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AssTrRACT. — This paper is devoted to a construction of the Leray-
Schauder degree for quasilinear elliptic operators in unbounded domains.
The main problem here is that such operators can not be reduced to
compact ones and the usual theory (see [1]) can not be applied. In [2, 3]}
the Leray-Schauder degree was constructed in one dimensional case. To
do this certain lower estimates of the operators were obtained and the
approach of Skrypnik [4] was applied. In this paper we generalize these
results to the multidimensional case. When the degree is defined the Leray-

~ Schauder method can be used to nrove the existence of solutions [3].
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RisuME. — Cet article est consacré a la construction du degré de Leray-
Schauder pour les opérateurs elliptiques dans les domaines non bornés.
Le probléme essentiel ici est que ces opérateurs ne peuvent pas étre
réduits a des compacts. Par conséquent, on ne peut pas utiliser la théorie
habituelle [1]. Dans [2, 3] le degré est construit pour les cas monodimen-
sionnel. Pour cette construction, certaines estimations des opérateurs sont
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246 A. 1. VOLPERT AND V. A. VOLPERT

obtenues, et Papproche de Skrypnik [4] est utilisée. Dans cet article, nous
genéralisons ces résultats pour le cas multidimensionnel. Quand le degré
est déterminé, la méthode de Leray-Schauder peut étre appliquée pour
prouver I’existence de solutions [3].

1. INTRODUCTION

We consider the quasilinear elliptic system of equations

aAw+(r(x')+c)§l+F(w, x)=0 (1.1)

X1

in the infinite cylinder Q< R™, with the boundary condition

0
ki I (1.2)
5n a0
and the conditions at the infinity
lim wx)=w,, W, FEW_. (1.3)

X1 > T

Here Q=D x R!, D is a bounded domain in R™~! with a smooth bound-
ary, x, is a coordinate along the axis of the cylinder, x"=(x,, ..., x,),
w=Wwy, ..., w,), F=(F;, ..., F,), a is a constant symmetric positive-
definite matrix, r(x") is a scalar function, w, and w_ are constant vectors,
¢ is a constant which can be given or unknown. In the last case the value
of the parameter ¢ for which (1.1)-(1.3) has a solution is to be found. In
particular, it is the case for traveling wave solutions where ¢ is a wave
velocity. There is a large number of works devoted to traveling waves in
onedimensional case (see the bibliography in [5]). In the multidimensional
case the problems of this type are studied in [6]-[8] (see also references
there).

It is well known (see, for example, [9]) that if (1.1) is considered in a
bounded domain then the corresponding vector field can be reduced to a
compact one. Indeed, let A be the operator corresponding to the left hand
side of (1.1), acting in the space C* with the domain C2** Due to the
compact imbedding of C2** into C* it can be represented in the form

A=L+B=L(I+L 'B). (1.4)

where L has a compact inverse, and the equality L #=0 implies that u =0,
B is a bounded operator. Thus we can consider the completely continuous
vector field I+ L' B and apply the usual definition of the Leray-Schauder
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CONSTRUCTION OF THE DEGREE 247

degree. If we consider unbounded domains then there is no the compact
imbedding of C2* into C?, and this approach can not be used. Neverthe-
less the reduction to compact vector fields can be fulfilled even for
unbounded domains. In [10] a weighted Sobolev space with strong weights,
for example exp (x?), is considered. Such weights lead to a compact
imbedding of H**! into H*, where H™ is a space of functions for which m
derivatives are integrable with a square. As above the representation (1.4),
where L™! is compact, can be obtained. Tt is important to note that this
construction is possible only in the case when the weight function growth
is more fast than the exponential one. Hence, exponentially decreasing
functions do not belong to these spaces, and it is a strong restriction on
the application of this approach. In particular, it can not be used to the
study of the problem formulated above.

We also consider weighted Sobolev spaces but with weak weights [2, 3].
In this case exponentially decreasing functions belong to them but there
is no compact imbedding of the spaces which leads to (1.4) with a compact
operator L™!. Hence we can not use the Leray-Schauder theory known
for the completely continuous vector fields, and the aim of this work is
to construct the degree for the operators corresponding to the left hand
side of (1.1). To do this we obtain certain lower estimates of the operators
which give a possibility to apply the method of Skrypnik of the degree
construction [4] (see also [13]). In this method the degree for the original
operator is defined as the degree for some finite-dimensional operators,
and it is possible due to the compactness of the set of zeros of the
operator. For the operators under consideration this compactness follows
from the estimates mentioned above.

The contents of the paper is the following. We introduce function spaces
and operators and formulate the main results in Section 2. Lower estimates

of linear operators are presented in Section 3. We study the nonlinear
operators in Section 4.

2. FORMULATION OF RESULTS

We introduce the function space and the operator which correspond to
the left hand side of (1.1).

We consider the weighted Sobolev space W3 ,(Q) of the vector-valued
functions, defined in the cylinder Q, with the inner product

[, v}, = J (;Z:l (;7”, %) + (u, v)) ndx,

where u, v:Q — R?, (0u/0n)|,o=0. The norm in this space is denoted by

Il
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248 A. 1. VOLPERT AND V. A. VOLPERT

The weight function p depends on x, only, and it is supposed to satisfy
the following conditions:

Lo p(xp)21, plx;) = oo as |x; | > oo,

2. p'/p and p”/p are continuous functions which tend to zero as
[x; | = o0.

For example we can take p(x,)=1+x2 or p(x,)=In(1+x?).

We emphasize again that this weight is weak in the sense that exponen-
tially decreasing at infinity functions belong to W} ,(Q). Contrary to the
weight spaces with a strong weight there is no a compact imbedding of
W3, .(Q) into a space L, ,(Q) of square-summable functions with the
weight .

We define the operator A (u) acting from Wj ,(Q) into the conjugate
space (W} ,(Q))* by the following formula:

(A ), v>=] y (aai, a(””)>arx
k=1

0x, 0x,

2

—j (a——a +(r+c)—(u+\j/)+F(u+\j/ x), )pdx,
o\ 0x2 Ox,

where u, ve W3  (Q), the notation { f, v ) means the action of the func-

tional f e W} (Q) on the element v, Y is a twice continuously differentiable

function of x1 of the form

Vi{x)=w_o(x)+w, (1-o)).

Here ®w(x,) is a monotone sufﬁciently smooth function which is equal to
zero for x; =1 and to unlty for x;, £ —1.

We suppose that r(x’) is a bounded function, and the function F(w, x)
satisfies the following conditions:

L F(f, x)e W3 (D).

For example, if the function F does not depend on x explicitly, and

Fw,)=F(w_)=0,

then, obviously, this condition is satisfied.

2. The function F(w, x) and the matrices F'(w, x) and F; (w, x),
i=1, ..., nare uniformly bounded for all weR"” and xeQ.

3. There exist uniform limits

by= lim F(w,,x), xeD.

x; > tw

where b, are constant matrices.
We note that for twice continuously differentiable functions # and com-
pactly supported functions » (2.1) can be rewritten in the form

<A<u),v>=~f <aA<u+¢)+<r+c)ai<u+¢)
X1
? +Fu+Vy, x), o)pdx. (2.2)
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If we put w=u+V{ then (1.1) has the form

0
aA(u+\b)+(r+c)a—(u+\b)+F(u+\b, x)=0, 2.3
X1
and the connection between (2.2) and (2.3) is clear.
Any solution ue W3, (Q) of the equation

A@)=0 2.9

has continuous second derivatives and satisfies (2.3). Conversely, every
solution u of (2.3) having continuous second derivatives, satisfying condi-
tion (1.2) and belonging to W3 . (Q) is a solution of (2.4).

We should make some remarks about the case when the function F
does not depend on x explicitly. In this case some additional difficulties
appear. First of all, along with a solution w(x) of (1.1) there are also

solutions w (x + k), where £ is an arbitrary number. It means that for each
solution u(x) of

aA(u+\b)+(r+c)ai(u+\b)+F(u+\ll)=0, (2.5)

X1

there is one-parameter family of solutions
u,(X)=u(xyth xp, .o, X)) TV 0o )= (xy). (2.6)

This nonisolatedness of solutions complicates further investigations. More-
over, we know from the investigations in the one-dimensional case [3] that
(2.5) can have solutions for isolated values of c. It means that a small
changing of the system (2.5) can lead to the disappearance of the solution.
There is no a contradiction with the homotopy invariance of the degree
since the system linearized on the solution has zero eigenvalue, and the
index of the stationary point can be equal to zero. But the construction
of the degree does not have sense in this case.

Thus if the function F does not depend on x explicitly the constant ¢
should not be considered as given. We have the following formulation of
the problem: to find ¢ for which (2. 5) has a solution. So the constant ¢ is
unknown along with the function u(x), and we have to consider the
operator defined on the space W} ,(Q)x R. To avoid this complication
and nonisolatedness of solutions we apply the method of a functionaliz-
ation of a parameter. It means that instead of unknown constant ¢ we
consider a functional ¢ (x). It is supposed to be given and to satisfy the
following conditions:

1. For each ue W, (Q) the function ¢ (u,), where u, is defined by (2.6),
i1s monotone in A,

2. ¢(uy) » Foo as h—» £ 0.
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250 A. I VOLPERT AND V. A. VOLPERT

In this case (2.5) is equivalent to the equation

aA(u+\|1)+(r+c(u))ai(u+\|J)+F(u+\|/)=0 2.7
X1
in the following sense. Let the constant ¢=c¢, and the family u,(x),
—oo<h<+ oo be a solution of (2.5). We choose h=h, to satisfy the
equality ¢ (u,)=c,- It follows from the conditions 1 and 2 that such A
exists for any c,, and it is unique. Obviously, the function u(x)=u,,(x)
satisfies (2.7). Conversely, let u(x) be a solution of (2.7). Then the
constant ¢=c () and the family u, (x), defined by (2.6), satisfy (2.5).

We now construct a functional ¢ (1) which satisfies the conditions above.
Let o(x;) be a monotone increasing function such that o(x,) >0 as
x; > —0,0(x;)~>1lasx, -+,

0
J o(x,)dx,; <oo.

— 00

We put
1/2
p(u)=(f ]u+\|1—w+|20'(x1)dx>/ (2.8)
Q

and
¢ (w)=1np (w). 2.9

AsserTION 2.1. — The functional c(u) defined on Wj ,(Q) by (2.8),
(2.9) satisfies Lipschitz condition on every bounded set of W3 ,(Q), and
has the following properties: ¢ (u,) is a monotone decreasing function of h,
c(uy) > F o0 as h— +oo. Here u, is defined by (2.6), ue W} (Q).

The properties of the operator A which are formulated below are the
same for the cases when c¢ is a constant and a functional, and when F
depends on x explicitly and does not depend. So, if the contrary is not
pointed out, we consider all these cases.

ASSERTION 2.2. — The operator A (u) satisfies Lipschitz condition on
every bounded set of W}, (Q).

ConpiTioN 2.1. — All eigenvalues of the matricesb, —akt? are in the
left half-plane for all real €.

We note that this condition is connected with the location of the
continuous spectrum of the linearized operator [11].

TueorREM 2.1. — Let Condition 2.1 be satisfied. Then there exists a
linear bounded symmetric positive definite operator S, acting in the space
W3 . (Q), such that the inequality

(AW~ A (1), Su—up) > 2| u—uo |[2+ ¢ (u, up) (2.10)

takes place for any u, uye W (Q). Here ¢ (u,, uy) — 0 as u, — u, weakly.
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CONSTRUCTION OF THE DEGREE 251

From Theorem 2.1 it follows that a condition similar to Condition a
of Skrypnik [4] is valid (compare with class (S), mappings in [13]):

if u, is a sequence in W3  (Q) which converges weakly to an element
uoeWégu(Q) and if

Hm (A (u,), S(u,—uy) ><0 2.11)
then u, converges to u, strongly in W3, (€0).

From this we conclude that the Leray-Schauder degree (the rotation of
a vector field) ¥ (A, #) can be constructed similar to [4] for any bounded
set A in W) ,(Q). The degree does not depend on the arbitrariness in
the choice of the operator S satisfying the conditions of the Theorem 2. 1.

The Leray-Schauder degree is proved to possess two usual properties:
the principle of nonzero rotation and the homotopy invariance. The
principle of nonzero rotation means that if y(A, .#)#0 then (2.4) has a
solution in .

We define now the homotopy of the operators under consideration. We
consider families of matrices a,, functions F_(u, x), r,(x") and constants ¢,
in case if they are considered as given, depending on the para-
meter 1[0, 1]. The following conditions are supposed to be satisfied:

1. The matrices a, are symmetric positive definite and continuous in 1,

2. The functions F_({,, x) are continuous in t in the W3 o () norm,

3. The matrices F (w, x) and F; .(w, x), i=1, ..., n are uniformly
bounded for all we R?, xeQ, t1€[0, 1]. The matrix F,(w, x) satisfies Lip-
schitz condition in we R?, 1€[0, 1] uniformly in xeQ.

4. For each 1€[0, 1] there exist uniform limits

bo(t)= lim F (w, (1), %), x'eD.

x1 = tw
All eigenvalues of the matrices
b * (T) —a, EJZ

lie in the left half plane for all real &.

5. The functions r,(x") are bounded and continuous in T uniformly in
x"eD. If ¢, is a given constant then it is continuous in 1.

Here w, (1) and w_ (1) are given vector-valued functions which are
supposed to be continuous,

Y (x)=w_(D)o(x)+w, (D)({1—o(x)).

In the case when F, does not depend on x explicitly, and ¢, is a functional,
it is defined by the formulas

Pr(u)=<J lu+y,—w, (r)‘zcs(xl)a'x)l/2 (2.12)
? o (W=1np, (u). (2.13)
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252 A. 1. VOLPERT AND V. A. VOLPERT
The operator A, (u): W} W(Q) > (W 3. . (Q)* is defined by the equality

(AL (W), v>=J Y <a;61, 6(vu)>dx
Qk=1 Oxk axk

“J (@ ¥ +(r.+c) (aa—u+ \l'i)+ F.(u+V{,, x), v)pdx,
Q X1

THEOREM 2.2. — Let M be a bounded domain in the space W3 o () with
the boundary T, and A (1) #0 for ueT’, 1€[0, 1]. If the conditions 1-5 are
satisfied then

Y(Ag, M)=Y(A,, M),

Let uoe W3, (Q) be an isolated stationary point of the operator A (u):
A (u5)=0,

and A (v)#0 for u#u, in some neighbourhood of the point »,. Then the
index of the stationary point u, is defined in the usual way: it is the
rotation of the vector field A () on a sphere with the center u, of suffi-
ciently small radius.

We linearize the operator A (u) at the stationary point u,. The linearized
operator A’ (ug): W3, ,(Q) » (W3 ,(Q))* is defined by the equality

(A (up) u, v>=j Y <aﬁ, a(vu))dx
k=1

0x, Ox,

—J (c’ (u)w+ r(x"H+ c(uo))ﬁ—k F' (ug+ V) u, v) pdx,
o 0x; Ox;

where

j U ()+VY—w,, u(x)) o (x;)dx
¢ (w)y==2

J lup+¥—w, *o(x;)dx
Q

If ¢ is a given constant then the term with ¢’ (#) in (2.15) should be
omitted.

THEOREM 2.3. — Let Condition 2.1 be satisfied. Then there exists a
linear symmetric positive definite bounded operator S acting in the space
W3 . (Q) such that for any ue W ,(Q)

(A (up)u, Suyz|jul]z+6(w,
where © (u) is a functional defined on W}, (Q) and satisfying the condition:
0 (u,) - 0 as u, - weakly in W} ,(Q).

From this theorem it follows, in particular, that the operators are

Fredholm (see Theorem 3.4).
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CONSTRUCTION OF THE DEGREE 253
We introduce an operator J: W3 W () — (W3, o (Q)* by the equality
{Ju, v>=[ (u, v) pdx
Q

THEOREM 2.4. — Let Condition 2.1 be satisfied. Then for all A=0 the
operator A'(ug) +AJ is Fredholm. For all =0, except perhaps a finite
number, it has a bounded inverse defined on the whole (W3, (Q)*.

We use this theorem to investigate the isolatedness of a stationary point
and to calculate its index.

THEOREM 2.5. — Let u, be a stationary point of the operator A (u), and
suppose that the equation

A'(ug)u=0
has no solutions except zero. Then the stationary point u, is isolated, and
the absolute value of its index is equal to 1.

We show that the sign of the index is connected with the multiplicity
of eigenvalues similarly to completely continuous vector fields (see, for
example, [1]). To do this we map (W3, o (Q)) into (W], (Q))* by means of
the operator J, and denote (W} ,(Q)¥=J(W} (). We consider
the operator A, =A"(uo)J™' acting in (W3 ,(Q)* with the domain
(Wé,u(Q));';. It follows from Theorem 4.1 that the operator A, has no
more than a finite number of negative eigenvalues, and all other negative

numbers are its regular points. We note that the real eigenvalues A of the
operator A, satisfy the equality

A (ug) u, v>=kJ (u, v)pdx

for some u#0, ue W3 ,(Q) and for all veWi,p(Q). Here Ju is an eigen-
function of the operator A which corresponds to the eigenvalue A. In
fact, we are speaking about the usual definition of eigenvalues and eigen-
functions for differential operators in the class of generalized solutions in

Wi .(Q).
THEOREM 2.6. — Under the conditions of Theorem 5.1 the index of a

stationary point u, is equal to(— 1), where v is the sum of the multiplicities
of the negative eigenvalues of the operator A .

3. LOWER ESTIMATES OF LINEAR OPERATORS

3.1. In this section we consider a linear operator
L: W3(Q) - (W3 (@Q)*

Vol. 11, n® 3-1994.



254 A. I VOLPERT AND V. A. VOLPERT

(Lu,-u>=j <2 (aaa%, %)—(bu, v))dx. 3.1

Here W1 (Q) is the Sobolev space of vector-valued functions defined in Q
and satisfying the boundary condition

_62
on

of the form

=0 (3.2)

o0
with the inner product

_ o (0u v _
[u, v]= J;) <k§1 (a, 6_xk> +(u, v)) dx;

the triangular brackets { f, v) mean the action of the functional

fe(W3())* on the element ve W1 (Q), (W(Q)* is a conjugate space; a

is a constant symmetric positive definite matrix, b is a constant matrix.
We suppose that the following condition is satisfied.

ConDITION 3.1, — All eigenvalues of the matrix b—a&? are in the left
half plane for all real §.

THeOREM 3.1. — Let D be a bounded domain with a smooth boundary.
Then there exists a symmetric bounded positive definite linear operator T,
acting in the space Wi(Q), such that for any ue Wi (Q)

(Lu, Tu)=||ul?, (3.3
where || . || is the norm in W} (Q).
Remark. — The assumption that the boundary is smooth is done for

simplicity. It is clear that the results are valid for more general domains.
We believe even that domains with a finite perimeter can be considered
(see [12]).

We present first some auxiliary results.

We consider the eigenvalue problem in the domain D

~Ag=rg B o (3.4)

on o
Here A’ is the Laplace operator in the section of the cylinder
A=Y —.
k=2 5Xf

It is known (see, for example, [9]) that the problem (3.4) has a sequence
of eigenvalues A,
PV W i=1,2, ...
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and a corresponding sequence of eigenvalues g; which satisfy the condition

J gigjdxlzoa i#]. 3.5
D

These eigenfunctions form a complete orthogonal sequence in L2 (D). It

means that each function square-integrable on D can be represented as

Fourier series with respect to these eigenfunctions, converging in L2 (D).
As known, if ue W} (Q) then for every x, fixed ueL? (D) (changed if

necessary on a set of measure zero). So any function ue W1 (Q) can be
represented in the form

O

u()= 3, v;(x,) g (x), (3.6

i=1

where v; are the coefficients of the expansion for each x, fixed. Assuming
that

j g (x)dx' =1,
D
we have from (3.6)

v; (X1)=J u(x) g; (x)dx’. 3.7
D

The functions v, belong to L2 (R). Indeed,

ji) v} dx, < J: dx, (L |u|? dx') ( L|gi 2 dx’)§ ]2

Similarly,
“ v; HL2 (R)éll u “
Consequently, »,e W3 (R).
We introduce linear operators T;, acting in W3 (Q) by the formula

Tov=R, ()W (©). (3.8)

Here ~ denotes the Fourier transformation, R; (&) is a symmetric positive
definite matrix which satisfies the equality

(@@ +r)—b)p, Ri(E)p)=((1+E+1)p, p) (3.9)
for any vector p. If the condition 3.1 is satisfied and A;=0 then such
matrix exists, and the operator T; is bounded symmetric and positive
definite [3]. We note that the problem (3.4) does not have negative eigen-
values. So the operators (3.8) are defined for all its eigenvalues.

We define now the operator T which appears in Theorem 3.1:

Tu= Y T,() g (), (3.10)

where u is given by (3. 6).

Vol. 11, n° 3-1994.



256 A. 1 VOLPERT AND V. A. VOLPERT

LemMA 3.1. — The operator T is a linear bounded symmetric and positive
definite operator in W1 (Q)).

Proof. — The linearity of T is obvious. We show now its boundedness.
From (3.5) we have

J ]u[zdx—z [v(xl)l dx,,

SN

Z@ﬁﬁw' fA&&w—&&
j—26x~ 6x~

where 8= 1 for i=k, and 8 =0 for i#k,

5 dx—zxrﬂv,.[uxl.

=240 i=1 —

1),dx1,

6x1

From these equation and the estimation

max || R, ®) || <M
&, 1
(see [3]) we obtain

flTude ijlR(&)v(&)lszMZZ o) [,

@© =
J;I

Z [iER, v | dx<M? Z [v;(xl)[zdxl,

—

0Tu
0x,

1
2n

m + o
Zj Tl dx <M2ZXJ | v, |2 dx,.
= xj i=1 —
Thus
[ Tul[=Mlful|
We show now that the operator T is symmetric. Let we W3 () and
w= 3 o2, Tw=} T(0)g
i=1 i=1

We have

+ o

J(Tu w)dx—»—z (R;v;, o) &,

f(u Tw)dx_iz +m(i, R,®,) &,
2mi=1J-
0Tu ow 1 2 (*o R
G p)ar 2 [ aera, oa
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CONSTRUCTION OF THE DEGREE 257

J‘ (;—u’ alwi) _—Z (i&:;k’inga)k)d&;
o \0Xy

axl =1J—-ow0

Y f (53H a—w) o= Z y J * Ty, o) dxs,
=2 Ox. Ox _

du OTw > to
Z j ( > ) Z (v Ty () dx,,
ji=2Jo 6x ax i= — o

Since the matrices R; are symmetric and real, the operators T, are symme-
tric, we obtain

[Tu, wl=[u, Tw].
It means that the operator T is symmetric in W3 (Q).

To prove that the operator T is positive definite we note that there is
such positive number p that all eigenvalues of the matrices R;(§) for all i
and & satisfy the inequality A= p. It means that

R;©p,.p)zr(p,p) foralli k.
We have

x© +
(Tu, u)dx=ziz J‘ R;;, gl)dgéuj‘ |u|* dx,

Q Ti=1 Q
oTu Ju ou |?

L[ (Gt ]
i=tJa\0x; 0 JlQa

[Tu, u] 2 pfu, ul.

dx.

X;

Thus

The lemma is proved.

Remark. — We note that the operator T is bounded symmetric and
positive definite in L2 (Q) also.

Proof of Theorem 3.1. — To prove the theorem we should show only
that (3.3) is valid. We have

(Lu, Tud= (i (aa—“, aTu)—(bu, Tu))dx

k=1 \ 0xp 0x

= 51“ Y j ) (@it v, IER, T+ X, (avy, Ryv)— (bvg, Ry ) &

1 © + -
3 [T s
2n i=lJd—w
The theorem is proved.
3.2. — In this section we consider the operator L

L: Wi(Q) - W2 (Q)*,
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258 A. L. VOLPERT AND V. A. VOLPERT

defined by the equality

(Lu,v)= J( ( Ou aa;’k) b (x)u, v))dx

where a is a constant symmetric positive definite matrix, b(x) is a conti-
nuous matrix. We suppose that there exist limits

by= lim b(x), b,= lim b(x)

X1 > — x] 2 +t o

uniformly with respect to x’, and the constant matrices b, and b, satisfy
the condition 3. 1.

THEOREM 3.2. — There exists linear, bounded, symmetric, positive definite
operator S, acting in W} (Q) such that the inequality

{Lu, Sou)y=|ull*+6()

takes place. Here 0 (u) is a functional defined on W3 (Q) which satisfies the
condition: 8 (u,) = 0 as u, - 0 weakly.

Proof. — We consider first the case when
b (x)=bq (x),

where
by (x)=¢1 (1) by +¢2 (x) b,

!(x,) are smooth functions, 0=<¢; (x) <1,
1

4)1 (x1)+¢2 (x)=1,
o (x))=0  for x,>1,
b, (x))=0 for x,<-—1.

We denote by T®) the operator which is defined for the matrix &; as it
was done in Theorem 3.1, and

2
TO=Y ¢, T® ¢,
i=1

We have
o[ ou dTOuy o [ 0(;u) TV d;u
Lk‘; (a ox, 8xk) ;J ‘; (a ox, = ox, )dx
O (N Ll PR
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The second summand in the right hand side of (3.11) tends to zero as
u — 0 weakly (see lemma 3.2 below) We have further

J (bu, TO W) dx= Z (001, $; T &, 1) dx+ 0 (u)
o

llQ

= Z (@: b1, T b, 1) dx+ 0 (u).

i=1J0

Here 0 (x) denotes all functionals which satisfy the condition in the formul-
ation of the theorem. Thus

2 1
(Lu, TOy)=% (Z( 6(¢ u) 6T()¢ ) (b:9;u, T(i)¢iu))dx+9(u).

i=1Jo \k=1 ax, 0%,

From Theorem 3.1 it follows that
<Lu,T<°>u>=1|¢1u||2+||¢2u|12+e(u)%uu1}2+e(u). (3.12)

Let now b(x) be an arbitrary matrix satisfying the conditions above. Then
from Lemma 3.2 it follows that

J (b—bo)u, uydx=0(u)

Q

To complete the proof of the theorem we should show that
T(°)=%S‘°)+K, (3.13)

where S is a symmetric positive definite operator, K is a compact
operator in W3 (Q).

We note first that the operator T, defined by (3.8) satisfies the equality
o) ou

0x, "ox,

and, consequently, the similar equality is valid for the operator T
(see (3.6), (3.10)) and for the operators T®. Since the operators T are
symmetric in L% we have

J' (¢: T ¢;u, v) dx:J (u, §; TV v) dx.

[t o[ s
D L o N PR )
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It is easy to verify now that

2
O R (R R 2)

0x,

_ (_‘3_“_ 91TV ¢, 0+, T v>> dx.

0x,

Denote the right hand side of this equality by @ (u, v). This is a bilinear
bounded functional in W} (Q), so

®(u, v)=[u, KO0l u,  veW,(Q)

where K° is linear bounded operator. We claim that K is compact. Let
v, — 0 weakly in W3 (Q). Denote y,=K°v,. Then

17a]12= s KO 0,]= D (3, v,)-

From Lemma 3.2 below it follows that ®(y,, v,) —0 since v,, y,—0
weakly in W1 (Q) and 8v,/dx,, dy,/dx, are uniformly bounded in L?(Q).
It proves the compactness of the operators K°. Thus it is proved that

TO* _ TO =K0O (3.14)

is a compact operator.
We have further

[T, o] +[u, T 0] =@, (u, v) + @, (u, v)

where

m

i ? )
o o=Y | ¥ ((—a (T ¢,-u>,-<¢,~v>)
i=1Jok=1 Xy Ox,
0 K
+ (an (9:w), oxe (T® ¢, v))) dx

2
+2 Z (T® ¢i u, ¢i v) dXx,

i=1Jo

2 0 d
0,06 )= 3 ((4»: TO§,u, a—”—)—(~ (T ), & )
X

i=1JQ 1 5x1

+ (a—u, ¢; TV ¢, v) - (4), u, A (T ¢, v))) dx.
0x, 0x,

Since @, and @, are bounded bilinear functionals in W1 (Q) then

D, (u, v)=[Sou, v], D, (4, v)={Bu, v],
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where S, and B are bounded linear operators. The operator S, is symme-
tric and positive definite since the functional ®, (i, v) is symmetric and

[Sow, t] =@y (u, W)=Y ([T, u, ;] +[d; 11, TV §,4))
i=1

2

220 Y [ boulPzp el

i=1

As above, from Lemma 3.2 it follows that the operator B is compact.

The equality (3.13) with K=(B—K?°)/2 follows now from (3.14) and
the equality

T+ (T%*=S,+B.
The theorem is proved.

We used the following lemma.

Lemma 3.2. — Let a sequence of vector-valued functions f, be uniformly
bounded in L*(Q) and a sequence g, converges weakly to zero in Wi(Q).
Let, further, \r(x) be a bounded smooth function which tends to zero as
x, = £ o0 uniformly with respect to x’. Then

j V(%) (/,(x), gx(x)) dx >0, n —> co.
Q

Proof. — We have

j Y (/o &) dx
Q

(e ([omre)”

and it is sufficient to show that the second integral in the right hand side
of this inequality tends to zero. We represent it in the form

j V2 |g P dx= j V2|82 dx, dx’
Q |x1 |ZRJD

+J szlgnlzdxldx’. (3.15)
[x1]<RJD

For any given €>0 we can choose R such that the first integral in the
right hand side of (3.15) is less than g/2 since ¢ - 0 as x; - £ 0. For R
fixed the second integral tends to zero as n— oo since weak convergence
of g, in W} () implies strong convergence of ¢ g, in L>(Q) for any finitary
smooth ¢ and hence strong convergence of g, in L*(Qg). Here
Q=D x{|w;|<R}. Thus there is an integer number N such that
Vg, |2 @ =& for n2N. The lemma is proved.

Vol. 11, n° 3-1994.
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3.3. — We consider now the weighted space W} ,(Q) with the inner

product
[, 1], = J (z (ﬁ’i 6—”>+(u v))u(xl)dx
o \k=1\9x;, 0x;

The weight function p is supposed to satisfy the conditions formulated in
Section 2. We consider the operator L: W} w (W3, W* given by

o ou @

(Lu, v)= (}: <a ) ”) (bu, v))udx
o \k=1 (3xk axk

where u, ve W3 ,(Q), a and b are the same as in Section 3.2.

THEOREM 3.3. — Let the matrices b, and b, satisfy Condition 3.1. Then
there exists a symmetric, bounded, linear, positive definite operator S acting
in W, (Q) such that for any ue W} ,(Q),

(Lu, Su>;|]u|]ﬁ+9u(u),
where || .||, is the norm in W} (Q), 8,(u) is a functional defined in
w3 o () and satisfying the condition 8, (u,) — 0 as u, —» 0 weakly.

Proof. — We put

T=0"'T%w
where w=_/p and T° is defined in the previous section. Introducing the
notation w=®u, we obtain

{Lu, Tuy= j( ( ow 66 (T(O)w)) ®w, T(O)w)>dx+1,

xk Xk
where

I=J ((am_l m‘l'al, T® w>+(am_1'w, o VT y)
Q 0x,
+(aco"1'w, m‘l—a—(T‘O)w) o2 dx.
O0x,

It is easy to verify that the operator of multiplication by ® is a bounded
operator from Wj ,(Q) into W1(Q), and the operator of multiplication
by ' is a bounded operator from W} (Q) into W} | (Q).

Hence we W3 (Q), and from (3.12) we have

{ (Z (ag—w 68 (T w)> (bw, TO w)> dx
Q\k=1 X OXy

Z-|lw|P+0w)zcllullz+86, @,

1
2
where c=N"2/2, N is the norm of the multiplication operator o™ *.
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From Lemma 3.2 it follows that I — 0 as w — 0 weakly in W1 (Q). Thus
we have shown that

(Lu, TuyzcllulZ+86, ).
We use the notation 6, here for all functionals which satisfy the condition
of the theorem.
For the complete proof of the theorem it is sufficient to show that

T=cS+K (3.16)

where S 1s a symmetric positive definite operator, K is a compact operator
in W3, (Q). For this we construct the operators in W3 « () from operators
defined in W3 (Q) in the following way. To each linear bounded
operator A, acting in W3 (Q), we assign a corresponding linear operator A,
in W3 ,(Q) by means of

[, A, v],=[ou, Aw], u,veWj ,(Q), 3.17

where, as above, [.,.], and [.,.] are the inner products in W}  (Q) and
W} (Q), respectively. Going over in (3.13) to operators in W3 ,(Q) by

1
this rule, we obtain T§°)=£S§°)+Kp. From Lemma 3.3 below it follows

that S0’ is a bounded, symmetric, positive definite operators, K, is a
compact operator. By the same lemma and equation T=w0 ! T®® we
have T’=T+B, where B is a compact operator in W; ,(Q). Hence we

1
obtain (3.16), where S=—S8{”, K=K, —B. The theorem is proved.
2¢

LemMA 3.3. — Let an operator A, acting in W}, (Q) be defined accord-
ing to the operator A in W1 (Q) by the equality (3.17). Then:

1. A, is a bounded linear operator in W3 ,(Q) if A is bounded and linear,

2. A, is a compact operator in W} ,(Q) if A is compact in W} (Q),

3. A, is a symmetric positive definite operator in W3, W () if A is symme-
tric positive definite in W3 (Q).

4. A,=0 'Aw+B, where B is a linear compact operator W3 ,(Q).

Proof. — Assertions 1-3 can be verified directly. We shall prove
assertion 4. Denote A=m~"! A ®. This is a bounded operator in W3, ().
We have for u, ve W3, (Q)

[u, Av]u=j (Z <8_u’ a(A'U))—F(u, Av))pdx.
O \k=1 axk 5xk

Denote y=wu, z=wv. Then we obtain

[, Av]u=[y, Azl+®(y, 2),
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where
@ (y, Z)Zf (((w_l)'wy, (0™ Y 0A2z)
Q
+ (%, (0 HYoA z) + <(co Yoy, %)) dx.
®(y, z) is a bilinear bounded functional in W} (Q), SO
O(y, 2)=Dy, Kzl,

where K is a linear bounded operator in W3 (). From Lemma 3.2 it
follows, as above, that K is compact. Therefore (see assertion 2) K, is
compact in W}, (). We have further

[u, Av]u=[u, A, ]+ K, 2.
It means that A=A ,+K,. The lemma is proved.

4. ESTIMATIONS OF NONLINEAR OPERATORS

Proof of Assertion 2.1. — For any u,, u,€ W3 ,(Q) we have

1/2
[p(u1)_l3(uz)[§<Jv [u1_u2|20dx) §”u1“u2“u- .1
0

We obtain now the lower estimation of the functional p (). For any N>1
we have

P(W%(J_l |u+w_—w+{deldx’)llz\/o(—N)

~N JD

([
([ o) e

Z(lw_—~w, I\/N_—T mes D—{ul],) /o (=N).
Let  lie in the ball || u||,<R. Choosing N to satisfy the condition
[w_—w, ’\/N‘—l mes D—R>1,
we obtain
p(u)>o(—~N).

From this and (4.1) it follows that the functional ¢ (u) satisfies Lipschitz
condition on every bounded set.
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It is easy to verify that p(u,) is monotone in A (see [3]) and p(u,) — 0
as h— +oo, and p(u,) > +o0 as h— —oo. Hence the functional c(u)
satisfies the conditions of the Assertion. The Assertion is proved.

We consider now the operator A (x) defined by (2.1). First of all we
show that the integral in the right hand side of (2.1) exists. Obviously,
we should verify only the existence of the integral

I=j (F (u+, x), v) pdx.
Q

We have
Fu+¥, x)=F@, x)=b(x)u,
where
b (x)= j F’ (tu (x)+ V¥ (x;), x) dr.
So °

I=j (b(x)u, v)pdx-f—] (F(, x), v)pdx.
Q Q

The first integral in the right hand side of this equality exists since F' (w, x)
is bounded for all weR” and x€£, and the second integral exists since
F(, x)e W3, , ().

Proof of Assertion 2.2. — Letu,, u,e W3 ,(Q),
R is a positive number. We have for ve W3 |, (Q).

Aw-Aw, v = T (a2 200),,

Qk=1 0x, 0x,

_ @_1 P\ % , 0 (uy —uyp)
Jﬂ<0(ul)<ax1+¢> C(u2)<5x1+¢)+r 0x4

+F(u, V¥, x)—F(u, +V{. x), v)pdx. 4.2)

ui“u§R, i=1, 2 where

We estimate each summand in the right hand side of this equality in the
usual way. Since W'/p and r are bounded functions we obtain

[<A @)= A, vy |<K Juy—us |, [l 2], 4.3)
The Assertion is proved.

Proof of Theorem 2.1. — For the operator S in the formulation of the
theorem we take the operator constructed in Theorem 3.3. Let u, — u,
weakly. Denote v,=u, —u,. We have

(T = ( o4 0(Sv) ou,
<A(u")’ Svn> ,[Q[kgl (a ﬁxk’ 6Xk >+(a 6x1, VSU")
—(a\l!"+(c+r)<gu"+\|1'>+F(u,,+\jl,x),Sv,,)]udx, (4.4)

Xy
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where v='/u. We consider the first term in the right hand side of (4.4):
- o ( v, 8(S
(G S (E (s
o\i=1\ Ox, Ox, a\i=1\ Ox, Ox,

where
_ o [ By 8(Sv,)
(i) ©) Q (kgl (a 5xk, 0xy )) px.

Since $e(W3 ,(Q)*, ¢ (v,) >0 as n— 0. We consider now the second
summand in the right hand side of (4.4). Since Sv, /u— 0 weakly in
W (Q), functions du,/0x,._ /u are uniformly bounded in L?(Q), and the
function v is bounded, continuous, and tends to zero as x; —» oo, it
follows from Lemma 3.2 that this integral tends to zero.

Further, we have, obviously

j (ay"’" +(c(u)+ V¥, Sv,)pdx - 0.
Q

We show now that

J(c+r)(au" Sv,,)udx—»O. .5)

b
O0x;

Denoting by ¢ all terms which tend to zero as n — oo, we have

du, _ dv,
Jﬂ(c—%r) (6x1’ Svn)udx L(c+ r) <5x1’ Svn)pdx+¢(v,,)

J (c+r)<av", l(T—K)v,,)pdx—Fd)(vn)
Q

ox, ¢4

—Ja(@iiwauw+¢w»

o \0x; ’

=J F,(aw", T(O)w,,>dx+ f Eo (@YY (W, TOw,)dx+6(v,). (4.6)
Q Q

ox,
Here

_clu)tr(x)
Cq )

The seconds integral in (4.6) tends to zero by Lemma 3.2. The first
integral can be represented in the form

% (0) - > j a(¢iwn) i
J‘n§<ax1’T Wn>dx igl( Q§< 5x1 ’T()(i)iw")dx

_J g@)ﬁ w,, TO ¢, w,) dx).
Q

W, =® v, &
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The second summand here tends to zero also by Lemma 3.2. We show
that the first term in the right hand side of the last equality is equal to
zero. Indeed, since the operator T® is symmetric in L? (Q) and

(M%) _ T al

0x, 0x,

we have

o (15 )
D — o0 axl
_”J adx'fm( iwn,i@%wn))dxl
D — @ axl
—j Edx' Jﬂo (T(i)¢(i) w,, M) dx,.
D — 6X1

It remains to consider the last term in the right hand side of (4.4). We
show that

-[ (F (u, +\r, x), S'U,.)de=J Bx) v, Sv)pdxte,
Q Q

where ¢, = 0, b(x)=F' ({, x). We note that
Fu, + ¥, x)=F(, x) +F (f, x)u,ty, 4.7

where y is a vector,

y= ZRk l(u)un Uys un=(u:’ “'Dug)’ Rkl(u)

k, 1

j(l pEF@, 0,y g

ouk ou'
Thus

J (F (u, + ¥, x), Sv..)udx=J‘ (F W, x), Sv,) pdx
Q Q

+J b)) v, Svn)udx-k-j (b (x) ug, Svn)pdx+J (y, Sv,)pdx. (4.9)
Q Q Q

The first and the third integral in the right hand side of (4.9) tend to
zero as n— oo since they are bounded linear functionals on W} ,(Q).
We consider the last term. It follows from (4.7) and (4.8) that
ly () |SK + Ky lu, ()], |y ()| K5 u, (x) 2 where K, K, K3 do not
depend on u,(x). Hence

ly@|<K|m@ '+ 0<a<l. (4.10)
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Denote Sv,=w,. We have

J- (v, Sv,)pdx
0

J‘ (y, w)pudx gKJ lu, |t w, | ndx
o o

1/2
([ oree)
0 Q

where o)=\/ﬁ. We choose a:
0<a<min(1,—2—)(m>2) (4.12)
m—2

w,®

a

2 1/2
dx> , (4.11)

For m=2 the proof is similar. Since u, - u, weakly in W} ,(Q), then
®© U, > © u, weakly in W} (Q) and the functions o, are uniformly bounded
in W}(Q). From Lemma 4.1 below it follows that they are uniformly
bounded in L*%*®. Similarly, ow,—0 weakly in W(Q). From
Lemma 3.2 it follows that the last integral in the right hand side of (4.11)
tends to zero.

Thus we have proved the following equality

(Aw,), Sv,>= (Z (aav" a(S”"))—(b(x)v,,, Svn)>udx+8,,,
Q

b
=1\ 0x, 0Ox
where g, — 0. Since there exist uniform limits

b,= lim F({,x), x'eD

x; > o
and Condition 2.1 is satisfied, we have by Theorem 3.3
CAG), S0, 2|0 |2+ 5
From this and the following convergence
(A (ue), S(u,—up) ) >0, n— oo
it follows the validity of the theorem. The theorem is proved.

Remark. — In the proofs of Assertion 2.2 and Theorem 2.1, we consi-
dered the case when ¢ is a functional. The case when ¢ is a constant is
similar and even more simple.

Lemma 4.1, — If—2%>pg2 and ue W3 (Q) then
m—

| ]ler @ =K [ 4]lws @ (4.13)
(We remind that m is the dimension of the space, Q=R™.)

Proof. — If we consider a bounded domain then (4.13) follows from
imbedding theorems (see, for example, [9]). We show that the same estima-
tion is valid in the case of the infinite cylinder also.
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We represent Q as the union of finite cylinders

Q.=Dx(,it1],
Then we have

(Lieta) e[ (2 ] o))"

The constant K obviously does not depend on i. Hence

m 2 /2
J]u["dx=z [u]"dx§K"<J (z ou +]utz>dx>p
Q i JO; O \k=1 axk

The lemma is proved.
2m . .
LemMMa 4.2, — If_—2 >p and u, — 0 weakly in W3 (Q) then
m—

J 1 G, () P dx 0,

where (x,) is a bounded continuous function which tends to zero as
|x, | = o0.

Proof. — We have

J |\L1(x1)u,,(x)|"dx=j dxlf N/u,,]"dx’—i—j dxlj |Wu, |Pdx'.
Q | x1|ZR D [x1 SR D

For any €>0 the first integral in the right hand side of this equality is
less then &/2 for all n if R is sufficiently large since ¥ -0 as |x, | — .
The second integral tends to zero as n — oo due to the compact imbedding
of W} into L? in bounded domains. Hence it is less than ¢/2 for n
sufficiently large. The lemma is proved.

Proof of Theorem 2.2. — It can be verified directly that if conditions
1-5 are satisfied then the following inequality holds:

KATI (u)— Aq (uz)_Ar;_ (uy)
+A,, W), v) | Sk (ty, )| ullu ]2 ]l u=u,—u, (4.14)
for any u,, u,€B:||u, ||,£R, ||u,||,£R, where R is an arbitrary given

positive number. Here kg (14, T,) is a function of variables 1, 1,€[0, 1]
bounded and satisfying the condition:

lim kg (t,, 1,)=0.

27T

It follows from Theorem 2.1 that for any t€[0, 1] there is a bounded
symmetric positive definite operator S_ in the space E such that

CA(uy), S (uy—ug) ) Zluy—uo |3+, (4.15)
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where u, is an arbitrary sequence in E which converges weakly to u,,
&, — 0.

Let 7, be an arbitrary number from the interval [0, 1]. We show that in
some neighbourhood A of the point 1, the following estimate takes place:

1
(AL, S, 4= 1) ) Z_ [t o | = * 2

where €, — 0 as #n — co uniformly in te A. We denote

¢r = < A, (uo), Sfo (u— uo) >
We have

CAL (), Sep (U —10) ) = CAL () = A (o) = Agy () + A (1),
Sro (un - uO) >+ (1)1: (un) + < Aro (un)’ Sro (un - uO) > - (1)1:0 (un)
For A sufficiently small we have now from (4.14) and (4.15):

(AL W), S (it~ 115) > %nun—uollﬁﬂmnm ()~ by (). (4.16)

We show that ¢, (#,) — 0 uniformly in T as u, — u, weakly. Indeed, let
us assume that it is not so. Then there exist a positive &, subsequence,
{u, } and sequence t,, which we can consider as converging to some t*,
such that

|6, (1) | > €. 4.17)
We have

Bap 1) = C Ay (tt0) ~ Age (ttg) = Ay (0)+ Ace (0), Sy (ty, — 100) >
+< A, (0)= AL (0), S, (u,, —uo) >+ (1){*. (4.18)

From the inequality (4.14) it follows that the first term tends to zero as
k — oo. The convergence of the other terms to zero can be easily verified
directly. Thus ¢,, (#,) — 0 which contradicts (4. 17).

We show that yY(A,, D) is independent of t for teA. Since y(A,, D)
does not depend on the arbitrariness in the choice of the operator S, which
is supposed to satisfy the conditions of Theorem 2. 1, then as such operator
the operator 2S;, can be taken. For the operator 2S} A () condi-
tion o) [4] on the interval A is satisfied. This means that for any sequence
1, = t* and for any sequence u, which converges weakly to u, from the
inequality

lim (2S% A, (), u,—uy ) <0,
follows the strong convergence u, — u,. This follows directly from (4.16)
and the uniform convergence of ¢, (x,) to zero.

It can be verified directly that the operator A, («) is jointly continuous
in €0, 1], ue E. Thus the operator 2 S} A, (u) realizes the homotopy and,
consequently, v (A,, D) does not depend on t on the interval A.
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Considering the corresponding interval A as a neighbourhood of

each point t,€[0, 1] and taking a finite covering, we obtain
v(Ag, D)=7 (A4, D). The theorem is proved.

We prove now Theorem 2.3. Together with Theorem 2.1 they deter-
mine the properties of the operators, and Theorems 2.4-2.6 follow from
them. The proofs of these theorems are similar to those in [3] since the

concrete form of the operators is not essential here, and we do not give
the proofs in this paper.

Proof of Theorem 2.3. — We denote b(x)=F ({, x). Let L be the
operator, acting from W} ,(Q) into (W} ,(Q)* constructed in
Theorem 3.3. Then

A'(u)=L+K,
where K is determined by the equality

{(Ku, v>=J (aavu, v)p’dx
a\ 0x,

J ( (u )a( +W)+(C+r)avu, v)pdx
a )

0x, X1
—J (F' (uo+¥, )= F (¥, x))u, v) pdx.
o

If ¢ is a given constant then the term with ¢’ () in (4.19) should be
omitted. We show that

{(Ku,Su) -0
as u - 0 weakly in W} 4 (€). Consider the first summand in the right hand

side of (4.19):
J (au, 8_1)) Wodx|+
Q dx4

L <a ;—xul U) Wdx| = L (au, v) " dx
statlolh ({ [ (<) 1upnae) " ([ (&) tupuar)”)

From Lemma 3.2 it follows that the integrals in the right hand side of
this inequality tend to zero.

We have, further

J c (u)(w, Su)pdx—»O
Q 0x,

since ¢’ (1) is a bounded functional, and S« — 0 weakly. The convergence

J (c+r)(—— Su)udx—»O
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was proved in the proof of Theorem 2.1. It remains to consider the last
integral in the right hand side of (4.19). Denote

y(x)=F (ug+¥, x)—F ({, x).
Then for the norm of the matrix we have
[y (0 |=2Ko, [y D [ZK, Jus(0)], (4.20)

where K, and K, are constants wich do not depend on u,. It follows
from (4.20) that
[y |sK|u () . (4.21)

for any B:0<B<1, where K=max (K,, K,). Now we have

J ((F (uy +V, ) F (Y, x))u, v)pdx
Q

gKJ‘ [ 1o () [P lu(x) || v (x) | 0 dx
Q

1/hy A3 3
§K<f luo(x)m]%)lm(j |u(x)®]l2) I8 (J‘ fv(lecol dx>m ’
Q Q o 03

where
A, >0, Ziki‘lzl, i=1, 2, 3.
We choose
4
O<B<min<1, —)(m>2),
m—2
0<PB<l(m=2), Bhi=A,=r;=B+2.
Then
2m
2<B+2<—r
m—2

and it remains to use Lemmas 4.1 and 4.2. Thus we proved the equality
(A (ug)u, Suy={Lu, Su)+0(u),

where 0 (1) - 0 as u — 0 weakly. To complete the proof of the theorem it
remains to apply Theorem 3.3. The theorem is proved.

REFERENCES

[1] M. A. KRASNOSELSKII and P. P. ZABREIKO, Geometrical Methods of Nonlinear Analysis,
Springer-Verlag, Berlin, New York, 1984.

[2] A. 1. VoLPERT and V. A. VOLPERT, Construction of the Rotation of the Vector Field
for Operators Describing Wave Solutions of Parabolic Systems, Soviet Math. Dokl.,
Vol. 36, 1988, n° 3, pp. 452-455.

Annales de IInstitut Henri Poincaré - Analyse non linéaire



CONSTRUCTION OF THE DEGREE 273

[3] A. 1. VoLPERT and V. A. VOLPERT, Application of the Rotation Theory of Vector
Fields to the Study of Wave Solutions of Parabolic Equations, Trans. Moscow Math.
Soc., Vol. 52, 1990, pp. 59-108.

[4] 1. V. SKRYPNIK, Nonlinear Elliptic Equations of Higher Order, Naukova Dumka, Kiev,
1973 (in Russian). Nonlinear elliptic boundary value problems. Teubner-Texte zur
Mathematik, Vol. 91, 1986, BSB B.G. Teubner Verlagsgesellschaft, Leipzig, 232 p.

[5] V. A. VoLPERT and A. 1. VOLPERT, Travelling Waves Described by Monotone Parabolic
Systems, Preprint n® 146, CNRS URA 740, 1993, 46 p.

[6] H. BERESTYCKI and L. NIRENBERG, Travelling Fronts in Cylinder, Annales de 'IHP.
Analyse non linéaire, Vol. 9, 1992, n° 5, pp. 497-572.

[7} R. GARDNER, Existence of Multidimensional Travelling Wave Solutions of an Initial-
Boundary value Problem, J. Diff. Egns, Vol. 61, 1986, pp. 335-379.

(8] S. HEINZE, Travelling Waves for Semilinear Parabolic Partial Differential Equations in
Cyclindrical domains, Preprint n® 506, Heidelberg, 1989, 46 p.

[9] O. A. LapyzHENsKAYA and N. N. URALTSEVA, Linear and quasilinear elliptic equations,
Academic Press, New York, 1968.

[t0] M. EscoBeDo and O. KAviaN, Variational Problems Related to Self-similar Solutions
of the Heat Equation, Nonlinear Analysis TMA, Vol. 11, 1987, n° 10, pp. 1103-1133.

[11] D. Henry, Geometrical Theory of Semilinear Parabolic Equations, Lecture Notes in
Mathematics, Vol. 840, Springer-Verlag, Berlin, New York, 1981.

{12} A. I. VoLPerT and S. I. HUDJAEV, Analysis in Classes of Discontinuous Functions and
Equations of Mathematical Physics, Martinus Nijhoff Publisher, 1985.

{13] F. E. BROWDER, Degree Theory for Nonlinear Mappings, Proceedings of Symposia in
Pure Mathematics, Vol. 45, 1986, Part 1, pp. 203-226.

( Manuscript received December 20, 1992;
revised, May 27, 1993.)

Vol. 11, n° 3-1994.



	Construction of the Leray-Schauder degreefor elliptic operators in unbounded domains



