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ABSTRACT. — Let Q< R” be bounded and open, let p2n?/(n+1) and let
u:Q — R" be in the Sobolevspace W "(Q; R"). This paper discusses the
singular part of the distributional determinant DetDu and shows the
existence of functions ¥ for which that singular part is supported in a set
of prescribed Hausdorff-dimension a€(0, 7). For n=2 and simply con-
nected Q the problem is equivalent to analyzing div(bv)—b.Dv where
ve W' ?(Q; R?) with divb=0.
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Resumt. — Soit Q< R" un ouvert borné, soit p=n*/(n+1) et soit
u:Q — R" dans I’espace de Sobolev W!:?(Q; R"). On construit des applica-
tions u dont le déterminant au sens de distributions Det Du est une mesure
de Radon positive, portée par un ensemble singulier dont la dimension de
HausdorfT est arbitraire, strictement entre 0 et n.
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658 S. MULLER
1. INTRODUCTION

In this paper we continue the study, begun in [Mu90a], [Mu905],
[MTY 92] of the validity of certain formal identities for distributions. For
illustration consider an open, bounded set Q=R? and a map u:Q — R?
which is in the Sobolev space W' 7 (Q; R?), p=4/3. Denoting components
by upper indices and partial derivatives by lower indices with comma, one
defines (a.e.) the pointwise determinant of the (distributional) gradient Du
by

det Du (x) =y () uy (x) — u’y (¥) 4% (),
and its distributional determinant by
DetDu=(u' u3) ; — (u' u?) 5,

(where the derivatives outside the parentheses are to be understood in
the sense of distributions). The distributional determinant is of crucial
importance in nonlinear elasticity because it enjoys continuity properties
with respect to weak convergence in W7 (see Ball [Ba77]). For smooth
u one has

Det Du=det Du, 1.1

and by approximation the identity holds in the sense of distributions, if
ue W' 2(Q; R?). The example Q=B; = { xe R?:| x| <1}, u(x)=x/| x| shows
that (1.1) is in general false if p<2. Indeed, one has ue W7 (Q; R?) for
all p<?2, detDu=0 a.e. but

Det Du=n3,,.

So far in all examples where (1.1) was known to fail, Det Du—detDu
was a linear combination of point masses (see [Ba77]). Here examples are
constructed for which Det Du—det Du is a singular measure whose support
is a set of prescribed Hausdorff-dimension ae(0, 2). Moreover in these
examples u is continuous (in fact Holder-continuous with exponent a/2).

Before discussing the generalization to higher dimensions we note that
for u: Qc=R? - R? the problem of analyzing

Det Du—det Du, (1.2)
is equivalent (for simply connected Q) to studying
div(bv)—b. Do, (1.3)

for a scalar function v:Q — R and a divergence free vectorfield 4:Q — R2.

Now consider maps u:QcR" — R” and recall that the adjungate adjF
of an n by n matrix F is defined as the transpose of the matrix of cofactors
of F so that (adjF)|;F/, =8 detF. Here and throughout this paper the
summation convention is used. For ue W?(Q; R"), p=n?/(n+1) one
defines the distributional determinant by

Det Du= (' (adj Du)’)) ;.
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DISTRIBUTIONAL DETERMINANT 659

Using the identity (adjDu)’; ;=0 ([Mo66], Lemma 4.6.4) one finds by
approximation (see [Ba 77], [Da 89]) that for p=n

Det Du=det Du, (1.4

in the sense of distributions. As before the mapu(x)=x/|x| shows that
the identity fails for p<n. Our goal is to construct “many” maps for
which (1.4) fails.

THEOREM 1.1. — Let n=2, let Q=(0, 1)", and let a€(0, n). Then there
exists a closed subset S of Hausdorff dimension o and a map Q — R* such
that:

(i) ueWh2(Q; RN C°(Q) for all pel0, n).

(ii) DetDu=detDu a.e.

(iii) DetDu is a nonnegative measure with support S.

The functions u in Theorem 1.1 are constructed explicitly, and more
precise information on u and Du is available (see Theorems 4.1 and 5.1
below). In particular one has not only (ii) but

[]|Du|=0 a.e.

i=1
The ultimate goal would be to understand the range of the map u+— Det Du
(¢f. the work by Dacorogna and Moser [DM 90] on the solvability of
DetDu=f). If p>n?/(n+1) Coifman, Lions, Meyer and Semmes
[CLMS 89] showed that Det Du lies in the Hardy space s#”". Even under
the additional hypothesis that DetDu be a Radon measure (e.g.
Det Du>0) this seems to imply no restrictions on the support S of the
singular part of DetDu (by [Mu90q] in this case detDu is the regular
part of DetDu). On the other hand in all examples that I am aware of
where Det Du is a measure one has for any (n— 1)-dimensional manifold
N

H!(NNS)=0, (1.9)

where H" ! denotes the (n— 1) dimensional Hausdorff measure. I conjec-
ture that (1.5) holds in general if Det Du is a measure but I am not aware
of a proof even for n=2. Below we show that (1.5) may fail if DetDu is
not a (Radon) measure.

THEOREM 1.2. — Let Q=(0, ) x(—1, 1).
There exists a map u:Q — R" with the following properties:
(i) For all pe[l, 2):ue W' ?(Q; R") N C% 12 (; R?).
(ii) For all pe Cg () one has;
1

{ Det Du, (p>=2A0J ¢ (x, 0)dx+ lim J det Du ¢ dx dy,
fylz27*

0 k=

where A, #0.
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660 S. MULLER

More details are given in Theorem 6.3.
With the analogy of (1.2) and (1.3) in mind we also produce an
anisotropic example for which Det#det.

THeoreM 1.3. — Let Q=(0, 1)x (-1, 1), B>0.
Then there exists a mapu:Q — R? such that:

) {”1€W1"’(9)00°’“(ﬂ)
2 eWLP(Q) L™ (Q)

(ii) Det Dus#det Du in the sense of distributions.

B, and all p<(2—B),

} for all g<

Note that %:E >2 and that (z;ﬁ>+(2— By t=1.

More details can be found in theorem 6.1 below.

The idea of the construction underlying Theorem 1.1 is to use a self-
similar set S. Consider first a vaguely analogous situation for n=1: Find
a function 4:(0, 1) = R such that A is differentiable a.e. with derivative 0
and such that the distributional derivative A" is a measure supported on a
set M of Hausdorff dimension Be(0, 1). It is well known that such
functions exist, indeed M may be obtained as a Cantor set. Letting n=2
for simplicity, a first guess might then be to choose #(x, y) = (h(x), k().
Such a choise satisfies (ii) and (iii) of the Theorem 1.1 but neither x nor
hisin W !, The idea is then to choose u such that u! (x, y)=h(x) if ye M
but such that u! (., y) is “smoother” if y¢M. Similarily «* (x, y)=h(p) if
xeM, but “smooth” if x¢ M.

A construction related to the one given here appeares in [Po 87], where
Ponomarev constructs homeomorphisms in W ?(p<n) which map a set
of measure zero to a set of positive measure. Recently Maly and [MM 92]
solved a longstanding conjecture by exhibiting a map ue W™, satisfying
det Du=0 a.e. (and hence Det Du=0) which also maps a null set to a set
of positive measure. De Arcangelis [DA 89] has studied lower semiconti-
nuity properties of integral functionals and used examples for which
det Du# Det Du to show that certain of his hypotheses cannot be relaxed.

I believe that the examples given here allow one to extend that line of
reasoning.

Outline. The properties of the Cantor sets M and the functions h
discussed above are reviewed in Section 2, while in Section 3 a sufficiently
smooth map p:[0, 1> - R is constructed which interpolates between A
and the identity. Sections 4 and 5 contain the proof of Theorem 1.1 for
n=2 and nx2, respectively. Although the constructions are very similar
in both cases, the case n=2 was given a separate treatment because
certain technical and notational difficulties are not present. In Section 6
Theorems 1.2 and 1.3 are proved.
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DISTRIBUTIONAL DETERMINANT 661

Notation. For an open set QcR", W 7(Q), C*P(Q) denote the usual
spaces of Sobolev and Holder continuous functions, respectively, the spaces
of corresponding vector-valued functions are denoted by W' 7 (€; R") etc.
By H* we denote the a-dimensional Hausdorff measure and by Z* the k-
dimensional Lebesgue measure. The square (0, 1)* is denoted by Q, while
Q"=(0, 1)". The letters C and ¢ denote generic constants whose value may
change from line to line. For sets A, Bc R" we let

A+LB={a+Lb:acA, beB}.
The euclidian diameter of a set is

diam, A=sup{|x—y|:x, yeA},
and the cubic distance of y from A is

dist(y, A)=inf{|x—y|,:x€A},

where |x—y|w= sup lxi——yi|'
1<isn

Additional notation related to Cantor sets is introduced in Section 2.

2. CANTOR SETS

For a set A cR" the a-dimensional Hausdorff premeasure is defined by

Hg(A)=inf{ ¥ m(a)(din;—cf> ‘Ac U C, diam2j§8},

j=1 j=1

where o (o) =n*?/T (% + 1) and where diam, is the diameter with respect

to the euclidean norm. As Hf is decreasing in & the a-dimensional Haus-
dorff measure is defined by
H*(A)= lim H (A)=sup Hj(A).

50 5>0
The Hausdorff dimension of a set is given by
dimyA=inf{a>0:H*(A)=0}.

A famous set of fractional Hausdorff dimension is obtained by the follow-
ing construction. Let ye (0, 1). To construct the Cantor set M, begin with
the closed interval [0, 1] and, in the first step, remove an open set of
length y in its middle. In the second step remove an interval of lenght

1- . . P .
(TY)Y in the middle of the two remaining intervals. Continue the

Vol. 10, n® 6-1993.



662 S. MULLER

. . 1—y\ !t .
process, removing 2*~! open intervals of lenght <TY> v in the k-th
step. This eventually leaves a closed (Lebesgue) nullset M.,.
Related to the above procedure is the construction of a nondecreasing
function 4, whose derivative vanishes on [0, I\ M, (see Fig. 1). Set b, =1/2

H H
T T

} ] 4 1 }

L 13 T T T
i Hq 1
2 2

FiG. 1. — The Cantor function &,

on the interval removed on the first step, 4, = 1/4 and 3/4, respectively on
the intervals removed on the second step, h,=(2j—1)27%, j=1,...,2*7!
on the 2*~! intervals removed in the k-th step. This defines h, on
[0, 1T\ M,,. One easily checks that there is a unique monotone and continu-
ous extension.

For future reference we give a more formal description of M,. Define
numbers b, ,, recursived by

bo, 1 =0 @.1)
1_
271;,‘,," if me{l,...,2%)
bivi,m= Lo 1 (2.2
Y T e g if me{2641, .2k

2 2

The sets I,_; ,, removed in the k-th step of the construction described
above are given by

=y \e 11—y 1+
Ik_l,m=bk_1,m+(-—7> (_-1,—7>, 2.3)

2 2 2
And the sets remaining after the k-th step are
1—v\F
Jim=bi mt 5 [0, 1]. 2.9
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DISTRIBUTIONAL DETERMINANT 663

One has the disjoint union

2k k—1 2!
[0, 1]=( U Jk,,,)u U Ul . 2.5
m=1 1=0 m=0
The Cantor set M, is defined by
© 2k
M,= N ( U Jk,,,)- @.6)
k=1 \m=1
To obtain A, consider the sequence of functions 2% :[0, 1] — R defined by
h? (x)=x, 2.7
—y\ -1 _
Lo (1207 , x€|0, =y
2 2 2
(k+1) = —_ +
P ) OO (o e 2.8)
2 2 2

—y\! 1+
Vil (20 Ta-n), el 71|
2 2 2 2
For [>k =0 one easily verifies by induction that

for xel ,, m=1,...,2%

Thus the sequence { A } converges pointwise on the dense set [0, 1]\ M,
Again by induction,

| AP (x)—hP (p)|<|x—y[® for all x,yel0, 1], 2.9

where
In2

In(2/(1-7))
Thus A% — h, uniformly and

2.10)

h,()})=2;’—:11, for xel,,, m=1,...2" @.11)

The following proposifion summarizes some well-known properties of
h, and M, (see also Falconer [Fa85], Theorem 1.14; [Ro 70]).

ProposiTioN 2.1. — Let B be given by (2.10). The function h, is non-
decreasing continuous and satisfies

[A9 x)—hP (p) || x—y|P for all x,ye(0, 1], (2.12)
Moreover
m—1

h, (b, m)= 5 for me{l, ... 2%}, (2.13)

Vol. 10, n° 6-1993.



664 : S. MULLER

and one has the self-similar scaling law

h, () =h, (b ) +27%h, ((I—TY)‘k(x—b,‘, m))
" for all ’ 2.14)

- k
, erk,m{bk,m, bk,m+<lTY> ]

The set M, is a closed set of Hausdorff dimension B, the distributional
derivative h) is a measure supported on M, and for any Borel set Uc[0, 1]
one has

B, (U)=HF(UNM,). (2.15)
Finally the set M, is self-similar, i.e.
1—y\ 7
xeM N}, < 5 (x— b, WeEM,. (2.16)

For future reference we also note

ProposITION 2.2. — Let k=0, then the open sets

. -y ¢
ka=bk m+ ! - ! a1+ Y 5 m=1,...,2k,
m 2 -y 1—y

form a disjoint cover of M, and

—\k 2k
dist (x, Mgg(%) IL for xe[0, INU T, . 2.17)
=Y m=1
Here we set dist(x, A)=inf{|x—y|:yeA}.

Proof. — The ], ,, obviously cover M, as J, ,,>J, .. To show that the
cover is disjoint let

1— k 1—
ck,mzbk,m——< 2Y> 1Y 5 dk,mzbk,m+( 2Y)<1+1Y )‘
-y -y

We first verify by induction that
demSComers for m=1,...2%=1 (2.18)

For k=0 there is nothing to show, assume that (2.18) holds for some
k=0. Then by 2.2), for m=1,...,2%

1—y

c = Coms d, = Ay m

K+1, 5 e k+1, 5 %

1+y 1-—v 1+y 1—v
Ck+1,m+2"'_‘—2“+ 5 Cx, m> Ay mek=——+ 5 dy, -
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Hence, by (2.18) dys 1 mSCi ms1, for m<2**1—1, m#2* By induction
one deduces easily from (2.2) that

_ k 1— k
by, x<1- l—l s d, x<1+ Yy r >
’ 2 ’ 2 1—v

and hence

We turn to the proof of (2.17). As the J, ,, are disjoint one has for
2k

xef0, IN U T o

m=1

1__ k
dist (x, J, m)z(—y) v
’ 2 1—v

for m=1,...,2% and hence (2.17). O

3. INTERPOLATION BETWEEN / AND THE IDENTITY

In this and the following sections we fix y&(0, 1), we set
_ In2
InQ/(1-7)’

and we drop the subscript y from all the quantities defined in Section 2.
Similarily all constants appearing in estimates may depend on y. We let

p (3.1

Q=(0, 1)?%,
and we construct a function f e W' 2(Q) N C® P(Q) satisfying (see Fig. 2)
f(x, 0)=h(x), f(x, D=x, (3.2)
£O,»=0, f(1,y=1, (3.3

where h=h, is the Cantor function defined in the previous section.

Vol. 10, n° 6-1993.



666 S. MOLLER

1_.
Define f;,: [0, 1] x [TY, ljl — R by (see Fig. 2)

S22 go) LN S
<1 Y(l y)) X, xe[O,2 7 (1 y)]

1
xe(—--—( -y, —+—( —J’))
2 1+ I+y (3.4)

fo(X,J’)": 2
1—(1 ! (1—y)) (1-x),

1
6{5 + m(l -9, 1}

fa:a:::o fzz=0
=1/2

ST

1/4 1/2 3/4

t
Iy
2

o 4

F1G. 2. — Interpolation between # and the identity.

Note that x+> f (x, y) is piecewise linear, that fis Lipschitz and

g folx, D=x,
1=y 1-y)"'x if 0=x=(1-7)/2,
fo< )=? 12 if (1—-pRExS(1+7y)2,

x —_—
2 I—(1—y)~t(1-x) if (1+y)2<x=s1.
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1__.Y k+1 1_.Y k
For k=0 define £, : [0, 1] % [(T) , (T) ]—» R recursively by

(5 ~(52) ")

forr (6 3) = S xe[‘;—Y”TY] 3.9)
11 1—y\™! 1—y\7!
e an(-(51) o () )
+

One easily verifies that f, is Lipschitz and that

S al5)
e (5 (5)

Thus the function f given by

and hence

f I[o, X KA -y 24+ L (1 -y =S (3.6)

is thus well-defined and continuous. We extend f to a continuous function
on [0, 1]? by setting
f(x, 0O=h(x). 3.7

Lemma 3.1. — Let b, , and J, ,, given by (2.1), (2.2) and (2.4).
Then the function f defined by (3.6), (3.7) satisfies:
@)
feWH1(QNC*B(Q) forall qe[l,%ﬁ), 3.8)
(i)

f(x0=h(x), f(x D=x, } (3.9)

O, »=0, f(4,»=1

Vol. 10, n° 6-1993.



668 S. MULLER

(iii) |
£ox y)=h<bk,m)+2‘*f<(l;27)—k<x—bk,m),(%)3) /
for - (3.10)
o ()] |
(x’y)e‘]k,mx 0’ T H .
(iv) |
£ )=h(x)
if
2 L=\ G.11)
(x, J’)e<[0, N\ U Jk,m> X [Oa <T) ],
Df(x, )=0
if
2+ 1=\ (3.12)
x, y)e([o, U Jk,m)x(o, (T) )
)
Fupeh() i y< 2dist(x, M), (3.13)
Y

Remark. — The regularity result in (i) is optimal, i. e.

f¢W1’(2_W(1"")(Q),
and for all A>B, f¢C%*(Q).

Proof. — Assertion (i) follows directly from the definition of f.

Proof of (iii). — In view of (ii) and Proposition 2.1 we may assume
»>0. It thus suffices to verify the following assertion (P,) for all /e N,,.

For all

ye[<l_;1’)m,<l_77)l], allk<l, all mef{l, ...,2")
and all

(2] ®
one has,

The case /=0 is trivial. Assume (P,_;) was true. We will show that (P,
k

is true. Let 0<k </, let x=bk,m+<l%> x, x€[0, 1]. Consider first the
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DISTRIBUTIONAL DETERMINANT 669

case m=2*"1, then by (2.2) and (2.13)

1— -1 1.
b=(—21) borim hbun)= SRy )

Moreover x <(1—17v)/2, so that with the abbreviations

A~ (1=y\! ~ (1=y\7! ~ (1=y\7*
x= —— x, = _ N = _— s
( 2 ) g ( 2 ) o 2 g
one has by definition (3.5) of f; and (P,_,)

£ ) =fix )= %f * )

1 1—y\e i .
=—flbi i mt| — X,
2 < g ( 2 ) ¢ )
= Thlby )+ 227 )
2 k-1, m ) >
=h(bk, m)+2_kf(x, y),
and (P)) is proved, provided that m <2*~!. The case m>2*"! is analogous.

o \k 2*
Proof of (iv). — Consider ye[O, (12—Y> ], xel0, 1IN U S, e

m=1

Thus by (2.5), (2.3), x€1, . for some /<k—1 so that

1=y \ ~ /11—
x=b, m'+(—y x, k-1, with xe l—l,H—Y .
’ 2 27 2

If /=0, then x=Xx and k2 1. Thus by definition of f,,

fE V=1 y)=2=h(x). (3.14

1
2
If I>0, by (iii), (3.14) and (2.14)

f(x, y)=h(bz,,,.')+2"f<§, (1—;1> y)

=h(b, ,)+2 ' h(x)
=h(x).

Moreover for x as above 4’ (x)=0 by (2.11).
2k Nk
Thus Df'=0 in the open set ([0, N\ U k. m) X (0, <1__Y> )

m=1

Vol. 10, n° 6-1993.
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2 .. .
Proof of (v). — Assume y< —dist (x, M). If xe M the assertion follows
Y

from (ii). If x¢ M there exist k, m such that

1=y /1—-v}* + AN
el =(b (12N 5 IETIZTVY
’ T\ 2 T\ 2

Consider first k=0.

1-vy 1+
Then xe(——é—y, TY>, and hence

- +
dist (x, M)=min{ x— Lzl‘ .x— Lz-l

3]
== —|x— =]
2 2

=h(x) by the definition of f;. If

1— 2 1
7Y < 2distor, My=1- 2|5 1|,
2 ¥ yioo2

1_
IfygTYthenf(x,y)=1

[\

one deduces that

x—

1l _ v 4
11— ——(A—y),
2_2( y)_Hy( »)

and hence f (x, y)= % =h(x) by (3.4).

If k>0 one has similarily

1_ k
y= 2dist (x, M)g(—7>.
Y 2

~ {1—=y\7* ~ [1—=y\7*
y=<TY> Y x=<—2‘> (x_bk,m)’

one has in view of (2.6) and (2.16)
~ ~ ~ 1=y 1+
y§gdist(x, M), X€E —Y,~——Y>,
Y 2 2
and so by (iii), the result for k=0 and (2.14)
f(x’ y)=h(bl,m)+2_kf(;’ .’};)
=h(by, m)+ 27 h(X)=h(x).

Letting

Proof of (). — We show first that f e C*#(Q). To this end it suffices
to show that there exists a constant C, such that for all pairs (x, ), (§, 1)
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DISTRIBUTIONAL DETERMINANT 671

in [0, 1]* one has
| fE M—fE NIZCly—-n], (3.15)
| fE »—f(x »|SClx—¢E]”. (3.16)

We may assume 1n<y. We may also assume y>0 since for y=n=0 the
estimates follow from (3.7) and Proposition 2.1. To establish (3.15),

— k+1 _ k
choose k such that y€(<1_2_7) \ <1—21> :I

: 1-7)2
If k=0 then (3.15) is obvious. Indeed either n><77> so that
(3.15) follows from the fact that f|o yyxy—yy22 1y IS Lipschitz or
1—y 1-vy

n§<1%7> in which case ]y—n]g—z———<7) and (3.15) follows

since 0 f<1.
2k
If k>0 and £¢ U J, ,, then (3.15) follows from (iv). Finally if Eeli m

I=1

= [1=v\7*
let §=(TY) (&— b, ). By (iii) and the result for k=0 one has

2 (1=Y\* \_ (s (1-7\7*
(= (5) ) (+(51))
-k 1—y\7* B
<2 C(—~) (y—n)léCly—nl",

2

(1—7 P 1
2 2
This proves (3.15).

We next show by induction that (3.16) holds for all

() (5]

For k=0, there is nothing to show since f |io 1;xf1 -y/2), 17 i Lipschitz.
To carry out the induction step assume that

1_,Y k+2 1_,Y k+1
€ , .
g (( 2 ) 2
l—y 1+y _ "
If x, Ee 5 ) the result follows from the definition (3.5) of
Jes1-

| & n)—fE |27

since
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11—y 1+
We may thus assume x¢ ~—Y, Y) and, by symmetry under

2 2
1_
x—1—x, xe[O, ——:|
2

If &e[O,l—gy :| then, by the definition of f,.,, and the result for
1_,Y k+1 1_,Y k
(5 (5]
L& =1 (x )]
LAY e (YT (Y e ()
2|f(<2> &’<2> y) f((z) x’(2> y)l

LS T kA NN LSS
gch : ) (x é)‘ Clx—gff. (3.17)

I+y 1-y

2 2 Y
0</<1. Finally lf&e( - 12 )thnf(& y)—— ( )and
asin (3.17)

1+
It ge[ 2Y } then (3.16) holds since |x—&|> ' and

B
| f& »)—f(x, ) |SClx— —T| <C|x—¢g.

Thus the assertion f e C° P (Q) is established.
It remains to show feW!?(Q), for all g< % Note that f is a

absolutely continuous along the lines y=y, (if y,#0) and, by (iv), along
the lines x=x, for x¢ M. By [Mo 66}, Theorem 3.1.2, it thus suffices to
show |Df [eLY(Q).

1_.Y k+1 1_,Y k
Let Qk,m=Jk,mx[<—2> ,<——2— ) :] By (iv) Df=0 a.e. outside
2k

ics

U Q, - By (iii)
m=1

q kq I—Y o q I_Y 2
IDffaxdy=|  24( 1) "Df (Y ) axay
Qk, m Qo,0 2 2
1_ 2-q9k
—2- ( _ ) c.
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and hence

* 1—y \@-0k
J |Df |#dxdy=C }’ 2"2“”‘(—
Q k=0 2

© —w\[2--B (1 —gk

-CYy <1_Y> _

k=o\ 2

The sum converges if and only if (2—¢)—fB(1—¢)>0 or, equivalently,
1-
The proof of the Lemma 3.1 is finished. O

4. CONSTRUCTION FOR n=2

As before we fix ye(0, 1), we let
B= In2
In(2/(1—7v))
and consider M=M,, h=h, as defined in Section 2. In the following we
do not indicate the dependence of the various functions, sets, etc. on .
Throughout this section f denotes the function defined by (3.6), (3.7).
We let Q=(0, 1)? and

dist(x, M)=inf{|x—y|,:yeM},  |x—y|o=sup{|x;—y;|:i=1, 2}
We define a map u:Q — R? by (see Fig. 3)

u' (x, y) =f<x, gdist(y, M)), .1
Y

u?(x, y) =f<y, %dist (x, M)>=u1 (y, x). 4.2

Observe that for ye M, u! (x, y)=#h(x), while u! (x, ?1)‘ )=x. Note that for
y€e[0, 1] [¢f. the proof of Lemma 3.1 (v)]

2
“dist(y, M)<1.
Y

THEOREM 4.1. — Let u be given by (4.1), (4.2). Then:

(i) for all pe[l, 2), ue Wh7(Q; R®) N C**(Q; R?);

(ii) |Du'|-|Du?|=0 a.e. and in particular detDu=0 a.e.;
(iii) Det Du is a nonnegative measure given by

DetDu=h'"®H.

Vol. 10, n° 6-1993.
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]1/4l 3/4
- - =h
________ S V7 S A Ml
1/4 737{-
H ] [ e~ u=~h
_______________________ — u =id = A®
po
<
1/2
Iy Hy
2 2

FIG. 3. — Values of u', ¢f. (2.7), (2.8).

In particular Det Du is supported on the set M x M of Hausdorff dimension
28 and there are constants c, C such that for any Borel set U
cHP(UNMxM)<DetDu(U)SCH*(UNMxM)). (4.3)
One may choose c=2"8jw(2B), C=1/w(2B).
Remarks:
1. For the analogous result in higher dimensions, see Section 5.

2. The assertion det Du=0 could be deduced from (iii) by appealing to
[Mu904], Theorem 1 and Remark 2.

Proof of Theorem 4.1. — To prove (i) it suffices to consider #'. The
assertion #*eC%P(Q) is obvious since feC%P(Q) [see (3.8)] and
dist(-, M) is Lipschitz. One easily verifies that for x¢M, y¢M, u is
absolutely continuous along the lines 1+ (7, y), t— (x, 1) with derivatives

g 2
ai=f1<x, dist(y, M))
Ox Y

1
2
ai=f,z<x, 2 gist (¥ M))i —dist (y, M)),
0y Y ay v
where f,; denotes the partial derivative of f with respect to the i-th
idist (y, M)
0y

/
argument. Note that <1la.e. To prove u' e W 7(Q) it thus

suffices to show geL?(Q) where

g(x, y)=

Df(x, gdist(y, M))I. 4.4
Y
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1 ,Y k+1 1__,Y k
For ne[< 2 > ,(T))one has by Lemma 3.1 (iii) and (iv)
2k 1=y X
IDfE, M)|=0, if E¢ U [b,w, bk,m+<7) ]

2k _
whereas for Ee U ( . m> Dk, +(1 5 Y) ) one deduces
1

m=

AN —y\ k=B
|Df(§,ﬂ)|§C2"<1_E_Y> =c(127) <Cn-t-w
k

— k+1 1 —
Thus for all y satisfying zdist v, M)El:( —1 5 Y) s (—2 Y)) one
Y

obtains
J lg]? (x, y)dx<C2"( (dlst(y M))--B» 4.5
<C(dist(y, M))~1-® -1,
Let Q' ={(x, y):dist(y, M)€e(0, v/2). Then
{(x, y):dist(y, M)e {0, v/2} }=([0, 1]xM) U ([0, 1]x {1/2})

QA\Q'=

has measure zero, and by (4.5)
1
jlgl”=j Igl”dxdyéCj (dist(y, M)~ P P= gy
]

Q <
It remains to show that the last integral is finite for all p<2. To this end

consider the distribution function
PN =21 {ye(0, 1):(dist (y, M)) 1 "PE-D>)}

To estimate ¢ from above we cover M by intervalls as follows. Let

— k
i AT S (ko (S S S|
ok 2 -y 1-y

2 ~
U= U S, m

')

By Proposition 2.2
dist (0, INU,, M)=¢ (

Moreover
,Y (1-p)k
swgser(121)
Thus
I—y\ - k1-B(r-1) —w\1-Bk
q,(c<_v <cf 1= ,
2 2
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or
@A) SCATHTD,

Now ¢ (A) <1 for all A, and —1—1 >1 for pe(l, 2) so that
p—

o]

Jl (dist (y, M)) "0 7R (y) dy=j (M) dr<co.

0 0

To prove (ii) and (iii) of the theorem we will use the following

LEMMA 4.2. — Let A={(x, y):dist(x, M)=dist (y, M) } and let u given
by (4.1) and (4.2). Then:
(i) A is closed and ¥*(A)=0;
(il) for a.e. (x, y)€[0, 11* one has

ul (x, Y)=h(x) or Du? (x, y)=0; 4.6)
(iii) for a.e. (x, y)
Du'(x, )=0 or  Du®*(x, y)=0. 4.7

Proof of the Lemma. — Let h(x, y)=dist(x, M)—dist(y, M).
The set A is closed since 4 is continuous. Moreover 4 is Lipschitz and
oh| 1 oh

— —1{=1 a.e. since M is closed and #* (M)=0. Let
ox ay

A={(x, »)e(0, D% |h(x, )<k '}

By the coarea formula (see ¢. g. Giusti [Gi 84]) the function t— H' (A7 (¢))
is an L! function and

NG =f

A

]VfldH2=ka H! (b~ (1)) dt.

~1/k

Since the primitive of an L' function is (absolutely) continuous one sees
that

LrPA)-0 as k- o,

and assertion (i) follows.

To establish assertions (ii) and (iii) consider (x4, yo)€(0, )*\ A. Thus
either dist (x,, M) >dist (o, M) or dist (y,, M)>dist (x,, M). If the former
holds Lemma 3.1 (v) implies that

u (x, ) =f<x, gdist O, M)>=h(x),
Y
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for (x, y) in a neighbourhood of (x,, y,) in particular Du!=0 a.e. in a
neighbourhood of (x,, y,). If dist (y,, M) >dist(x,, M) then

W (x, y)=h(y) and Du?=0
a.e. in a neighbourhood of (x,, y,).
Thus the set of point where (4.6) or (4.7) fail has density zero in
(0, 1)\ A and hence in [0, 1]* as ¥?(A)=0. Assertions (ii) and (iii)
follow. O

Proof of Theorem 4.1 (continued). — Assertion (ii) is an immediate
consequence of Lemma 4.2 (iii). To prove (iii) recall that for o e C§ (Q)

{ DetDu, (p>:={ (—utu o tutud @) dx.
Q

With b, ,, given by (2.1) and (2.2) and

1=y /1=y 1+
Ik m=bk m+ Y 1 Y’ Y s
’ ' 2 2 2

let
St m =L, m %[0, 1]. (4.8)
0 2k
The sets S, ,, are disjoint and Q\\ U U S, ,, is a nullset. Consider first
k=0 m=1

I—y 1+
s=so,1=(77, Ty)x[o, 1]. Note that

3

N} —

hl((l —2,(1+7)/2)

and that by Lemma 4.2 (ii) for j=1, 2,
W' u) (x, Y=h(x)u5(x, ) a.e.

Thus

1 1
J(—ul ul o, tul v 0,) dXdy=J‘ (_ 'z“u,zz ¢t 5”,21 (P,z)dx‘ly
s s

1, 1,
= —u ——u dxd
L(z D12 > (P,21> 'y

1
1 _
+[ '2-u2 (%, )0, (x, Y FZH I3 dy.
0
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1+ 1+
Now TYGM so that u2<TY,y)=h(y) by (4.2) and (3.9). Thus the

last integral equals

S| ) 1
J Eh M0 »EZGIYS dy:f Eh (19,12 (x, y)dxdy
0 S

=f h(X)h(Y) @ 1, (x, y)dxdy.
S

Using the fact that 4 is constant on I, ,, one obtains similarily

j (—uluﬁ<p,1+u1u?1<p,z)dxdy=J B () 0,15 (x, 9) dxdy.
Sk, m S|

k, m

Letting o (x, )=V (x) 1 (¥) one finally has
(DetDu, ¢ y= f h(x)h(P) V' ()1’ (x) dxdy
Q

=(h Y ) Chm' d=CH ¥, )
=(H®K, 9).
Thus Det Du=H# ®Hh" as claimed.

It remains to show that M X M has Hausdorff dimension 2 and that
(4.3) holds. The former follows from the latter. To show (4.3) let
p=HQFH, v(A)=H?*(A N (M x M)). Extend the Radon measure p to an
outer measure on all subsets of [0, 1]2. We first show that (4.3) holds for
all rectangles

R=[a,, b;]x[a,, b,}.

To show the upper bound let # ={F,, },, . be a covering of R N\ (M x M).
Choose a cube F,, parallel to the co-ordinate axes with side /, =2 diam, F
such that F,oF,. By (2.12)

w(F,) <p(F,) <12P<2?%(diam, F,)*".
Since |\ o xm)=0 one has

RR)=pRNMxM) > p(F,)

m

<2%PY (diam, F,,)?".

Thus
2B

®(2B)

kR)= H? (RN (M x M)). 4.9)
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To show the converse estimate let k€N and choose the integers J1s Jas
J1» J2 such that (c¢f. Proposition 2.2)

1—y
bk’jiéai<bk’ii+1; bi iy (T) <bi=hy ;-

One has & (b, j)=f;—kl [see (2.13)] and thus

Ji— i S2(h(B)—h(a)+2.
The collection
= { I, i1 % I j2 5['1 =i éfp lz </ éfz },
of cubes forms a cover of RN (M xM) and each cube has diameter

Y
\/E(I—J—/> . Thus
2

Y (diam F)*P < (2*(h (b,) — h (a,))+2)

Fe#
x (2 (h (b,) — h(az))+2)[ \/2( )k]zﬂ

22 (h (b)) —h(a)) (h(b)—h(a))+ 0275
g\/i” R(RY+027%.
Letting £k — oo it follows that

1
——H?PRNAMXM)Z /22 (R).

s ROMM)Z /20 ®R)
Thus (4.3) is proved if U is a rectangle parallel to the co-ordinate axes.
A particular consequence is that for any hyperplane H parallel to the co-
ordinate axes ones has v(H)=p(H)=0, as 4 is continuous. Now let U be
an arbitrary open set. Then U can be written as a countable disjoint union
of open rectangles and (portions of) hyperplanes, both parallel to the co-
ordinate axes. Hence (4. 3) follows for open sets and thus for Borel sets.

The proof of Theorem 4.1 is finished. O

5. EXTENSIONS TO n>2

Let n=2 and let QcR” be open and bounded. In this section we
generalize Theorem 4.1 to maps u:Q — R" Recall that for any n by »n
matrix F, adj F denotes the transpose of the matrix of cofactors F so that
F';(adj Fy,= &', detF. For a smooth map u one has

(adjDwy, ;=0  for i=1,...,n, (5.1
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(see Morrey [Mo 66], Lemma 4.6.4) and by density (5. 1) holds in the sense
of distributions if ue W' "~1(Q; R". If the products »' (adj Duy, are in
2

LL.(Q) [it suffices, e. g., that ue W2 (Q; R"), p> J‘I*’—I:I one defines the
n

distributional determinant by
Det Du=(u' (adj Duy,) ;. (5.2

Let det Du(x) denote the (pointwise) determinant of Du (x).
Using (6.1) one easily verifies that for ue C2

Det Du=det Du. (5.3)

By approximation one shows that (5.3) holds in the sense of distributions
if ueW"(Q; R") (see Ball [Ba77], Dacorogna [Da89]). We construct
examples where this identity fails and where the singular set of DetDu
has prescribed Hausdorf dimension.

As above we fix ye(0, 1) and we let

_ In2
In(2/(1-7))’
We suppress all dependencies on y in the following. The Cantor set

M=M, and the functions h=h, are as in Section 2 and f denotes the
function given by (3.6) and (3.7). We let furthermor

Q=(0, 1)",
and for x=(x,, ..., x,) we use the notation
X =(X0s oo s X1y Xidqs - ey Xp)e

For ye RN define
dist(y, M) :=inf{|y—z|,:ze M"}
=inf{ max |y,—z],:zeM}. (5.4)
N

i=1, ...,

Generalizing (4.1), (4.2) we define »:[0, 1] - R" by
W (x)=f <x,., Edist (x;, M"~ 1)). (5.5)
Y

THEOREM 5.1. — Let n=2 and let u given by (5.5):

(i) for all p<n, ue WH-7(Q, RHUC*?(Q; R™;

(i) |Du'|...|Du"|=0 a.e., in particular DetDu=0 a.e.;
(iii) Det Du is a nonnegative measure given by

DetDu=H®...®H. (5.6)
and for any Borel set U one has
c¢H" (U N\ M") <Det Du (U)<CH™ (U N\ M"). ¢5.7

where ¢, C depend only on n and B.
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The proof of Theorem 5.1 is analogous to the one for the special case
n=2 discussed in Section 4. Some technical difficulties, however, do appear
and we first state some preliminary results.

LeEMMA 5.2. — For all p<n, ue WH?(Q, R").

LemMa 5.3. — Consider the hyperplane H={xeQ:x;=a}.
Then for all pe[l, n—1), ueW'?(H; R") and there exists a constant
C,. » depending on p and n (and on ) but not on a or j such that

| ullwt gz 9 = Cp e (5.8

CoROLLARY 5.4. — There exists a sequence u®eC®(Q; R") such that
Jor all p<n and for all hyperplanes H={xeQ:x;=a}

Wou,  WHPQRY),
W su,  WhETLH; RY).

Proof of the Corollary. — Extend u to Q=(—1,2)" by successive
reflection at the planes x;=0 and x;=1, i=1,...,n This yields u such
that for all p<n and all hyperplanes H={ x e Q : x;=a} one has

ueWhP(Q; RY;  ue WP 1 (H; RY),

with a bound analogous to (5.8). The corollary follows by applying
mollifying kernels of the form ¢ (x)=0¢(x,) ... ¢ (x,).
To prove Lemma 5.2 we will make use of the following

PROPOSITION 5.5. — Let g(x)=dist(x, MN). Then, for all pe[l, N+1)

f g PTVAB gy < o
0, )N

Remark. — The case N=1 was already used in the previous section.
Proof. — Consider the distribution function
P =ZLN{xe(0, NN:g~ P DU-B(x)>) ],

To estimate ¢ (L) from above we cover MY by 2*N cubes as follows. Recall

that
~ 1—v\¥
T n=b, ,,,+<—Y> (——Y 1+ 1)
' ’ 2 -y 1-vy
Let
2k
U=UT, \x... X Ty
m;=1
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By Proposition 2.2 one has

_ k
dist (x, MM > c(Lzl> if xe(0, D\U,

1-— ~k(p—1)(1-B) —_ kN (1-B)
2 2

[0) (K)é C—(N/(p— m,

Thus

and hence

. N .
Since — >1 by assumption and ¢ (A)£1 for all A one has
p—

P
J g“"‘”“"”dx=J oA)drh<oo. O
©, 1N 0
Proof of Lemma 5.2. — By symmetry it suffices to consider u!. Observe
first that «' is absolutely continuous along a.e. line parallel to the co-
ordinate axis [consider lines t+ (xy, ..., X;_q, f, Xi4q, - .., X,), X;¢ M for
j#1] and that a.e. on these lines

1
ai(x) =f:1 (xb zdlSt (,{1, M"_ 1))
O0x, Y

1
W =1, (xy 2dist 5, M) Ldist i, MPY), i i
1
0x; ’ Y Y 0x;

Here f; denote the partial derivatives of f. Since the distance function
is Lipschitz continuous with Lipschitz constant 1 it suffices to show (¢f.
[Mo 66], Theorem 3.1.12) that the function G given by

2. -
Df(xl, Zdist (x,, M"‘1)>
Y

G(x)= , 5.9

satisfies Ge L7 (Q).

1_,Y k+1 1_,Y k
Let n E[(T) , (—2—> ) In view of Lemma 3.1 (iii) and (iv) one
has

2k

IDfE, m|=0 if &¢ U Jpm

m=1

and for a.e. £€J;

lDf(é, T])I§C2~k(l%’y>kéc(l—T'y)—k(l—g).
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2k
1—y k=B
(U7 )=
(U) (2) (2)

- 2. - 1 1=yt [1—y
Let x, be such that —dist (x,, M*™ ")e . Then
Y

Moreover

2 2

k(1-p) —k(1-8)
|G(x1, x,)[Pdx; £C ) ’
0 2
< )—k(p n(-p

< C(dist (x,, M 1))~ (P~ DA=P)

={ze(0, 1y dist (z, M"'l)e{(), .32[}}

f |G}”dx§CJ dist (y, M"~ 1)~ @@= DU=P gy,
Q 0,1y 1

Since the set

NI

{ZG(O, Dt dist(z, M"_1)¢<O,
is an %" ! null set we deduce

The assertion follows from Proposition 5.5, applied with N=n—1. O
Proof of Lemma 5.3. — Again it suffices to consider u'.

First case: j#1. — By symmetry we may assume j=n. Observe that
u' |y is absolutely continuous on a.e. co-ordinate line

Xy, oo X b Xty -5 A)

and as in the proof of Lemma 5.2

|Dyu' (x)|£CG(x)=C

Df(xl, gdist()el, M"‘1)> :
¥

Here Dy denotes the tangential gradient in the directions x, ...,x,_;.
Arguing as in the proof of Lemma 5.2 one obtains

| 1apar
H
éCJ\ Z[diSt((yla . ',yn—Z’ a)’ Mn—l)]—(p—l)(l—ﬂ)dyl e dyn—Z'
(0, H*~
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Now

dist (1, - - s Puoz0 @), M H2dist(yy, .. .,p,-,), M*72).
Thus

J IGI"dH"*éCJ (St (P15 - - -2 Ppms), MPT2) @ DA-B gy
H (0,1)"_2

The last expression is independent of a and is finite for p<n—1 by
Proposition 5.5.

Second case: j=1. — Again one only has to estimate ||G||p» . Now
from Lemma 3.1 one deduces easily that for fixed ¢ and a.e.

1_ k+1 _— k
m{(—Y) ,<u>>one has
2 2

L A —(1-p)
IDf (@, m|=C{ —= <Cn~47h,

with C independent of a. Thus

J ]G]"dH"‘1§CJ (dist(y, M*~ 1)~ -Brgy
H ©, 11

The right hand side is independent of a and, in view of Proposition 5.5
(applied with N=r—1), remains finite for p<n—1. O
Next we aim for a counterpart of Lemma 4.2 which will be used to
establish (ii) and (iii) of Theorem 5.1. Define sets
A= {x:dist(x, M)=dist(x; M)},
A=U A,
i#j
LEMMA 5.6. — One has:
(1) A is closed and " (A)=0;
(i1) for a.e. xeQ one has
W (xX)=h(x;) or (adjDuwy,(x)=0, Vj=1,...n5  (5.10)
(iii) for a.e. xeQ
D/ (x)=0 for some je{l, .. ,n}. (5.11)
Proof. — The proof of (i) is completely analogous to the one given
for Lemma 4.2 (i). To prove (i) and (iii) consider x°eQ\A. If
dist (x, M)>dist (x?, M) for j=2,...,n, then u' (x)=h(x,) in a neigh-
bourhood of x° by (5.5) and (3.13). In particular Du' (x)=0 a.e. in a
neighbourhood of x°. If there is a k#1 such that

dist (x?, M) >dist (x?, M), for all j#k,
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then Du* (x)=0 a.e. in a neighbourhood of x°. Hence the set where (5.10)
or (5.11) fails has density zero in Q\A and is thus a null set as
claimed. O

To compute Det Du we shall use the following result from calculus.

PrOPOSITION 5.7. — Let veC2(Q; R™), let v,:(0, 1)" "' > R"™! be given
by

vt(yls . "yn—1)=(v2’ A "vn)(t9 Y1 - - ‘syn—l)' (512)
Let (a, b)<=(0, 1). Then, for all 9eCg (Q)

| (@i ey, 9, dx=( Detoy 0,) b=
{a, By x (0, )"~

where ¢, ()= (1, ).

Proof. — Since %(adj Do)/, =0 (see [Mo 66], Lemma 4.6.4) and ¢, 5,0=0

one has
J (adj Doy, @ ;dx
(a,b)x (0, 1)" 1
=J 1((adev)11 Q) Xp5 oy X)dx, L. dx, l:zg
o, 1)""

=J det Do, () ¢, () dy[;=:.
(, 1)"_ 1

Since v, is C? and o@,(.)e CT ((0, 1)"~1)) it follows from (5.3) that the last
expression equals

< Det vt’ (Pt > lf'—:ﬂ’

as claimed. 0O

Proof of Theorem 5.1. — Assertion (i) follows from Lemma 5.2,
Lemma 3.1(i) and the fact that the distance function is Lipschitz. Assertion
(ii) follows from Lemma 5.6 (iii). To prove (iii) we argue by induction
over n. For n=2 the result has been proved in Section 4. To carry out
the induction step from n—1 to n we let (¢f. 4.8)

Sk,mzlk,m>< [Oa 1]"_1

1_ — k + — k
= bk m+_Y I_Y ,bkm-q-,l__y 1_._Y x [0, 1]"—1'
’ 2 2 ’ 2 2
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We have for 0eC® (Q)

{DetDu, ¢ )= —j u' (adj Duy | ¢ ;dx
Q
© 2k

==Y Y| «'@diDwy,¢,dx.  (5.13)

k=0 j=1Js;;

We first compute the term with S, , =S=<l;—Y, lzﬂ) x (0, 1""'. For

l—y 1+ 1
ze(TY, —ZX) one has 4 (z)= 5 In view of Lemma 5.6 it follows that

e 10
—J u' (adjDuy, @ jdx=— EJ (adjDu)’; ¢ ;dx.
S S

At this point we would like to apply Proposition 5.7. Now u fails to be
in C? but according to Corollary 5.4 we can find a sequence #® of smooth
functions such that, for all p<n

u¥>u in WHP(Q; RY)
uM—u, in WEHPTL((, 1" R Y.
Thus

J (adjDu™), @ ;dx - J (adj Duy, ¢ ;dx.
S S

By the definition of Det and the Sobolev imbedding theorem one has
{DetDu™, { > - {DetDu, ) for all YeC2 (0, D~ 1.
Since Proposition 5.7 applies to #') we obtain

N 1 -
—f u' (adjDu)’ | ¢ ;dx= — 5( DetDu, @, ) (24102 (5.14)
S

Now by definition of u, [see (5.12)]

utl(yl, ""yn—1)=u2(tay1.’ ""yn—l) 1
=f(y1’ dlSt((l, J’za .t 'ayn—l)’ M* ))

For r=(1xy)/2
utl (y) =f(y1a diSt()jl’ M"—Z))’

where $, =(y,, ...,»,_,), and similarily
U (y)=f (v, dist(;, M%),

Therefore the induction hypothesis implies that

(DetDu, ¢, ) [ZHIPE={(I'®... QK. o, )[4 I02.

n—1 factors
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Now let ;e C§F (0, 1) and let

OX)=0(xy) .. -(Pn(xn)=(P(x1)\|/(£1)- (5.15)
Then
(DetDu,, 0, L2032 =(H® ... O, ¥ o, (D243
(1+7v)/2
=(h'®...Qn, V) ¢4 (8)ds,
1-y)/2
and by (5.14)
. . 1 a+yy2
—ful (adjDuy, ¢ ;dx=~ —(H'®...QH, V) o} (s)ds
s 2 (1-)/2

(1+7)/2
=—<J h(s)(p}(s)ds)(h’@...®h’,\ll>.
(-2
Applying the above arguments to S, ,, instead of S and using the fact
that A, is constant (see (2.11)) one obtains

1
{Det D, (p)=<*j h(s)(pﬁ(s)ds)(h’@. RN YD
0

(K, o M H®. . . O, ¥
={h®.. QK. 9).
Sm—— ——

n factors

This holds for all ¢ of the form (5.15). Since these functions are dense
in C§ (Q) one has

DetDu=h"'®...QH,

» factors

in the sense of distributions.
The proof of (5.6) is completely analogous to the one for (4.3) and
will not be repeated here. [

6. FURTHER EXAMPLES

First we construct a map u=(u?, 4?):(0, 1)x(—1,1)> R?* with
u'e W' 2 and det Du#Det Du. Such examples are relevant in particular
in view of the correspondence between (1.2) and (1.3). Secondly (see
Theorem 6.3 below) we construct a map u=(u', u?): (0, ) x (—1, 1) > R?
where the singular support of DetDu is a line. In this case, however,
detDu¢ L! and Det Du is not a Radon measure.
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As before fix ye(0, 1), let
_ In2
In2/(1-y))’

let h=h,, as defined before Proposition 2.1 and let f denote the function
defined by (3.6), (3.7). We suppress dependence on vy in the following.

B

THeOREM 6.1. — Let Q=(0, 1) x(—1,1). Then there exists a map
u=(ut, u?): Q- R? such that:

(i) for allpe[l, %E), qell, 2—B);

weWtr Q)N C% P (Q); wWeW1 QN L>;
(ii) detDu=0a.e;
(iii) DetDu=2h'®3,.

—B

Remark. — Note that

1-p, 1

and 2-—-B are dual exponents, i.e.

2-p 2-B
would imply Det Du=det Du in L' (Q).
An immediate consequence of the theorem is

=1. In particular u'e WE=PI-B Q) ,ZeW! 2B (Q)

COROLLARY 6.2, — Let n=2, Q=(0, ) x(—1, ) x (0, D" 2, re(l, o),
with dual exponent v’ =r{(r—1). Then there exists v:Q— R and 6:Q - R”
such that

ve WL P(Q), Vp<r
ceLi(Q; R"), Vg<r
dive=0
and
|o||Do|=0 a.e.
but
div (v o) #£0.

Proof. — If r>2 it suffices to let u=(u', «?) as in Theorem 6.1 and to
choose
v(x)=u' (x4, X,),
ou?
01 (x)= é“(xla xz)a

X1
2

u
o’ x)=- a‘(-xu X3)-
1
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One has specifically

divpo)=2"HR5,R1®...®1.

n—2 times
For r<2 one can reverse the roles of #* and »* upon observing that

Det Du=(u!, u,zz),1 — (@' u,21),2

== (u,lz “2),1 + (“,11 “2),2-

Note that the last identity holds in the sense of distributions as ueL®,
Vuelq, g>1. Finally, for r=2 one may choose ' (z) =7//| z|, i=1,2, ze R?
and define v and o as above. O

To prove Theorem 6.1 we shall choose

u (x, =1 0x |¥])s 6.1)
where f is given by (3.6), (3.7). The function »* will be defined by means
of a related self-similar construction.

To this end choose a Lipschitz function

g: - , 1+ Y X l_y,l
1—vy 1—y 2
1

g=1 g=1
1 L —
2 T ?
& o o .
FiG. 4. — On the bold lines g=0.
with the following properties (see Figs. 4 and 5)
g y)=1 if —T—(1-y)<|x—t|<] 6.2)
b 1+’Y y 2 b .
_ . __ Y - Y
g(x, »=0 if x=———, or x=1+—o (6.3)
1—y I—y
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EN H
1 ¥

1
- -2 0 o2 4 1 1432 14+ 1%

g(x, 1%)= g(l—(lz;y)_l(l—-x), 1) (6.4)

0 if x=1+-.

1_,Y k+1 1_,Y k
and extend g to [0, 1] x [( ) , ( 5 ) ) by letting (see Fig. 6)

2
1—y\ 7k 1—y\7%
_ ! x—b, ), | —"
IR CORE
X, y)= . - .
g6 if xel, .
0 else.
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1/\1 ‘1/\1 I 0 I 1/\ll Jl/\l

FiG. 6. — Extension of g.

Note that g is well defined as the intervalls J, ,, are disjoint (see
Proposition 2.2) and g vanishes on dJ, ,, by (6.3). Using (6.4) one easily
. . . 1—v\¢
verifies that g: (0, 1) is continuous across y=<?> .
We next show that

geWh?((0, D R),  Vpell, 2—-B). (6.6)
Note that
(-2 1
J | Dg |P dx dy
@a-y2*tdo s
1+(y/(1—7) kp I_Y 2k
<2"j j ( ) |Dgl”(——> dx dy
(1—-7}/2d—(y/(1 =7} 2
2-p\k 1—y\2-B-pk
se(2(5) )<
2 2
Thus

J | Dg|Pdxdy <o if p<2-B.
©, 1)?
We claim that moreover
g=0 at y=0 (in the sense of trace). 6.7
Inded, |g|<1 and

L{x:g(x, y)9é0}§2"<1;7) <1+ 2—7),

1_
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. -y} .
if y<<——2—1> . Thus g(-, ») >0 in L?(0, 1) as y — 0 and (6.7) follows.

Let »? be the antisymmetric extension of g, i.e.

u2(x’ y)z{ g(xa )’) lf ygo (68)

—glx, y) if y<0.

Proof of Theorem 6.1. — Let u', u* be given by (6.1) and (6.8),
respectively. Assertion (i) follows from Lemma 3.1(i), (6.7) and (6. 8).
To show (i) we will prove that

Du'(x, y)=0  or  u*(x, y)=sgny
for a.e. (x,»)e(0, DNx(—1,1). 6.9

. . 1—v\F
By symmetry we may assume y>0. The points with y= _Z—X form

— k+1 . k
a nullset. Consider ye((12—7> , <1TY> )

2k

If x¢ \UJ,; then Du'(x, »)=0 by (3.12). The points (x,y) with
j=1
(x, )€ 0], ; form an #? nullset. It thus remains to consider

4] _ k
erk,j=(bk,j, b,w.+<177> )

- 1_,Y —k - 1_,Y —k
Let x= — (x=b)), y= - y. It follows from (3.10), (6.5)

and (6.8) that
Du' (x, )=(1-7)"*Du(x, ),  u*(x, »)=>(%, ))

. . 1-
It only remains to verify (6.9) for ye(~—2—l, 1>. For these values of y,

(6.9) is an immediate consequence of (3.4) and (6.2).

To prove (iii) let ¢ (x, y)=v¥ (x)n(y), ¥eCF((0, 1)), neCF((—1, 1)).
Using (6.9) integration by parts and u! (x, 0)=%(x) one finds that

{ Det Dy, (p>=j (—ulyu® ' +ul V' ) dxdy
Q
ZJ (—ul I’ +ul V' m)dxdy
©, »?
_‘f (—ul I’ +ul V' n)dxdy
0,1)x(~1,0)
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1

= —J u' (x, 0) ¥’ (x)n (0) dx

0o

—j u' (x, 0) ¥’ (x)n (0) dx

o]
=2<h” \"><805 n>
Hence Det Du=2hr"®3%, U

We close this section by an example in two dimensions where the
singular support of DetDu is a line. Consider smooth functions

ul,uZ:Rx[%, 1:|—> R satisfying
dix+1, y=d(x,y, i=12, (6.10)

1
u' (x, )=sin2mx, ul(x,£)= —sindmx, 6.11)

1 1
w?(x, N=cos2mx, . u2<x,i>=\/;cos4nx. 6.12)

Here the sine and cosine functions are merely chosen for definiteness,
suitable other periodic functions would do just as well. Extend u', u* to
Rx(—1, 1) as follows '

. 1\¢ .
u (x, y)=<\/;> W(2x,2%y)  for ye(@ %+ 27¥, ;

—1 s (6.13)

Wix, 0)0=0 for i=1,2, (6.14)

u(x, y)=ul(x,—y) for ye(—1,0), (6.15)
w(x, y)=—u*(x,—y) for ye(—1,0). (6.16)

THEOREM 6.3. — Let Q=(0, 1) x(—1, 1). Then the map
u=@u!, u?):Q->R?
given by (6.10) to (6.16) has the following properties:

@) for all pe(l, 2), ue WE-P(Q; R?) N C* V2(Q; R?);
(ii) for all 9eC(Q)

1

{ Det Du, ¢>=2AOJ ¢ (x, 0)dx + lim f ¢ detDudxdy, (6.17)
{ylz27*

o k= o

1
where Ay, = —J (! u?)(x, Ddx=m.
[}
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Remark. — Examples where u', u* lie in different Sobolov spaces are
easily constructed by replacing (6.13) by
1 ka 1 k(l—a)
ul (X, J’):<5) ul (2kx’ 2ky)7 uZ(X’ J’):<5> u2(2kx, 2ky)7
o€ (0, 1), and modifying (6.11), (6.12) accordingly.

Proof. — One easily sees that u is absolutely continuous along every
co-ordinate line and by (6.13),

|Du(x, p)|SCy~ Y2

Hence ue W' ?(Q; R?) for pe[l, 2). Holder continuity also follows easily
from (6.13).

To prove (ii) note that it suffices to check (6.17) for test functions ¢
which are symmetric in y, since both sides vanish for antisymmetric ¢.
Note furthermore that for 5>a>0 one has

b f1
j J (! u,21 ¢, u u,22 ¢, )dxdy
a Jo

b 1 1
=J f (pdetDudxdy—J‘ u' v odx P2t (6.18)
a vo0

0

Indeed (6.18) is obvious for smooth u. Now %, 1)xa.5; i Lipschitz and
(6.19) follows by approximation. Thus, for symmetric @,

1 1 1
£<DetDu, @>=J j (' v (p‘z—ulu,zch,l)dxdy
2

-k Jo

27k g
+ f f W' o~y 0,) dxdy

0 0

1 1 1
=f j (pdetDudxdy—J (' 12) (x,27% 0 (x, 27 %) dx
27*Jo 0

27k m
+J J W' w0, —utub o ) dxdy.
0 0

The last term converges to zero as k — co since |u' | | Du? | e L* (Q) [¢f- ()]
It only remains to show that

1
E f (@ 12) (x, 279 0 (x, 27%) dx
0

1
N AOJ o(x,0)dx ask—w (6.19)

0
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It follows from (6.13) that | (u* 4%) (x, 27%)| < C. Since
lo(x, 279 -0 (x,0)|<C27*

it suffices to consider
1
f (' u?)(x, 279 o (x, 0)dx
0
1
=J (u1 u,zl) (2k X, 1) (p (x’ 0) dx
0

2k
=2"‘J (u'u?)(x, Do (27 x, 0)dx
0

2k—1

=27% Y | @) (x, D)o@ j+27¢x, 0)dx,
Jj=0 Jo
by periodicity of (u' #%)(., 1). The last term is estimated by

2k
27y (jl(u1 u?) (x, 1)dx)(p(2_"j, 0)+0(27%
Jj=0 0
2k—1

=—A27" Y 0274, 00+027Y

j=0

= —AOJI o(x,0)dx+0(27"

0

and (6.19) follows. [
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