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ABSTRACT. — We study the existence of minimizing solutions for an elliptic equation with crit-
ical Sobolev growth on a smooth bounded domain of R3. We answer in particular two questions
of Haim Brezis. Higher dimensions n > 4 are completely understood thanks to previous works
by H. Brezis and L. Nirenberg.
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RESUME. — On étudie 1’existence de solutions minimisantes & une EDP elliptique a croissance
de Sobolev critique sur des domaines de 1’espace euclidien de dimension 3. On résout en
particulier une conjecture de H. Brezis sur le sujet. Les questions analogues en dimensions plus
grandes étaient parfaitement comprises depuis des travaux de H. Brezis et L. Nirenberg.
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Let 2 be a smooth bounded domain of R”, n > 3, and let us consider the following
problem:
Au+au=u*>""1 inQ,
(E) qu>0 in ,
u=20 on 0€2,

where a is a smooth function in 2, 2* = 2n/(n — 2) is critical for the embeddings of
H}(S2) into L9(2) and A is the Euclidean Laplacian with the minus sign convention,
that is Au = — div(Vu). We look for solutions of problem (E) which are in Hj (), the
completion of C2°(£2) for the norm

2 2
iy = [ 1Valx.
Q

Any such solution of problem (£) is smooth in €2 by standard elliptic regularity theory.
As a first remark, one should note that, if problem (E) possesses a solution, then the
operator A + a must be coercive. By definition, A + a is coercive if its first eigenvalue
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with Dirichlet boundary condition is positive. From now on, we consider functions a
such that the operator A + a is coercive. A natural approach to find solutions of (E) is
to consider the following minimization problem:

Jo(IVul* + au?) dx
Jo = mn P P
ueC®(@.uz0  ([q |ul?> dx)/?

If J, is achieved by some u, € Hol(SZ), up to changing u, into |u,| and up to
normalization, one gets a smooth solution of (E). Such a solution is referred to as a
minimizing solution of (E). It is well known that, in any case,

J, <K

n

where K, is the best constant in the HZ(R")-Sobolev inequality, defined by

_1 . Jro I Vu* dx
K, = mn IR
ueCPRM.u0 ( [pu u|?" dx)?/

Its value, independently computed in [2] and [22], is

K, = L w, 2"
nn-2) " "’
where w, denotes the volume of the standard unit n-sphere. When looking for
minimizing solutions of (E), it was shown in Brezis and Nirenberg [4] that the situation
changes drastically when passing from dimensions n > 4 to dimension 3. In particular,
Brezis and Nirenberg proved that, if n > 4, the following properties are equivalent:
(1) Ix e Q,a(x) <0,

(i) J, <K,

(iii) J, is achieved by some smooth positive function u,,.
In dimension n = 3, the situation is more tricky and still open. Available results concern
the special case a = A, A a constant. More precisely, Brezis and Nirenberg proved in [4]
that for any smooth bounded domain © of R3, there exists A*(2) € (0, A;(2)), A1(RQ)
being the first Dirichlet eigenvalue of A in €2, such that

J, = K3 when A > —2*(Q),
Ji < K;7'when —A1(Q) <A < —A%(Q)

and such that J; is not achieved for A > —A*(€2). If Q2 is a ball B, they also proved that
A*(B) = 1A1(B) and that J_ 1,5 is not achieved.

Under the light of these results, H. Brezis asked in [3] the following question:

If n =3, is J, achieved if and only if J, < K5 ! as it is the case in dimensions n > 4?
(Question 5 of [3].)

From now on, €2 is a smooth bounded domain of R? and a € C*°(2) is such that A +a
is coercive. We let G, : 2 x Q\{(x, x), x € Q} — R™ be the Green function of A +a in
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2 with Dirichlet boundary condition. We have, in the sense of distributions,

AyGu(x,y)+aGu(x,y) =46, in£2,

G,(x,y)=0 fory e 092, x € 2,

and G, is symmetric with respect to the two variables. We may write

1
Gi(x,y) = ———+gix,y),
wy|x =y

where g, € C°(Q x Q) verifies for any x € Q:

Ayga(x,y)+aG,(x,y) =0 1in £,

1
&(x,y)=———— on AS2.
wy|x —y|

By test functions computations (see [19]), one gets that
e, g.x,x)>0=J,<K;". (1)

The condition that g,(x,x) should be positive somewhere in 2 plays the role the
condition that a(x) should be negative somewhere in €2 played in the case n > 4. Another
natural question then, asked by Brezis in [3], is the following:

Is the converse of (1) true? (Question 7 of [3].)

In this paper, we answer by the affirmative both these questions. More precisely, we
prove the following:

THEOREM O0.1. — Let Q be a bounded domain of R* and let a € C*®(2) N L>®(Q) be
such that A + a is coercive. The following properties are equivalent:
(1) Ix e, g.(x,x) >0,
Gi) J, < K3,
(iii) J, is achieved by some smooth positive function u,.

Note that, by [19], (i) implies (ii) (see above) and that, by standard minimization
techniques, (ii) implies (iii). Note also that Theorem 0.1 has already been proved in
[3] and [4] in the case @ = A and 2 is a ball, A a constant. Analoguous results were
also proved by the author [8] in the Riemannian setting. The main difference between
dimension 3 and higher dimensions is that the first problem is a global one whereas the
second problem is a local one. If n = 3, the condition that there exists x € Q2 such that
g4(x,x) > 0 is indeed a global condition since the Green function of A 4+ a depends on
the values of a on all of 2 and also on the geometry of 2. There is another difference
between the two cases n = 3 and n > 4. Following Hebey and Vaugon [15], we say that
a € C*(L2) is a critical function in €2 if and only if

J.=K 1,

Ja<K ', foranya<a, a#a.
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Then, if n > 4, the constant function a = 0 is the only critical function in any smooth
bounded domain of R". Indeed, by [4], if a is a critical function in €2, a(x) > 0 for any
x € Q. Since Jo = K, !, the only possibility for a to be a critical function is a = 0. On
the contrary, as a consequence of our proof of Theorem 0.1 (see below), if n = 3, then
there are critical functions of all shape. More precisely, for any smooth bounded domain
Q of R? and any a € C®(S2), there exists B(a) € R such that a + B(a) is a critical
function in €2.

The proof of the theorem is mainly based on a fine blow-up analysis for sequences
of solutions of an elliptic PDE in R3. There are many works about this kind of blow-up
analysis: among them, [1,5,12-16,18,20] were a great source of inspiration.

Proof of the theorem

We first note that for any a, a € C*(2), we have
aza,a*a= g,(x,x)>gi(x,x), foranyx e Q. 2)

This follows from the Green representation formula: indeed, for any x € €2,

8a(x, x) — ga(x, x) :/(a —a)(y)Galx, »)Ga(x, y)dy,
Q

>0,

as soon as a > a with a = a. We let now a € C*°(Q2) and we define B(a) € R by

Jurp < K;l, for B < B(a),

Jorp = K5, for B> B(a).

It is clear that B(a) is well defined, since for B large (for instance B > —mina),
Joyp = K5 ' and for B small enough (for instance B less than the first eigenvalue of
A+aonQ), J,ip <Ky L Proving the theorem reduces now to the proof that

(1) there exists xo € €2 such that g, p(4)(x0, X0) = 0.

(2) Ja+B(a) 1s Dot achieved.
Indeed, J,p is clearly not achieved by any smooth positive u,,p for B > B(a), since
otherwise, we would have

Ja(Vuaisl* + (a+ B(@)ug, ) dx

Ja a g
e (Jo lttar51° )13
<7 Jo(B(a) —B)u§+de
ST (g g plodn) 13
< Kn_1

which is in contradiction with the definition of B(a). Thus, if we prove that J,; p(, is
not achieved, then properties (ii) and (iii) of the theorem are equivalent. Next, if we
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prove that there exists xo € €2 such that g, p,)(x0, Xo) = 0, we have then by (2) that for
any B < B(a), g.+5(x0, xo) > 0 which proves that property (ii) of the theorem implies
property (i). Since the converse is true by (1), this clearly proves the theorem. Up to
changing a into a + B(a), we may assume that B(a) =0.

Step 1. We first prove that J, p(4) is not achieved. Let us assume by contradiction that
there exists u, € C*°(2), u, > 0 in 2, which achieves J,. Then, up to normalization, u,
verifies

Au, +au, = K;lu5 in 2,

a

(3)
u, =0 on 0%2,

and

/ugdle. @)
Q

For any ¢ € C*(R?), since J, = K3_1, we have that for any ¢ > 0,
1/3
6 6 2 2 2
(/ua(1+£<p) dx) < Kg[/|V(ua(1+8<p))| dx-l—/aua(l—i-sgo) dx}. )
Q Q Q

We clearly get with (4) that

1/3
(/u2(1+8<p)6dx> :1+28/u2<pdx+582/u2<p2dx
£2 Q

—482(/u2<pdx>2+0(82).

Q
On the other hand, using (3) and (4),

K3 U|v(ua(1 +e9)|’ dx +/au§(1 +8<p)2dx}
Q Q

:K{/ua(Aua +aug,)(1 + ep)? dx +82/u§|w|2dx}
Q Q

= [ttt ey ax+ Ke® [ 21Vl ds
Q Q
=1 +2s/u2<pdx +82/<p2u2dx + Kgaz/uﬁlwplzdx.
Q Q Q
Coming back to (5) with these two last relations and letting ¢ go to 0, we get that

2
4/<p2u2dx <K3/u§|w|2dx +4</u2<pdx> , forany g € C*(R3). (6)
Q Q Q
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We claim now that there exists (y, r) € R® x R* such that:

2t(x —y) .
F(y,t)::/ugmdx=0, foranyl=1,2,3,
Q

1—2x — y|?

— 6 _
G(y,1) .—/ua A R =0
Q

This result is the equivalent of a result on the standard sphere proved by Chang and
Yang [6]. Following [6], the proof of such a claim may go as follows: one considers
H :R? x R — R* defined by

H(y,s)=

s++/s2+4
(1o T 4

( 7S+J;2ﬁ>+s>.

One proves, thank to an asymptotic expansion of F and G that |H (y, s)|> < |y|*> + s as
soon as |y|? + s? is large enough. This proves in particular that there exists R > 0 such
that H (B(0, R)) C B(0, R). Since H is a continuous function, we may apply Brouwer’s
fixed point theorem: H has at least one fixed point in B(0, R). But a fixed point of H is
just a zero of both F and G. This proves the above claim.

We now apply (6) to each ¢;, i = 1,2, 3,4, where

2t(x' — ') )
i(x) i =—F+—>7— foranyi=1,2,3,
@i (x) T+ 2% —yP yi
@) 1—2|x -y
X)) =m=————————.
A SR

Since F =0 and G = 0 for the good choice of (y, t), we then obtain:

4Z/u @7 dx K3Z/|V<p,|2u2dx

1= IQ 1= IQ
But
4
dovi=1
i=1
and
il e 1212
- L+ 21—y
Thus we have
t? 5

4 6dx<121</ dx
!ua 39 (1 +2x — y2)2"



0. DRUET / Ann. L. H. Poincaré — AN 19 (2002) 125-142 131

By Holder’s inequalities and (4), we obtain

A 2/3
1<3K dx .
3(! (14 22[x — y|?)3 )

One then easily verifies that

3 2/3 .
(/(1+;2|x_y|2)3 dx) =(3K3) .
R3

Since €2 is bounded, we clearly get the desired contradiction and J, can not be achieved.
The following steps deal with the proof that there exists xy € €2 such that g, (xo, xo) = 0.
Step 2. By the definition of B(a), for any ¢ > 0, we have that

Jo—e < K3 (7)

Remember that we have chosen B(a) = 0 for all the proof of the theorem. This
inequality ensures, this is by now standard, the existence of a minimizer for J,_.. Up
to normalization, we thus have for any & > O that there exists some smooth positive
function u, in 2 verifying:

Aug + (a — &)u, = )Lsug in 2,

Ug =0 on 89, (8)
/ugdle,
Q

where we have set A, = J,_,.

The aim now is to study this sequence () as € goes to 0. First of all, (u.) is bounded
in H} () so that, after passing to a subsequence, u. converges weakly to some ug in
Hol(SZ). We may also assume that, up to a subsequence, lim,_,o A, = Ag, with 1o < K5 !
by (7). By passing to the limit in (8), one checks that u verifies

Aug + aug = Aoup  in Q,

ug=0 on 0€2.

Moreover, by weak convergence properties,

/ugdxgl.
Q

Since J, = K3 ', we have that
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1/3
(/ude) <K3</|w0|2dx+/au§dx) =A0K3/u8dx,
Q Q Q Q

where we have used the equation verified by ug. If uy % 0, we obtain that 1o = K5 and
that [, u$dx = 1 which exactly means that J, is achieved by u. Since we proved in
Step 1 that J, was not achieved,

ue —~0 in Hy ().

By the compactness of the embedding of HO1 () into L?(Q), we have that

lim u?dx =0. )
Q

We let x, be a point of 2 where u, achieves its maximum and we set
—1/2
ug(xe) = e 2= Ssup . (10)
Q

Since

2
1=/u2dx<f9147€dx

2
n
Q &

it is clear by (9) that u, — 0 as ¢ — 0. Combining standard results of elliptic theory
(namely results of [21] and [10] or [17]), one gets that

-2/3 -1/2
1in(1)ug/2ug(ugx +x) = (1 + w3T|x|2) in C).(R*) N LY (RY). (11)
E—>

In particular, we have that
d(x,, 02
m 7( £ ) =400

li (12)
e—0 e
and that
lim lim / WSdx = 1. (13)
R—+00e—0
B(xe,Rpie)
By bootstrap techniques and since u, verifies (8), one also obtains that
limu, =0 in Cp.(2\{x0}) (14)
E—>

where xy = lim,_,¢ x,, up to the extraction of a subsequence.
Step 3 (Weak pointwise estimates). We claim that there exists C > 0 such that for any
e >0,

Ix —x,|"?u,(x) < C, foranyx e Q. (15)
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A similar estimate was obtained in [16] and [20]. We follow here the proof of [7]. Let us
note, for x € 2,

1/2

We (X) =[x — x| "“ue (x)

and let y, be a point of 2 where w, achieves its maximum. We assume by contradiction
that

we(ye) =supw, - +oo ase — 0. (16)
Q
Clearly, by (11),
lim M =400 17)
e—0 e
and, by (16),
|x8 - y8|

= 4-00. (18)
e=>0u, (ys)_z
Since €2 is bounded, we also clearly have that 1~im8_>0 u.(y.) = +oo and thanks to (14),

that lim,_,q |x, — y.| = 0. We set now, for x € Q, = {uy(;))’iz, y € Q},

ﬂs (x) = Ms(ys)_lus (Ms(ys)_zx + y8)~ (19)

It is clear that

At + (a(ue(ye) x4 ) — &)ue(ye) i = Aelt;  in Q, 0
i, =0 on 9€2,.
Forany x € B(0, 1) N QE, we have that

ug(x) = ”a(ya)_lua (Ms(ys)_zx + ya)

< We (Ms(ys)_zx + ys) |x5 - ysll/z
ws(ys) |u5(y5)_2x +ys _x5|1/2’
so that
~ Xeg —
Ms(x)z < |xe — Vel

|”a(ya)_2x + Ve — Xel
by the definition of y,. Then, by (18), we obtain that, for ¢ small enough,

ie(x)> <2, foranyx e B(0,1)N Q..

We let now n € C°(B(0, 1)) and k > 1. Some integration by parts, using Eq. (20) and
the fact that i, is uniformly bounded in B(0, 1) N QE, lead to the following:

/ V(i) dx < C (VA% + 1 A0l + ) / it dx.
B(0, DN BO.1H)NS,
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Using Sobolev’s inequality, we obtain that

~ 6 ~
( [ i dx) <C(Val +Ianle+k) [,
B(0,1)N; B(0,1)N<2,

1/3

where C is some constant independent of &, k and 7. For any i, we let k; = 6 x 3'
and we take some 7; such that n; = 1 on B(O,% +27), n; =0 on B(0, % +27ih,
V0112, + I1Anillc < C477~1. Applying the above inequality by induction on i, we

obtain that
1/6
sup ﬁg<C< / ﬁgdx) ,
B(0,$)NS

B(0,1)N$2

where C > 0 is independent of ¢. Since i, (0) = 1, we have obtained the existence of
some C > 0 independent of ¢ such that
~6
/ u,dx > C.
B(0,$)NS
Then, we write that for £ small,

lz/ugdx> / ugdx—l— / ugdx,
Q

QOB()’S’”S()’S)iz) B(xe,Re)

since B(ye, tts(y:)~2) N B(x,, Ri.) = @ for & small enough: this is the content of (17)
and (18). By passing to limg_, ;o lim,_, in the right hand side, we obtain, with (13) and
the estimate above, a contradiction. Thus (15) is proved.

A simple adaptation of the above proof gives that

lim lim  sup  |x, —x|"%u,(x) =0. (21)
R—+o00 EQOXEQ\B()C&»,RME)

Step 4 (Ruling out boundary accumulation). In this step, we prove that the accumula-
tion point xy cannot be on the boundary of 2. Let us assume by contradiction that

Ve :=d(x,,02)—>0 ase—0. (22)

We set for x € Q, = {£==%, y € Q.},

Ve

ve(x) = vsl/zug(vgx + x;).

Then v, verifies the following:

Av, + (a, —s)vaszkgvg in Q,
(23)
v, =0 on 092,
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where we have set a.(x) = a(v.x + x,). Moreover,
/ vidr =1. (24)
Qe

One also checks that (11), (13), (15) and (21) are scale invariant and thus continue to
hold with v,, . /ve, 2. and O instead of u,, ., 2 and x, (note that, by (12), u./v. — 0
as ¢ = 0). Since 2 is smooth and with (22), we have that, up to a rotation,

lirr(l)Qg =Qy=R>x]—00; 1[.
£—

For any R > 0, we let

ne(R) = sup Vg. (25)
xeQ:NB(0,R)\B(0,R/2)

We let also L, be the operator
L.u=Au+ (a, — s)vfu — Agvgu

and we compute L.(|x|'~") for some 0 < v < 1 on B(0, R) N 2, \B(0, Ié‘:—f) where R is

fixed and R will be fixed later on. Easy computations lead to
Le(Ix"71) = 11" (01 = v) + (@ — )7 |x]* = Aelx*;).

Thanks to (21), we may choose R such that for & small enough,

1 g
Lelx)Pv? < sV =v) on BO, R)NQ\B (0, R&)
v

&

With (11), we may find C(R, v) such that for any ¢ > 0 and any x on the boundary of

RN
v£<x)<C<R,v)((v—8) +n8(R>)|x|”—1.

&
If we let G.(x) be the right-hand side of the above equation, we have obtained that

LG, —v,) >0 in BO, R)NQ\B (o, ﬁ&),
v

&

Ge—v.>0 on8<B(O, R)ng\B(o,Ié&))
D,

&

since L.v, = 0. This leads to

Ls(Gs - Us)_ X (Gs - Us)_ < Oa
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where (G, — v,)~ denotes the negative part of (G, — v,). Integrating by parts, we get
that

/|V<Gs —vg)—|2dx+v§/(a5 —9)[(Ge —v) ) dx

< )‘5/”3 [(GF - Us)_}zdx

1/3
<k (/[(Gs - vg)—]6dx) ,

where we used (24) and where the integrals are taken over B(0, R) N .\ B(0, Ié’:—j).
This clearly violates the definition of A, unless (G, — v.)~ = 0. Thus we have that

1/2—v
0. (x) < C(R, v)((ﬁ) + ng(R)> M (26)

Ve

for any x € B(0, R) N €2,. Indeed, by (11), this inequality obviously holds on B(0, Ié’:—:).
Let us now prove that 4

" 1/2—v
1e(R) < (—) . @7)
vE
Assume that, on the contrary, there exists C > 0 such that
m 1/2—v
7e(R) >c(—6) , (28)
Ve
so that we may rewrite (26) as
ve(x) < C(r,v)n(R)|x|" " (29)

Then, for any compact subset K of B(0, R) N Q,\{0}, there exists C(K) such that

(vs(x)) < C(K), foran eK
X 5 X .
7e(R) Y

By Harnack’s inequality, we clearly get the existence of some D(K) > 0 (for any
compact subset K of €.\{0}) such that

( e (x) ) < D(K), foranyx € K.
n:(1/2)
By standard elliptic theory, see Theorems 8.24 and 8.29 of [11], we obtain then that

(ve/n:(1/2)) is bounded in cﬁ;ﬁ (2:\{0}). Thus, by Ascoli’s theorem, after passing to a
subsequence,

lim< o )—G in CP(Q20\{0}) (30)
>0\ (1/2)) — 70 T T R
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where we have extended v, by 0 outside 2.. Moreover, G( # 0 and G verifies:

AGo=0 in \{0},
GOZO on 890.

Since G # 0, by the maximum principle, Gy must clearly be singular. Moreover, by
(29), the only possible singularity is at 0. Thus

A

Go(x) = — +b(x)

|x|

for some positive constant A and some smooth harmonic function b in 2y with b =
—A/|x| on 0€2. Integrating (23) on B(0, §) for § > 0 small enough, we obtain that

— / 0,V do +v§ / (a; — e)v.dx = A, / vfdx,
3B(0,5) B(0,8) B(0,8)

where v denotes the outer normal to B(0,5). By (29) and (30), using Lebesgue’s
dominated convergence theorem, we have that

1\l

77&:(5) Ae / vfdx - — / 0,Godo.
B(0.8) 9B(0.8)

For § small enough, — [,z 5, dvGodo is positive. Thus

1 " 1/2
ng<§><c / vfdx<C<—8> +C / vfdx,
vE

B(0,5) B(0,8)\B(0,RL2)

for any R > 0 provided ¢ is small enough: we have here used (11). Next, by (29),

1
/ vgdx<C775 (§> / |x|”_1v§dx

B(0,8)\B(0,R4%) B(0,8)\B(0,REE)
1 2/3 1/3
cona)(J e (] )
Q\B(O,REE) B(0,5)

) [ )"

Q:\B(O,REE)

Coming back to the next to last estimate on 1.(1/2) and choosing R large enough so that
Jao o) v8dx is small (this is possible by (13)), we obtain the existence of C > 0

such that

12
ne(R) < C(‘:—) ,

&€



138 0. DRUET / Ann. L. H. Poincaré — AN 19 (2002) 125-142

which is clearly in contradiction with (28) since u. /v, goes to 0 as ¢ goes to 0. Thus we
have proved (27).

We want now to prove that (26) still holds for v = 0. Of course, with the same
argument than above, we will then clearly have that

— 1 e V2 1
Clne(5)< (=) <Cnel;
n(z)<() <o)

for some C > 1 independent of . We let (z;) be a sequence of points of B(0, R) N .
The aim now is to prove that there exists C(R) > 0 such that

m 1/2 -1
Izslvg(zs)(<v—g> +na(R)> S C(R). €1y

&€

We distinguish three cases.

Case 1: |z:|ve/ e = 8§ as € — 0. By (11), we clearly have (31) in this case.

Case2: |z,| > R’ as e — 0 with R/2 < R’ < R. By the definition of 1. (R), we clearly
have

|Z£|U8(Z£)US(R)_1 <R

so that (31) is valid in this case.

Case 3: |z¢| &> R’ as ¢ — 0 with R' < R/2 and |z.|v./ . — +00 as ¢ — 0. We let
H, be the Green function of A — gy with Dirichlet boundary condition on €2, N B(0, R)
for some gy > 0 small enough. By Green’s representation formula, we may write that

0 (ze) = / Ho(ze, v) (Av:(y) — 00 () dy — / 8, Ha (2o, y)vs () do,
Q:NB(0,R) Q:NIB(0,R)

where v denotes the outer normal of dB(0, R). By standard elliptic theory, since
Q. — Qp as ¢ = 0 and since |z.| < 2R/3, we get that

- / 0y H, (26, V)0:(y) doy < C(R)(R).
Q:NIB(O0,R)

On the other hand, using (23), we may write that

H,(z¢, ) (Ave(y) — gove(y)) dy
Q:NB(O,R)
= / Ho(ze, ) [Aev] — (acv? — ev} + &) ve] dy.
Q:NB(0,R)

Since, by the maximum principle, H:(z., y) < 1/(w2]ze — y|), we get that, for & small
enough,

v (z0) < C / 12 — yI~ 103 dy + C(R)L(R).
Q.NB(O,R)
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But, by (26) and (27),

|ze — y|7'v) dy < / |ze — yI7'v] dy + 2]z / v] dy

Q:NB(0,R) B(z¢,12¢1/2) Q:NB(0,R)
" 5/2—5v " 1/2
<C(R,v)5(—€) |z8|5“—3+C|z8|—1(—8) :

Ve Ve

where we have also used (11). This leads to

Lo\ 2 -1 R
|z8|v8(zs)((v—f) +n8(R>) <C(R>+c(v—f) 22,

& &

Since |z.|ve/pe = +00 as € — 0, taking v < 2/5, we have obtained (31) in this third
case.
Thus, (31) is proved. As already mentionned, this is equivalent to

1o 2
w) < CRy (B ) (32)
Ve
for any x € Q, N B(0, R)\{0}. By Theorems 8.24 and 8.29 of [11], we then get that
1\ "2
(U_f) ve— Hy in CL(S0\(0}), (33)

where Hy is a nonzero harmonic function in €4\{0} which vanishes on the boundary of
Q. This enforces Hj to be singular at the origin. Then

A
Hy=—+b(x),
|x|

where A is some positive constant and b is a smooth harmonic function on €2y which
satisfies b = —X/|x| on 9€2y. By the maximum principle, b is everywhere negative and,
in particular,

b(0) <O0. (34)
We apply now the Pohozaev identity to v, on B(0, 1/2). This leads to

&

3
2 / (a; — &)v>dx + 5‘)52 / (x*dpa.)v? dx
B(0.1/2) B(0.1/2)

1 A
:ng / (ag—s)vfdo—é / vl do
9B(0,1/2) 39B(0,1/2)

1 1 ) ) 1
+ 3 / Elegl — (0,v,)" ) do — 3 / V.0, v, do.
9B(0,1/2) 3B(0,1/2)
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Multiplying both sides by (u,/v,)~" and passing to the limit as & — 0 by using (32) and
(33), we get that

1
5|VHO|2 — (BVHO)Z) do — / Hyd, Hydo = 0.
9B(0,1/2) 9B(0,1/2)

Since Ab =0, it is easy to check that the left-hand side of this relation is just Aw,b(0).
Thus b(0) = O: this is in contradiction with (34). Thus x( ¢ 9€2.

Step 5. We let now gy > 0 be such that the operator A + (a — gy) is coercive on £2
and we denote by G,_,, its Green’s function with Dirichlet boundary condition on 2.
We let also L. be the operator defined by L.u = Au + au — h.u*u. We compute
L.Gygy(xe, x)'7 on Q\{x,} for some 0 < v < 1. We easily obtain that

LsGa—so (xe, x)l—v
Ga—so(xsy x)l—v

VG ey (xe, )1

=gg—&— At +v(1—v
° et )

Since xo ¢ 0€2, it is easy to see that there exists C > 0, p > 0 such that

IVGyeey (X, X)|?
Ga—so(xsa X)2

X — x| < p= > Clx — x| 2

Then we have

LEGG_SO(xg,x)l_” S Cv(l —v)|x, —x|7% — )Lgu? in B(x,, p),
Gy (xe, )17V (g0 — &) — heu? in Q\B(x,, p).
Using (14) and (21), we get the existence of some R(v) > O such that for ¢ small
enough, LgGa_so(xg,x)l_” > 0 on Q\B(x., R(v)u.). By standard properties of the
Green function, since xo ¢ 9%, there exists C > 1 such that C~! < |x, — x| x
Ga—ey(xe,x) < C, for any x € Q. Then, by (11), there exists C(v) > 0 such that

Uy (x) < C(v)u;/z_”Ga_go(xs, x)!=v, for any x € dB(0, R(v)ie.). We deduce from the
three last relations, as it was done in the previous step, the following:

ue(x) KCOW)pL?)x, — x|"~1,  for any x € Q\{x.}.

Now, by the Green representation formula, for any sequence (z.) of points of 2, we may
write that

e (2e) = / Gy (zen ) [Dite () + (a(y) — £0)us(y)] dy.
Q

Similar computations to those developed in Step 4 lead to the fundamental estimate:

e — x| Pue (x) < C. (35)
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A similar fundamental estimate was obtained in [12,14,16]. The proof presented above
follows [9]. We deduce then by standard elliptic theory that

1y P — 2Go(xo, ) in G (Q\{xo}), G0

where A is some positive real number. Applying Pohozaev’s identity to u. in B(x,, ),
8 > 0 small, one gets that

3
{(a —&)+ E(x — xg)kaka} u? dx

B(x¢,8)
) A
=3 / (a—e)u?da—éS / ul do
dB(xe,8) 0B (xe,0)
1 5 5 1
+ 46 / §|Vu8| — (Oyug)” ) do — > / U0y, do.
3B (x¢,8) 0B (x¢,0)

Multiplying both sides by 11! and passing to the limit as ¢ — 0 by using (35) and (36),
we obtain that for any § > 0,

3 k 2
/ <a + 20— ) aka) Ga(x0, ) dx

B(x0,0)

) 1
=3 / aGa(xo,x)zdo—E / G, (x0, X)9,G4(x0, x) do

3B (x0,8) 3B (x0,)
1 2 2
+5 / SIVGa (i, 0P = (8,Galx0, 1)’ ) do.
3B (x0,8)

Computing an expansion as § goes to 0 to both sides of this relation, one finally gets that
84(x0, xo) = 0 which ends the proof of the theorem.
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