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ABSTRACT. — Let Q be a bounded domain in R” with regular boundary.
In this paper, we study the equations of the type det(Vu(x))=f1in Q and
u(x)=x on 0Q where f lies in some Sobolev spaces. We establish some

existence and non-existence results. A discussion of general cases is also
included.
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REsUME. — Soit Q un domaine borné régulier de R”. Dans cet article,
nous allons étudier les équations du type det (Vu (x))=fdans Qet u(x)=x
sur 0Q) avec f appartenant a certains espaces de Sobolev. Nous établissons

quelques résultats d’existence et de non-existence. Une discussion pour des
cas généraux est aussi incluse.
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276 D. YE
1. INTRODUCTION

Let Q be a bounded domain of R” with regular boundary and f be a
smooth function on Q. In [1], motivated by his study of volume forms on
compact smooth manifolds, J. Moser has considered the following type
of equations:

det(Vu(x))=Af in Q,
u(x) lan =X,
where f (x) is a positive C® function on Q, u(x) is a C* diffeomorphism
from Q to itself and A is given by:

A=vol (Q)/( j f(x) dx).

In particular, he proved that given any smooth positive function f (x) on
Q, there exists u(x) which solves the equation.

Later on, B. Dacorogna and J. Moser studied the corresponding problem
(see [2]) in the case where feC**(Q), 0<a<1 and feC*(Q). We restate
their main results as follows.

THEOREM [DM1]. — Let k=0 be an integer, 0<a <1, Q have a C**3¢
boundary 0Q. Let feC**(Q) with f>0 in Q. Then there exists a diffeo-
morphism ¢ with ¢, ¢ 1 e C***-*(Q) and

det(Vo(x)=Af in Q,

@ (x) ]m=x,

where A=vol (Q)/( j f(x) dx).
Q

THEOREM [DM2]. — Let k=0 be an integer, Q have a C* \C' boundary.
£, geC*(Q), 1, g>0 in & with

Jf(x)dx=f g(x)dx.
Q Q
Then there exists ¢ e C--Diff (Q) with ¢ (x)=x on 0Q such that

jf(x) dx=J‘ g(x)dx
E ¢ (B)

for every open set E of Q.
Moreover if supp (f— g) is included in Q, then supp (¢ —id) is also included
in Q where id stands for the identity map.

It is natural to ask whether there exists such a solution in the case
where f (x) is of C°, or in some Sobolev spaces. To our knowledge, these
questions are open. In this paper, we study the case where f would lie in
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PRESCRIBING THE JACOBIAN DETERMINANT 2717

Sobolev spaces. Certain difficult while interesting aspects would appear.
The main difficulties (which occurs also in [1] and [2]) are the strong non
uniqueness of the eventual solution and the strong non-linearity of the
Jacobian determinant.

In order to simplify our presentation, we will say that such a problem
is of the type {X, Y}, if we study the existence and/or non-existence of
u(x)eY under the conditions f (x) e X. We use also the following abrevi-
ated notation:

- W™P(Q)=W™?(Q, R), C"(()=C"(Q, R),

- WPt (Q)={ge W™ ?(Q), there exists ¢>0 such that Infog (x)2 ¢},

- WmPE(Q, RH={geW™?(Q, R", det(Vg(x))=c>0} where
pzmax (1, n*/(1+mn)) (see Lemma 10).

Actually, we will provide the existence or non-existence criteria only for

certain kinds of Sobolev spaces X and Y. The main existence result can
be stated as follows:

THEOREM 1. — Let m=1 be an integer. Let Q be a bounded domain in
R" with a C™***3 boundary, where k= ([n/p]+2). Let pe (max (1, njm), o).
Then for each feW™P*'(Q), there exists u such that u, u ‘e
wrtL?2(Q, R") and

det(Vu(x))=Af in Q }

u(x) lanzx

where L=vol (Q) / ( j fx dx).
Q

We will prove this theorem by using some ideas in [2] as well as some
special properties of W™ P (Q) for p>n/m, which are similar to the proper-
ties of the space C**(Q) (c¢f. § 5). The non-existence theorems and the
symmetric case will be treated in sections 6, 7 respectively and we will try
to figure out some expectations for the general cases in section 8.

(1.1)

2. PRELIMINARY

Let Q be a bounded open set of R”. We recall here some well-known
results.

LemMma 1 (trace theorem). — Let mz1 be an integer and pe (1, o0]. If
0Q is of class C™"*1, ue C*(Q), we define the trace as (0'u/ovy) with j=0,
l,...,m—1, where v denotes the unit normal vector on 0.

Then, it extends to a continuous linear surjective mapping from W™ ? (Q)
into TI; W™ ~7=1/r- 7 (9Q).
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278 D. YE

LeEMMA 2 (regularity of the Neumann problem). — Let meN, pe(l, )
and Q have a C™*? boundary. For every ge Wn*T1-10.2(5Q), f e W™ P (Q)

such that jf(x) dx=j g (x)do, if u is the solution of
o o0 .

—Au(x)=f in Q,
dufdv=g on 0Q,

ff(x) dx=0.
Q

Then ue Wm+2:2(Q). There exists a constant C(Q, m, p) such that
”u”m+2,p§C(Q’ m, p)(Ilfllm,p+]]g]|m+1—l/p,p)

LeMMA 3 (the Sobolev imbedding theorem). — Let m be a non-negative
integer, pell, o) and 0Q is of class C™, then there exist the following
imbeddings:

Case 1: mp<n.
Wm2 (@) - L4Q),  1g=1/p—m/n.
Case 2: mp=n.
W™ P(Q) - Li(Q), P=g<co.

Case 3: mp>n. Set k=max {j, im—j)p>n},
) If (m—k—1) p<n, then

WmP(Q) > Che @), O<a<m—k—n/p.
Gi) If (m—k—1) p=n, then
Wmr(Q) - Chr @), O<a<l.
Lemma 4. — Let veCH(Q, R™), suppose that det(Vo(x))>0 in Q and
that v(x)=x on 0Q, then v is a C* diffeomorphism from Q into itself.

Sketch of proof. — We work on each connected component of Q, so
we can suppose that Q is connected. Since det (Vv (x))>0 and by the
degree argument, we have » (Q)=0Q and v~ ! (8Q) =2Q. Set

Eq={xeQ, card[v "' (v (x))]=1},

one can prove that E, is open and closed in Q and 0QeEg by contradic-
tion. Thus E,=Q.

3. THE LINEARIZED PROBLEM

Denote by W™ ?(Q)/R={ feW™?(Q), ff(x)dx=0} where Q is a
Q

bounded domain of R". We consider the following linearized version of
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PRESCRIBING THE JACOBIAN DETERMINANT 279
system (1.1):
dive(x))= in Q,
(=1 () } 5.1
(%) |50=0.
We have:
THeorEM 2. — Let meN, pe(l, o) and 0Q be of class C"*3. Then

there exists a continuous linear mapping L from W™P(Q)/R to
WL P(Q, R") such that v=L(f) satisfies:

diviz(x))=f in Q,
=0 on Q.
Proof. — We proceed as in [2].

(3.2)

Step 1. — Consider first the problem
—Ag(x)=f(x) in Q
dg/ov=0 on 9Q, 3.3)
J g(x)dx=0.
Q

By Lemma 2, we have ge W"*2:7(Q)/R. Denote ¢= —V g(x). Clearly
ceW" L P(Q, R and div (c(x))=7. But one has only (¢, v)=0 on 9Q,
where v=(v) is the unit normal vector on 9Q.

In what follows, we will construct a family of functions b={5,;} such
that b(x)e W27 (Q, R**") and for any xeQ, (b;;(x)),, is an antisym-
metric matrix which satisfies:

V(b;(x))=c; v on 0Q, (3.9
where c;=(—1)"* (¢;vu'—¢; V).

As in [2], we note rot *(b);= > (—1)'*7(0b;;/0x;). Then if x€0Q,
rOt*(b)jzz (—1)'*7(0by;/0x;)
=Y (=D ui=Y (c;uf— V)V

=c¢;|oP—{c,v)vi=c;
On the other hand, VxeQ, one has:
div(rot*(b (x)) =Y. 8; (3 (— 1) "4 (8b;;/0x)))
Jj i

=Y (— 1)} (0b;;/0x;0x;)=0.
i j
Thus, v= —rot ¥(b)— V g will be a solution of the equation (3.1).
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Step 2. — Construction of {b;;}.

In order to get the desired regularity and continuity results, we will use
a refinement of an argument in [2].

As dQeCm™*3 one has veC™*3*(dQ) and one can assume that
Cijlan€ WM 17177 (9Q) by the trace theorem. Let {d;} be the solutions
of

—Ad;;(x)= j c;j(x)dofvol () in Q.
o

ddylov=c; on Q, (3.3)

ij
J di; (x)dx=0.
o

By Lemma 2, one has d;;(x)e W™*2-7(Q).

Set ¥ (x)=x—wd(x, 0Q)Vd(x, 0Q)x (d(x, 0Q)/e) where ycC®(R)is a
cut-off function satisfying x=1in [—1, 1], supp(x)=[—2, 2] and o, € are
positive constants. We now state a result which will be proved in Step 3.

LEMMA 5. — The constants o and € can be chosen so that ¥ is_a Cm*2
diffeomorphism from R into itself, ¥ (x)=x if xe 0Q and ¥ (Q)=Q.

Assuming this Lemma, set b;;(x)=[d;;(x)—x (d(x, 0Q)/¢) d;; (¥ (x))}/o.
Clearly, d;;(x) e W™* 7 (Q) implies d; (¥ (x))e W™*>?(Q) and we observe
that x (d(x, 0Q/e)e C"*>(Q). Thus b;;(x)e W™ 27 (Q).

Moroever, for any x €09,

0by;/0x, = [0d;;/0x, — Y ((8d;/0x)) OF'/0x,)]
1
=[0d,;/0x,— ¥ ((8d};/0x,) (3, — wv* V)0
1
= Z ((adij/axl) v* Ul)

= (5du/al)) Uk
=c;; o~
Hence we get V(b;;(x))=c;;v on 0Q.
Obviously, the above procedure is linear. By Lemma 1 and Lemma 2,

one obtains immediately that there is a positive number C (€, m, p) such
that

”‘U Hrn+2,p§C (Q, m, P) ”me,p‘
Step 3. — We now prove Lemma 5. Since 8Qe C™*3, then there exists

€>0 such that d(x, Q)eC™*3(V,,) where V,,={xeR", d(x, 0Q)<3¢e}.
We fix this «.
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PRESCRIBING THE JACOBIAN DETERMINANT 281

Since ®(x)=d(x, Q) (Vd(x, Q) 1 (d(x, 0Q)/e)eC"**(R", R") has a
compact support, there exists a sufficiently small ©w=0 such that
|0V ® ()|, <1/2n. Thus, ¥ (x)=x— o ®(x) verifies that det (V¥ (x))>0.

Furthermore, we have ¥ (x)=x on Q. Proceeding similarly as in the
proof of Lemma 4, we set A={yeR", card[¥ ' (¥ (»))]=1}. We observe
that A is open and closed and that A (J (as supp (®(x)) is compact),
from which we get A=R" Clearly, ¥ (R")=R". So ¥ is a C™*2 diffeo-
morphism. The fact that ¥ (Q)=Q follows from Lemma 4. W

4. TECHNICAL LEMMAS

The subtleness of our problem arises not only from the non-linearity of
the Jacobian determinant, but also from the fact that the behaviour of
the functions in Sobolev spaces are not easy to handle. In particular, the
regularity properties after multiplication as well as composition might not
be preserved in general.

By trying to solve our problem, we need some properties for the
functions in W™ ?(Q) with p>n/m. More precisely, we find that they
behave in great similarity with those of the functions in C* (). We state
these properties in the following lemmas. They will play an important role
in the proof of our main theorems. After we found the proofs of these
lemmas, we learned that some of them are known (see [7] and [12]). (Thus
we are not sure of the originality of these results.) The proofs are based
on the imbedding theorem of Sobolev spaces.

Let Q be a bounded domain of R” with regular boundary.

LemMMa 6. — Let m=1, me N, pe(n/m, ], then for any f (x) and g(x)
in W™ P(Q), the product (fg), lies in W™ ?(Q), i.e. W™? is an algebra.

LemMMa 7. — Let m=1, meN, pe(n/m, ©]. Let f(x)e W™ 1:7(Q),
g(x)eWmt L2 *(Q, R™) and assume that g(x)|,q=x. Then we have that
feogeWrnthr(Q).

LeEmMa 8. — Let m be a positive integer, pe[l, oo, f (x)e W™P(Q). Let
g(x)eW™*(Q R") where g=co if m=1; qzp, ge(n/(m—1), o], if
m>1. Let g(x)=x on 0Q, then we have f °ge W™ P (Q).

Proof of Lemma 6. — We use the notation 8, v=]]d,, , (v) with he N
k
and |h|=Y A,
k
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We consider 8, (fg) where [h|=m. As 0, (fg)= ). Cy 4(0f) (8h_18), it

k<h
is sufficient to prove that (0,.f) (0,_,g) € L? (Q). The case p= oo is immedi-
ate, then we consider for p<oo.

Case 1. — p=n/(m—|k|).

In this case, one has 8,/ € L4 (Q) for any geR and 8,_, ge L¥ (Q) with
p'=p. Observe that (9, 1) (0,-,8) € L? (@) holds if p’>p and the case p'=p
occurs only for |h—k|=m, so |k|=0 and one gets (6,/)(0y_+8)=
f(8,2)eL?(Q), as feC°(Q) by p>n/m.

Case 2. — pzn/(m—| h—k|).
By changing the roles of g and f, the proof is then the same as in
Case 1.

Case 3. — Otherwise, one has d,felL%(Q), J,_,g€L%(Q) where
1/g,=1/p—(@m—|k|)/n, 1/q;=1/p—(m—|h—k|)/n. Their product will lie
in L7(Q) with 1/g=1/g, + 1/g,=1/p+(1/p—m/m)<l/p. A

As an immediate consequence, we have:

COROLLARY 1. — Ifue W"*LP(Q R") with m=1, pe(njm, ], then we
have det (V (x)) e W™ P (Q).

Remarks. — 1. By the proof, W™ "™ Q) M\ L*(Q) is also an algebra.
2. W™ nm(Q) is not an algebra in general, (if n=m=2, W2 1(Q) is!) but
we have that for any f, ge W™ "™ (Q), then (fg)e W™?(Q), Vpe[l, njm).

Proof of Lemma 7. — By Lemma 4, we have ge C!-Diff(Q), then there
is a constant ¢>0 such that det(Vg(x))=c and det(Vg ! (x))=c. Thus
fegeli(Q) if and only if feL?(Q). By induction, one knows that: if
|h|=m+1,

04(f°8)= 2 (Ouf) 8 { %0, pCru ([ ]0,,8") } where the last sum occurs

k=<h i
for 1<j< |k, a;eN", Y |o;|=m+1, |o;|21 and B,e{1, ...,n}¥ It is

J
sufficient to prove that (3,/)°g[]0,,8%€L?(Q) where Y |a;|=m+]1,
i j

|o;|= 1. Obviously the case p=oc holds. Thus we consider p <.

Case 1. — pzn/(m+1—|k|).

This means (J,f)°geLI(Q) for any ge[l, ).

We denote 1={j, p=n/m+1—|o;)}, J={1,2, ...,|k|\JI and
card[ ] as the cardinal number of set. We have (J]d,,¢?)eL?(Q) for

jel

any ge[l, o).
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If J=, we get that (8,f)° gﬂa 8% eL?(Q). Otherwise, ([] 2,,2%)

jel
eL? (€2) where ¢’ satisfies:

lg'=3 (fp—(m+1-|o;])/n)
jel
=1/p+(card[J]-1) (/p—m/n)+ (Y | o;| = m—card [J])/n
jel
=<1/p,

because that p=m, card[J]=1 and ) |o;|<m+1.
jel

If g >p, (@) gn d, gf‘Je L* () holds obviously. The case ¢'=p occurs

if and only if card[ ]=1and } |o;|=m+1, that is card[I]=0, |k|=1.

jel

Thus we can rewrite our terms as (9, S) g, g', which is also in L?(Q),
by the fact that (3, ,f)° geC®(Q) as p>n/m

Case 2. — p<m/(m+1—|k|). We adopt the same notation for I and J.
@) g1 0,,8% €L (Q) where ¢’ verifies:

jel
g =1jp=(m+1—|k|)/n+ Y (A/p—(m+1—|o;|)/n)
jel
=1/p+card[J(1/p—m/m)+ (3, |o;|—m~1—card [J]+|k|)/n.
jel
Since ) |o;|=m+1-3 |oy]
jel jel
<m+1-—card{]]
<m+1—(|k|-card[J]),
we have 1/q'<1/p. The case ¢'>p is simple while the case ¢'=p occurs

only when card[J]=0, |k|=m+ 1. So in this case [o;|=1 for every a;el.
Since ge C! (Q)), then we get

(ka)°gH6ujgf‘i=(6kf)°gH6xngieL"(Q). n

Proof of lemma 8. — One needs only to take a little care in the case
m=1. Otherwise, by changing 1/p—(m+1—|a;|)/n into 1/g—(m—|o;|)/n,
the proof is almost the same as that of Lemma 7. Details are left to the
interested readers. W

By using these properties, we can prove the following interesting result.

ProrositioN 1. — Let be WPt L2 % (Q R™) with m=1, meN, p>n/m
and assume that b (x)=x on 0Q, then b™* exists and b~* e W™ 12 (Q, R").
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Proof. — Clearly, beC' (Q, R"). By Lemma 4, b is a C' diffeomorphism
from Q to itself. One has then Vb~ (x)=(Vb(x)) " tob ™1 (x).

Since (Vb) 1=(adjV b)/det(Vb), where (adjVb) denotes the adjoint
matrix of Vb. By Lemma 6, we know (adiV b(x)), det(Vb(x)) as well as
(Vb(x)) " lewm?r

Set

ko=max {k, p>nj(m—k)}.
By induction, one has Vb ! (x)e C* (Q), so 5! (x) e Cko "1 (Q)),

Case . — p#n/(im—k,—1).
We define p, by 1/p,=1/p—(m—k)/n. Then (Vb(x))™ e Wkotl ri, 1
and b~ ! is a Cko*? diffeomorphism from Q to itself. We see that

Vb1 (x)e Wro* L Piot 1 then b7 (x) € Wro* 2 Pigv 1 (Q, R).

We are now in the special situation of Lemma 8:
P=Pk0+2>n/(ko+2) where 1l/g=1/p—1/n,

ie. q=py,+1, (VH(X) ' eWro 2 Pgr2 pb™1 (x)e Wro* 2 Pio+1(Q, R™) and
b1 is a Cko*! diffeomorphism. Thus, Vb ' (x)e WFo* % Pks+2 which
means b~ ! (x)e Wro* 3 Pro+2(Q, R™). Proceeding continuously, we arrive
at b~ (x)eWm L2 (Q, R").

Case. — p=nj(m—k,—1).

Since (Vbh(x))"'eW™?, we have (Vb(x) 'leWrorLa Vge[l, o).
By the same argument as above, we have b~ ! (x)e W *29(Q R") for
any geR. Choosing g=n, we can continue to assume that V57! (x)
eWko* 27,42 by Lemma 8, because p,,.,=n. Now we can proceed in
the sameway as in Case 1 to get finally 57! (x)e W™ L P(Q, R"). H

Remark. — In Lemma 7 and 8 we can also take some weaker conditions
for fand g. For example, we can change the condition f, ge Wm*+1.7(Q),
by f, ge Wt Lam(@Qy YW ©(Q) in Lemma 7.

5. PROOF OF THEOREM 1

We use some idea in [2]. First we prove a lemma for f near the constant
mapping of Q and then we will prove Theorem 1.

LeMMA 9. — Let Q, m, p be as in Theorem 1 and f (x)e W™ P ¥ (Q)

satisfying that | f(x)dx=vol(Q). Then there exist e=¢(Q, m, p) and
Q

C(Q, m, p) such that for any f verifying || f—1 ||, ,<¢, then there exist u,
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u leWnth P(Q, R") such that u is a solution of the equation:

det(Vu(x))=f in Q, }

u(X) |ap=x. ©.D
and || u—id ||ln+1, , S CQ 7, )| f = 1|, -

Proof. — By Theorem 2, we have a continuous linear mapping L from
W™ P(Q)/R to WL 2(Q, R") such that for any fe W™?(Q), we have
div(L(f))=fin Q and L(f)=0 on dQ.

If ¢ be a (nxn) matrix, let tr(¢) be the trace of &. Define
Q€)=det(I+&)—1—tr(§) where I stands for the identity matrix.
By using the proof of Lemma 6, we see that for any f, ge W™ ?(Q)

| 2 llm S C 11 f M, o 1 &, -
Then we obtain: for any w, ve Wm+1.7(Q R™),
“Q(Vw)—Q(V'U) “m,péc2 Z (“w”m+1,p+”v“rn+1,p)j”w_v”m+1,p'

12j2n-1

If u(x) is the solution of (5. 1), we set v (x)=u(x) — x. Thus, the equation
(5.1) becomes:

div(e(x))=f—1-Q(Vov) in Q, } (5.2)

v(x)=0 on 0Q.

Define N(v)=f—1—Q(Vv). One will consider the following problem:
e WP (Q, R" such that LN (v)=v and v(x) |4=0.

Step 1. — We prove that LN (v) is well-defined.

Since j f (x) dx=vol(Q), we have:
Q

J‘N(v)dx—’—j (f—I~Q(Vv))dx:J (f—det(Vv+I))dx+J div (v) dx
Q Q o] Q

=vol (Q)—j det(V (v+id)) dx=0.
Q

Thus for ve W™*17(Q, R") and v(x)=0 on 9Q, N(v) is in W™ ?(Q)/R.
Step 2. — Let C, be the constant in Theorem 2, i.e.
IL @ llm+ 1. ,=Coll&lbm. 5

We choose &£=min (1/8Cy), (4Cg) " (C3)~ 1), r=2Co || f = 1]lm. , < 1/4,
and B,={ve W™ 12 (Q, R"), || 0|j+1, ,<r and v(x)=0 on dQ }.
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Then we have
“LN(vl)—LN(vZ)Hm+1,p§co“N(v1)_N(vz)”m,p
<CollQV )= Q(V0) ||, »
<CoCo T Uoslmenploalbnss o1 =22 lhwe s

<4(Co)? Co || S~ Ul pllo1 = 02 [lms 1, o/ (1 =4 Co | S = 1], )
<8(Cy)? CZHvl_vZHM+1,p
é”vl—vz ”m+1,p/2'
On the other hand,
”LN(O)“m+1 proHN(O)”m pfco“f Ui, p=7/2.

Using the fixed point theorem, we then obtain the existence of ve B, such
that LN (v)=v, s0 u(x)=v(x)+x is a solution of (5.1). More precisely,
we have that [|4—1d|lus1, , =0 |lms1, ,Sr=2Co || f—1||n, , and the fact
u-lewm+1.r(Q, R follows from Proposition 1.

Proof of Theorem 1. — We need only prove for f satisfying
J f(x)dx=vol(Q) and f=¢>0. By density of C* (Q) in W™ (), we can
choose g;€C” (@) such that g;=c¢,;>0 and || f/g;—1||m ,<e(Q, m, p)

where ¢ is the constant in Lemma 9. We can also assume that:

j S (x)/g1 (x) dx=vol (Q).
Q

We then define u, (x) the solution of
det(Vu, (x))=f/g, in Q, }
uy (x) ian =X
By Lemma 9, such a solution exists and satisfies

u, u; te WL r(Q, R").

(5.3)

If in what follows, we would have a solution u, of the following equation
det (Viu, () =/, =g,°u;* in Q,

1 (X) lanz X, 5.4
uy,u; Le WnHLP(Q RY),

u=1u,°u; would be a desired solution of (5.1).
But actually we do not know the existence of u, for (5.4). On the other
hand, we observe that det(Vu; ! (x))=(g,/f)u; ! =c>0, thus

f1:g1°ufléwm+1’p’+ (Q)
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by Lemma 7. By the same reason we can and we will take g,eC*® ()

such that g,=¢,>0, || f1/g,~ 1| , <& (Q, m+1, p) and jfl/gzdx=vol(§2).

Q
Then we have a solution u, (x) of:

det (Vu, ()=/,/g, in Q.
Uy (X) o=, (5.5
Uy uy LeWnt27(Q R").
Similarly, it is now sufficient to solve the equation:
det(Vus (x))=f3=g,°u; ' e W 227 (Q) in Q.
Uy (%) [ =x, (5.6)
U, uz LeWmtLr(Q, R").
Proceeding inductively, we get some u;, u; ' e W™ ¥ 7% (Q, R") satisfying
det(Vu;(x))=f;e W'/~ Lr¥ Q) in Q, } 5.7
U; (x) lanz x.

and we arrive at step k where we consider the following equation:
det (Vu, (X)) =fi =gkt 1 €W 7127 (Q) in Q, } (5.8)
Uy, (x) lan =X. .

with p>n/(k—1). Thus, f,eC™*(Q) for some « in (0, 1). By Theorem
DMI stated in section 1, we have a solution u, (x)e C™"*1-*(Q)).

Set u=u°uy_1°U_, . ..U °u;. We see that V.
det(Vu;(x))=f;Zc¢>0,
u;(x)=x on 0Q.
and u;(x) is a C!-diffeomorphism from Q to itself and u,
uy LeWmTL P ¥ (Q, R").
By Lemma 7, we have then ue W™ %7(Q, R", u(x)=x on 6Q and

det(Vu(x))=f holds by construction. Finally, 4~ 'eW"*17(Q, R") is a
direct consequence of Proposition 1. W

Remark. — This theorem is independent on that in [2]. For example, if
feH> (Q) where Q is in R? and m21, we have feC"~1*(Q), O<a<l.
So by their result, we have only a solution in C™* (€2, R").

COROLLARY 2. — Let m, p, Q be as in Theorem 1, f (x), g (x)e W™ 7" (Q)
and assume that

Jf(x) dx=§ g(x)dx.
Q

Q
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Then there exists u, u~ e Wm+t1-7(Q, R") such that
gu(x)det(Vu(x)=f(x) in Q,
u(x)=x on Q.

Proof. — First we can suppose that Jf(X) dx:J g (x)dx=vol(Q).
Q o

Then we solve det(Vu,)=f, u, (x)=x on 0Q and det(Vu,)=g, u; (x)=x
on dQ by Theorem 1, then u=u; ' °u, is the desired solution. W

COROLLARY 3. — Let Q be as in Theorem 1. If m is a positive integer,
f(x)eC" 1 Q=Wm=>(Q), fza>0 and jf(x)dx=vol(§2). Then

Q
Vgell, ©), we have u, uq‘leW"'“’q(Q, R") such that u,(x)=x on 0Q
and det (Vu, (x))=fin Q.

COROLLARY 4. — Let Q be as in Theorem 1. Let m>n, meN, f (x) be a
positive function in W™ U1 (Q) and | f(x)dx=vol(Q). Then there exists

Q
u, u e W=D (Q R such that det (Vu(x))=fin Q and u(x)|n= x.

Remark. — These are the immediate consequences of Theorem 1 and
these are the limit cases for pe(max (1, n/m), co).

6. NON-EXISTENCE THEOREMS

Let Q be a bounded domain of R” with regular boundary (»>2). In
section 5, we prove that the problem of the type {Wmr* wm+i.r} g
well-posed when m=1 and pe(max (1, n/m), ).

For the problem det (Vu(x))=f with or without some boundary condi-
tions, it is natural to ask if the question of the type { W™7, Wm*1.m2} jg
well-posed. We say that the problem {X, Y} is not well-posed if there
exists some fe X such that such a solution u€Y does not exist.

In [8], R. R. Coifman, P. L. Lions, Y. Meyer and S. Semmes proved
that if e W "(Q, R"), then det (Vu(x)) will be in #! the Hardy space.
This shows that the problem {L', W%"} is not well-posed, because
LI\ # . In fact, we see that the answer is always negative for m> 1
and pe[l, o).

TueoreM 4. — The problem of the types {W™F(Q), Wmt1-"r(Q, R")}
is not well-posed if m is a positive integer and pefl, ).

Proof. — If p>1 or m>1, by Corollary 1, ue W™*1-»2(Q R") implies
det(Vu(x))eW™"(Q). If p=1 and m=1, then by the Remark after
Lemma 6, ue W2 " (Q, R") implies det (Vu (x))e W 1(Q), Vge[l,n). B
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Remark. — More precisely, let mz1, meN, pe[l, ), p'>p and
p'zn/m. Then the equation of the type {W"" P oWmt l,p’} is not well-
posed.

In general, we have:

Lemma 10. — Let m be a positive integer, p=>max (1, n®/(1 +mn)) and
dQeC™" . Then there exists a unique continuous map T from W™ ? (Q, R™)
to D' (Q) such that Vue C® (Q, R"), T (u)=det(Vu (x)).

Proof. — Let ueC®(Q, R") and ¢eD (Q).
(T ), <P>:J det(Vu(X))wdx=j [Z(ajul)(adjvu)l’j](pdx
Q Q j

= _J’ uy y. 0;[(adjVu);, ;¢ldx.
Q j

Since Zﬁj(adjV u)y,;=0, we have

J

<T(u),<p>=—J

Q

”1Z[aj¢(adjvu)l,j] dx.
J

One has then “ Uy Z (adjV u)l,jHLl <C( ” u ”m »)" by the imbedding theo-
J

rem. Define (T (w), ¢ >= —J

Q
The continuity and uniqueness of T are clear. W

ur Y [0;0@djVu), Jdx,¥Yue W™?(Q, R".
i

DeriniTioN. — We define det(Vu(x))=T(w) in W™?(Q, R") where
m>1, pzmax (1, n?/(1 + mn)) and T is determined in Lemma 10.

Remark. — 1In[14], S. Miiller proved that if yewW™?r (©, R" with
pzmax(l, n*/(1+mn)) and T (u) lies in L' (Q), then T (u)=det (Vu(x)),
the classical Jacobian determinant.

ProPOSITION 3. — Let meN, p'>p=1, p'2n?/(1+mn). Then there is
no hope to find an estimate for the problem {W™? (Q), Wn+1.7 (Q, R") }.
More precisely, there are no positive numbers € and C such that:

For any feW™P(Q) with || f—1]||, ,<& we have ue Wn*1.7 (Q, R"
such that det (Vu(x))=7f and ||u—id |p+ 1. SC|| =1 ||, -

Proof. — Remark first that the condition p’=n?/(1+mn) comes from
Lemma 10, just for well define det (V u(x)). Suppose that the assertion of
Theorem is not true, then Ve W™ ?(Q), define f, =1+ (f— 1)/k. Then for
k sufficiently large, we have || f,— 1], ,<&, thus there is some u, such
that det (V u, (x))=f; and || u,—id ||lps 1. SCll fi= Ulm p=C || f— 1|, o1k

Define v, =k (4, —id). Then || v, —id|[m+1, » <C|| f— 1|, ,- In choosing
a subsequence denoted also by v,, we have that v, converges to v(x)
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weakly in W17 (Q, R™). Hence, u, =id + (v+ wy)/k where w, converges
to 0 weakly in W™*1 7 (Q, R"). Then det(Vu, (x))=1+div (v (x))/k+R,
where kR, converges to 0 in D' (). So when k tends to oo, we obtain
that div(v(x))=f— 1, which implies f e W™? (Q). This contradicts with
p>p B

7. SYMMETRIC CASE

Let Q=B" be the unit ball in R", f=f (r) where r=|/x||. We consider

the axially symmetric solutions of (5.1). Set
S™P(Q)={ge W™ (Q), g=g (r) is symmetric },
§™ Pt (Q)={ geS™?(Q), there exists ¢>0, Infpg(x)=¢},
S™?(Q, R")={ve W™ ?(Q, R"), v="h(r) x/r is equivariant }.

First, if ueS™?(Q, R") and u=g(r)x=h(r)x/r where h(r)=rg(r), by
simple calculation, det (Vu(x))=g" (") +rg" 1 (r) g’ ()=(H" ()" [(nr"" ).

On the other hand,

1

J‘f(r) dx=vol () is equivalent to J nr""f(rdr=1,
Q

0

and u(x)|;o=x requires h(1)=g(1)=1. As det(Vu(x))=f and u(x)=x

on ¢Q, one gets:
r 1i/n
h(r)=<f ns"*lf(s)ds) .
0

THEOREM 5. — Let m, p be as in Theorem | and f € S™ P+ () then there
exists a unique solution ue S™*1-2(Q, R") such that:
det(Vu(x))=/f in Q,
u(x)=x on 0Q,

Sketch of proof. — We modify the operator L(f) in Theorem 2 by
considering:

(7.1)

Ag(x)=f(r) in Q,
dg/ov=0 on 5Q, (7.2)

ff(x)dx=0.
o

Then the uniqueness of g implies that geS™*2:7(Q), so v=V g (x) satisfies
that veS™ 1P (Q, R™), div (v (x))=f (r). And (v, v )=0 on dQ is equiva-
lent to say v(x)=0 on dQ. Define L(f)=1v. On the other hand, we see
that N (v) defined in Lemma 9 will lie in §™?(Q). Thus, Theorem 2 and
Lemma 9 work for the case {§™7*(Q), S"*1.7(Q, R") }.
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Moreover, since the smooth symmetric functions are dense in S™ 7 (Q)
and the constructions in Theorem DMI1 can be chosen to be symmetric,
then the proof of Theorem 1 is valid. W

THEOREM 6. — Let p2(n— 1), then the problem {S°7* (Q), S*7(Q, R")}
is well posed. On the other hand, Vp'>p, the problem
(8% 2% (Q), SV (Q, R")} is not well-posed.

Proof. — First, if ueS™ P(Q, R") and u=g(r) x, then

[Vu)[P=210: = )+~ 1)g ()

where h(r)=rg(r). It is sufficient to prove that A'(r) and g(r)eL?(Q)

with:
h(r)=<Jr ns" "1 f (s) ds>1/n.
0

x+k
Define the maximal function M, (x)= sup(J | ] ds)/Zk as in [16].

k>0 x—k

Set w(s)=f (s) s~ V/? then we L7 (0, 1). Thus,

g(n= ( J‘r ns" "1 (s) ds)l/"/r§ C(M,, (rf2))t/n pt —minp

0

If p>1, then we L?(0, 1) implies that M (r)e L? (0, 1) and we have that

j g ()| dx=2rtj1 nt lgP(nNdr<2nC’ Jl M, (r/2))?" dr < co.
Q

0 0
Ifp=1,

1 1
jlg(x)ldx=21tj nr"_lg(r)dr§2nj nr*” 2 dr < oo.
o 0 0
By 4 (r) zrInf, f (x), we have also

B (n=r"1flh(n)" ' SCf(Nel”(Q).

Let p'>p, we see that 4" (r)=Cf (r) when r=1/2. We choose f with a
singularity on (1/2, 1) such that £ ¢ L”' (Q). Then || Vu(x)||¢ L” (Q), as we
have that |Vu(x)||2A (NZCf. R

Remark. — 1. In the symmetric case, we have always the uniqueness
of the solution.

2. In Theorem 6, the condition p=(n— 1) is weaker than the condition
p=n?/(n+1) in Lemma 10 for defining det(Vu(x)), because here we
have a priori ue L*(Q). More generally, we can consider Theorem 6
for p=1, because we can set det(Vu(x))=g"(r)+rg" ' (r)g (r) where
u=g(r)xeS™?(Q, R".
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3. In general, the problem {S™7*(Q), S™**#(Q, R"} is always not
well-posed if p'>p for any meN.

8. GENERAL SITUATIONS AND OPEN PROBLEMS

In this framework of research, there are a lot of interesting questions
which are not solved. We collect here a list of open problems and some
general discussions for the interested readers.

Let Q be a connected open set in R" with smooth boundary, meN and
pell, ). We consider the following equation:

det(Vu(x))=f in Q, }

(%) 0= x.

8.1

QuEstioN 1 (appeared in [2]). — Let
f(x)eCQ), [fzc>0 and Jf(x) dx=vol (Q).
Q

Does there exist a solution u of (8.1) such that u is a diffeomorphism
from Q to itself?

QuestioN 2. — Let f e W™ @+ (Q) and m = 1. Does there exist a solution
we Wntl ©(Q R") for the equation (8.1)?
If the answer is negative, can we have a solutionin ([ Wm+1.4?
1<sg<w»
Remark. — These two questions are the limit cases of Theorem DMI
with o=0 and a=1.

QuestioN 3. — Is the equation of the type {L>* (Q), W"(Q, R")}
well-posed for p> 1?7

QuestioN 4. — The same problem for the case { W™ #+ Wm*17} or
for the case {S™ 7%, S™* 17} with p<n/m and m=1.

Remark. — We conjecture that the problem { W™ »* wm*+1. 7" is not
well-posed if p'>p. The reason is that the problem of type
{Sm#+ S§m*L.p"} are not true, and the symmetric case gives higher regula-
rities in general.

In section 6, we proved that the problem { W™ 7% Wwm*1.7"} with p’>p
is not well-posed in the sense of estimates (clearly in Proposition 3 we
can replace W™ ? by W™ 7-+) and we ask if an estimate is always possible
when p’=p. More precisely:

QuEsTioN 5. — If the problem of the type {W™»* W+ 7} is well-
posed, does there exist some continuous functions 4, from [0, c0) % (0, o)
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to (0, co0) such that for any fin W™ P-* (Q), there exists a solution u(x) of
(8.1) verifying that ||u—1Id |41 , <A} f— 1|, p» Infg £)?

Remark. — Tt seems impossible to answer this question from our proof,
and the similar problem can be posed for the C** case.

Up to now, we have considered the equation always under the hypo-

thesis Inf, £>0. What will happen if f admits some zeros or Infg f<0?
We state here an example to indicate the complexity of such situations.

Let Q=B? be the unit ball in R? and f (z)=2r* where r=|z|. Then we
have f f(x)dx=n=vol (B?). One finds that the symmetric solution is
Q

u (z)=rz, thus u, is not in C?!

But does there exist a C® solution of (8.1)? Yes. We construct
u, (x, y)=(x, 2x*y+2y3/3). We observe that u, is a C* homeomorphism
from B? into u, (B?) with a single singularity at the origin, so u, (B?) is
also diffeomorphic to B? and vol (B?)=vol(u, (B?). Let v(x) be a C®
diffeomorphism from u; (B?) into B? such that:

det(Vo(2))=1 in u, (B?), }
v(z)=u; ' (z) on Ju,; (B?).
The existence of such a v is clear (see the discussion for Question 7 and ).

Thus u=v°u, will be the desired solution. This means that it is very
difficult to work with general functions.

(8.2)

QuesTioN 6. — Can we obtain some general results for (8. 1) only under

the condition Inff>07?
Q

Now we will consider the volume preserving diffeomorphisms with given
boundary data. This problem is important in the study of incompressible
fluid and in the study of incompressible material in elasticity (cf. [15]
and [12], for example). We consider the following equation for u e Diff (Q):

det(Vu(x))=1 in Q, }

u(x)=y on oQ. ®-3)

where v is a diffeomorphism preserving the orientation from 0Q into itself.

As indicated in [2], the system (8.3) admits a solution if and only if
D, # @ where D,={veDiff, (Q), v(x) |,o=v}. When is D, non empty?
We give here a sufficient condition.

Tueorem 7. — If Diff, (0Q) is connected, then VyeDiff, (0Q), D, # (.

Sketch of proof. — Since 0Q is a compact smooth manifold without
boundary, then we have a tubular neighbourhood of Q. More precisely
there exists a diffeomorphism ¢ from V, into 0Qx[—¢, €] where
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V,={xeR" d(x, 0Q)<e} and ¢ (V,NQ)=0Q x [0, g]. On the other hand,
since Diff, (9Q) is connected, we can construct a C® function F (3, 1)
from 0Qx|[0, g] into itself such that F (3, ¢)eDiff, (0Q), Vtel0, €],
F6,0)=vy() and F (5, 9)=id,, for any t€]g/2, €]. Then we define
u(x)=¢ " 1=(F (3, 1), )= (x) on VN Q and u(x)=x on Q\V,.

Remark. — If Q lies in R?, then Diff, (8Q) is connected.

Then we ask when Diff, (9Q) is connected? This becomes a very difficult
topological problem. For example, we do not know a general result
for 0Q=S", the unit sphere of R"*! (Kervaire and Milnor have
proved that card[rn,(Diff, (S")] is always finite). One can find the
values of card [r, (Diff, (§"))] for 5<n<17 and some more discussions
in [13].

We state here a simple counter-example: Let T2~ S! x S! be the standard
torus in R? Q=the bounded domain defined by T?. We take

Y(6, n)=v(n, 0). Clearly, this defines a diffeomorphism from T? into
itself. Then, we have:

Lemma 11. — Diff(T?) is not connected and D, is empty.

Sketch of proof. — v induces a mapping on the first homology group
of T? which exchanges the two generators, while Id;2 induces the identity
mapping. By using topological argument, we see that y and Id;2 are not
homotopic.

Furthermore, if D, # (¥, by considering the image of a circle with
degree=1, we will obtain a contradiction.

QuesTioN 7 (appeared in [15]). — Let
Diff, (Q)= { u(x) e Diff (), u(x)=x on 0Q and det(Vu(x))=11in Q}.
When is Diff, (Q) connected?

Remark. — In the general case of manifolds, it is not true for dim>2.
Consider the torus T?2=S! x S! associated with the scalar product d0®dn.
We see that v e Diff, (T?) is not homotopic to Id;e.

If we have a solution u of (8.1), then we have infinite solutions, so we
would like to find a ““best” solution in certain sense. Suppose that there
is a solution ue W2, Naturally, we think about

Inf{f |V u(x)||* dx, u verifies (8. 1)}. 8.4
o

First, if Q is in R2?, the minimum is achieved (cf. [4] or Lemma 10
in § 6).
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QuestioN 8. — Does the minimiser of (8 .4) possess some higher regular-
ity properties?

Some a priori estimations for dimension two and the volume preserving
mappings are considered in [6]. We state here a result of F. Hélein:

TreoreM (appeared in [10}). — Let Q be a bounded domain in R* with
regular boundary and f e W' P (Q) satisfy Inf, f>0 such that a W* P mini-
mizer u(x) of (8.4) exists where p>n. Then there exists Qe W 7 (Q) such
that u is a critical point of:

J(v)=j {(IVe®)P-fQ@}dx in {veW" % v(x)|,n=x}. (8.5
Q
Sketch of proof. —We consider »(x) a smooth function with compact
support in Q. =1d +Av. Then we have that
det(V(ue@))=f+Adiv(fv)+o())
and

J HV(W(p)Hde:j ”Vu”zdx+kj‘ {div(S; ), vydxto(N)
Q Q Q

where:
Si, ;=2 8;u, 0;uy—||Vul|*3;, for i,j=1,2,n

Thus div(fv)=0 implies J div (s, ), v)dx=J‘ {(div(S; pif, fv)dx=0.
Q

Q
Then there exists GeW" ?(Q) such that div(S; )/f=VG. Since u is a
diffeomorphism from Q to itself, we define Q=G-u"1, so we have:

div(S; )=/ VQ(w), which is equivalent to that u is a critical point
of (8.5).

QuesTioN 9 (F. Heélein). — Let Q and f be symmetric, does the symmetric
solution of (8.1) be the minimiser of (8.4)?

QuesTioN 10. — Consider the Jacobian problem without boundary data,
can we obtain some higher regularity results in general?

Remark. — Even in this case, we do not know if the problem of type
{W™2(Q), W™ 1-r(Q, R")} is well-posed.
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