy, Ly, . 8,,. Since (), (#) are bounded in H! 2, we can assume
U > u, bt weakly in H:2,

Proof of Theorem 1.1. — Since w,eC®(Q) N C*>*(Q), u, satisfies the
equation (2.2), with o and ¢ replaced by o, and #,. If the sequence (6,) is
bounded, we have (||V#]|co ) is bounded because of (2.8). Then, as
in[1], we get u,—»u and f,—>¢ in C'(Q), and w=(u, t) satisfies the
system (2.1) with a=1. The fact that weC*?®(Q) follows from [11],
Theorem 1.11.3, so Theorem 1.1 is proved in this case.

We prove now that the case (6,) unbounded does not occur. In fact,
arguing by contradiction, suppose 0, — + oo, and let (g;) = Q be such that
|V, (a,)|=6,. We can assume g, —aeQ as k- .

Vol. 10, n° 2-1993.



248 C. GRECO

1) Case: lim 0,d(a,, 0Q2)= + .

k-

Set Q,={xeR*|0, ' x+q,eQ}, and

vk(x)=uk<e£+ak>a rk(x)=tk<“e)£+ak>
k k

for xeQ,. Then (v,, r,) satisfies, on Q,, the equations:

g 204-D) oo, duf %o
, 0,2+ Vo |* i ;51,2 0x; 0x; 0x;0x;
4=1,2,3
2
|V o+ —— 2@V

204 (1402 | Vo |)%t

Because of (2.8), |Vr(x)|=67"|V (6, ' x+a)|<6,"(ab;+b)—0.
Then, as in [1], we have v, —»v in CL (R?). Set p,=d(a, 0Q); since

loc

6, p. — t 00, we can assume p,>0 for every ke N. Set A,=B (a;, py)-
Fix £>0; then there exists r>0 such that | |Vu|*dx<e, where
D={xeQ||x—a|<r}. Clearly A, = D for k large elr)lough. Let
I,={xeR?|0; 'x+aceA,}.

It is easy to check that, for every R>0, there exists k, such that
B(0, R) « I, for k=k,. Then

j |Vvk\2dxgj ’Vvklzdx=f |V, | dx,
B (0,R) Tk Ak

so, for k — o0 we get

f |Vo|*dx<lim infj | Vu,|? dx,
B (0, R) Ak

k = ©

and then for R - + o0, J

|Vv\2dx§hminfj |Vu,|? dx.
2 k= oo JAg

On the other hand,

J]Vuk|2dx=j [Vuk|2dx+J |V u,|*dx
Q O\Ax Ak

;J |Vuk}2dx+J |V |?dx,
Q\D Ag
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SO

liminfj]Vuk|2dxgj |Vu|2dx+J |V of?dx
k- o Jo o\D R2

gJ \Vu|2dx+f |Vo|>dx—e.
Q Rr?

For € —» 0, we get

k— o

liminfj |Vuk|2dxgj |Vu|2dx+J |Vo|*dx.
Q Q R2

We recall now that o, — 1 and f B(uk)|Vtuk|2dx§f B(u)|Vt,|*dx, so
Q Q

it is easy to check that

lim ianak(uk)?__Fl(u)+f2|Vv|2 dx.
R

k =

Since F, ()=minF,, we have F, (w)=F,, (1), and then, for k — oo,

o>

F,(w)=F, (u)+j |Vv|?dx, so that Vo=0.
On the other hand, |Vo,(0)|= lim 6, |Vu (a)|=1,
© k = o

and we have a contradiction.
2) Case: lim 0,d(a,, 0Q)=p< + 0.
k — o
Then a, — a € 0Q, and we can assume a=(—1, 0). Let U and T as in
the proof of Lemma 2.7, and let

w=u T, f=1T .
" Then %, and 7, are well-defined on U. From (2.1) we have
—Aut(y—1) ) A L (x )
1= .2

q=1,2,3

0 uf
x; 0X ;

J

Z(u) |V |?
204 (14| Vi [Pyut’

where Af; (x) are bounded and continuous functions from Q to R3. If we
set T (x)=x, from (2.9) we get

_AJk+(ak— 1) Z Buk (X)
L 2 6x
= 3

=| Vi [2u,+ 2.9)

=1, j
1,2,
ot
= (o —1) Z Ce (%) u"+|Vuk|2uk+Dk(x)|Vtk , (2.10)
i ox;

i

=123
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where BY,;, C% and D, are bounded and continuous.
Let a,=(x,, y,); then we define

~ e~ 1 1/~ 1\ 1~
uk(x,y)=uk<—+—<x—5>,e—y+yk>,
k

7(5Ey~)—t‘(1+1(3€ 1) 1j7+y>-
kA “hy\ T — < b k]
, 2 6, 2/ 6,

from (2. 10) we get

—Au+(oy—1) Y B i
, k i,j=1,2 ik 6x,- 6xj
q=1,2,3
1 oul [T B
= —(o—1 Co —+|Vu|Pu+D,— |VE .
ek( k ) i=§2 kaxi ’ kl k ke£| k‘
q=1,2,3

As in [1], we have that , converges to some #e CL.(0), and moreover,
by (2.8), 6, 2|V |> >0, so u satisfies the equation —Au=u|Vul|* in U.
At this point, we get a contradiction arguing as in [1]. W

3. PROOF OF LEMMA 2.4

Let BeC'(R%10, +0[) as in Remark 2.1, and let
E,:H! >*(Q, R* — R be the functional

E, @, z)=j |Vu]2dx—f B(u)|Ve|dx,
Q Q

so B, (u, )= E, (u, t)for every u such that |u|= 1. Then we set
Fw=E, (@, t,),50F (u)= F,(wif|u|=1.
For every o e Hy 2*(Q, R®) we set T (e)=(u+e¢) |u+ep|™1; since

CFL), 0 )= %Fa(r(e»u:f@;(u), o—u(u]9)),

< e, 1), @>=<6—E—;(u, L), o—u(u|9) >
ou ou

in order to prove Lemma 2.4, it is enough to show that

<F;(u),v>=< a—E"(u, t.,),v> 3.1
u

Annales de I'Institut Henri Poincaré - Analyse non linéaire

and




A DIRICHLET PROBLEM FOR HARMONIC MAPS 251

for every ue H!' 2*(Q, R®) and every ve Hy' 2*(Q, R?). The proof of (3.1)
is similar to the proof of Lemma 2.2 in [7]. We sketch it for the reader
convenience.

Step 1. — F, is continuous. In fact,
Ea (ua tv) - Ea (’U, tv) é Ea (u5 tu) - Ea (’U, tv)
=F, (w—-F,(v)<E,(, t)—E,(v, t,),50F, () —F,(v) > 0asv > u.

Step 2. — The map u+»t, is continuous from H!'2*(Q, R?) to
HY2(Q,R?®. For if not, there exist wueH!?*(Q, R?),
(#,) < H-2*(Q, R®) and £>0 such that u,»u and ||7,—¢, ||=&. Since

tv—-»j B(w)|Vt|*dx verifies the Palais-Smale condition, there exists 6>0
o
such that

sup {E,(u, 1)|teHY2, || t—1,||=¢/2} <E, (u, 1) 8. (3.2)
From F,(u,) - F,(w) and E,(u,, t,) > F_ (u), we get, for n large enough,
B, (u,t)-82<E, (u, tu)s E,(u, t)-52<E (u, t,). Since E, (4, .) is
concave, we have
min { E, u,, 0)|t=1,+1(t,— 1), reo, 17} >E, (w 1)—-8/2. 3.3)
Let r,e B (t,, ¢/2) N {t,+A(1,—1,)|L€[0, 1]}. Then, by (3.2), (3.3):
B, 1)—32E,(u, r)=E,(u, r,) - E, (u,r1,)
+ Ea (un7 rn) ; Ea (u3 rn) - E& (um rn) + Ea (u’ lll) - 8/2,

so we get 8/2<E, (u,, r,)—E,(, r,). It is easy to check that the right-hand
side of the last inequality tends to zero as n — oo, so we have a contradic-
tion, and the claim follows.

Step 3. — Fix ueH!}2%(Q, R?), and let ve HY 2*(Q, R?), 6>0. Since
B, t,,,,)<E,(u, t,), we have:

Fm(u+cv)_Fa(u) < Ea(u+0v7 tu+ov)_Eq(u’ tu+o’v)
o . o '

From step 2 we get:

lim sup F,(u+ov)~F,@) §<%§3(u, 1), v >
u

s-»o0t o

Moreover F,(u+ov)—F,(w)2E,u+ov, 1,)—E, (u 1), so

< it (u, 1), v > <lim ian“(u+Gv)_Fa(”),

ou 60t c

andweget (3.1). M
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