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218 S. MULLER, T. QI AND B. S. YAN

has the identity ;LJ {(g'>u)(adjDu){ } =(divg)cudet Du in the sense of
X

distributions. As an application, we obtain existence results in nonlinear
elasticity under weakened coercivity conditions. We also use the above
identity to generalize Sverak’s (c¢f. [Sv88]) regularity and invertibility
n

results, replacing his hypothesis qgil by g= L Finally if g= n
p—

n— n—
and if detDu=0 a.e., we show that det Du In (2 +det Du) is locally inte-
grable.

ResuMmE. — Soit Q < R” un ouvert borné et soit u: Q — R" une applica-

tion dans W1-#(Q; R") avec adj Due L1(Q; R"*") et p=n—1, qg__”_i. On
—

montre I'identité 5&7 {(g'>u) (adj Du)] } = (div g) udet Du au sens de distri-
X

butions si ge C! (R"; R") avec gradient borné. Par conséquence on obtient
des nouveaux résultats d’existence en élasticité non linéaire. On obtient
aussi une généralisation de résultats de Sverak sur la régularité et Iinver-

tibilite en remplagant ’hypothése g= Ll par g= Ll Finalement si
rP— n—

n

q= et det Du=0 p.p. on montre que det Du In (2 + det Du) est locale-

n—1
ment intégrable.

1. INTRODUCTION

Let Q be a bounded open set in R. In this paper we study the properties
of maps u:Q — R" which belong to the Sobolev spaces W!:7(Q; R") for
“low” values of p and discuss applications to nonlinear elasticity. There
is a striking difference in the behaviour of such maps for different values
of p. If p>n, then u behaves, in many ways, like a Lipschitz or even C*
map. Specifically, it has a continuous representative, maps null sets onto
null sets, the area formula holds (see Marcus and Mizel [MM73]), global
topological arguments apply (see Ball [Ba81] and Ciarlet and Necas
[CN87}]) and the Jacobian det Du is weakly (sequentially) continuous as a
map from W! 7 to L?" (see Reshetnyak [Re67] and Ball [Ba77)).
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ELASTIC DEFORMATIONS 219

By contrast, many of these properties may fail if p<n. Besicovitch
[Be50] constructed a continuous map from the closed unit disk D R? to
R3 which is in W' 2(D; R3) and whose image has positive three-dimen-
sional Lebesgue measure. More recently Maly and Martio [MM92] have
resolved a long-standing question by giving an example of a continuous
map ue W *(Q; R") satisfying det Du=0 a.c. for which u(£2) has positive
measure. Counterexamples to the weak continuity of the Jacobian were
given by Ball and Murat [BM84]. Miiller, Spector and Tang [MST91]
gave another example that topological arguments may fail drastically by
constructing a map satisfying ue W' 7(D; R?) for all p<2 with u|,p=id
such that u is injective on DN\ N (where N is a null set) and such that the
image of u contains sets of positive measure both in D and in R*\\D.
Here care has to be taken with the definition of the image but the
pathology occurs with all reasonable definitions, see the paper quoted
above for details.

The study of maps in W2 with p<n is of great interest in nonlinear
elasticity. First, for commonly used stored-energy density functions, there
exist deformations with finite energy which are not in W!" (¢f. the discus-
sion in [Ba77]). Secondly, Ball [Ba82] has shown that in these function
classes, discontinuous equilibrium solutions with a discontinuity corre-
sponding to the formation of a cavity can occur. The functions studied
there are of the following type [B (0, r) denotes the ball in R" with center 0
and radius r]

u:x—»R(|x\)l—x—l:B(0, 1) = B(0, R(1))
X

with R (#)>0, R’ (£)>0, R(0)>0.
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220 S. MULLER, T. QI AND B. S. YAN

U2 4

.

E
An existence theorem in that class is still outstanding due to the failure
of weak continuity of the Jacobian. Therefore Ball’s methods do not apply
directly.

In the current work we do not attack that problem (see Miiller and
Spector [MS92] for some progress in that direction) but rather extend
previous weak continuity and regularity results thus allowing for weaker
growth conditions in the existence theory. Following Ball [Ba77] and
Sverak [Sv88], we consider function classes which involve not only informa-
tion on the gradient Du but also on its adjugate matrix (the transpose of
the cofactor matrix) adj Du. Geometrically adj Du controls the deformation
of (codimension 1) surface elements while Du controls the deformation of
line elements. In the context of elasticity, certain commonly used stored-

energy densities (like those proposed by Ogden [Og72]) lead to, in their
simplest form, an energy density of the form

W (F)=o|F|?+B|adj Fj+ 4 (det F), (1.1)

where o, $>0 and where # is a non-negative and convex function. We
thus consider the function classes

A, (@={ueW"?(Q; R"):adjDuecLs(Q; R"*")},
A (@={ueA, ,(Q):detDu>0 ae.},

the latter class being motivated by the fact that a deformation of an elastic
body should be orientation preserving. In his remarkable paper, Sverak

\Jg

[Sv88] showed that if ue A, ,(Q) with p=n—1, ¢ _p_l and if the trace
e
u |4 satisfies certain regularity and continuity conditions then the following
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ELASTIC DEFORMATIONS 221

degree formula holds (see section 2 and [Sc69] for the definition of the
Brouwer degree)

J‘ (f°u) det Dudx=deg (u, 09, yO)J f(»)dy, 1.2)

provided that f'is smooth and has its support in the connected component
of R™\u(@Q) which contains y,. Sverak observed that (1.2) rules out

cavitation. For the example x — ﬁ R(|x]), R(0)>0, R'(r)>0, which is
X

a map with cavitation it suffices to choose f with support in B(0, R (0)).
For ue A, (©) it allows one to define a set-valued image F(a, u) for
every ae€. Moreover, he deduces from (1.2) that functions in A (Q)
are continuous (not just approximately or finely continuous) outside a set
of Hausdorff dimension »— p. Under additional conditions on the bound-
ary values, he shows the existence of an inverse function defined almost
everywhere and analyses its regularity (see also Tang Qi [TQ88]). The
condition on ¢ at first glance appears to be natural in view of the identity

(detF)Id=F (adj F), (1.3)
which by Hélder’s inequality gives det DueL! if g= Ll
p—
In the current work we generalize the degree formula and all of its

consequences to the case g= . Note that one has, by taking determi-

n—1
nant in (1.3),
]detF|§|ade|"/"'“”, (1.4

so that still detDueL! in this case. The most important result of this
paper is the following divergence identity.
n
THeoREM A. — Let p=n—1, qg—l ,ueA, (Q), geC' (R"; R") with
n—
|Dg|<C. Consider the distribution

0 ) ) .
h:= ~—j{(g'°u) (adj Du)! }.
Ox
Then
h=(divg)°cudet Du 1.5)

in the sense of distributions (and hence in LY).

For smooth functions, (1.5) follows from the fact that adjDu is diver-
gence-free, i. e.

0 . :
&(adeu){=0 for i=1,...,n 1.6)
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222 S. MULLER, T. QI AND B. S. YAN

(see [Mo66], Lemma 4.4.6; here as in the following we employ the

p

summation convention) in connection with (1.3). If g= — then (1.5)
=

can be established by approximating u by smooth functions # and adj Du
by divergence free b™). To obtain (1.5) for g= Ll we exploit the geo-
n—

metric significance of adjDu and not just (1.6) and make, in particular,
use of a suitable version of the isoperimetric inequality (see Lemma 3.1,
Theorem 3.2 and their proofs).

n

In the critical case g= , one obtains det Due L' (Q) from (1.4) and

by scaling arguments one would, in general, expect no better estimate, If
det Du=0, one has, however, the following higher integrability property
which generalizes the results in [Mu89] and [Mu905]. Other interesting
higher integrability results have recently been obtained by Iwaniec and
Sbordone [IS91], Brezis, Fusco and Sbordone [BFS92], Greco and Iwaniec
[GI92] and Iwaniec and Lutoborski [IL92].

THEOREM B. — Let u€A,_ ,u-1)(Q) and assume that detDuz0 a.e.
Then detDuln(2+detDu)e Ll (Q). More precisely if B(a, 2r) < Q, we
have

detD ) _
f detDuln (2+ ﬂ)ﬁécj | adj Du [0~V dx,
B (a, 7) (det Du)y B 21

where

(det Du)g ={v detDudx= o det Du.
Bia,r)

lB(a9 V)l B(a,nr

Coifman, Lions, Meyers and Semmes [CLMS89] showed that if
ue W (R R") then det Du lies in the Hardy space ' (R"). It would
be interesting to know if the same conclusion holds when ueA,_; /- 1)

While we have emphasized motivations from nonlinear elasticity, it
should be noted that the study of properties of W ? maps arises in many
other contexts and in particular in the analytic approach to quasiconformal
mappings. Of the vast literature, we only mention the survey article by
Bojarski and Iwaniec [BI83] and the books by Reshetnyak [Re85] and
Rickman [Ri93], where further references can be found.

The remainder of the paper is organised as folows. Section 2 summa-
rizes the notation (which follows [Sv88]) and gives some auxiliary results.
Section 3, which is the core of the paper, contains the proofs of
Theorems A and B. In section 4 these results are applied to nonlinear
elasticity. Focusing on the physically relevant case n=3, we show, in
particular, that for a stored energy density of the form (1.1), minimizers
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exist if p=2, g= =. This improves results of Ball and Murat [BM84],

N W

Zhang [Zh90] and [Mu905] which all require qg—pl. Finally in sec-
p—

tion 5 we deduce the degree formula (1.2) from Theorem A. This allows

one to generalize Sverak’s results to the case g= and we state some

n—
of these explicity.

2. PRELIMINARIES

Except for Lemma 2.3 and Propositions 2.4 and 2.5, this section is
essentially identical to section 2 of [Sv88] although we do not make use
of differential forms. We include it here to keep the present exposition
self-contained.

We begin by recalling some facts from multilinear algebra (¢f. Federer
[Fe69], Chapter 1 or Flanders {F163]). We denote by . the scalar product
of vectors in R” and by A their exterior product. For n=2 we identify the
space A,_;R" of (n—1) vectors with R* by means of the map
A, R"> R

The map

Eis oo B ) B AL AL,

is characterized by the following conditions:
(i) It is multilinear and alternating.
(ii) If e, ..., e, is the canonical basis of R", then

(e, A. .. Ae;A. . . Ae)=(—1)""e,
where, as usual, the symbol under ~is to be obmitted.

If £, neR3 then £ An is the usual vector product.
For a linear map F:R" —» R”", the map A,,_; F is defined by

A, F)E A AL, )=F& A.. .AFE,
and its norm is given by ‘
lAn—lF!:sup{lAnle(E_le' . -Ain—l)liiiER"
and &, A...AE,_|S1}

If A is~ the matrix of F with respect to the canonical basis, given by
Fe;=ale; (we recall that the summation convention is in force), then the
matrix B of A,_ F is the cofactor matrix of A,

B=(cof A)=(adj A)T=A"Tdet A. Q2.1
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224 S. MULLER, T. QI AND B. S. YAN

The norm of a matrix A will be identified with that of the linear map

that the matrix represents in the canonical basis. Hence for F and A as
above, one has

|A,—{ F|=|CofA|=|adjA|.
If V is an (n— 1) dimensional subspace and F:V — R" is a linear map
then A,_; F:A,_; V- R"is defined by
A1 F)EA. AL, _)=F& A. . .AFE,
and its norm is now given by
lAn~lFlzsup{\An*1F(i1A' . 'AE.m"l)l:gieva
and |&; A...AE, (|1} (2.2
Let v be a unit vector normal to V. Then the one dimensional space
A,-,V may be identified with {Av:LeR}. Let F:R" > R" be a linear
extension of F. If A is the matrix of F with respect to the canonical basis
and if v=v/e;, one has
(A, F)v=(adjA)iVie, 2.3)
IAn—1F|=|(An—1F)V|' - (24)
In the following, Q will always denote a nonempty, bounded, open
subset of R", n=2. By LP(Q) and W ?(Q), we denote the spaces of p-
summable and Sobolev functions, respectively. A function is in L} (Q) if
feL?(Q') for all open sets Q' compactly contained in Q. A vector —or
matrix —valued function is in L? (resp. W*:?) if all its components are;
we use the notation L?(Q; R") etc. By C"(Q) we denote the space of r-
times continuously differentiable functions; and 2 (Q)=Cg (Q) is the space

of smooth functions with compact support. Its dual 2’ (Q) is the space of
distributions.

Weak convergence is indicated by the half-narrow —, weak-* conver-

* . .
gence by —. By ° we denote composition of functions, by * the convolu-
tion.

We let
B(a, n={xeR":|x—a|<r},
S(a, N={xeR":|x—al|=r}, B=B(0, ).
For aeQ, we let r,=dist (a, R"™\ Q). The n-dimensional Lebesgue measure
is denoted by L", k-dimensional Hausdorff measure by H*.

We will occasionally consider Sobolev spaces of functions defined on Q.
We say that Q has Lipschitz boundary (see [Ne67], p. 14) if there exist
numbers a>0, B>0 and coordinate systems

e o)=Ly, r=L ..M
as well as Lipschitz continuous functions

a, A ={|yi|Soi=1,...,n-1} >R
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such that each point xedQ can be represented in at least one coordinate
system in the form x=(y;, a(y;)). Moreover, one requires that the points
(i, ¥ with |y |eA, lie in Q if a(y)<y.<a(¥))+P and that they lie
outside Q if a(yp)— B<y?<a(y)). Morrey ((Mo66], Definition 3.4.1) cal-
led such sets strongly Lipschitz.

A function u:9Q — R is in W' ?(5Q)[resp. L2(6Q)] if all the functions

u, (V) :=u((y, a.(¥,)) (with y, and a, as above) are in W'P(A,) [resp.
L7(A,)]. We say that ue A,  (0Q) if

ue WH2(0Q; R") and |A,_, Du|eL?(5Q). 2.5
We will use the fact that W' # functions have W' ? traces on a.e. sphere.

More precisely we let pe C3 (B), p=0, J‘ p=1, p.(x)=g™" p(£> and we
€

B
have

ProrosiTiON 2.1. — Let p=1, ue W-?(Q), aeQ, r,=dist (a, 6Q). Then
there exists an L null set N, such that for all re (0, r)\N,
ps*u_)uls(a,r) in Wl:p(S(a, r))

Moreover if ue A, ,(Q) with p=1, q=1, then ue A, ,(S(a, r)) for L ae.
re(0, r,).

Remark. — Here ulg, , is understood in the sense of trace (see e.g.
[Ne67], Chapters 2.4 and 2.5).
Proof. — To prove the first assertion, consider polar co-ordinates in

1
B<a, r,— E>\B (a, %) and use Fubini’s theorem to find L' null sets N¥

1 |
such that the conclusion holds for re<;, ra~;>\N’,§. Then let

N,= U N The proof of the second assertion is similar (see also Morrey
k=1

[Mo66], Chapter 3.1 or Necas [Ne67], Theorem 2.2.2). [
We briefly recall some facts about the Brouwer degree (see e.g. Schwartz
[Sc69] for more details). Let Q = R" be bounded, open and let #:Q —» R"

be a C* map. If yoeR™\u(dQ) is such that detDu(x)#0 for all
xeu '(y,), one defines

deg(u, Q, yo)= >, sgndetDu(x).

xeu"1(y)

If fis a C* function supported in the connected component of R™\ u (0Q)
which contains y,, one can show that

j (feu)detDudx=deg(u, Q, yO)J fdy. (2.6)
Q R"
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226 S. MULLER, T. QI AND B. S. YAN

Using this formula and approximating by C* functions, one can define
deg (u, Q, y) for any continuous function u:Q — R" and any y € R™\ u(dQ).
Moreover the degree only depends on u |q.

Indeed if Q has Lipschitz boundary and if ueC*® (Q; R"), then the

degree can be expressed as a boundary integral as follows. First recall the
identity (see [M066], Lemma 4.4.6)

i) ) :
—é—j(adeu){=0 for i=1,...,n
x

Let f be as above and let g: R” — R” be C* with divg=/ then the above
identity in connection with (1.3) implies that

%((gow (adi D w) = (f* 1) det D u.

By the Gauss-Green formula (for Lipschitz sets) and (2.3)

f (f°u)detDudx=J (gou). (A, Du)vdH" ! 2.7
0 o0
and by (2.6)

deg (u, 09, yO)j fdyIJ (geuw).(A,_ DuyvdH"" 1 2.3
Rn

a0

Here v denotes the outward normal of dQ (which exists H""! a.e.) and
Du is viewed as a map from the tangent space of 0Q to R".

Lemma 2.2 ([Sv88)], Lemma 1). — Assume that Q has Lipschitz boundary
and that p=zn—1. Then (2.8) holds for every
ue W2 (0Q; R" M C°(0Q; R").

Proof. — Tt suffices to show that there exists a sequence u, € C* ({; R")
with #, |sq — u uniformly and in W7 (6Q). This is clear if Q has smooth
boundary and well-known to experts if Q has Lipschitz boundary. We
include the details for the convenience of the reader.

By a partition of unity (see e.g. [Ne67], p. 27) and a change of coordi-
nates we may assume that there is a Lipschitz function a and constants
o, B>0 such that

suppu < QN U,
QNU={(, x):a(x)<x,<a(x)+PB, x'€A},
NU={(x,a(x):x'eA}
where
A=(—o, o) U={(x, x,):xeA, a(x)~B<x,<a(x)+B}.
We may assume a(0)=0 and, by possibly decreasing o, |a|<p/4. Let

v(x)=u(x’', a(x)).
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By the definition of W7 (9Q), ve W 7(A). Moreover suppv c A and
veC?(A). Hence there exist v,e CT (A) which converge to v in W7
and uniformly. Let ne Cg (—B/2, B/2) with n=1 on [—B/4, B/4] and let
7 ()= (5,) (). |
Clearly u, € C¥ (R™) and u, (x, a(x")) =1, (x"). Hence
’;k lan —u !an in W7 (0Q) N C°(09),

by the definition of convergence in W 7(0Q) (see [Ne67], p. 94). The
proof is finished. [J

We need the following criterion for weak compactness in L.

Lemma 2.3 ([MS47], [Me66]). — Let E — R" be measurable with finite
measure and let ) be a sequence in L' (E). Then ) is relatively weakly
sequentially compact in L*(E) if and only if there exists a function
v:Ry —» Ry with lim vy (9)/t= oo such that

t— o

sup‘[ Y(|fVPdx<oo.
v JE

Moreover ¥ may be chosen as an increasing function. An immediate
consequence of the lemma is

ProposiTiON 2.4. — If g¥—g in L' (E) and | fV|<C|g"™| then f© is
weakly compact in L (E).

We will use the following version of the chain rule. The result and its
proof are well-known to experts. We include the result for the convenience
of the reader.

ProposiTION 2.5. — Let Q', Q< R" be open, let ¢:Q —Q be a bi-
Lipschitz homeomorphism. If ue W' ?(Q) then u-ecW"?(Q") and the
distributional derivatives satisfy

D(u-9)=Du)°¢Do. 2.9

Warning. — The chain rule is meaningless if one has no control on
¢~ '. Consider the following example (pointed out to us by F. Murat).

Let ¢:R* >R @(x, y)=(x, x), u:R*>R, u(x, p)=|x—y|™™ One
. 2
has ue W' P(R?) if p<1T but uee=-+oo. If u(x, y)=|x—y|, then
o

ue@=0 but (2.9) does not make sense as Du is nowhere defined on
® (R?).

Proof. — See Morrey [Mo66], Theorem 3.1.7. Use e.g. the area formula
to pass to the limit in his equation (3.1.6). O
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3. THE DIVERGENCE IDENTITIES

In this section we prove the divergence identities as well as the higher
integrability of the Jacobian (Theorems A and B of the Introduction) and
deduce an ““isoperimetric” inequality (Lemma 3.4). We recall the notation

r,=dist(a, 0Q).
The main tool is
‘LEMMA 3.1. — Let p>n—1, ueWH?(Q; R"), acQ. Then there exists

an L' null set N, such that for all re(0, r,)\N, and for all geC*(R"; R")
with |Dg|<C one has

J (g°w).(A,_; Dw)yvdH" *
S(a, 1)

<Cm|divg||,, “

S(a,r)

njin—1
]A,,_lDu|dH"‘1} . 3.

The same estimate holds for p=n—1, provided that g is also bounded.

Remarks. — 1. At xeS(a, r), Du(x) is interpreted as a map from the
tangent space T, S to R*; see (2.2) for the definition of A,_; Du and
recall from (2.3), (2.4) that for smooth u, one has

(A,—;Du)v=(adjDu)/v;e;  and |A,- 1 Dul=|(A,_; Du)v]|.

2. If p=n—1 and if g is not bounded, the estimate still holds if the
integral on the left hand side is replaced by the dual pairing between
wh " 1(0Q; R" and its dual (see the remarks after the proof for the
details). If, in addition, |A,_;Du|eL*(S(a, r)) for some s>1, then
(g°uw)(A,_; Du)veL'(S(a, r)) and (3.1) holds in the form stated; see the
discussion after the proof of the lemma.

Proof. — First assume that ue C* (B(q, r); R"). By (2.7),

J‘ (g°u).(A,,_1Du)vdHn_1=J (divg)cudet Dudx (3.2)
S, r)

B(a,r)

and by the change of variables formula (see e.g. [Sv88])

J (divg)cudet Dudx= j (divg) (y)deg(u, B(a, r), y)dy. (3.3)
B (a, 1) w"

Now (see [Mu90 b, equations (3.1) to (3.4)) using the fact that the degree
is an integer as well as the Sobolev embedding theorem for BV functions
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and taking into account the first remark above, one finds
J |deg (u, B(a, r), y)|dy
RII
§j |deg (u, B(a, r), )"~ Vdy
Rn

nj(n—1)
éC(n){J IArlDu|dH,l1} . 3.9
S(a,r)

Combining (3.2) to (3.4), the lemma follows for ueC® (Q; R") (with
N,=2).

Now let ueW'7(Q; R"), R<r, By virtue of Proposition 2.1, there
exists an L! null set N and a sequence u®eC® (B(a, R); R") such that
for re (0, R\N, one has

u® >y in WEP(S(q, r); RY.
It follows from (2.2) that
Ay 1 DUy > (A,_, Dw)v in LY~V (S(q, r); RY).

In view of (2.4), one easily passes to the limit on the right hand side
of 3.1). If p>n—1, by the Sobolev embedding theorem, u® —u in
L*(S(a, r); R") which allows one to pass to the limit on the left hand
side of (3.1). Similarly if g is bounded, one has (for a subsequence)
geu® > geu H ' ae. and |geu®|<C, so that one may pass to the limit
using Egoroff’s theorem and the equi-integrability of L functions.

Further remarks on p=n—1. — If g is unbounded then in general one
does not have (g°u).(A,_, Du) ve L*(S(a, r)) so that the integral on the
left hand side of (3.1) does not make sense. It can, however, be reinterpre-
ted as a duality pairing by viewing (A,_; Du)v as a distribution. We only
sketch the idea. Let Q=B (a, r) and consider the functional

I(o):= J (adj Du){i. o dx.
o ox’

Using the fact that % (adjDw)i=0 in 2’ (Q) [which follows from (1.6)
X

by approximation], one shows that J,(®) only depends on the trace @ |aq.
Recall that there is a bounded extension operator

E:WHn1(6Q) > W (Q).
Indeed it suffices to apply the Sobolev embedding theorem
Wl, n—1 (aQ) > Wl —1i/n,n (ag)
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(use the fact that the W*? norm is defined via local charts, [Ne67], p. 94
and [Ad75], Theorem 7.5.8(ii)) and then the inverse trace theorem (see
[Ne67], Theorem 2.5.7).

Using E one sees that J,e(W' "~ 1(9Q; R"))". Moreover for smooth u,
one easily verifies that J,=(A,_, Du)v. Using the density of smooth
functions and the above extension operator, one deduces that u —1J, is a
continuous operator from W "~ 1(9Q; R) to its dual.

Thus with #® as in the proof of the lemma, one has

(Au_ Du®)v > (A,_, Du)v in (Wh""1(20; R
while by the chain rule for Sobolev functions (see [GT83], Lemma 7.5)
geu® s goy in WL 1(3Q; R™).

Hence (3.1) holds if the integral on the left is replaced by the duality
pairing { g°u, (A,_; Du)v). Finally if (A, _, Du) ve L*(0Q) for some s> 1,
one has (g°u).(A,_, Du)ve L1 (9Q) and the duality pairing can be expres-
sed as integral. Indeed if suffices to approximate (A,_;Dw)v in
Ls N\ (W' "1y by smooth functions and to observe that by the Sobolev
embedding theorem g ue L?4(0Q; R") for all g< 0.

The main result of this section is

TueoreM 3.2 (divergence identities). — Let p=n—1, g= " ,
-
ueA, ,(Q), geC' (R*; R") with |Dg|<C. Consider the distribution
d ) L
h:= —{(g">u)(adj Du){ }. (3.5)
ox’

Then he Ll _(Q) and h=(divg)eu detDu a.e.

loc

Remarks. — 1. For g= —pI, the result is well-known (see [Sv88]); it
p—

suffices to approximate u by smooth functions and (adj Du)! by divergence
free vector fields.

2. Note that in view of the inequality (1.4) a posteriori, one has
-1
feL@), s= 107D
n

3. The result is very close to being optimal. The standard counter

example is obtained by letting Q be the unit ball in R", u(x)= X

| x

b

1
g(y)=-y. Then ue W"?(Q), Vp<n, det Du=0. a.e. but f=|Q|3,.
n
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. n
4. The improvement from ¢= P gz 0 uses the special struc-
p—

n—

ture of adjDu, not just the fact that ;—j(adj Du)i=0. Indeed for every
X

pe[n—1, n) there exist ve W' P(Q) and ceL?(R", R"), for all q<_’i_1,
p—

with divo=0 in 2’ such that Vv.c=0 a.e. while divoc#0 in @’ (see
[Mu91 b}, Corollary 6.2).

Proof. — Note that geue W1 7(Q; R") and that

1 n—1 1
+ <1+ —-.
n—1 n n

+

lIA

SRR
Q=

Hence by the Sobolev embedding theorem (g'° u) (adj Du)ie LL_ (Q) and h
is well-defined as a distribution. Moreover by [Mu90 4}, it suffices to show
that he L (Q).

To this end, consider a radial mollifier

p)=¥(x)), peCg(B(O, 1)), jpdx=1.

b

Let pa(x)———s’”p(f), fix Q' =< Q. We will show that £eL!(Q'). The
€
distribution p, * A is defined by

Cpoxh Wy =Chy po* W),

For sufficiently small ¢, one has p,* he 2’ (Q"). In fact p,* he C® (Q).
Moreover p,* h—h in @' (Q'). It thus sufficies to show that the conver-

1.
gence occurs weakly in L1 (Q). Let e< Edlst (Q,00), and aeQY. Then

(p* ) (@)= — j (¢'> ) (x) (adj Dud (x) ( 2 pa> (x—a)dx
R ax’

= “J (gi °u) (x)(adj Du){(x)g"(ﬂ+ 1)\'!1 (_’i’_ﬂ)
Rn

€ |x—al

=—a*<"+1)r” (g°u).(A,,_1Du)vdH,,_i}\If'(£>dr.
0 S(a, r) €

X4

dx
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Thus by Lemma 3.1 and Hélder’s inequality

& nf(n—1)
(pg*h)(a)écs_("Jrl)J‘ {j IA,,~1Du|dHnA1} dr
S(a,r)

0

€
gcsﬂ"”)j ” |A,,_1Du|”/‘”‘”dH,,_1}rdr
[} S{a, r)

éCs_”j | adj Du [~V dx.
B(a.¢)

Note that B(a, €) = Q since a<é dist (', 0Q). Let w=|adjDu """ "; we

may assume without loss of generality that

PlB(o,1/2)§!B(O, 1)|_1
and deduce
|p.xh|ZC|p,, *w| in Q.

Choose &,—0. As p,, *w—w in L' (Q’), Proposition 2.4 implies that
p,, * h is weakly compact in L' (Q') and hence p,, * h— h in L* (Q"), since
convergence in 2’ (Q) is already known. In particular, heL! (') and the
proof is finished. (I

In the critical case ¢= it follows from the inequality

n—1
| det F| <|adj E [~

that det Due L' (Q). From scaling arguments one would think that this is
optimal. Under the assumption det Du =0, however, one has the following
higher integrability result which generalises the results in [Mu89], [Mu90 5]
(see also Iwaniec and Sbordone [IS91], Brezis, Fusco and Sbordone
[BFS92], Greco and Iwaniec [GI92] and Iwaniec and Lutoborski [I1.92])

THEOREM 3.3. — Let ue A, _; ,/,-1,(Q) and assume that detDuz0 a.e.,
then det Duln (2+detDu)e Ll _(Q). More precisely, if B(a, 2r) = Q then

loc

J det Duln (2 4 detDu ) dx<C J |adj Du [y ~1) dx,
B(a, 1) (det Du)g B(a, 27r)

where

(det Du)y :f detDudx= _ det Du.
B (a, 1) IB(Q,")‘ B(a,r)

Coifman, Lions, Meyer and Semmes [CLMS89] showed that if
ue Wt *(R"; R") then det Du lies in the Hardy space #* (R"). Since a non
negative f is (locally) in #! if and only if f'log(2+f) is in L{,, it seems
natural to ask whether ueA,_; -, (R") implies that det Due#" (R").
We do not know whether this is true or not.
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Proof. — The result follows from Theorem 6.2 in [Mu905] since
Theorem 3.2 above implies condition (6.1) of that paper. For the conve-
nience of reader we sketch the proof. We recall that for a function
feL*(R") the maximal function M fis defined by

Mf(x): =supjc | f | dy,
R>0 JB (x.R)

If fis supported in B=B(a, R) and M is integrable over B(a, r), then
by a result of E. Stein [St.69]

J|f|10g<2+ —'A)dyé Mfdy. (3.6)

][Blfl "

Now consider a ball B=B(a, R) such that B(g, 2R) = Q and let
S= %8 (@ rydet Du.

We need to estimate M f. Fix xe B (a, R), let p<R/2. By the isoperimetric
inequality (see Lemma 3.4 below) and the positivity of det Du we have
fora.e. re(p, 2p)

(n—1)/n (n~1)/n
{J detDudy} §{J detDudy} §CJ |adj Du|dy.
B(x, p) B (x, r) S(x.n

Integrate from p to 2 p and divide by p"~! to get

: nj(n—1)
{j» detDudy}gC{j{; ladeuIdy} )
B (x, p) B(x,2p)

£~ A, 2 R) | adj Du|.

Let

It follows that
Mf(x)<CMg )"~V + sup JC Sfdy
B (x, p}

p>R/2

éC[Mg(x)]"“"'“#—CR‘"J det Dudy.

B(a, R)
Now by assumption ge L""~ Y (R") and hence (see e.g. [St70]),

IMglln-1,=C |l & llwn- 1y
Taking into account of (1.4), we deduce

J MfdxéCJ |adj Du |~V dx.
B (a, R) B(a,2R)
In view of (3.6) the proof is finished. [
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il’ ueA, (). Let acQ, for L'

LEMMA 3.4, — Let pzn—1, ¢=
n

a.e. re(0, r,) one has

(n—=1)/n
{ j det Du dx }
B{a, r)

§CJ [AnleuldH"”lé(jJ‘ |adjDu|dH"" 1.
S(a,r) S(a, )

Proof. — This follows from Lemma 6.1 in [Mu905] and Theorem 3.2
above. To keep the current exposition self-contained, we sketch the proof.
Fix aeQ. We first claim that Theorem 3.2 implies that for all
ve Cy (R, R") and a.e. re(0, r,)

f (div o) (u (x)) det Du (x) dx = j (eu).(A,_, DuyvdH" ' (3.7)
B(a, r)

S(,nr

Indeed by Theorem 3.2, one has for all e C¥ (Q)
J W (div o) (1 (x)) det Du (x) dx= — J (v'* u) (adj Du)] i r dx,
Q Q 8xj

and choosing test functions ¢ (x)=§"(|x—al) which approximate
XB (a, ry» ONE €asily shows (3.7) (see [Mu90 5], p. 30 for the details).

Secondly, we claim that there exists an integer-valued function d such
that for every continuous g: R" —» R, one has

f g (u(x))det Du(x)dx= J
B(a,r)

3

g d(y)dy. (3.8

To see this, observe that u is approximately differentiable on ONE, with
L*"(E)=0 (see [M066], Lemma 3.1.1 and [Fe69], 3.1.4) and hence by
the area formula (see [Fe69], 3.25, 3.2.20 or [Sv88], Theorem 2) one has
for every measurable set A = Q\ E

J g(u(x))jdetDu(x)]dx:f

R

EOIN(, A, y)dy, (3.9

where N(u, A, y) denotes the number of elements in the set
{xeA:u(x)=y}. Let

A*={xeB(q, r):+detDu(x)>0}
and

d(»)=N(u, A", y)~N(@, A", y).
Application of (3.9) to A* and A~ yields (3.8).
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Now let r be such that (3.7) holds. Combining this with (3.8), we
deduce that for all ve C} (R", R")

j (divv)(y)d(y)dy|§nvnco j | Ay, Duu| dH .
R" S(a,r)

Hence d is of bounded variation and the Sobolev embedding (see e.g.
[Gi84], Theorem 1.2.3) yields

Jdliwon=ClDALEC | A, Dulairr,
S{a,r)
Finally, apply (3.8) with g=1 and use the fact that d is integer valued to

deduce
j ddylgj |d|=Ydy
R" R"?

nf(n—1)
gc“ |An_1Du|dH"’1} . O

S{a.r)

J det Dudx
B(a,r)

4. APPLICATIONS TO NONLINEAR ELASTICITY

In this section, we establish existence of minimizers in nonlinear elasticity
under weakened coercivity conditions on the integrand. We begin with
the following weak continuity result.

LemMa 4.1. — Let pzn—1, g> "

— and let u™ be a sequence in
A, Q) satisfying
W —uin WP (Q; RY),
adj Du' bounded in L9 (Q; R**").
Then
adjDu® —adjDu  in L1(Q; R™™), @.1

-1
detDy™ —detDu in L(Q), s= g(—1) 4.2)
n

If q= l_l and if det Du™ =0 a.e., then instead of (4.2), one has
n—
det Dy —detDu in L' (K),
for all compact sets K < .

Proof. — Since p=n—1 one has (see Ball [Ba77], Dacorogna [Dag9],
Chapter 4, Theorem 2.6)

adjDu™ —adiDu in D' (Q).

Vol. i1, n® 2-1994.



236 S. MULLER, T. QI AND B. S. YAN

By hypothesis adj Du is also bounded in L?, 4> 1. Hence the convergence
is weakly in L% To prove (4.2), consider the distribution

0 , .
Det Du™ ;= P [™) (adj Du™)]].

Q=

. T 1 1 —
Since -+ - < +n !

p q n—1 n
lev embedding theorem and using the compactness of the embedding
and (4.1) one sees that

1
<1+ —, Det Du'¥ is well-defined by the Sobo-
n

DetDu™ —DetDu  in 2'(Q).
Now apply Theorem 3.2 with g(y)= ! ¥ to deduce that
n

det Du® = Det Dy and Det Du=det Du.

If g> i I then detDu is bounded in L(Q) (s>1) by (1.4); asser-

n—

tion (4.2) follows. If ¢g= and detDu™ =0 a.e., the assertion follows

n—1
by applying Theorem 3.3 in connection with Lemma 2.3. O
Consider now an elastic body which occupies an open, bounded set
Q = R?® (with Lipschitz boundary) in a reference configuration. Let 4Q,
be a subset of 0Q with positive two-dimensional measure. We assume that
the deformation u:Q — R? is prescribed on 4Q, while 0Q,=30Q\0Q, is
traction free. We seek to minimize the elastic energy

I(u)=J W (x, u, Du)dx
Q
in the function class
o ={ueWh 1 (Q; R*:u=u on 0Q,, I(w)<w }.

We allow W to take the value + oo to incorporate the constraint det Du>0
which corresponds to the fact that the deformation is (locally) orientation
preserving.

THEOREM 4.2. — Assume that
(i) (polyconvexity)
Wi(x, u, F)=g(x, u, F, adjF, det F),
where g (x, u, .) is convex,

(ii) (continuity) g(x, .,.) is continuous (as a function with values in
R=RU{+w}), g(.,u F, adjF, detF) is measurable;
(iii) W(x, u, F)= + o0 if and only if det F<0;
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(iv) (coercivity)
W(x, u, F)za(|F|P+|adjF |9,

where a>0, p22, qgé. Assume furthermore that of # . Then 1 attains
its minimum on o .

Proof. — Applying Lemma 4.1 to a minimizing sequence, this is by
now standard (see [Ba77] or [Mu90 5], Theorem 6.2). [

The theorem improves results of Ball and Murat [BM84], Zhang [Zh90]

and [Mu90 5] which all require g= —p—l Non-zero dead load traction
p—

conditions and other modification can be incorporated in the standard
way (see [Ba77)).

5. REGULARITY AND INVERTIBILITY PROPERTIES

We use the divergence identities in Theorem 3.2 to generalise Sverak’s

degree formula to the class A, ,(Q), p>n—1, g= Ll Once this is done

his results and proofs apply verbatim to our larger class. Here we only
spell out some of these explicitly and refer the reader to [Sv88] for the
details. Recall the definition of A, _(6Q) from (2.5).

THEOREM 5.1 (degree formula). — Ler Q =« R* be a bounded, open set

with Lipschitz boundary, let pzn—1, q= " Assume that ueA, ,(Q)

and that its trace belongs to A, ,(0Q) and has a continuous representative
u. Let yoe R™\ 1 (0Q) and let f be a bounded and smooth function supported
in the component of R™\u (0Q) which contains y,. Then

j (feu)det Dudx=deg (u, 0Q, yo)J fdy. 5.1
Q R"

Remarks. — 1. If p>n—1 then the trace has a continuous representative
by the Sobolev embedding theorem.

2. For the results discussed below it suffices to have the degree formula

(5.1) for smooth domains. We stated the more general version with future
applications in mind.

We postpone the proof of the theorem until the end of this section and
first discuss some of its consequences. From now on, we assume that
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n

p>n—1,q= . Sverak observed that if one considers functions in

n—1

AS (@)={ueA, ,(Q):detDu>0ae.},
then one can define a set-valued image F(a, u) for every point aeQ.
Indeed by Proposition 2.1 there is an L' null set N, such that for all
re(0, r)\N, [where r,=dist (a, 0Q)] one has ue A, (B (a, r)). Let u be
the continuous representative of the trace (recall p>nr—1) and let
E(u, B(a, N)={yeR™\u(9B(a, r):deg (1, 3B (a, r), ) =1} U u(@B(a, ).
Using (5. 1), one verifies that

._ E (4. B(a, ) © E(u, B(a, 5))
if , s€(0, r,\N,, r<s (see [Sv88], Lemma 3) and one defines
Flauw= N E(u B(a ),
7€ (0, rg\Ng

FAA)=U{F(x):xeA}, if AcQ
One has the following regularity results which are proved exactly as in
[Sv88]. Similar results have recently been obtained by Manfredi [Ma92]

using a different techniques. For p=n, the result was already proved by
Vodopyanov and Goldstein [VG77].

THEOREM 5.2 (cf. [Sv88], Theorem 4). — If ue A, (Q) with p>n—1,

n . ~ . . , .
gz —r then u has a representative u which is continuous outside a

set S of Hausdorff dimension n—p. Moreover, for each £€>0, the set
{xeQ, limsuposc(u, B(x, r))<e} is open.
ro 07t

THEOREM 5.3 (cf. [Sv88], Theorem 6). — Ler uc A,  (Q) with p>n—1,
n

q= and let F be the set function defined above. Then

n—1
(i) #" Y (F()=0 for each acQ.
(ii) For each measurable set A < Q, the set ¥ (A) is measurable and

L*"(F(A)= J det Dudx.
A
In particular L" (F (S)) =0 where S is the singular set in Theorem 5.2.
Similarly Sverak’s results on the existence and regularity of an inverse

<instead of qg___}i_)
n— p—1

For detailed statements we refer the reader to section 5 of [Sv88], and in
particular to Theorems 7 and 8. Also in the results of Tang Qi [TQ88] on

Sfunction can be generalized to the case g=
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almost everywhere injectivity (which generalize earlier work of Ciarlet and

Necas [CN87]) one may now replace the condition g= —pl— by g= T
p- n—

Proof of Theorem 5.1. — We follow essentially Sverak’s proof but
use Theorem 3.2 to weaken the hypothesis on ¢. Assume first that
feC¥ (R™). This is no restriction of generality as long as deg (u, Q, y,) #0.
Indeed R™\u(8Q) contains only one unbounded component [since u (6Q)
is compact] and the degree vanishes on that component (see [Sc69]). There
exists g€ C* (R"; R") satisfying

divg=f
lg|(x)+|Dg(x)| >0 as |x]|— o0,
take c.g. £=Konf, Ki (@)= 7805
z

By Lemma 2.2 we have
deg (u, BQ,yo)J fdyZJ (g°w).(A,-; Du)vdH,_,.
R* oQ

We claim that for all e C3 (R™),
f Vigew).(A,-, DuyvdH, _,
[5[9]

=j {(%\h)(g"u)(adeu)ﬁ-\l/(f"u)detDu}dx. (5.2)
Q
Taking into account of Lemma 2.2, the theorem follows by applying
(5.2) to a ¥ with y|g=1. By a partition of unity it suffices to consider
two cases. Either ¥ is supported in a neighbourhood of the boundary
represented by a Lipschitz chart (¢f. the definition of sets with Lipschitz
boundary in section 2) or e C§ (Q). The latter case is the content of
Theorem 3.2. To deal with the former, we follow Sverak’s idea to extend
u outside Q. To obtain the result for Lipschitz boundaries, we first have
to “flatten” the boundary.

After changing coordinates it suffices to consider the following situation.
Let x=(x", x"), A=(—a, a)" 1, let a: A — R be Lipschitz and consider

X={xeAxR:x,>a(x)}, T'={xeAxR:x,=a(x)}

Assume that ueA, () and that w=u| belongs to A, ,(I"). Let
YeC3 (A x R). We have to show that

J‘ Y(geu).(A,-, Du)vdH,_,
.

Ox/

=J {(_a_\l,)(giou)(adeu){+\ll(f°u)dCtDu}dx. (5.3
o
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To transform the problem to a region with a flat boundary, consider
O, y)=0" a()+y").
Note that @ is a bi-Lipschitz map of A X R to itself. Let
v=u°®, v=1u®|,, n=y-o.
Using the chain rule (here we use the fact that ® has a Lipschitz inverse,

see Proposition 2.5) and the identity adj(AB)=(adj B) (adj A), one easily
verifies that

veA, ,(AXR,), ’EEAP’q(A).
Moreover,
det Dv=(det Du) - ® det DD,
and

. 0 :
(adj Doyl ( -2 )= (adj DOY, (adj Drif - & -y ) @ (DD),
oyl ox!
=[(adeu)§i\p -® det DO.
ox!

Hence by the area formula (see [Fe69], Theorem 3.2.5; [Si83], 8.4 or
[EGY1], Section 3.3), the right-hand side of (5.3) is equal to

J {(in)(gif’v)(adev){Jrn(f°v)detDv}dy. (5.4
AxXRy ayj

Let v be the outer unit normal of I'". Taking into account that
(A,-1Dv)e,=[A,_; (Du-@D®|yle,]= (A, Du)° @ [(A,-; DP|y)e,]
=—(A,_,Duw)-®(1+|Da|?)?v

and observing that (1+|Da|?)'/2 is the area element of I, one finds, by
another application of the area formula,

f \If(g°77)-(An—1D17)VdHn—1=_f N(g9).A,_ DD e, dx’. (5.5)
-

A

It only remains to show that the right-hand side of (5.5) equals (5.4).
To this end extend v to A X R by letting

(¥, y)=0() if y"<O0.
Clearly ve W P (A x R) since ve W' ?(A). Moreover using (2.3) one has
for y" <0,

(adjDo)/ =0 if j#n,
detDv=0.

(adj Do)} =[(A,-, Dv)e,l’,
(5.6)
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Hence ve A, , (A X R). Application of Theorem 3.2 gives

oy’

for all nMeC®(AxR). By approximation, the same holds for
ne W} © (A x R). Now let

f {(iﬁ)(giovxadjm)ﬁﬁ(fov)detDv}dx=0,
AxXR

. ne, ¥, 0=y,
nQ, Y=L U0+yIn (", 0), —-1=y,<0,
0, Vo< — L

Taking into account (5.6) one deduces that the right-hand side of (5.5)
is equal to (5.4). This finishes the proof if fe Cg (R").

Now assume that fe C* (R") (N L™ (R") and that f does not have compact
support. Then y, lies in the unbounded component of R™\x(dQ) and
hence deg (i, y,, #Q)=0. It remains to show that the left-hand side of
(5.1) vanishes.

Consider cut-off functions ¢;e C§ (R") such that ¢;(x)=1if |x|<; and
let f;=9;f. As f;€ CZ (R") by the result above

J‘ (fj°u) (det Du) dx=0.
Thus ?

J‘ (fou)detDudx|§||f”wf |det Du| dx.

lujzj

. n

Since q%»——l, we have detDueL'(Q) by (1.4). Moreover, because
n—

|[{xeQ:|u(x)|2j}|—0asj— oo,

J (fcu)detDudx=0
Q

as claimed. O
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