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ABsTRACT. — This paper is concerned with a non-strictly hyperbolic
system of conservation laws. We study the existence of weak solutions to
the associated Cauchy problem, in the framework of L*®, using the methods
of compensated compactness. Some previous results for quadratic systems
have been generalized.
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Resume. — Etant donné un certain systéme de lois de conservation
faiblement hyperbolique, on étudie I’existence d’une solution faible dans
L® du probléme de Cauchy associé en utilisant les méthodes de la compa-
cit¢ par compensation. De cette fagon, on généralise quelques-uns des
résultats connus pour les systémes quadratiques.
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628 B. RUBINO

1. INTRODUCTION

This paper is devoted to investigate the convergence of vanishing visco-
sity approximation to weak solutions, satisfying the entropy inequality, of
the following, quasilinear 2 x 2 hyperbolic system of conservation laws

u,+(<%+a>u2+f(v)> =0

v, (U0),=0
(u, v)] ¢=0= (o, Vo)

1.1

. 1
for real valued functions u, v on R_x R;'. We assume that a>E, feC?(R)

is even and superlinear and for all v satisfying

{f’(v)v>0 for »+#0
f"()>0 for »#0.

The system (1.1) fails to be strictly hyperbolic under these assumptions
since there is an umbilical point in (x, v)=(0, 0). Moreover the system is
not genuinely non-linear (see below for the definition) along the u axis.

. 1 . .
A system of this type, when f(v) = Evz has been investigated by

Kan [14] in his doctoral thesis, and we also employ some of his ideas to
extend his results to our case. Systems of this type have been widely
investigated in connection with oil reservoir engineering models ([12], [13],
[24]) and also in some situations arising in problems of mathematical
physics ([1], [2], [7], [15)).

A complete account of the literature on these topics goes beyond the
scope of this paper, but among many other important contributions we
wish to mention ([5] to [8], [10], [16] to [21], [30D).

In this framework the method of compensated compactness is the main
tool developed to analyze the vanishing viscosity method and we refer to
the classical papers of Tartar [29], Murat [22] and DiPerna ([5] to [8]) for
the crucial ideas in the theory. Further some important contributions are
also due to Chen, Ding and Luo [1], Chen [2] and Serre [26].

In order to use the compensated compactness methods we will need
a priori estimates in L®, independent of the viscosity. These bounds will
be obtained using the theory of invariant domains due to Chueh, Conley
and Smoller [3] (see also [27]) and the classical maximum principle.

1
We extend the result of [14], from the case f (v)=~2~v2 to a general even

and superlinear function, showing that, in order to overcome the difficulty
of explicit computation, it is only necessary to provide the asymptotic
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VANISHING VISCOSITY APPROXIMATION 629

behaviour of the coefficients of the differential equation concerning the
entropies, getting over the problem of difficulty of the explicit computa-
tion. We hope to develop in future papers the theory for more general
non-linearities. In particular, the convergence of some numerical schemes
will be discussed in a forthcoming paper.

Let us recall the system (1.1) can be written in the vector form as a

single conservation law,
{%,+F(%)x=0 1.2)

%[:=o=%o

by denoting # = (u, v)*, F (%)= ((;—+ a) w? +f1 (v), uv)T.
The system (1.1) is said to be strictly hyperbolic if the two characteristics
speeds, namely the eigenvalues A =X 3 (u, v), satisfy
A_<h,.
In our case, let us denote by
G, v)=a*u®*+of' (v)
and
gz (u, v)= *aui\/m,

then the characteristic speed of the problem are given by

Az (w )=(1+a)uT /Gy, )

and the corrisponding right and left eigenvectors by

8x
j:—_
rewo=( 7Y Lwo=[ YE®Y
g?(u9 'U) —_ 1
+'—:
VO @ )

Since vf ' (v) >0 for all v#0, it follows
A_(u, v)<A, (u, )

for all(u, v)#(0, 0). So the origin is an isolated umbilical point for (1. 1).
The system (1.1) is said to be genuinly non-linear if VA
#0 for all (i, v); in this case we have

V?»¢.r¢=—l—{[(2a+3) /G, v)Faa—Du] f (v)

2 /G(u, v)
+[\/G(u, v)Fau]of " (v) }

so the genuine non-linearity fails on the u axis: {(u, v)eR*:0=0}. A weak
solution to (1.2) is a bounded measurable function % =% (x, ) such that

-T's
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630 B. RUBINO

for all ®eC} one has

+w +w +w
J j (WU (x, ), +F (% (x, t))d>x)dxdt+J U (x) D (x, 0)dx=0.
0 ) —
An entropy —entropy flux pair of the system (1.1) is defined to be a
Vg=VnVFE. (1.3)

In order to select the appropriate weak solution, the essential idea of the
vanishing viscosity method consists in first introducing a small viscous
perturbation of the system and then considering limits of solutions %* of
such system which further satisfy the entropy inequality in the sense of
Kruzkov [16] and Lax [19] (see also Hormander [11]):

N (%), +q (%) =0

in @' for any convex . However the uniqueness under this condition
remains still an open problem.

The plan of paper is the following: in section 2 we study the existence
of the invariant domain and the a priori estimates in L®; in section 3 we
consider the viscous system. Section 4 is devoted to show the existence of
infinitely many entropies of different types, peeded to apply the arguments
of Tartar and DiPerna. We shall prove existence of product type, sum
type and weak entropies. When fis polynomial, we also prove the existence
of polynomial entropy. We then prove the energy estimates and apply
them to investigate the properties of the entropy rate. The final section is
concerned with strong convergence in L? required for the vanishing visco-
sity method.

2. INVARIANT REGIONS

Here we consider the vanishing viscosity approximation to the system

(1.1):
u,+<<%+ a) u? +f(v)) =cu,

v+ (Uv), =€v,,
(u, v)|t=0=(u0’ Vo)
for all £€>0. In order to establish a priori estimates, independent of €, we

will use the theory of invariant regions due to Chueh, Conley and
Smoller [3]. The results of [3] can be summarized in the following

@-1.

THEOREM. — Let g: be two smooth functions, gx :_R2_—> R and
T={(u, v): g5 (4, ©)<0}. Assume that, for any t>0 and (u, v)€0Z, the
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VANISHING VISCOSITY APPROXIMATION 631

Jollowing conditions hold: B

a) Vgz is a left eigenvector of VF (u, v);

b) gz is quasi-convex in (u, v), i.e. for all £eR%:

£.Vgz=0 = Vg (§ 820

Then Z is an invariant region for (2.1), for all >0, namely, if (uy, vo)€X
Jor all x, then (W (x, t), v*(x, t))€X, for all(x, 1).

We say that @_eC! (@, respectively) is a first (second) Riemann
invariant for (1.1) if for all (w, v)

Vo_ @ o)'.r, (u, v)=0

(Vo (4, v))".r_ (4, v)=0). Therefore V @z and /, are parallel.
Further, it is well known that any classical solution (u, v) of (1.1)
satisfies

at ax
00, +a+ %0,
at Ox
J
/ R

—
[

Fig. 1. — Integral curves R, for system (1.1).

Finally let us recall that the integral curves R; of r; in the state space
are respectively called the first and second rarefaction wave curves. Thus,
in our case, a first (second) rarefaction curve satisfies the ordinary first
order differential equation

dv_ gz

du f'(v)
Since f'is even, the curves R_ are obtained by a mirror reflection of the
curves R, about the v-axis; we can hence restrict our attention to the R,
family (Fig. 1). Further, we notice that the right hand side of (2.2), is
odd in v, so that the R, curves have an up-down symmetry; in the upper

half plane they have a positive sign and so the R, curves cannot be
closed.

(2.2)
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632 B. RUBINO

Lemma 2.1. — Under the above hypothesis the following properties hold:
a) the R, curves do not intersect the positive u-axis;

b) the R, curves are in one to one corrispondence with the points of the
negative u-semiaxis;

¢) each one of the R, curves is confined to the upper half plane and
tends to (0, 0) as v — 0;

d) the half line { (u, v):u>0, v=0} is itself an R, curve;

e) every R, curve which does not stay on the u-axis tends to oo as
u— +oo.

Hence we can conclude that an R, curve either starts from the origin
and stays on the u-axis going to infinity to the right or it intersects the
negative u-axis and goes to infinity to the right.

Finally, for (1.1) we can construct Riemann invariants ®_, o, so that
w_ (u9 'U)§0§(D+ (ua ‘U).
Proof. — We limit ourselves to prove the last statement. In fact, if we

suppose that there exists M >0 so that, for an R, curve that stays in the

M - . . d
upper half plane ?<‘U<M for all u>u, we obtain lim “Y=0. On the
u— +w AU

other hand, one has
o_ v M
du au+\/G(u, v) Sau

for all u>u, then we arrived at a contradiction.

In order to study the convexity of the R, curves, we compute the
second derivative

@= £+ [1_2 v )2 £ () v}
du2 2f: (_U)\//(m ( (1) f, (‘U)f ( ) af’ (-U)Z ug ., (u’ )
Since
P N
then
supug, (u, v)= lim ug, (u, v)=vf2' (-u)’
uclR 4o 4o a

so that we have

v _(1-20) g o) _o
= 2 @ G
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VANISHING VISCOSITY APPROXIMATION 633

Therefore the R, curves are concave in the positive half-plane and convex
in the negative half. Similarly R_ curves are convex in the positive half
plane and concave in the negative half.

Since w3 is constant along every R curve, if we prescribe o+ (4, 0) as
follows:

0 uzo
u u>0,

u u<0
0 uz=0,

o_ (u, O)={ o, (u, 0)={

then

O_(u,)S020, (u,v). B

From the geometry of the wave curves we also have the following

COROLLARY 2.2. — The Riemann invariants constructed as before satisfy
I do_
—<
f'(@) ov
1 do,

f'@ ov

From now on, we shall use the Riemann invariants®_, ®, provided by
the previous construction.

N
N

Fig. 2. — Invariant region for the system (1.1).

Since by definition Vo, are left eigenvectors for VF, the Riemann
invariants are the functions w; used to define the invariant regions
following [3]. Therefore we will find in this way a family of invariant
regions (Fig. 2) given by

E={o_+c20}N{0,—c<0}, c>0.

Vol. 10, n° 6-1993.



634 B. RUBINO

These regions are bounded by the wave curves of the two families. On
the other hand, X, is strictly increasing in ¢ and it spans the whole state
space as ¢ —» + 0.

We have by the above construction

LeMMA 2.3. — Away from the origin,
Vie,(r_,r_)=0
{ Ve _(ry,r,)=0
namely o, are quasi-convex (respectively quasi-concave) in the sense of [3].
Proof. — In our case o satisfy

d0s | ;La:a”_?:o.
[

Differentiating with respect to u

P’ wo; (3(»)$8_gE
8t Gute 30 om

2
! (80);) , then
f(w)\ oo
(?(»);L)Z(?Zo);_@o)wt oo+ 82w¢=_<8w;>3 1 og+ (2.3)
) 0P u v dudv ) f'(v) ou ’

On the other hand, if we differentiate (2.3) respect to v, it follows

f() ++ =0

P w; Oo; Og
++ ” ++ ++ + Yot
A () f () g s T o

1 Jo; Jos

(@) ou oo

(8(0;)2620);_820); doz doz _[f"(v) dox <6w¢)2
u 0P Oudv du v f'(v) Ov \ Ou

2
+<8w¢> oo dg, 1 2.4)
v ou dv f'(v)
Since one has

o, [d0:\? _Po: do: ‘o o do:)\?
V2 oo , _ T S N T F 4 T +> ,
Ox e r) =705 <8v> uds ou G G0 <8u

and therefore
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VANISHING VISCOSITY APPROXIMATION 635

adding (2.3) and (2.4), we get

Vz(;); (ri, ri)=f"(v) 6(0¢ (6(0;)2
f'@w) 0v \ ou

" 6(0;)2 ooy 0g, | _(60);)"‘8g_i 1
v u ov f'(v) v u f'(v)
and by using (2.3) we obtain

1 [0\ ... 208 , 0g
Voo (.. ,i)sz( av> [f O W, a:].

Because of the corollary 2.2, we have only to prove that

der ” I a 1 a
Ls ()= /" (g —f 0P 22— () g o 2.9)
ou v
is non negative. We can express (2.5) also as

o PPy S

Lz (4, v) gi[gif @©=f") (i\/m)
— iy QY@
f()(i 2 /G, v) )]

Since +g, (4, v)=0, we need only to show that

af’ (v)’? PAL)) (f'(v)+vf"(v))}

Qs (0= & [gi e

\/G (u, v) \/G u, v) 2
Tl — o ® N\, S @ Qa1
i[f (v)(gi+2\/G(u,v)):t\/G(u,v) 2 ]

is non negative. But one has
' 2a% W +of (W *2au /G(u, v
i:(g;? of ' (v) )=< of ' (v) \/ ( )
2 /Gy, v) 2 /G(u, v)
Then the lemma holds when Fu=0. In the case Fu<0, one has
da*ut+4a2utof (V) +0% f (v)224a? v [a* uP +of ' (V)]

then
2a*u+of (v)=2au \/G(u, ).

Hence, in any case, Q; (v, v)=0. N
Because of the quasi-convexity property, we can conclude with the
following

Vol. 10, n° 6-1993.
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THEOREM 2.4. — Assume that (uy, v5) € L® (R) X L® (R) and consider the
viscous problem (2.1),, then the solution (u, v°) is bounded a priori in L®
independent of «.

3. STUDY OF THE VISCOUS SYSTEM

We now show that (2.1), has a global solution in time. The proof will
be carried out using the result of section 2 and the contraction mapping
theorem in a standard way.

Let ;:=C(R) be provided with the norm
def
||, v)||= sup|u|+sup|o|

and C([0, T] x R)

o o= swp [ 9@

<t=T
Let

def

= {(@ 9)eC (0 T)xR): ||, v) (1)~ Z* (o, v) || || oy v0) |}

def ] x%\ .
where Z (x, )= ————exp{ —= ] is the heat kernel and * denotes convo-
\/4 nt 41
lution in x.
By using the formula of the method of variation of constants, we have

@ (x, z>=j “Z =y, )% () dy

+jtf+w2x(x—y, t—)F (@ (y, 1)) dydr.

Let
F @, z»=J T Z -y, DU () dy

+th+wlx(x—y, t—v)F (@& (y, 1) dydr;

Ov—0o
than & maps I'; into itself if T>0 is sufficiently small. Indeed we have
the well known estimate

+ ¢
J‘w |Z,(x—y, t—1)|dy< =5
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On the other hand, if # eI"; then
|2 (v, D] =2]| ||
Finally, denoting by

fa —qunear);lf(v)l ”% B

we have
sup |F (% (y, D) |S(4a+6+1fo ) | U, |2

yelR
Thus it follows that

! dr
—1

Sc@a+6+fy) | %P /1.

)f(%)—zwo|§c(4a+6+f%)|mo||2f

0

def 1

T lc@a+ 6+fu) | % |1

t<T

Now as T is small enough,
F:. I'n-TI;
is a contraction mapping on I'y; indeed if %,, %, el';, we easily see that
there exists a constant c, 4,>0 such that
| Fu,)—-F(U,) | ZC 4, “ Us— %2“>
so that we can conclude

! U, —U,
Hf(%) (%Z)Ht—J‘ a, f, “llo'“.———”

o \/t— T
Now the right hand side is bounded by ||%, —%, ||, provided that

def 1

dvsce, g ao|| %1 - 0”2”\/

t<T,=——.
2 (Cca 410)2

Therefore, we conclude that (2.1), has a unique solution in C((0, T*),
% (T*)), where we have set

defl 1
2 [max(c(4a+6+fu) || %,

a Wlo)]z

Because of the existence of an invariant region, T* depends only on ||%, ||.
Then we can iterate the previous argument by taking (u, v);, =1, as initial
datum. Thus we have proved

Vol. 10, n® 6-1993.



638 B. RUBINO

TueoreM 3.1. — Under the above hypotheses the approximation(2.1),
JSor the problem (1. 1) has a unique smooth solution inside a suitable bounded
invariant region.

We conclude this section showing that, when the data lies in the upper
half plane, the solution remains in it for all 7>0. To establish this result
we apply a positive solution theorem for parabolic equations of second
order (see [9]).

Consider the linear operator

L\j!=s§2—¢—ua—‘b—a‘b—ux\b

ox*  ox Ot

for any smooth function Vs, then Lv=0 because of the equation (2. 1), and
by the theorem 2.4 there exists M >0 such that | u|, |v| <M. Therefore, for
all(x, 1), p>0, we have

2= —M2 —Mexp(B|x[?).

We now deduce an a priori bound on |%,.]|, in terms of |(u,),|, and
[ (00)s]o- Indeed, if we differentiate (2. 1), with respect to x, one has

X, (x, )= J " ZGe—y, 1) (W), () dy

+th+m2x(x—y, t—0O)F(%(z, y), dy dr.
0v—

Let us denote by

@ (t)=max { sup|u, (1, x)|, sup|v, (1, x)

1,
then
[F (@), | = |[VE@) U, |Sco O,

where ¢, y , depends on a, M and f; therefore
@ (1)~ @ (0)=max { sup|u, (¢, x)

, sup|o. (1, x) |}
—max { Sup ’ (uO)x l? Sup l (vo)x l }
éstipl%x(x, 1= U, (x, O)f§C£%dn
Assume that T>0; then define A:C([0, T]) - C([0, T]) by
¥ (1)

AP ()= L \/;dr.
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We can easily check that this definition is well posed and
A¥|.<2 /T|¥l.,

namely
|All<2 .
1
Then (I-cc, m, s A) is an invertible operator when T<————.
o (2ccqm, 5)
Denote by
Y () =[T~ccom, s A O] ().
Then

t
‘P(t)=d)(0)+cca,M,fJ —l?(—_ﬂ_dr.
0\/t—r
On the other hand, for all 1€{0, T]
OHZVF ().

def
Since g= max {0, ®— ¥} satisfies
‘g

0o JI—T

‘ g(t)=Sccy wm, s dr

l g(0)=0,
we then get
T _
sup g(t)écca,M’fJ ——— sup g(t)dr=2cca,M,f\/T sup g(1).
0=<t=<T 0 —TOstsT 0=<t<T

However, 2cc, v, ;. /T<1, which is impossible, unless g(¢)=0 for all
te[0, T]. Therefore

O()<¥(t) for all te[0, T].

Thus we conclude that @ is bounded on [0, T] and, since T depends only
on M, we can iterate the previous arguments.
Therefore, for all T, we obtain the following a priori bound

SUP [t [ (1) S €1, | o 1w | w0 1o
X

for all te[0, T].
We summarize our conclusion in the following result

PRrOPOSITION 3.2. — Assume that u,, vo,%",%"eb" (R), vy (x)=0 for
x  Ox

all x, then the solution (u°, v°) to (2.1), satisfies v*(x, t) =0 for all(x, t).

Vol. 10, n° 6-1993.



640 B. RUBINO

CoROLLARY 3.3. — Under the previous assumptions we have, for all (x, t),

w*— lim (u, v)e{(u, v):ng}.

e—~0"

4. ENTROPIES

In this section we discuss several properties of the entropy pair asso-
ciated to our problem which we shall use later.

The inner product of (1.3) with the right eigenvectors r; of VF produces
the characteristic form

AsVN—Vg).r;: =0 4.1

which is equivalent to (1.3). Hence the Riemann invariants (®_, ®_) are
well defined coordinates because

T: (v)—(o_, o,)

is a one to one map which defines a change of coordinates in the half
plane { (4, v): v20}.
Indeed we have

0
—=r,.V
oo_

0 =r_.V,
0w,

which transforms the system (4. 1) into

{ ANy =Go_

)"+ nnu, = qm+'

The equations (1.3) can be written explicitely as
3 0 0
e 2a+1)u D+
Cu ou v

oq_ ., . 0n,  0n
A= hu—.
ov G cu ! v

Eliminating ¢, we get a second order partial differential equation in n:
o*n
Oudv

n_, .0n _
vﬁ—f (v)ﬁ—FZau =0. 4.2)
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The same equation, in coordinates ®=(®_, ©,), becomes
*n + 1 (6K+ (@) on OA_(w) dn
do_0w, A,(®w)—Ai_(w) ‘v, OJo, Jo_

and we shall only consider (4.3) when 0. <0<0,.
We shall study, in the following, some particular types of entropies.

)=0 4.3)

4.1. Entropies of product type

We now look for solutions of the form
N (u, v)=o(u) B (v).
For such a function 1 (u, v), (4.2) assumes the form
vou(u) B (v) —f" (v) o” () B(v) + 2 au e’ (w) B (v) =0. 4.4)
Dividing by a(1) B(v) f* (v) and differentiating with respect to u, we obtain

(a”(u))’zza(ua’(u))’ B (v) ,
o (1) a@)/ B f'(v)

which allows us to conclude that there exists a ke R such that

v k
= —2)dt
o (1) L exp ( )

B (o) =exp (%f(v))-

Thus we have found a one parameter family of entropies of the following

type
N (u, v)= J ew( (f( )+t2))dt.

On the other hand, dividing (4.4) by a(x)B(v) /' (v) and differentiating
with respect to v, we get

vB” (v) )'z_ a(u)(/ '(v) >
'(v) B (0) o () \f' () B0)

then there exists an A€ R such that

o () =exp (— hu?)
ﬁ(v)=v""+ 1.

Thus we have found an other one parameter family of entropies of the
type

My (i, v)=2"* exp (— ). 4.5

Vol. 10, n° 6-1993.



642 B. RUBINO

Observe that (4.5) is an entropy for our problem which does not depend
on f, and n, is convex provided that A= 0.

4.2. Sum type entropies

We now look for solutions of the form
N W, v)=a(u)+p(v).
In this case (4.2) reduces to

v () —f" (W) (W) =0,

which admits the following solutions

B (o) = fjf @ 4

:x(u)—iu

n(u, v)=%u2+J rf (z )

It is a well defined convex entropy. The corrisponding flux is given by

+ vfe
q(u, v)=#u3+uvj / (Z)dz

o Z

that is,

4.3. Polynomial entropies

In this paragraph we assume f is polynomial of degree n. Under this
hypothesis we will prove the existence of polynomial entropies by an

iterative process. Suppose first f (v) =—2—v2, which is not restrictive since if
c? . v .
f (v)=3v2, by means of the change of variable v+— — we obtain

¢
u,+< l+a u2+lvz) =0
2 2/,

1 1
—v,+—(uv), =0,
c c

namely the problem (1.1), with f (v)= —v

Annales de IInstitut Henri Poincaré - Analyse non linéaire
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In this particular case the problem of finding polynomial entropies was
treated by [14]. Indeed (4.2) reduces to

62 62 n 2 62 n
6'0 6u au v

which is invariant under the dilatation

=0, 4.6)

(u> 'U, n)H(cua C'U, cn)‘
Therefore we can look for particular solutions by reducing (4.6) to an

. . . Lo . u ~ @
ordinary differential equation in the new variables £=—, Oo=—, where
v v

>0 is an arbitrary integer. Then [13] obtains a polynomial solution of
degree a in u and v of the form

&, v)=v"d (E),

where @ is a polynomial of degree a.
Now, we suppose that f is a polynomial of degree n which can be
written as

f@0=%v’+gwx

where g is a polynomial of degree greater than two. Let
0*n 0*n o*n
£ = 2au y
M) (az 6u2) oudo g()62

then (4.2) can be written as

L (m)=0. 4.7
Let us denote by
n 0*n a*n
£ —— }+2au s
o= v(a 2 6u2> o dv
then we can easily find polynomial solutions to
Lo(m)=0 (4.8)

and we want to find such solutions for (4.7). Let 1, a solution to (4.8),
then we can write the solution to (4.7) in the following way

n=mn,+H?+HE,

where H? is a solution to the inhomogeneous equation

‘%mkngy. @.9)
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Therefore HY solves also
0> H?
ou?
Let us now split HY in the following way
HY=HJ+ HE,

ZM)=¢'()

with HY solution to

sy O HY
Lo(m=g"(v) o
We find that H% is a solution to
02 HY
ZL(m)=¢ 2,
(m=g"(v) Ea

Then our solution n is given by
n=no+H?+HJ+HL

Then, iterating this procedure, after k steps we obtain
k

n=no+_Z H} + H,

i=1
where
Lo(Mo)=0
ZO(H}))=g'(v)%I:Iu’Z;1 for jz1 (4.10)

Finally we have

ProrosiTiON 4.1. — Under the above hypothesis the following properties
hold:

a) if H_, is polynomial, then there exists HS which is a polynomial;
b) there exists k>0 such that HY =0.

Proof. — We suppose that H)_ | (u, v) has degree m, in u, m, in v, i.e.

my
my
H;_,(u,v)= Z d,‘,hu"vh;
k=0
h=0
then
2170
aa%_—l=2k(k—1)dk,hu"_2v"
u
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and there exist (7," » such that

my; —2
aZHO my+n—1
’ j—1 __ 5 k. .h.
g ('U) 2 - Z dk,hu v,
Jou k=0
h=2

and so, if we assume that

HY (u, v)= Y ¢, » w1 o™,
k120
hyzO0

then (4.10); becomes
- Z klc,‘l’,,l(kl—l)u"l_Zv’l1+1

kyjz2
By 20
Ky hy—1_ ~ h
+ Yy hycy n (hy— DM~ t=% 4 utv
k120 k=0
By 22 h=0
or, equivalently,
ky .k
Z hl(h1+1)ck1,h1+1u toit
k1 20
hiz1
ki h
- Z (k1+2)(k1+1)ck1+2,h1-1u 1yl
k120
h121
k — k_h
+ Y 2ac, py 1 b+ Dkyu Lo, =Y d, ,ukof,
k121 k=0
k120 h=2

from which we obtain

¢, 1=0 if keN
(. 2=0 if keN
(h+1)(h+(a— l)k)ck,h+1_(k+ 1)(k+2)ck+2,h—1=ak,h

if k=m,—2, h<m,+n—1
Ce.n=0 otherwise
Here we can choose some of the coefficients ¢, , arbitrarily, for example,
Cong =1, 8= 0
{ Cmy, +=0.
With this choice we obtain H} (s, v) which is of degree m, —2 in u, indeed
if n, has degree v in u, after l:%]-kl steps we obtain a function which is

independent of u, and our iteration procedure is complete. W
Thus we have proved that
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THeoREM 4.2. — If we consider (1.1) with a polynomial f of degree n,
there exist polynomial entropies in(u, v).

4.4. Weak entropy

We now consider the Riemann invariant coordinate system(w_, o).
In this case we find that the characteristic curves for the entropy equation
are the straight lines parallel to the coordinates axes. The Goursat problem

consists in finding a solution n of (4.3) when its value on two incident
characteristics are known.

Let us take two constant o*, o* with ©* <o*: we shall study the
Goursat problem

‘ ’n 1 (ax+(m) m (o)
do_dw, A (@-—A_(0)\ do. do, o, Jo_
n(o_, 0})=0_(0_)
ne*, 0,)=0, (0,)
where 0_ and 6, are given smooth functions.
We recall the following standard result due to Sobolev [28]:

)zo 4.11)

THEOREM. — The Goursat problem (4.11) admits a solution as regular
as the initial data ©_ and O, on any bounded domain away from the
umbilical point and from the ®, axis.

This solution will be, in general, singular along the @, axis. This is due
to the fact that the domain of dependence of any point on the o,
axis contains the umbilical point, where the coefficients of (4.3) become
singular.

We shall only consider special classes of Goursat data, namely:

{9_(m_)=0 in o_<o*
0, (w,)=0

and we shall consider special constants, namely:

{ 0* <0

k —

0% =0.

In this case the solution possesses some convenient vanishing properties
and, in particular,

n(@)=0 for o_<w*.

We shall see later that the same condition has to imposed on 0_ to make
the entropy function regular everywhere.

The technical complication that one finds with this method is becouse
of our incapacity to write the change of coordinates T explicitely.
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However, as we can easily see, there exist Riemann invariants (0_, ®,)
with the above properties for which we have

ou _1

do_ 2

oo —au—_/Ja*ut+of (v)
do_ 2 ' (v)

o, 2

oo —aut /faut+of (v)
oo, 21 (v) ’

In this way we can estimate the coefficients of the first order terms of the
equation (4.3): we have

Ohy =l(a+1+—a2u )

do_ 2 \/EZEZW

+(—\/a u +vf’(v)—au)( of " () +f (v) )
21 (v) 2 Ja*ut+of " (v)

_1 ( s (vf” @+ (v)))
2 21" ()
Gl a (a @+ (v))
2 Ja%u?+of  (v) 21" (v)

and

6)L_=l<a+1— a’u )

G0, 2 NGLETHT)

+(\/‘77W —au)<_ o @)+ () )
21 () 2 & of ()

“Lfia (f @+ (v)))
2 21" ()

1 au (a_vf "@)+f (v))
2 JaZ i+ of (v) 2f'(0) )

We are interested in the order of the infinitesimal A, (®)—A_ (@) with
respect to (0_, ®,).
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Now, we notice that A, (u, v)—A_ (u, v)=2\/a2 u*+of ' (v); hence we
have

d —_ _ " ()+f (v)
%*:\/a u +Z)f (v)——-—-4f,(v)
O (a_ vf”(v)+f’(v))
2\/a u”+vf " (v) 2 f'(v)
and
d —_" @)+ (v)
(9(1)+\/a u“+of (v)___4f'(v)
g (a_ vf”(v)+f’(v)>
2\/a u*+of " (v) 2 f'(v)
Lemma 4.3. — Let f be a function such that
S @)=kv*"+0(|o]*"*") 4.12)
for some ke R* and neN. Then, the quantities
o _ o, ) _ 0 _
o, dw_’ 6m_(l+ r). 0, (e =A)

Jjust computed are continuous functions in a neighbourhood of the umbilical
point if and only if a=n.

In the other case, ®=0 is an essential singularity.

Proof. — In fact, with the hypothesis (4.12), the limit, as v — 0, for the
special term

of " (0) +f' (v)
21 ()

is n. On the other hand, as it is easy to see, the term

au
\/a u”+of " (v)
is uniformly bounded but it does not admit a limit as |(x, v)| > 0. So, it
1s necessary that the associated term
ORI
21" ()
tends to 0 and the lemma is proved. B

Therefore, to continue our method, it is necessary to take the special
coefficient a=n. From now on, we make this hypothesis and hence we
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obtain in the previous calculation

lim - @_1
lo]>0 O®_ 2
i P01
lal~0 O, 2

lim i()»WL((J))—7»_((1)))=—n
[wf~00®_
lim d
lo]~00®,

(s (@)—A_(0))=+n

and, in particular we have, in a neighbourhood of the umbilical point, it
turns out that

Ai(@—r_(0)=n(o,-0_)+0(lo])

and that the singularity of the equation (4.3) at the umbilical point
depends only on

1
Ay (@)= A (@)

C 1
Remark 4.4. — The case studied in {14], where a=1 and f (v) =5v2,
falls within the scope of our result.

The result just found means that our equation behaves in a neighbour-
hood of the umbilical point as in the case of [14]. We finally remark that
this generalization is possible for all f € C*(R), even and superlinear, not

. . 1
only for a perturbation of the quadratic term Evz.

On the other hand, we recall that for our problem (4.11), the following
Riemann representation formula holds (see [4], pp. 449-461).

n@=| 20, 0_,w,)

@—

x<5_”(t, ©,)+ nio.) s o, m+)> dt
ow_ At w)—A (1, 0,) do_ fot+=0
I , 8(1) i

L_ R(,0,0_, m+)(9_(z)+x+(t, =1 (. 0) am_(t’ 0)>dt

where Z=4%(t, s, ®_, ©,) is the Riemann function associated to the
equations.
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The Riemann function # is subject to the following condition:
(i) #(x, y, o, P) satisfies the equation (4. 3), namely

it ! o, 0k . oA\
aaaﬁ+x+(a, B)—A_ (o, B)<6a (@ B)a—ﬁ ﬁ(a, B);a;)—o,
(ii) we have, on the axis y=

o _ Ry A,
(50 0 D= s S B

and on the axis x=q

R R(x, y, d, oA _
— (%, y, 0, f)=— (x, . @ 7) (@, »);
Oy Ao, p)—h_(a, ) o,

(iii)
Z(a, B,a, B)=1.

So, the singularity of the Riemann function # depends only on the
singularity of the first order terms of the equation. Therefore, by using
the method of [26] as in [14] one has the following result

THEOREM 4.5. — Consider the Goursat problem (4.3). There exists a
datum O_ vanishes when —8<w_<0 for some 8>0 that balances the
singularity of the Riemann function & in the neighbourhood of the umbilical
point so that the solution ny and its derivatives with respect to (u, v) up to
the second order are bounded on bounded sets in the state space (u, v).

The solution just found of the Goursat problem (4.3) with the previous
conditions is said, following Serre [26], to be an east type entropy with
limit o*. It is easy to show that 1 satisfies the condition

n(w)=0 for w_=<e*.

A similar theorem holds for entropies of west types with limit @* and
likewise for entropy of south and nord type with limit o* =0.

These four canonical types of entropies each vanishing in a half plane
will be used later on to reduce the Young measure.

4.5. Entropy rate

In order to apply the theory of compensated compactness (see [5], [11],
[22], [29]) we need to show the following fact; for any entropy pair (7, ¢),
N (%°),+ q (%), lies in a relative compact subset of H;,!. The first step in
this direction will be an energy-type estimate in L2, in order to control
both the L?-norm of the solutions and the L2-rate of explosion of #, and
v%, along shock waves.

We have the following result
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LEMMA 4.6. — Assume that (uf, v°) is an L2-solution that satisfies (2.1),.
Then there exists a constant M >0 such that we have the following estimate

errw(u;)%& () dxdt<M 4.13)
0 v-w v

for all £>0.

Proof. — We have determined a strictly convex entropy in section 4.2
above. Multiplying (2.1), by Vn and using (1.3), when ¢ is the entropy
flux corresponding to 1, we get

0 0
N = e VP, = —e (VY %5), —e VI (%5, %) (4.14)
ot Ox
where n®*=n (%®) and ¢*= q (%*). Integrating (4.14) over the domain
{(x, D[0=t<T},

we get

+ w0 T + oo
J n (@ (x, 0))dxzej J Vin (%, U3) dx dr
0 v—w

-0

provided that %= (., t) decays sufficiently rapidly at infinity. But

£

.
e

( 0v? 1 v

and, since (%, v)€ X, N { (4, v)|v=0}, we obtain for some constant M >0
the estimate (4.13)

Lemma 4.7. — For any entropy—entropy flux pair n:+q- lies in a
relatively compact set of Hy,l, where =1 (1, v°), ¢ = q (&%, v°).

Proof. — It follows immediately from a lemma due to Murat [22] and
the method of [29] and [5]. W

If we now define the Young measure v, ,, as the limit, in the sense of
weak topology, of the Dirac measure sequence S 5 (. () [determined by
@, v*)(x, t)], we have

CoOROLLARY 4.8. — For any entropy —entropy flux pair M; g, j=1,2
the commutation relation of Tartar, namely

<V(x,!)’ Nig2—M24y )
=<V(x,t)9 Ny ><V(x,t)’ q2>—<v(x,t)9 N2 ><V(x,t)9 g,y (4.15)
holds.

Proof. — It follows by applying the div-cur! lemma (see [29]). W
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5. STRONG CONVERGENCE

Now we establish a strong convergence theorem of the vanishing visco-
sity approximation to the hyperbolic system (1.1). To accomplish this, we
make use of the entropies constructed in section 4.4 and apply the theory
of compensated compactness.

THEOREM 5.1. — Under the hypothesis of Proposition 3.2, the approxi-
mate solutions {(u‘, ve)} converge (taking eventually a subsequence) strongly
in LE , p< -+ o0, to a weak solution(u, v) to the system (1.1).

The proof of this result will take several steps. First, we reduce the
Young measure to a point mass in the Riemann invariant space. We then
conclude that the Young measure is also a point mass in the state
space (i, v).

Let v denote the Young measure. Suppose that v is not a Dirac mass
and £ is the minimal rectangle in (o_, ®,) space containing the support
of v. We assume that £ is not a line segment parallel to any axis and
contains the umbilical point, namely

Z=[0>, 0]x[0, ®1],

for some - <0<w? (the other cases are simpler and can be dealt with
using a similar method).

Now we can use the results in [14] and generalize to our case the theory
developped by [26] for strictly hyperbolic systems. It is easy to show that
the following results are true:

LEMMA 5.2. — Let o be any number satisfying @~ <o < —90, € be such
that
o <o*=a—c<a<o’ =at+e< —39,

let (1, q) be of east type with limit ®* and (M, q) be of west type with
limit w*. Then the following conditions hold:

a) If, for all east type entropy M with limit ®*, we have {v, 1) =0, then
suppv M {(©_, ©,) 0. So_< 8, 0,20} =0

b) Let O_ and B_ be the respective Goursat data for the entropies | and
N and suppose that their derivatives up to the second order valued at o are
nonzero constants independent of €. If we suppose that, for all ¢,

{v,ng—Mmgy=0 (5.1)
then
suppv N {(0-, 0.):0_=a, 0, 20}=7.

¢) There exists a constant ¢ independent of o* and of the entropy such
that

(v, gy=c{v,m).
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d) If there exists an east type entropy N with limit ®* so that (v, n >#0,
then for all west type entropy pairs of limit ®*. we have

(v,gy=cl{v,n)
with the same constant c¢ corresponding to the entropies of east type with
limit ®* and satisfy the hypothesis (5.1).

The reduction process will take two steps. First, we show that the
support of v must be concentrated only at the four corners of £, i.e. v is
the sum of four delta functions. Then, with a standard method ([1], [2],
[8], [26]), we reduce these delta-functions to one.

PROPOSITION 5.3. — The support of v is concentrated at most at the
points (0, 0), (02, 0), (0, o}),(wZ, o).
Proof. — Let 8>0 be the constant used in the construction of the

entropies in section 4.4 and assume that it is chosen a priori to satisfy
®_ < — 8. Define

o_@)=inf{y:0-<y<s -8, suppvN{o:yto_<-38}=7}.

We claim that o_ (§)=w_ and so the support of v is concentrated on the
line ®_=w_ and the strip —6<w_ <0.

If we suppose that w_ (8)= — 8, we can use the lemma 5.2 and conclude
that supp v does not intersect the line @ _ =« for any ae(w”, —9). There-
fore we again conclude that the support of v is concentrated on the line
o_=_ and the strip defined by —6<w_=<0.

On the other hand, if we suppose that o _ ()€ (w-, —§), by an argument
similar to the previous one, we can show that for any ae(®Z, o_ (3)),
supp v does not intersect the line _ =a. Therefore v is concentrated on
the lines w_=w_ (8) and ®_ =w_ and the strip defined by —6<w_=<0.

We shall now show, using lemma 5.2, that this contradicts the minima-
lity of #. Let £>0 such that o~ +e<w_(8). Let (n, ¢) be of east type
with limit @~ and (n, g) be of west type with limit ®- +¢. Let 6_ and 6_
be their respective Goursat data which we assume are smooth enough. By
lemma 5.2 we have

{(v,ng-ng)=0

for all £>0 small enough. But, as our system (1. 1) is genuinly non-linear
away from w_ =0, we have

A
i—‘(a))>0
oo

and as in [26], we can obtain a contradiction as € — 0. So

def
suppvE2_= {(0_, »,)|0<Sw, <ol,0o_=o’ or —3Zw_=0}.
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By a similar argument, by using entropies of north and south type, we
have

def
suppv £ 2, = {(0_, 0,) |0 S0_<0,0, =0} or 050, <&}.

So we obtain

def

suppve Z;=2_MN2,.
Because of 6>0 is arbitrarily fixed, letting 8 — 0, the result is proved. H

PROPOSITION 5.4. — The Young measure v is a point mass in the (0_, ®,)
plane.

Proof. — By the genuine nonlinearity of (1.1) in the interior of %,
using theorem 6.1 in Serre [24], we can exclude one of the four corners
of A. First, suppose that

v=Bo8+P_d_+P.3,
where 8,=298, o), 8. =82 0y 0+ =8¢ o1, and Bo+P_+P, =1, Bo, B,
B.=20.
| . .
Let (n, q) be of west type with hmltEmZ. Since entropies and entropy

fluxes are defined only up to additive constants, we pick (1], ¢) as entropy
pair as constructed in section 4.2 but shifted such that

BrqstBodo=PBs M4+ BoMo
Substituting v into the commutation relation of Tartar (4.15), we obtain
B_—p2=0.
Thus B_=0 or B_=1 and v is concentrated at, at most, two points.
With a suitable choice of the entropies we can similarly conclude in the

other cases. So we conclude in generale that v is the sum of at most two
delta functions.

Let v= YP6P+YQ6Q’ where Yo+ Yo= L, ¥p, 'YQZO Let (N4, 1), (M2, 42)
be any two pairs of entropies as constructed in section 4.2. We assume
that P#(0, 0) and let

N:(Q)=¢:(Q)=0.
Then the commutation relation (4. 15) gives
Yo Ve =

for the arbitrariety of the entropies and we conclude that y,=0 or y,=1.
This completes the proof of the proposition. M

Proof of the theorem 5.1. — By the up-down symmetry of (1.1), o_
and w, are even functions of v. So, as a consequence of proposition 5.4,

Annales de I'Institut Henri Poincaré - Analyse non linéaire

-



VANISHING VISCOSITY APPROXIMATION 655

v is a sum of two delta functions in the (u, v) plane concentrated at two
points symmetric about the line »=0. If we now assume as in
proposition 3.2 that the data to (1.1) satisfies the condition v, (x) 20 for
all x, we have the conclusion of corollary 3.3 and v is a point mass in
the (4, v)planc. B

REFERENCES

[1] G. Q. CHeN, X. DING and P. Luo, Convergence of the Lax-Friedrichs Scheme for
Isentropic Gas Dynamics, I, Acta Math. Sci., Vol. 5, 1985, pp. 415-432; 1I, Acta
Math. Sci., Vol. 5, 1985, pp 433-472.

[2] G. Q. CHEN, Convergence of the Lax-Friedrichs Scheme for Isentropic Gas
Dynamics, III, Acta Math. Sci., Vol. 6, 1986, pp. 75-120.

[3] K. N. CHuen, C. C. ConLEY and J. A. SMOLLER, Positively Invariant Regions for
Systems of Non-Linear Diffusion Equations, Indiana Univ. Math. J., Vol. 26, 1977,
pp. 372-411.

[4] R. CourANT and D. HILBERT, Methods of Mathematicals Physics II: Partial Differential
Equations, Wiley and Sons, 1962.

[5] R. J. DiPERNA, Compensated Compactness and General Systems of Conservation Laws,
Trans. Amer. Math. Soc., Vol. 292, 1985, pp. 383-420. ‘

[6] R. J. DIPERNA, Convergence of Approximate Solutions to Conservation Laws, Arch.
Rational Mech. Anal., Vol. 82, 1983, pp. 27-70.

[71 R. J. DIPeERNA, Convergence of the Viscosity Method for Isentropic Gas Dynamics,
Comm. Math. Phys., Vol. 91, 1983, pp. 1-30. }

[8] R. J. DIPERNA, Measure-Valued Solutions to Conservation Laws, Arch. Rational Mech.
Anal., Vol. 88, 1985, pp. 223-270.

[9] A. FRIEDMAN, Partial Differential Equations of Parabolic Type, Prentice Hall, 1964.

[10] G. GLiMM, The Interaction of Non-Linear Hyperbolic Waves, Comm. Pure Appl. Math.,
Vol. 41, 1988, pp. 569-590.

[11] L. HORMANDER, Non-Linear Hyperbolic Differential Equations, Lectures notes, 1986-
1987, Lund University, Sweden, 1988, mineographied notes.

[12] E. IsAAcsON, D. MARCHESIN, B. PLoHR and B. TeEMPLE, The Riemann Problem
Near a Hyperbolic Singularity: the Classification of Solutions of Quadratic Riemann
Problems I, S.I.A.M. J. Appl. Math., Vol. 48, 1988, pp. 1009-1032.

[13] E. IsAAcsoN and B. TeMPLE, The Classification of Solutions of Quadratic Riemann
Problems 11, S.I.A.M. J. Appl. Math., Vol. 48, 1988, pp. 1287-1301; 1II, S.I.A.M.
J. Appl. Math., Vol. 48, 1988, pp. 1302-1318.

[14] P.-T. KAN, On the Cauchy Problem of a 2x2 Systems of Non-Strictly Hyperbolic
Conservation Laws, Ph.D. Thesis, Courant Institute of Math. Sciences, N.Y. Univer-
sity, 1989.

[15] B. L. KEYFITZ and H. C. KRANZER, A System of Non-Strictly Hyperbolic Conservation
Laws Arising in Elasticity Theory, Arch. Rational Mech. Anal., Vol. 72, 1980, pp. 219-
241.

[16] S. KruZkov, First Order Quasi-Linear Equations with Several Space Variables, Ma:.
Sb., Vol. 123, 1970, pp. 228-255.

[17] P. D. LAx, Asymptotic Solutions of Oscillatory Initial value Problems, Duke Math. J.,
Vol. 24, 1957, pp. 627-646.

[18] P. D. Lax, Shock Waves and Entropy, in Contributions to Nonlinear Functional Analysis,
E. A. ZARANTONELLO Ed., Academic Press, 1971, pp. 603-634.

Vol. 10, n° 6-1993.



656 B. RUBINO

[19] P. D. LAx, Hyperbolic Systems of Conservation Laws and the Mathematical Theory of
Shock Waves, S.1.A.M., Philadelphia, 1973.

[20] T. P. Liu, Zero Dissipative Limit for Conservation Laws, in Proceedings of the Confer-
ence on Non-linear Variational Problems and Partial Differential Equations, Isola
d’Elba, 1990 (to appear).

[21] P. MArcaTI and A. MiLaNit, The One-Dimensional Darcy’s Law as the Limit of a
Compressible Euler Flow, J. Differential Equations, 1990, pp. 129-147.

[22] F. MuraTt, Compacité par compensation, Ann. Scuola Norm. Sup. Pisa Cl. Sci., Vol. 5,
1978, pp. 489-507.

{23] 1. G. PeTROVSK1, Partial Differential Equations, 1liffe Books, 1967.

[24] D. G. SCHAEFFER and M. SHEARER, The Classification of 2 x 2 Systems of Non-Strictly
Hyperbolic Conservation Laws, with Application to Oil Recovery, Comm. Pure Appl.
Math., Vol. 40, 1987, pp. 141-178.

[25] D. G. SCHAEFFER and M. SHEARER, Riemann Problems for Non-Strictly Hyperbolic
2 x 2 Systems of Conservation Laws, Trans. Amer. Math. Soc., Vol. 304, 1987, pp. 267-
306.

[26] D. SERRE, La compacité par compensation pour les systémes hyperboliques non linéaires
de deux équations a une dimension d’espace, J. Math. Pures Appl., Vol. 65, 1986,
pp. 423-468.

[27] J. A. SMOLLER, Shock Waves and Reaction Diffusion Equations, Springer Verlag, 1983.

[28] S. L. SoBOLEV, Partial Differential Equations of Mathematical Physics, Pergamon Press,
1964.

[29] L. TARTAR, Compensated Compactness and Applications to Partial Differential Equa-
tions, in Nonlinear Analysis and Mechanics: Heriott-Watt Symposium, IV, Research
Notes in Math., 1979, pp. 136-210.

[30] B. TEMPLE, Global Existence of the Cauchy Problem for a Class of 2 x 2 Non-Strictly
Hyperbolic Conservation Laws, Adv. in Appl. Math., Vol. 3, 1982, pp. 355-375.

( Manuscript received August 31, 1992.)

Annales de U'Institut Henri Poincaré - Analyse non linéaire



	On the vanishing viscosity approximation to the Cauchy problem for a 2 × 2 system of conservation laws



