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ABSTRACT. — We prove that discontinuous solutions of the Navier-
Stokes equations for isentropic or isothermal flow depend continuously
on their initial data in L. This improves earlier results in which continuous
dependence was known only in a much stronger norm, a norm inappropri-
ately strong for the physical model. We also apply our continuous depend-
ence theory to obtain improved rates of convergence for certain finite
difference approximations.
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ResuME. — Nous prouvons que les solutions discontinues des équations
de Navier-Stokes, pour des flots isentropiques ou isothermaux, dépendent
continuement des conditions initiales dans L?. Ceci améliore les résultats
précédents dans lesquels la continuité de la dépendance n’était connue
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160 D. HOFF AND R. ZARNOWSKI

que pour une norme beaucoup plus forte, inappropriée pour le modéle
physique. Nous appliquons aussi cette théorie de la dépendance continue
pour obtenir une amélioration des taux de convergence pour certaines
approximations aux différences finies.

1. INTRODUCTION

We prove the continuous dependence on initial data of discontinuous
solutions of the Navier-Stokes equations for compressible, isentropic or
isothermal flow:

v,—u,=F, (1.1
ut+p('u)x=<S:x> +F, >0, —l<x<l, 1.2)
with initial data
v (x, 0)=1v,(x) and u(x, O =uy(x) (1.3)
and boundary conditions
u(—1, H=u,(7) and u(l, H=u/ o). (1.4)

Here v, u, and p represent the specific volume, velocity, and pressure in a
fluid, ¢ is time, and x is the Lagrangean coordinate, so that the lines
x=Const. correspond to particle trajectories. € is a positive viscosity
constant, and the source terms F; and F, depend upon x, ¢, y, v, and v,
where y is the Eulerian coordinate

y(v(x, t))=J‘x v(s, t)ds. (1.5

We also apply our continuous dependence theory to obtain improved
rates of convergence for certain finite difference approximations to sol-
utions of (1.1)-(1.4).

Previous results concerning continuous dependence on initial data for
discontinuous solutions are obtained in Zarnowski and Hoff [8], Theo-
rem 5.2, and its extension to the nonisentropic case, Hoff [5], Theo-
rem 1.4. These results measure the difference between two solutions in
an exceptionally strong norm, one which dominates the local variation in
perturbations of the discontinuous variable v. Since 1/v is the fluid density,
which itself is a gradient, these results must therefore be regarded as
unsatisfactory from the physical point of view. In addition, the question
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of continuous dependence always plays a crucial role in the derivation of
error bounds for approximate solutions. In particular, error bounds for
certain finite difference approximations to solutions of (1.1)-(1.4) were
derived in [8]-[9]; these rates of convergence appear to be unrealistically
low, however, precisely because they are formulated in a norm which is
inappropriately strong.

The goal of the present paper is therefore to show that, under
assumptions consistent with the known existence theory, discontinuous
solutions depend continuously on their initial data in L?, which clearly is
a more suitable norm for the physical problem. This result is stated
precisely in Theorem 1.4 below, and is proved in section 2. (A nearly
identical result can be formulated for the corresponding Cauchy problem.)
The key idea is to replace a direct estimate for the difference between two
solutions with an adjoint-equation argument; the adjoint functions are
estimated in fractional Sobolev norms, and L? information is extracted
by interpolation. A somewhat more detailed sketch of the main issues is
given below following the statement of Theorem 1.4. In section 3 we
apply our result in a reexamination of the difference approximations
studied in [8]-[9]. We show that, for fairly general discontinuous initial
data, the error bound can be improved from O (h*7%) to O (h'/?); and
for H! initial data, from O (h'/?) to O (h). (Of course, the more favorable
convergence rates are measured in a weaker norm.) We also point out
that the O (h'/?) estimate for these discontinuous solutions is reminiscent
of error bounds in average-norm for approximations to discontinuous
solutions of other compressible flow models; see for example Kuznetsov [7]
and Hoff and Smoller [6], Theorem 5.1.

The general source terms F, and F, in (1.1)-(1.2), and the general
boundary conditions (1.4) are included mostly for the sake of complete-
ness; they play little role in the analysis because they essentially “subtract
out” for the equations satisfied by the difference between two solutions.
Physically, the most important case of (1.1)-(1.2) is that in which F; =0
and the force F, depends only on ¢ and on the Eulerian coordinate y.
The boundary conditions (1.4) require that the leftmost fluid particle
moves with velocity #,, and the rightmost with velocity «,. In physical
space this means that the fluid is confined to the region between two
pistons, moving with respective velocities #; and «,. The problem of a fluid
moving in a fixed domain therefore corresponds to the case that u,=u,=0.

We now give a precise formulation of our results. First we fix a positive
time T, and we assume that the functions appearing in (1.1)-(1.4) satisfy
the following conditions:

Al. pe C? ([v, 7]), where [v, 7] is a fixed interval in (0, c0), and p’ (v) <0
on [v, 7];

A2‘ ul’ ureLm ([03 T])’
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162 D. HOFF AND R. ZARNOWSKI

A3. F;, and F, are sufficiently regular that, whenever
v, ue C([0, T]; L2[—1, 1]) with ve[o, 7] a.e., then

Fi(x, 1, y(o(x, 1), v(x, 1), u(x, 1)) eL* (1, %[0, T), j=1,2
A4. there is a constant Cg such that
IF}(X’I:Y2>Uz,“2)_'F}(xataYl’v1au1)| )
§CF(|J’2_J’1|+lv2_v1|+l”2“u1 I), J=12

for all (x, 1)e[—1, 1]x[0, T] and (y;, v;, #)€[0, 25 x[v, 7] x R, i=1, 2.
We define weak solutions of the system (1.1)-(1.4) as follows:

DeFNITION 1.1. — We say that the pair (v, u) is a weak solution of the
system (1.1)-(1.4) provided

v, ueC([0, T); L2([—1, 1])); (1.6)

v(., 0)=uv, and u(., 0)=ug; (1.7

v(x, t)elv, Tlae.,; (1.8)

u—ueli (0, T); H' (— 1, 1) N L2((O0, T); HG [~ 1, 1)), (1.9)

where u is the function

u(x, )= _[(1=x) w4, () + (1 +x) u, (D}

1
2
(v, u) satisfies the equations (1.1)-(1.2) in the sense that, for all t, <t, in
[0, T] and all 9 C* ([—1, 1] x[¢,, £,]),

1 s f1
j (vq))(x,.)dxlﬁﬁ-J‘ j (—vQ,*uo )dxd
-1 ty -1

= jtz f Fi(x, 6, y((x, 1), v(x, 1), u(x, 1))@ (x, t)dxdt; (1.10)
t; v—-1

and for all t,<t, in [0, T] and all YeC ((—1, 1]x[ty, t,]) satisfying
V(+1,0)=0,

1 ty f*1 ty
j (uq;)(x,.)dx;g—f J [uq;,+p(v)¢x]dxdt+f Jl SV e
-1 roJ-1 ty J-1 U

=fz2f1 Fy(x, 1, y(v(x, 1), v(x, ), u(x, )Y (x, t)dxde. (1.11)
ty v—1

The existence of weak solutions of the Cauchy problem for (1.1)-(1.2),
but without source terms F, and F,, is proved in Hoff [2]-[3]. An extension
of these results to the initial-boundary value problem (1.1)-(1.4) is
included in [8]-[9]. In both cases it is shown that, when u,, v,€ BV with
v, positive, global weak solutions exist and satisfy the following regularity
and smoothness conditions:

U, 0, C(O, T} L2 ([~ 1, 1]); (1.12)

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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there are positive constants r< 1 and C, such that

sup [[loC, O]+ luC. O+l O+ (s D]

0=t<T
T (1 1/2
+<Jf ugdxdz) <C,; (1.13)
0 Jv-—-1

and there is a positive constant C, such that
|, (., DIISCL e 14, 0<t<T. (1.14)

(Here and throughout this paper ||.||, denotes the usual L” norm on
[—1, 1], with the subscript omitted when p=2.) Actually, a great deal
more technical information is obtained in [2] and [3] concerning the regu-
larity and qualitative properties of solutions. We mention here only that
discontinuities in v are shown to persist for all time, convecting along
particle paths and decaying exponentially in time, at a rate inversely
proportional to €. Analogous statements can be proved for the more
complicated system corresponding to nonisentropic flow; see Hoff ([4]-
[5]). These facts are of great importance in the general theory; they will
play no role in the present analysis, however. Here we deal with solutions
in the sense of Definition 1.1, and assume only that they satisfy the
regularity conditions (1.12)-(1.14).

Next we introduce the fractional-order Sobolev spaces, and we recall
several of their basic properties:

DEFINITION 1.2. — Let { @, };%, be an orthonormal basis for L* ([—1, 1])
consisting of eigenfunctions in H} of —d?/dx*. Thus

@) + A, 0, =0, —l<x<l,
@ (£1)=0.
For weH} ([—1, 1]) and a.e[—1, 1], we then define

iwlu=(>§x:|<w, cpk>|2)”2,

where { ., .Y is the usual L* inner product on [—1, 1].
The following elementary facts are easily derived: for w, ze H},

oy oty = | Wy, S W,y (1.15)
(wlo=[lwll  and  |w| =[w.]; (1.16)
Kw, z)|=Z|wl,|z] - (1.17)
|wl,=sup w2, (1.18)
zeHS—{0} 2]
|, S|wle ez ple-aea) g <g<q,  (1.19)

Next we introduce the weak truncation error for approximate solutions
of the system (1.1)-(1.4). The weak truncation error measures the extent
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164 D. HOFF AND R. ZARNOWSKI

to which an approximate solution fails to be an exact weak solution, in
the sense of Definition 1.2.

DEerFINITION 1.3, — Let (v*, u") be an approximate solution of (1.1)-(1.4)
for which v"e[v, 7] a.e. Given t,<t, in [0, T| we then define the
linear functionals % ,(t;,t,,.) and ZL,(t,,t,,.) as follows: for
Q, \IIGCI ([_ 1, 1] X [[1’ 12]) with \|[(:t L, t)=0,

1 ty ty 1
£, (14, 15, (p)=f ") (x, .)dx +J‘ j (—v*o,+u" @) dxdt
-1 . t1 t1 -1

t 1 -
~J zf F,(x, 1, vy @"(x, 1)), v" (x, t), " (x, D)) @ (x, t)dxd:, (1.20)
tq -1 .
and

1 ty t; (f1
L1y, 1y, ¢)=J ") Cx, ) dx —J J [w" ¥, +p (V") ] dx dit
-1 1 1] v—1

, (1 h
+J J eV g gy
ty -1 v

t, (1
—J J F,(x, t, y (" (x, 1), v" (x, 1), u" (x, )W (x, t)dxdt. (1.21)
t -1

Then given a€l0, 1], we define the weak truncation error Q, associated to
", u") by
L (sy, 52, 9| +| L, (54, 52
Oulty )= sup 1216052 DNF|Ls (05 )|
51,52, 9, ¥ m ((P9 \I’) Hla, [s1, s2]

where the sup is taken over s,<s, in [t,, t,], and over @, ¥ as described
above, and where

1@ Wl 151, 5= sup o, D[+ D+ 2= 2 [, (L, 0]

sy EtEsy

(1.22)

+ (Jsz Jl W2+ (s, — ) Y dx dt)llz. (1.23)
st -1

In the following theorem we give bounds for the error

E_,0=|=o"(, D|+|@—u"(. 0|, (1.24)
in terms of the weak truncation error Q, and the initial error:

TuaeoreEM 1.4. — Assume that the functions and parameters in (1.1)-
(1.4) satisfy the hypotheses A1-A4, let T be a fixed positive time, and let
constants Cy, C,, and r be given, as in (1.13) and (1.14), with 0<r<1.

(a) If F, and F, are independent of u, then given ae(0, 1], there is a
constant C=C(w), depending only on a, T, &, p[[u, o Ces Co, Cy, and r,
such that, if (v, u) is a solution of (1.1)-(1.4) satisfying (1.6)-(1.14), and
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if " u") is an approximate solution, satisfying (1.6), (1.8), (1.9), and
(1.12)-(1.14), then for any t€]0, T],
sup E_,(0SC@[E_,(0)+Q,(z, T)]. (1.25)
TSt=T
(In general, the constant C (o) may become unbounded as o} 0.) In addition,
for t>120 and a.€(0, 1],

Eo () SC () [€ + %4 Qo) gl o, (1.26)

where & is the term in brackets in (1.25).

(b) In the general case that the F; do depend on u, there are positive
constants C and C,, depending only on'T, ¢, p|, 5 Cg Co, andr, such
that, if (v, u) and (", W) are as in (a), and if C, <C,, then for any t1€[0, T],

sup_ Eo (0 =CIEq (1) + Qo (r, T)]. (1.27)
1<t

Thus in the case that (2", u") is an exact weak solution, Q,=0, and the
theorem asserts continuous dependence on initial data in L2. In the general
case (b), this initial data must be assumed to be small. When the F; are
independent of u, however, this smallness assumption can be eliminated,
but at the expense of further weakening the topology of continuous
dependence, as in (1.25), or of introducing an initial layer, as in (1.26).

We now give a brief sketch of the key ideas in the proof of Theorem 1. 4;
complete details are presented in section 2. Thus let (v, u), j=1, 2, be
exact solutions of (1.1)-(1.4) as described above, and let Av=v,—v; and
Au=u, —u,. Then formally, from (1.1)-(1.2),

Av,—Au, =0

A A
Au,+Apx=8< Ue 20 u1x> .
V2 U170y x

The direct approach of ([8]-[9]) consists in simply multiplying these two
equations by Av and Au, respectively, and integrating over [~ 1, 1] %[0, 7].
Applying the Cauchy-Schwartz inequality in an elementary way, one thus
obtains that

1 1
j‘ (Av? + Au?) (x, t)dx+jf Au? (x, s)dx ds
-1 0J-1
1 t 1
gCJ (Avg+Au3)dx+CJf [Av? +|Au,u, Av||dxds. (1.28)
-1 0J—-1 .

Now, a simple Gronwall argument takes care of the term J j Av? on the

right-hand side here. But if we are attempting to obtain an estimate for
E,, then we are constrained to bound the other term in this double integral

Vol. 11, n® 2-1994.



166 D. HOFF AND R. ZARNOWSKI

by

t

§”Au§+i sup HAv(.,s)sz (L) ds. (1.29)
2 28 0ssst 0

The first term here can be absorbed into the left side of (1.28) when

is small. The problem, however, is that the integral in the other term is in

general divergent. Indeed, solutions w of the heat equation with data in

L? M\ BV achieve the rate of smoothing ||w,(., 1)|,<C:™ ', but no

better. The approach taken in ([8]-[9]) was therefore to replace the estimate
(1.29) with the bound

ngAquJr L sup [AeC, 0|2 ”ufxdxds.

28 0xsxt

This succeeds because the second integral here is small for small time,
by (1.14). This success occurs, however, at the expense of having to
measure the perturbation (Av, Au) in a norm which dominates ||Av||;
and this we regard as unsatisfactory.

In the present paper we apply a completely different approach to
circumvent this difficulty. Specifically, we subtract the weak forms (1.10)-
(1.11) satisfied by the two solutions, and choose the test functions @
and  to satisfy appropriate adjoint equations, solved backward in time,
with “initial” data given at a positive time 7. Omitting all but the key
terms, we obtain

‘ j(Av(p + Aup) [y dx

gﬁ|Av\pxulx|dxds+... (1.30)

The term on the right here clearly plays the same role in this approach as
the troublesome term on the right side of (1.28). Now, in order to obtain
information from (1.30) about ||Av(., 7)|| and || Au(., 7)|| by duality, we
should take @ (., 1), ¥ (., )eL?. We therefore need to show that, for
such data, the solution (o, V) of our adjoint system satisfies

W o Dl [V D[ =972, (1.31)

which again is sharp even for solutions of the heat equation with L? data.
Assuming that (1.31) has been proved, we may then apply (1.14) to
bound the term on the right side of (1.30) by

sup 18009 [/ 14l s s

O=<s=t

< sup ||Av(., )||C W (., 0| Jt(t"s)_3/4s‘l/4ds.
O=sst

0

Since the integral on the right here is a constant, this term may be
absorbed provided that C, is small. This gives part (») of Theorem 1.4.
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Observe that we succeeded by this adjoint-equation device in splitting the
nonintegrable singularity 1/t occurring in (1.29) into the integrable prod-
uct (r—s)~3/* s~ Y4 of two singularities of the same total strength. (Actu-
ally, we have oversimplified here a bit. Since the discontinuous functions v;
determine the coefficients of the adjoint system, yr will satisfy a parabolic
equation whose coefficients are not smooth. It is therefore necessary to
replace ¥ by a lower-order perturbation of ¥ in the above argument.)

In the case that C, is not small, we choose the initial data ¥ (., t) to
be somewhat smoother —V\ (., £)e H* for a>0. This results in a slightly
more favorable smoothing rate in (1.31), so that the integral in (1.29) is
replaced by one which is small when 7 is small. We can then obtain from
(1.30) a bound only for ||Av(., #)||+|Au(., £)|_,, which is the estimate
in (1.25). The L? bound (1.26) is then recovered from this result and the
bound (1.14) by a simple interpolation argument.

Most of the work in the proof of Theorem 1.4 consists in obtaining
the required rates of smoothing for the adjoint solution (o, ), particularly
in the H* norms. These results are achieved by applying standard energy
estimates, together with certain interpolation-theory arguments based on
the proof of the Riesz-Thorin Theorem.

2. PROOF OF THEOREM 1.4

We begin by deriving an estimate for E_, (¢,) in terms of E__(¢;) when
0<t,<t,<T and ae[0, 1]. Thus the two cases of the theorem will be
combined for the present, and will be distinguished only at the end of the
argument. For the time being, C will denote a generic positive constant
depending only on

T, € Plp. 53 Cr» Co and r. 2.0

Thus fix times ¢, <t, in (0, T) and ae[0, 1]. We subtract the definitions
(1.20) and (1.21) of the functionals ., and %, from the corresponding
weak forms (1.10) and (1.11). Adding the resulting two equations, we
obtain

f (Ao @+ Aul) (x, .)dx |2

+J‘2J‘_ [WA‘D((pt_*_ i_z‘l’x>“Au(\|-’t_(px)

gAu, 1 1
+ \l’x+€<;_7‘)ug\llx:|dxdt
v

v

ty (1
=f J (AF1‘P+AF2\|1)dth‘$1(I1a Ly, @)=L, (1, 1y, V).
t1 J-1

1
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168 D. HOFF AND R. ZARNOWSKI

Now, for >0 we can choose smooth approximations »* and " to » and
v which satisfy

2 (x, 1), "% (x, 1) e[v, 1] 2.3)
and
120 Ol NG Dfle=Cot™, 2.9
as in (1.8) and (1.13), and such that
P®o>v  and M- dtae in [—1, 1]x[7, 1] as 8-0. (2.5)

We then let a® denote the divided difference
P —p@"® P £
@ (x, )=p[*(x, 1), 2"°(x, )] = F—fs T (2.6)
Pred), =t
which is therefore a smooth function for (x, £)e[—1, 1] x[¢,, £,].

We now fix functions f and g in C¥ (—1, 1), and we take ¢ =¢°® and
V=1y®in (2.2) to be the solutions of the following adjoint system:

@, +a Y, =0
Vimau (=) o, —1<x<1
t Px ? x_ > <x<l, 1<, 2.7
(P('s tz)zf; \Il(a t2):g9
Y(x1, 1)=0.
It will suffice to consider “initial”” data (f, g) satisfying
1 11=1gl=1. (2.8)

Substituting the first two equations in (2.7) into (2.2), we then obtain

1
j [Av(., L,)f+Au(., t,) gl dx=J1 (Ao @+ Aud) (x, t,) dx
-1 -1

anl [Av@[v, o - 1)4@
ty J—1 v v

1 1
+a<—h——>u’;\ui+(AF1 (p5+AF2\|/5)]dxdt
v v
_gl (tla t2a (P8)4$2 ([15 l27 ‘*l’s)

Before estimating the various terms appearing in (2.9) above, we first
collect together various properties of the adjoint functions ¢® and

LemMaA 2.1. — There is a constant C, depending only on the quantities
in (2.1), but not on a, t,, t,, S, f, or g, such that the solution (¢®, ) of
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the system (2.7)-(2.8) satisfies

H@" ¥l 1, 2
= sup [[°C, D[+ [V, DL+ =0, 0]l

+( f ? f (5% + (1, — 1)~ (W3)?] dx dz)”zgc, 2.10)
51 -1

and

&
(8;'/; —(ps)('a t)
§C(t2—t)‘“_l’/2[1+<(tz—t)1_“fl (\llf)zdx)1/4:|. 2.11)

The proof of Lemma 2.1 is somewhat lengthy, and will therefore be
deferred to the end of this section.

We now show that the first two terms in the double integral on the
right-hand side of (2.9) approach zero as & — 0. We shall present the
argument only for the second of these, which is the more difficult. Triangu-
lating, we may bound this term by

cﬁ;mx(v—vm +c”1Aux(v~v5)| 0 @.12)

The second term in (2. 12) is bounded by

C (JfAui (v— va)z>1/2

by (2.10). The integrand here approaches zero a.e., and is bounded by
CAulel'([—1, 1]x[z, £,]), by (2.3) and (1.8). This integral therefore
approaches zero as 6 — 0.

We apply (2. 11) to bound the first term in (2.12) by

Cjtz((tz—t)_”z[lJr(J\1 (tz—t)(\]/f’)2a’x>l/4]jl lAux(v—vS)'dx)dt.

We apply Holder’s inequality with exponents 4 and 4/3, and then appeal
to (2. 10) to obtain the bound

C [r (t,—1)" 23 (fl | Au, (0= 0% dx)4/3 dtTM. (2.13)

Now, Au, (v—1%) > 0 a.e.in [— 1, 1]x[t,, t,], as & — 0, so that, by Fubini’s
theorem, there is a set A of measure zero for which
Au(x, 1) (v—2%) (x, ) - 0 for almost all x when r¢ A. Since

[Au, (., 1) (0= (., D)|ZC|Au, (., nlel'(—1, 1))

00

s
v&
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170 D. HOFF AND R. ZARNOWSKI

by (1.12), we thus obtain that
1
J |Au(x, 1) (0= (x, t)|dx >0 as § -0
~1

when t¢ A. This shows that the integrand of the time integral in (2.13)
approaches zero as 8 — 0 for almost all ¢. This integrand is bounded by

(t,—p~23 (r | Au, (v — 1) | dx>4/3
o 2/3 2/3
S(t,— 023 <JAM§ dx) (J(v — )2 dx)

SC(t,— 0 P Pel? (25, 5],

by (1.14). (The precise exponents are not really crucial here, since 7, >0.)
This proves that the expression in (2.13) approaches zero as & — 0, and
completes the proof that the first two terms in the double integral in (2.9)
vanish in the limit as § — 0.

The third term in this double integral is bounded by

J‘u Av|

We apply (2.10) and (1.13) to bound the second of these terms by

iy 172 1/2
| nuz<.,t>||w(fm2dx) (j«pﬁ)wx) p
1
12 (1,
<C sup (jszdx) J trdt
1St ty

<C@ -4 sup E_,(.

t1 St=<ty

+cf W Av| | 9P ). (2.14)

Applying (2.11), (1.14), and (2. 10), we can bound the first term in (2. 14)

by

c f ? (tz—z)(“““/l[w( j (-0t )y dx)lM]
" 1 o 12 / P 1/2
(J Av? dx) ( J h? dx) dt
-1 -1

t
=CCy sup E—a(t)Jz(trt)“‘_”’zt_”4
t

t1St=1p

1 1/4
[1+(J (t,— 0t (8 2dx> ]dt
-1
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2 3/4
éCClsupEu(t)U (tz—t)““‘“’?’t—mdt]
31

éccl (ZZ‘tl)alz Sup E~a(t)9

t1 2151

because
ty 1
f (tz—t)_2/3t_1/3dt=f (1—s5)" 235~ 13 ds
(1} o]

is a constant independent of 7,. (This is the point in the argument where
the specific exponent in (1. 14) is crucial.) Combining these two estimates,
we then have that the third term in the double integral in (2.9) is bounded
by

Cl(t;7"—ti N+ Cy(t,—1)"?] sup E_, ().

t1=1=13

To bound the AF; terms in (2.9) we use the fact that, by the
definition (1.5),

Ay (x, z)|§r Ao s, )| ds=C|| Ao (., )]

Therefore by A4 and (2. 10), for case (b) of Theorem 1.4,

]HAFZWW

and similarly for the F, term in (2.9). The same estimate holds in case
(a) that the F; are independent of u, because || * || <|y?|, for 0.20.

Finally, the single integral on the right-hand side of (2.9) is bounded
by CE_,(¢,); and (2. 10) and the definition (1.22) show that

}gl (tlﬁ t2’ (p8)|+ | gz (tls t2: \'ls)léQa(tls t2) |”((P8, \Ila) ma, [t1,t2]

=CQ, (74, 1)
Combining all these estimates, we therefore obtain from (2.9) that

gcr(um(., DN+ AuC, DD IIVEC, )|t
'<C(,—1) sup Eo()=Clt;—1) sup B_, (1),

11151 3 E115)

r [Av(x, 15) f(x)+ Au(x, £,) g (x)] dx

<C(E_, (1) +Q, (11, 1)
+[C, (1, — t1)a/2 + (té—r_ ti )+ (t,—t)] sup E—m(t))

11 =15t

for all fand g satisfying (2. 8). Taking the sup over such f and g, we may
then replace the left-hand side in (2.15) by E_,(z,). Recall that the
constant C in (2.15) depends only on the quantities in (2.1). In case (a),
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o is positive, and we can therefore assert that there is a positive number
At, depending only on the quantities in (2.1) and on o and C;, such that
sup E_, (0 =CI[E_, (1) + Q. (4, 15)] (2.16)

ty 2t

when 0<¢,—t, <At In case (b), o is zero, and (2.15) shows instead that
there are positive constants Atz and C,, depending only on the quantities
in (2.1), such that

sup Ey()=CI[E( () + Qo (¢, 1) (2.17)

t1Stsip

provided C, <C, and 0<¢,—1, £As. A standard Gronwall argument then
shows that (2.16) and (2.17) hold for all 7, <¢, in (0, T), and therefore
for all ¢, <1, in [0, T], by (1.6). This proves (1.25) and (1.27). To prove
(1.26) we observe that, by (1.14),

|Au(., )|, <Cet 14

for all z. (1.26) then follows from this and (1.25) via the interpolation
result (1.19). This completes the proof of Theorem 1.4. [

Proof of Lemma 2.1. — We let C denote a generic positive constant
depending only on the quantities listed in (2.1), and we surpress the
dependence on 8 of the solution (¢, ¥) of the adjoint system (2.7)-(2.8).

To derive an L? bound for (¢, V), we multiply the first equation in

(2.7) by —@/a® and the second by ¥ and integrate. Applying the boundary
condition, we obtain that, for ¢, <5, <s,<1,,

! 2 S 2 8 8\")25
J—l( F+\‘I )(x, )ydx| 2+j j [ XPE a > ]dxdt=0.

Rearranging and using the fact that C™1 < —a®<C (see Al and (2.6)),
we get that

fi @+ V) (x, sl)dx+j32 " Vdxdi
-1

s1 -1

chl @+ V) (x, 5,) dx
-1

+< sup J(P(x, :)de>f2||a§(.,t)||mdt]. (2.18)
s1Et<s2 s1

However, (2.4) shows that

JSZ ”af( ’ t)”oodtéce (s;_"__si—r).
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Applying a standard Gronwall argument in (2. 18), we may then conclude
that

1 t 1
sup U (<p2+¢2)(x,t>dx]+j2j W2 ddi
t1 ety -1 ty v—1

§Cfl (f2+g%)dx. (2.19)

Next, we derive simultaneously two different H' bounds for s, corre-
sponding to different norms of the initial function g. To do this, we let &
denote either of the functions o (£)=1¢,—1, or o ()=1. We multiply the

second equation in (2.7) by o ()W, (x, t) and integrate and apply the
boundary condition {, (£ 1, £)=0 to obtain that, for ¢, <s, <s,<1,,

sy [f1 \IlZ
J f oVy? dxdt—sf j s( > dxdt—j J oV, ¢, dxdt
51 v—1 s1 -17 2 -1

:—G()J W) (x, )dxs“rf f (o, 0 +o0) V. dxdr.

Rearranging and applying the Cauchy-Schwartz inequality to the single
integral on the right, and applying (2.19) in an elementary way, we then
obtain that

rz Jl oU2 dx di+6 (s,) Jl , (x, 5,)% dx

1

éC[Jl (f*+ghdx+o(sy) 1 V. (x, 5,)% dx
-1 -1
+jszjl c(\l@[vflﬂ\hx(p,bdxdt:l.
St -1

We have that

JSZJI oVZ|?|dxdt<C(s37"—s17") sup [G(t)f\l/x(x, t)zdx]
-1

51 Sy Et=s2

Ul\lf cptl<CH¢2<CJ (f2+g%dx

by (2.4), and
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by (2.7) and (2.19). Thus
JSZJI 0\];,2dxdt+(s(s1)J‘1 Y, (x, 5,)% dx
St -1 -1
éC[Jl (f2+g2)dx+0(sz)fl Vs (x;, 5)% dx

+(si " =517 sup (cr(z‘)f1 Y, (x, t)2dx>].
-1

sy St=Ssy

standard Gronwall argument then shows that

A
t 1

J J oyZdxdt+ sup o (0 |V, (x, 1)*dx
1y -1

§C[j1 (f2+g2)dx+cs(t2)f1 g’(x)zdx:l, (2.20)
-1 -1

where either o (f)=1t,—1, or o () =1.

Observe that (2.19) and (2.20) prove (2.10) in the special case that
a=0. For other values of o we shall have to appeal to some standard
results of interpolation theory; these are stated in the following lemma.

LemMa 2.2, — Let H=H} (-1, 1]).
(@) Suppose that B:HxH — C is bilinear, and that there are indices
o, B;e[—1, 1] and constants M, and M, such that

IB(g,g*)léMjlgluj|g*‘ﬂja j=1529 (221)
Jor all g, g*eH. Then for any 6€[0, 1], and for all g, g*cH,
|B(g, g%)|<MI "M} |g],|g* |5 (2.22)

where
a=a; +0(a,—a,) and B=B,+0(B,— By

(6) Let S:tH—L*([—1, 1]%[ty, t,]) be a linear operator, and suppose
that there are constants M, and M, such that

, 1 12
(J J (tz_t)ISgldedl> §M0|g’0
151 -1

1 1/2
(J‘ J |Sg'2dxdt> <M, |g|;.
ty -1

Then for any ael0, 1] and for all ge H},

1y (1 1/2
(J j (tzf—t)l_“|Sg}2dxdt) MM g |,
1y -1

and
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(a) and (b) are special cases of standard results in the general theory of
interpolation of Banach spaces. For the reader’s benefit, we sketch simple,
self-contained proofs at the end of this section. (These proofs are little
more than appropriate adaptations of the proof of the Riesz-Thorin
theorem.)

We now apply part (a) of Lemma 2.2 to derive a bound for the term

1
sup (=)' Y, (x, £)*dx

1§ <15ty -1
appearing in (2.10). Fixing telz, ¢,), we define a linear mapping
S:L2xH} - L2 by S(/f;, 22=V.(., 1), where (¢, {) is the solution of the
system (2.7) with data (f, g). We then define a bilinear form B on
H} x Hg by

B(g, £)=(S5(0, g), g*).

(Recall that ¢.,.) is the usual inner product in L?([—1, 1]).) The two
cases of (2.20) then show that

éC(lz—t)_l/Z‘gio |g*

0
and

’

B g9 |=Clgll+]g
<Clgli]&*o,
by the Poincaré inequality. Lemma 2.2 therefore implies that
[{S(0, 2), g* ) |=|B(g, g9 |=C(t,— ) g, ]g*o
for all g*, so that

)lg*lo

S0, &)[|=C(r,— ) V2 |g,
We also have from the o=1 case of (2.20) that
IS¢ oli=cll sl
so that, by the linearity of S,
WG Dll=IISU DII=Cl =02 (| f )1+ gl). (2.23)
A similar argument shows that
W, DL=C £lI+]gl) (2.24
To bound the last term on the right-hand side of (2.10), we now define
S(f, &)=V, where (o, ) is the solution of (2.7) with data (f, g). The

mapping g+ S (0, g) from HY into L2 ([—1, 1] x [¢,, £,]) is then linear, and
the two cases of (2.20) show that

t, 1 /2
(J‘ J (tz-t)|S(0, g)|2dxdt) éClglo
1 -1
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and

, 1 1/2
(['] 150 0pasa) " scqsi+iz

=Clgl;-
Part (b) of Lemma 2.2 therefore implies that

(J"‘Jl (t,— | S (0, g)lldxdt>1/2§CIgla‘
131 -1

We also have from the o=1 case of (2.20) that

12 172
(H(zz—nl-“lsmow) gc(“lsoﬂmlz)

=C|lf1I
Therefore by the linearity of S,

(jtzj (12_2‘)1"‘\1112 dxdl)llzé(:(“f”‘}‘lglu)‘ (225)

Combining (2.19), (2.20), and (2.23)-(2.25), we therefore obtain that

@, W e, a=C AL SN+ Nl gl + e ]

=C(lrli+lgl,
which proves (2.10).
Finally, to prove (2.11), we fix 1<t, and let

W,
z=(87—(p>(.,t).

Assuming that the normalization (2.8) is in effect, we then obtain from
(2.10) and the second equation in (2.7) that

Iz Iz =il + =zl 2N
1 1/2
§C<(l2—z)°‘_1+1+[(t2—t)‘°‘_“/2+1][ A dx] >

1 —1/12
SC(@,—*t (1 + [(t2 - ““j Y2 dx] )
-1
as required. [J

Proof of Lemma 2.2. — To prove (a) it suffices to establish the estimate
(2.21) when g and g* are the finite sums

2= 4 P and g*=) b;0; (2.26)
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where the { ¢, } are as in Definition 1.2. Fixing such g and g*, we then
define for ze C the function

W(Z) =B (2 M(a"ul)/2+(u1 —ay)/2z @, Prs Z Mﬁ—ﬁl)ﬂﬂﬁl ~Bo)2z bj (Pj),
k i

where a;, B;, o, and B are as in the statement of the lemma. It follows
easily from the bilinearity of B and the positivity of the A, that w is an
entire function of z, and that |w(z)| is bounded in the strip 0<Re ()< 1.
1t therefore follows from Lindel6f’s theorem (see Donaghue [1], p. 18, for
a short, self-contained proof) that the function

G =sup|wE+in)|

is log convex on [0, 1]; that is, that
GOSGO'°G()’, 0=0<1. (2.27)

We estimate G (0) and G (1) as follows. From the hypothesis (2.21) for
j=1, we have that

[wO+in)|SM, (A2 emeDing g, |, | FAP- B2 GbDing g |
=M; QA @) QA b,
:Ml ‘glu |g* Iﬁ’
so that
GO=M,|gl.|g* s
We obtain in a similar way from the j=2 case of (2.21) that
G(H=M, |g|u|g* la-
Applying these two estimates in (2.27), we then conclude that
|B(g, g9 [=|w(®)|=G(®)
=M} M [gl.|g*l
which proves (a).
To prove (b) we first fix a time 7e(¢,, £,), a trigonometric polynomial g
asin (2.26), and a function ye L2 ([—1, 1] x {z,, f]). We then define

t r1
W(Z)=J J (=TS QA2 a4 @) g dx dt.
t1 v —1

A simple difference quotient argument shows that w is entire, and w is
clearly bounded on the strip 0 =Re(z) = 1. The function
G =sup|w(E+in)|
k]
is therefore log convex:

G@=G(O)' "GO (2.28)

Vol. 11, n® 2-1994.



178 D. HOFF AND R. ZARNOWSKI

The first hypothesis in (b) shows that

lW(in)Iéjf(tz—t)I/Z [SC AL 2 a, @) || x| dx dt

. 1/2
<M, | Y22 0,0 ( j j x)
1/2
=Mo|g|u(ﬁx2) ,

G(0)=M, lglm<ﬂx2)m.

The second hypothesis of () shows in a similar way that

oovomin[J)"

Applying (2.28), we thus obtain that

so that

=|w@)]

1/2
éG(a)éMé‘“Milgluqfxz) ,

rr1 1/2
(J J (tz—t)l“‘|Sg|2dxdt> <M{ *M?| g,
ty v —1

t 1
j f (1= "2 (Sg) xdxdt
v —1

1

so that

We then let 71 ¢, and extend to ge H} to complete the proof. [

3. APPLICATION TO FINITE DIFFERENCE APPROXIMATIONS

We now apply Theorem 1.4 to obtain specific rates of convergence for
certain finite difference approximations to solutions of (1.1)—(1.4). We
consider only the special case in which F,=F,=0. Our approximations
are generated by the same difference scheme used in [9], but our application
of Theorem 1.4 here yields convergence rates in H* norm which are twice
the order of the L? rates previously obtained.
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We define
A(w)=¢lno,
1
v(f)= lj v(x, t)dx,
2]
(v, v)= ﬁ [p (@)~ p ()] ds,
and we assume that there are constants C,, ..., Cs, and M, M, such
that
1y ~
J [Euo(X)“ﬂll(vo (), v(O))]dX§C2, 3.1
-1
sup |u, () |+ sup |u, (1)]|£Cs, (3.2)
0stsT 0<t=T
sup |u(D]+ sup |u ()|<C,, (3.3)
O0<r=T 01T
[ quo+uopasc, 6.4
0
J (w (D] +|a (] dt<Cs, (3.5
4]
~ 1t
Mlgv(0)+5f [4,(s)—u,(s)]ds=M,, O0=Zr<T. (3.6)
o)

By transforming to Eulerian coordinates, it may be seen that this last
condition simply prevents the pistons from either colliding or becoming
arbitrarily far apart in finite time.

In addition, we assume that one of the following cases holds:

Case I. — voeH' (y;, y,11) and ueC(y, y;,,) for i=0,1, ...,17,
where —1=yp,<...<y;; (=1, and there exists a constant C, such that

J

TV () + ”(vo)x|l+ 2 |v0 0+, (3, —0) l =C,,
i=1
where ||.|| denotes the piecewise L? norm
! Yi+
w]|2= 3 1 w(x)? dx.
i=0Jy;

We also assume in this case that C,, . .., C, are sufficiently small, depend-
ing on v and v.

Case II. — This is the same as Case I except that no smallness assump-
tion is imposed, but
w(H=0=u, (1), 0=:=T,

3
p@)=kv™", k>0, E<y<3.
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Case III. — vy, ugeH'(—1, 1), and there exists a constant C; such
that

[| @) [+ 1| @o)x | £ €.
We also assume in this case that
w()s0=u, (), 0=:=T,
p@)=ko™?, k>0, y>1

Approximate solutions (v", #") to (1.1)-(1.4) are constructed by the
procedure described in ([8]-[9]), which we now summarize.
Let Ax and Ar be fixed increments in x and 7 and set x,=kAx for

k=0, £1, ..., £K, where KAx=1; x;=jAx for
1 1
Jj=x -, ... £{K—=};
2 2
and "=nAt for n=0, 1, ... We denote by v} and u; approximations to

v(x;, ") and u(x,, ") and we form initial sequences {v} and {u} by
pointwise evaluation of v, and by integral averages of u, over intervals of
length Ax. We set 1% =u,(0) and ug =u, (0). We also let x,, be the value

of x, nearest to y; for i=1, ..., J with x =0 and x,, =1 For
n=1,2, ..., {v}} and {4} are then computed from the scheme
n+1 7
GG gwti=0,  j=—K+ b, K-1 3.7
At o 2 G-
u;+1_un
S pepptt=s et e, k=Kl Kol (.9)
t
1 t" 1 t"
U g=— 1) dt, Ug = — u, () dr. 3.9
K Aljtnlul() K Al a1 0] (3.9

Here § is the difference operator dw,= (W42 —W;—1,2)/Ax for I=j or k,
and A7 12 s the divided difference

A;'H—l_A;! kit
y"+1—v'f ? J J
)\.’5+1/2=A[‘l)'~‘, vr§+1]: v i
J J J
€
ooy n_—_ntl
AN @)=, v} =]
J

where A=A (v]).

It was established in [9] that, under appropriate constraints on Ar and
Ax, this scheme can be solved up to any fixed time T>0. In particular,
we assume the existence of a constant C such that

—<C, as Ax—0. (3.10)
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Thus, given sequences { v} } and {4} } satisfying (3.7)-(3.9), we construct
approximate solutions to (1.1) by interpolating the sequence {uﬁ} to a
function " (x, f) which is bilinear on rectangles of the form
h H n : 1 1
Si=[x;_1/2> Xju12l X[, 771, j=—K+—-, ..., K—=
2 2
and by interpolating {v';} to a function which is bilinear on rectangles of
the form

Sk =[xk 1725 X v 12 X [, nh, k=—-K+1, ..., K—-1; k#k;,

)

with appropriate extensions near the lines of discontinuity x = x;, in Cases I
and II. Approximate functions p*(x, ) and A"(x, f) are constructed in a
similar way from the sequences {p}}={p(v})} and {A}}={A(2])}. The
construction is such that " p" and A* are continuous on
(% X, ) X [0, N, i=0, ..., ], but are discontinuous along lines X=Xy
i=1, ..., .

The following regularity properties were established in ([8}-[9]), for

1

P>
4
0<v=<v"(x, 1)<v, for some [z, v]€(0,00) (3.11)
sup |ul (=1, )|+ sup |uf(l, )|=C (3.12)
0=t=T O0=t=T
sup { || (., )|+ (o, 0]+, 0D}
0=t<T

T 1
+J‘ J urdxdt<C (3.13)
0 J-1

T 1
sup [|v§(.,t)||+f J M dxdt<C (3.14)
O0=t=T 0 -1
lut (., O, ot (., D||I=Ce v, 0<t<T (3.15)
T 1 T 1
J‘j 2rut2 dx dt, J‘J Pru2dxdi<C (3.16)
0 J-1 0 J-1
T r1 T 1
JJ 127 AR2 d dt, jj 27 ph dxdr<C (3.17)
0 J-1 0 J-1

In addition, we’ll need the following properties of the sequence {u} },
which were also derived in [8]-[9]:

N-1 K-1 n+1 n\ 2
y Oy (z"“)z'(”"—A_ﬂ> AxA1=C, (3.18)
n=0 k=~K+11\I—1 !
S || 8wt At<C. (3.19)
n=0
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The following theorem gives the actual error bound which is obtained
by applying Theorem 1.4 to the finite difference approximations con-
structed as above.

THEOREM 3. 1. — Assume that vy (x), Uy (x), u; (1), and u,(¢) satisfy (3.1)-
(3.6), and assume that the hypotheses of one of Cases I, II, or III are in
force. Assume also that At and Ax are chosen so that the scheme (3.7)-
(3.9) can be solved up to time N<T and let (v*, u") be the functions

1 1
constructed as above, satisfying (3.11)-(3.19) with 1 <r< 5 Let E_,(¢) be

as in (1.24). Then for any a€(0, 1],
(@ sup E_,(nSC(@)[E_,(0)+0 (Ax"?),

0=t<T
in Cases I and II,
() sup E_,(=C()[E_,(0)+ O (Ax)],

0<t<T
in Case III.
where C (o) may become unbounded as o | 0.

Proof. — By Theorem 1.4 (a), we need only prove the following:

LEMMA 3.2. — Let &, and ¥, be as in (1.20) and (1.21) and let
0 <N<T. Then under the hypotheses of Theorem 3.1,

| Z,00, &, §)|SC (o) Ax||| 9, V||l 0. Ny i all Cases; (3.20)
| 2,0, N, W) |ZC@)AX2 |||, V||| 1o, Ny, in Cases I and IT, (3.21)

and
| 2,00, &, W) |ZC@)Ax ||| 9, V|||, o, Ny, in Case III.

Proof of Lemma 3.2. — We prove only (3.21) for Cases I and II, since
the proofs of the other results are much simpler. From (1.21)

N e gul
2,0, 8 9= ey dedi-
0 J-1

0

N

Jl p (@M, dxdt

1 N N 1
+j u" o dx~f J wi\ dxdt. (3.22)
-1 0 J-1

Now consider the expression

N ry ] N
j J Au—pi—u)Vdxdi= =}, [A? =P W Oy 1) dlt
o J-1

i=1J0

N pg 1 N o~
—j J (Ai'—p")\llxdxdt—j uh¢|§“dx+f j W, dxdi. (3.23)
0 J-1 1 0o J-1

Here, [w], denotes w(x,+0)—w(x,—0).
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Adding (3.23) to (3.22), we obtain

2,0, zw>=~j’ f (A" — p— ) dc i
0

N ony Suh—‘ t t 1
+J J (_hx —Af)\hxdxdt—j J (p (@)= p") dx dt
o Jo1\ v 0 J-1

—2 T, ¥ (i, D)t (3.24)

i=14J0
From the definitions of ", p*, and A*, we find that on rectangles S},
kk,

A'J'rt_pz_u:lz _”gt(x_xk)_p';t(t_tn+l)

with similar expressions holding on rectangles S, and along the boundaries.
Using this in the first double integral of (3.24) and integrating by parts,
we can bound this term by

Athle luﬁ\l},|dxdt+AtJ‘tNJ‘1 | pho | dx dt
-1 (0] -1
gAx<J1N 1 -t "dedt) <j J (N—pt~ °‘\jfzabcdt>l/2
+A1<J j P2 "2dxa’t> (J J‘ “2’\|/2dxdt) "
-1 —1
gCAx<J (N—p 1t ”de>
0

N 1/2
+CAt sup ||\l;(.,t)||(j t_z’dt) by (3.13), (3.17)
ost=N 0
§C(Ax+At)]]|¢,\|/H[a,[0’tN], (3.25)

where we have also used the assumption that

1 1
— << . 3.26
4 2 ( )

For the second term in (3.24) we again use the form of A" and

triangulate to obtain

N r1 cut N-1 .

[ (ol 5[ for- 5
0 J-1\ 7 n=0 j Js¥ %

2_: ZJ JAﬁt(x—Xj)dexdt

N2 @t =) dx dt .

a[Ot]

(3.27)
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By using the definition of A}**/? and the form of o*, the first term on
the right-hand side of (3.27) can be bounded by

N 1/2 1 1/2
CAxJ Ilui:(-,t)llwq (v"2+v"2>dx> (J widx) "
o -1
N
<CAx|||¢, ‘Jfllla,[o,,N]J (N— ) D2 VA (L 1)), dt.
0

(by (1.23), (3.13), (3.15))
By a Sobolev inequality, this is bounded by

N
CAx|fl¢, ‘I!llla,m,mj [(tl“—t)“"”’zt‘”“"2
0

1 1/4 1 1/4
(J u’;}dx) (tZ’J ugdx) }dt
-1 -1
N 1/2 N o~ 1/4
sCasllg Wlhoa([ @ orterera) (] | weacar)
0 o J-1
N 1 1/4
><<J j tZ'u’;cgdxdt)
o J-1

where we have used (3.14), (3.16), and (3.26). The second term on the
right-hand side of (3.27) is

-1
ZJ JAﬁr(x—xj)\llxdxdt
= i Jst
N o~ 1/2 7/ N 1 1/2
gAx<j‘ J‘ t2’A';,2dxdt> (j t_Z'J Widxdt)
0o J-1

<C (J j q,dedr) (by (3.17)).
But by (1.23) and (3.26)

N 1 1/2 N 1/2
([ veasar)”sclig vl [ 2o a)
(V] -1 0
§C|||¢’ \I’Hlu {0, N (3.29)
Thus, the second term in (3.27) is bounded by

CAx[[[ ¢, W lla. o, M- (3.30)

a, {0, N} (3.28) )
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Next, we use (3.11) and the form of #* to bound the third term in
(3.27) by

CAtJt J |\, | dx dt

0

<CAt<j j 21y "2dxdt) (jJ‘ ‘2’\112dxdt) v
<CAfl Wl co (f j o wxdr) . by (3.29)

But it follows from the construction of #* that

f J t2'uh2dxdt<—f J 2Tt dx dt,

< (by (3.16)).

A_E
The third term in (3.27) is therefore bounded by
CAx”H” \H”u [O,tN]’ (3.31)

where we have also used (3.10). From (3.28), (3.30), and (3.31), the
second term in (3.24) is therefore also bounded by

CAx[|9, ¥ ll, ro, M- (3.32)
Next, the third term in (3.24) is bounded by

( f t f 1 \uidxdt)m( j [ (p(v“)—p")zcixdz)m,
0 -1 0 —1

which by (1.23) and the bilinear form of »" and p*, is bounded by

(o[ ] ) n([ [ )

<C|||9, Vlla. 0. ™ (Ax+Ar). (3.33)

Finally, we consider the fourth term in (3.24) which, after a lengthy
but straightforward argument based on (3.7), (3.8), and the definitions
of A* and p", can be bounded by

n+1

N1 3ty 12 o+l
CA Y (z R Ax) j T
n=0 \i=1 At "
N-1 pnt+1
+cary uaunﬂnmf 1., 0. d
N—"l_0 tn-:l 2\ 1/2
+cm1/2(z(z"+1)—»q II\l/(.,t)Hmdt)) +B, (3.34)

n=0 e
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Sz(uz:rl_u;i)
At

But by a simple Sobolev inequality,

1

W, Dl dt

gCJ‘tﬂ (J’l \l[de> (l‘ _t)J \l!zdx> l -0~ 14 gy

=Clli ¢, ¥llla, 10,M J - (by (1.23)

SCYJ| 4y ¥, o, My [N — 234 = (N = 17 1))
<C|| 4> W lla, o, M (N =117 AL (3.36)
ZC| 6, Yllla, 0. M AL (3.37)

So from (3.34) and the last inequality in (3.37), the fourth term in
(3.24) is bounded by

N-1  K-1 w 172
,N]Azm(z » (ﬂ+1)2r(l_k> Ax At)
n=0 k=—-K+1 At
N—1 2
(z (l"+1) ZrAt>

N-1

FCMIs Wil o, g AL X 8077 oo A1

+C[|| 4, V|l o, M AL +B
<Cl14s Wl 0.4 AX*2+B (by (3.10), (3.18), (3.19)). (3.38)

where:
N—1 J

B=Ax* Y Y

n=0 i=1

JI IW(., Oode.  (3.39)

n

P

We now use (3.36) to bound B as follows:

N—-1 J un+1 n.
BC|[4 ¥lllao. A ¥ 3 s(——) (=) Al
n=0 i=1 At
N—1 /2
<C14 ¥l o, A( S (N <r”“>"”“)
n=0

N-1  K-1 S — it \\2 12
(55 (24 )
n=0 k=—-K+1 At

N-1  K-1 S —m\2 1/2
gcnw,wlna,m,,NIAx”z(Z > wl)“(ﬂ—"‘ ) A"A’>
t

n=0 k=—-K+1

<C||| ¢, Vllle. 0. MNAX'? (by (3.18)).
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Using this in (3.38) and combining this with (3.25), (3.28), (3.32), and
(3.33), we obtain

[ £, 0, N, W [<C|| ¢, V||| 0. & AX"?, in Cases I and II. .
In Case III, the fourth term in (3.24) is 0, so that

| 2200, &5, W [=C|9, ¥ [lla, 0. Ax.
This establishes (3.21), and the proof of (3.20) is similar.

REFERENCES

[1] W. F. DONOGHUE Ir., Distributions and Fourier Transforms, Academic Press, 1969.

[2] D. Horr, Construction of Solutions for Compressible, Isentropic Navier-Stokes Equa-
tions in one Space Dimension with Nonsmooth Initial Data, Proc. Royal Soc. Edin-
burgh, Sect. A103, 1986, pp. 301-315.

[3] D. Horr, Global Existence for ID, Compressible, Isentropic Navier-Stokes Equations
with Large Initial Data, Trans. Amer. Math. Soc., Vol. 303, No. 11, 1987, pp. 169-181.

[4] D. Horr, Discontinuous Solutions of the Navier-Stokes Equations for Compressible
Flow, Archive Rational. Mech. Ana., Vol. 114, 1991, pp. 15-46.

[5] D. HoFF, Global Well-Posedness of the Cauchy Problem for Nonisentropic Gas
Dynamics with Discontinuous Initial Data, J. Differential Equations, Vol. 95, No. 1,
1992, pp. 33-73.

[6] D. HoFF and J. SMOLLER, Error Bounds for Glimm Difference Approximations for
Scalar Conservation Laws, Trans. Amer. Math. Soc., Vol. 289, 1985, pp. 611-642.

[71 N. N. KuznEetsov, Accuracy of Some Approximate Methods for Computing the Weak
Solutions of a First-Order Quasilinear Equation, Zh. Vychisl. Math. Fiz., Vol. 16,
1976, pp. 1489-1502.

[81 R. ZarnowskI and D. Horr, A Finite Difference Scheme for the Navier-Stokes Equa-
tions of Compressible, Isentropic Flow, SIAM J. on Numer. Anal., Vol. 28, 1991,
pp. 78-112.

[9] R. ZarNowskli, Existence, Uniqueness, and Computation of Solutions for Mixed Prob-
lems in Compressible Flow, J. Math. Anal. and Appl., Vol. 169, No. 2, 1992, pp. 515-545.

( Manuscript received December 28, 1992;
revised July 15, 1993.)

Vol. 11, n® 2-1994.



	Continuous dependence in L2 for discontinuous solutions of the viscous p-syste



