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ABSTRACT. — We study weakly convergent sequences of suitable weak solutions of heat flows
of harmonic maps or approximated harmonic maps. We prove a dimensional stratification for
the space-time concentration measure and verify that the concentration measure, viewed as a
generalized varifold, moves according to the generalized varifold flow rule which reduces to
the Brakke’s flow of varifold provided that the limiting harmonic map flow is suitable. We
also establish an energy quantization for the density of the limiting varifold.
© 2002 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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RESUME. — Nous étudions des séquences faiblement convergentes de solutions faibles du
flot de chaleur d’applications harmoniques (éventuellement approximées). Nous prouvons une
stratification dimensionnelle pour la mesure de concentration de 1’espace-temps et vérifions que
la mesure de concentration, vue comme une varifold generalisée, est sujette a la regle du flot
généralisé des varifolds qui se réduit a la regle du flot de Brakke pour autant que 1’application
harmonique soit adéquate. Nous établissons aussi une quantification de 1’énergie pour la densité
de de la varifold limite de la séquence.
© 2002 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. Introduction

This is the third part of our project initiated in Lin and Wang [31] on the study of the
weakly convergent sequence of smooth (or certain classes of weak) solutions to the heat
equation of harmonic maps or approximated harmonic maps (i.e. the negative gradient
flow of the generalized Ginzburg—Landau functionals). The general situation for the
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heat flow of harmonic maps is as follows. Let u,(x,t): M x R, — N be a sequence
of smooth solutions to the heat flow of harmonic maps from a m-dimensional compact
smooth Riemannian manifold M (with possibly nonempty smooth boundary d M) into a
compact smooth Riemannian manifold N C R* without boundary, namely,

ou, — Au, = A(u,)(Duy, Du,), inM x R, (1.0)

where A(-)(-,-) denotes the second fundamental form of N in R¥, such that u,(x,t)
weakly converges to u(x, ) in H..(M x R, R¥). By the Fatou’s lemma, we may assume
that

1 1
E|Dun|2(x,t)dxdt—> 5|Du|2(x,t)dxdz+v (1.1)

and
18,1, > (x, 1) dx df — |,u|®(x, t)dxdr + 1 (1.2)

as convergence of Radon measures on M x R, for some nonnegative Randon measures
v, n supported on the so-called energy concentration set ¥ C M x Ry (see [31]). It
is easy to check that v = v, dr for some nonnegative Radon measures v;, t € R, (see,
Lemma 2.5 below). The main result of [31] is (see Lin [23] for the static cass) to
characterize the necessary and sufficient conditions, under which both v and 7 vanish, in
terms of the existence (or non-existence) of harmonic and quasi-harmonic spheres into
N. In other words, the necessary and sufficient conditions for such weakly convergent
sequences to be strongly convergent. As a consequence of such a characterization is a
new proof of the classical theorem by Eells and Sampson [15] (without the nonpositive
curvature condition on N) under a new set of necessary and sufficient conditions
(cf. [31]). In general, we showed in [31] that, without any extra assumption on N,
both v and 5 are supported on the energy concentration set %, which is closed and
has locally finite m-dimensional Hausdorff measure, P™, with respect to the parabolic
metric on M x R, , and for P™ almost all such points in the energy concentration set
%, one has the m-dimensional density of v (with respect to the parabolic metric) strictly
positive and finite. Moreover, for L' a.e. t € R, v, has the (m — 2)-dimensional density
(with respect to the Euclidean metric on M) positive and finite for H"~2 a.e. x € M.
In fact, it was shown by Cheng [9] that for all + € R, the support of v; has locally
finite (m — 2)-dimensional Hausdorff measure. It is not very hard to generalize the
argument of Lin [23] to show that for L! ae. t € R, £, = ¥ N {¢t} and the support
of v, are (m — 2)-rectifiable. Here we shall adopt a different and conceptually much
easier approach in Section 4, namely the generalized varifold approach which is a natural
extension of the classical varifold concept of Almgren [3,4] and Allard [6]. Roughly, we
associate each u, with a (m — 2)-generalized varifold V,,, on M x R, and show that
V., converges to a (m — 2)-generalized varifold V = V, d¢, V, has its generalized mean
curvature H, € LﬁV/H (M,R™) for L' ae. t € R, and then the extension of Allard’s
rectifiablity result from classical varifolds to generalized varifolds yields that V,L({x €
M: @"2(|V;|l, x) > 0}) is (m — 2)-rectifiable. This rectifiablity result of ¥, was also
proved in a recent paper of Li and Tian [29] for so-called strongly stationary weakly
heat flow of harmonic maps which are weak solutions of the heat flow (1.0) with energy
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monotonicity, energy inequality, and the small energy regularity properties, where they
verified the condition of Preiss’s rectifiablity theorem. As pointed out in [31], although
all the analysis in the present article and in [31,32] are for smooth solutions of the heat
equation of harmonic maps (or solutions to the gradient flow of the Ginzburg—Landau
functionals), the facts that we need are exactly these three properties stated above (see
also Section 7 below), therefore all the results of the present article and [31,32] remain
to be true for the class of weak solutions to the heat flow of harmonic maps satisfying
these three properties. For simplicity of descriptions, we will work for solutions to heat
flows of the Ginzburg—Landau functionals only and state some analogous conclusions in
Section 7 for this class of weak solutions of heat flows for harmonic maps.

One of the main results of the present paper is to show the pair (u, v, dt) satisfies
the so-called generalized varifold flow (see Definition 5.5 of Section 5 below for the
definition), as in the recent very interesting work by Ambrosio and Soner [1]. Moreover,
in the case that u is a suitable weak solution (e.g. u is smooth), i.e. satisfying the
standard energy equality in both local and global forms, then {v,},>¢ is a Brakke
flow of (rectifiable) varifolds, i.e. flow by the mean curvature in the varifold sense
defined by Brakke [8]. We point out that a weaker version of this fact was also shown
by [29] where a factor % is putted in front of the mean curvature square term of
the energy inequality (5.7). To improve the factor % to 1 and to establish that the
flow is actually the Brakke flow is one of the most difficult analytical points in all
such related analysis (see also discussions in [1], in particular §6 of [1]). To achieve
such a goal, one method is to establish the local almost conformal property of the
solution map restricted to the 2-dimensional plane orthogonal to the tangent plane of
the energy concentration set X (see Section 5 below). We also establish in Theorem 6.7
the energy quantization result in dimension large than two, which extends the main
result of our part II [32]. Note that, in the case N = S¥=1 Theorem 6.7 can be used
to give an alternative proof of the improvement of % to 1. However, the argument of
Section 5 is independent of N. The energy quantization in dimension at least 3 was
first established by Lin and Rivieré [27] for stationary harmonic maps into spheres, by
Lin and Wang [28] for approximated harmonic maps, and by Lin and Rivieré [28] for
Ginzburg-Landau vortices in R>. Our result here can be viewed as parabolic version
of [27,32].

Since we can treat smooth solutions to the heat flow of harmonic maps in almost the
same way as that of the heat equation of the generalized Ginzburg-Landau functional.
For simplicity, we will present our result in the context of solutions to the heat flow of
generalized Ginzburg—Landau functional and make remarks concerning the heat flow of
harmonic maps in Section 7. Now let us describe precisely the results and the structure
of the present article.

For ¢ > 0, we consider the (generalized) Ginzburg—Landau functional

1 1
I.(u) = /<§|Du|2 + 8—2F(M)> dx
M
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where F € C®(R*, R) satisfies:

_Jd*(p,N), ifd(p,N)<s,
Fp)= {452, if d(p, N) > 25.

Here d denotes the Euclidean distance in R* and d(-, N) = inf{d(-, p): p € N}. Note
that § > 0 is chosen to be so small that d>(p, N) is smooth for p € Nys = {p: d(p, N) <
28}. Let u, € C*®°(M x R, R¥) be solutions to the heat equation

oty — Au, = gizf(ug) (x,t) eM x R, (1.3)
ugs(x,0)=ug(x), xeM, (1.4)

where f(u,) =—(DF)(u,) and ug € C>*(M,N) is a given map. We assume throughout
this paper that if N = S*~! then F(p) = i(l — |p|*)? so that f(p) = p(1 — |p|?) and
(1.4) becomes

1
AU, — Au, = ;us(l — |ue)?). (1.5)

It is easy to see that u. satisfies the following energy equality (see also Lemma 2.1
below):

t
2 1 2
sup 0> dx dt + I, (ue (-, 1) | = = [ [Duo|>. (1.6)
0<t<oo 2
0 M M

It follows from (1.6) that for any ¢ | O there exists a subsequence ¢, — O such that
U, = u,, — u weakly in H. (M x R, R¥). Moreover, it was shown by Chen and
Struwe [13] (for aM = ) and Chen and Lin [11] (for d M # () that there exists a closed
subset X = {(X;,1): t > 0} C M x R, (see the definition of ¥ in Section 2 below) such
that u,, — u in H..NCL (M x Ry \ =, R¥). In particular, u € C*(M x Ry \ £, N) is
a smooth solution to the harmonic map flow equation (1.0). Let

1 1
e, (y)(x, 1) = EIDunlz(x, ) + ;F(un)(x, t).

n

We will simply write e(u,) for e, (u,) through this paper as long as there is no
ambiguity. We can assume that

1
e(uy)(x, t)dxdr — E|Du|2(x, t)dxdf +v

and
18,1, > (x, £) dx df — |9,u|*(x, ) dx dr +

as convergence of Radon measures for two nonnegative Radon measures v and 1 on
M x R,.

The stratification for the singular set of area minimizing currents was studied
by Federer [16], who introduced a powerful scheme called the Federer’s dimension
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reduction argument (see also Almgren [3] and the appendix of [33]). White [37]
provided an abstract approach to obtain the stratification for a large class of variational
problems varying from minimizing currents, energy minimizing harmonic maps, and
mean curvature flows (see also [34] for the stratification for minimizing harmonic maps).
Motivated by these stratification results, we carry out the stratification for the parabolic
concentration set X in Section 3. The stratification Theorem 3.6 roughly says that the
subset X, consisting of zp € ¥ such that the P,-invariant subspace of any tangent
measure u° of w at zo has its dimension of vector space at most k, has Hausdorff
dimension measured in the parabolic metric at most k, for 0 < k < m.

In Section 4, we adopt the generalized (m — 2)-varifold concept, which is a natural
and very useful extension of the classical varifold concept studied by Almgren [3,4] and
Allard [6], to study the convergence problem in our case through a varifold approach.
Once we associate a sequence of generalized (m — 2)-varifolds, V,,, for u,’s, we can
consider the limiting generalized (m — 2)-varifold V = V,dr of V,, . In Section 4, we
show that for L' a.e. ¢ > 0, the first variation of V;, 8V,, is a Radon measure which is
absolutely continuous with respect to || V;|| and its generalized measure curvature

oV, )
H=——¢c¢L M,R™).
t A HV:H( )

Therefore, @"~2(||V;]|, -) exists for H™~2 a.e. in M. We then show in Theorem 4.9 that
V,.L{x € M: 0 < ®"2(||V}||, x) < oo} is a (m — 2)-rectifiable varifold. This, combined
with the observation that for H"2 ae. x € ¥, ®"2(||V,||, x) is positive and finite,
shows that X, is (m — 2)-rectifiable.

In Section 5, we continue our discussion from Section 4 and show, in Theorem 5.6,
that the pair (u, v, dt) satisfies a generalized varifold flow defined as in Definition 5.5
of Section 5. As a consequence of this generalized varifold flow, we show that if the
limiting map u is a suitable weak solution defined by Definition 5.9, which requires
that u satisfies the energy equality (both locally and globally), then the defect measure
{vi}:>0 1s in fact a Brakke flow, i.e.,

ﬁ[v[@) = lim sup M < -

s—>t s —1

/ (S1H,P — (T.S)* D, H,)) dv,

M

for any # > 0 and ¢ € C3(M, R,). One way to obtain the generalized varifold flow is
to apply the energy quantization Theorem 6.1, which however is only proved for sphere
targets at this stage. In Lemma 5.8 of Section 5, we provide another approach to improve
the so-called factor % to 1.

In Section 6, we consider the density function ®™~2(||V,||,-). Under the extra
assumption that N = S¥~! ¢ R*, we show a quantization result for ®~2(||V,||, ) in
Theorem 6.1 and Theorem 6.7, which roughly says that for almost all zg = (xg, fy) € X,
O"=2(|| VI, o) is the sum of energies of finitely many harmonic S*’s. This type of
result is obtained by estimating the norm of Du,, in the Lorentz spaces L*! and L>*,
which is a highly nontrivial observation in dimension large than two and largely owns
its origin from Lin and Rivieré [27].
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Section 2 of the paper is devoted to the collection of some necessary facts needed
later, and in Section 7 we make a few remarks concerning either smooth solutions to the
heat flow of harmonic maps or the weak solutions satisfying energy inequality, energy
monotonicity inequality, and the gy-regularity.

2. Basic estimates

This section is devoted to establishing some necessary facts needed for later sections.
First let us recall some useful notations from [11,13,35]. Let § denote the parabolic
metric on M x R, defined by

§((x, 1), (y,s)) =max{|x —yl, /It —s|}, V(x,1),(y.s) €M x R,.

For 0 <1 < m, let P! denote the /-dimensional Hausdorff measure on M x R, (or R x
R_) with respect to the parabolic metric 8, and H' denotes the /-dimensional Hausdorff
measure on M (or R™) with the Euclidean metric. For zo = (xo, #)) € R™ x R, let G,
denote the backward heat kernel:

|x — xol?

GZ()(-xv [) = (47’[([0 — t))_% CXp(—m

), xe€R™ 0<t <ty

Let i (M) > 0 denote the injectivity radius of M. For 0 < R < {@, (M)}, let

Sg(z0) =M x {t =t — R*},

Tr(zo) =M x {t € Ry: tg —4R* <t <ty — R*},
and
Pr(z0) = Br(xo) x [to — R*, to + R?],

where Bg(x9) C M denotes the geodesic ball with center x, and radius R.
For solutions u, € C*°(M x R, R*) to (1.3)—(1.4). Define two normalized energy
quantities as follows.

W, 20, R) = / 2 (0)e(us) (x, )Gy (x, 1) dx d1,

Tr(z0)

® (s, 20, R) = R? / P2 (0)e(ue) (v, )Gy (x. 1) dx,

Sr(z0)

for 0 < R < min{*/TE,i(M)}, here n € C{(M) satisfies that n = 1 on B, (x0), n =0
outside By, (xo), and | D < %.

Now we recall the energy inequality, energy monotonicity inequality, and small energy
regularity from [13].
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LEMMA 2.1 (Energy equality). — Let u, € C°(M x R, R*) solve (1.3)—(1.4). Then
we have, for any ¢ € Cé (M,R,)and0<t) <t <00,

/ o) (x, 1) () dx — / e(us)(x, 1) (x) dx

M M
=//¢(x)|8,ug|2(x,t)dxdt+//Dqﬁ(x)Dug-B,ugdxdt. @2.1)
n m n m

In particular,

e(ug)(x,t1)dx — | e(ug)(x,tr)dx = |8,u8|2(x, t)dxdr. 2.2)
/ / /]

n M

LEMMA 2.2 (Energy monotonicity inequality). — Let u, € C*(M x R, R¥) solve
(1.3)(1.4). Then

Ry
—x0)-D 2(t — to)d,u, | F
\I’(Mg,Zo,Rl)-i-C/r_l / <n2|(x XO) Ug + ( 0) ,M8| +r]2 (us))GZO

|t — 1] g2
Ry Ty (z0)
<R ROY(y,, 70, Ry) + CEg(Ry — R)), (2.3)
® (g, z0, R1) <e“ R RVD(u,, 70, Ry) + CEo(Ry — Ry), (2.4)

for zoe M x Ry, 0 < Ry < R, < min{@,i(M)}. Here c,C > 0 depend only on
M.m,N,and Eg=1 [, |Du,|*(x,0).

LEMMA 2.3 (gg-regularity). — There exist &y, 8y, Co > 0 such that if, for some 0 <
R <min{2,i(M)}, W (u, 20, R) < &3, then

sup  e(u,)(z) < Co(8oR) 2. 2.5)

2€Psyr(20)

For ¢, | 0, we assume that u, = u,, — u weakly in H_. (M x R, R¥). Then there
exist two nonnegative Radon measures v, n on M x R, such that

1
e(u,)(x, 1) dx dr — 5|Du|2(x, Hdxdr+v=upu,

18,1, | (x, 1) dx df — |3,u|?*(x, 1) dx dt + 7,

as convergence of Radon measures on M x R,. Moreover, if we define the concentration
set

Y= U {zeMxR+: nli)r{)lo / nz(x)e(un)GZESS},

O<R<rg Tr(2)

where g is given by Lemma 2.3. Then the following facts are known:
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FACT 2.4 ([13]). — X is closed and P™ (X N Pg(0)) < Cg < 00, for any R < o0.
FACT 2.5 ([13]). — u, — u strongly in H N CL (M x Ry \ X, R").

FACT 2.6 ([13]). —u € C*®°(M x R, \ X, N) is a weak solution of the heat flow of
harmonic maps (1.0).

FAcT 2.7 ([9]). —For any t > 0, let ¥, = X N {t}. Then H™~ 2(Z,NK)<Cg < o0,
for any compact K C M.

FAcT 2.8 ([31]). — sing(u) Uspt(v) = X, sptn C 2.

FAacT 2.9 ([31]). —For any z € M X Ry, fTR(Z) n*(x)G,(x,t)du(x,t) is monotoni-
cally nondecreasing with respect to R. Hence

O (1, 2) =1ljm / ()G, (x, 1) du(x, 1)

Tr(2)

exists for all x € M x R, and is upper-semicontinuous function of z. In particular,
Y={zeMx R,: e <O"(1,z) <0}.

FAcT 2.10 ([31]). — For P™ a.e. z € X,

O"(u,2) =lim R~ / \DuP(x.)dxdt =0, and ©"(v,z)=O"(1.2).

Pg(z)

FAacT 2.11 ([31]). — u, doesn’t converge to u strongly in loc(M x Ry, RY) if and

only if P"(X) > 0 and there exists at least one harmonic S* in N.
Now, we add two more lemmas needed later.

LEMMA 2.12. — Under the same notations as above, we have

1
nli)rglo —2F(un)(x t)dxdt =0, VO0<t<T <o0. (2.6)
Mx[t,T] &

Proof. — 1t follows from the Fact 2.5 that for any 8 > 0, we have

1
lim / — F(u,)(x,1)dxdr =0
8}‘[

n—oo
Mx[t,TIN(ED) g

where =7 = J!_, (2, x {s}) and (X)) ={z e M x [t, T]: 8(z, £]) < B}. It suffices to
show that

n—oo

lim g—le(un)(x, t)dxdr = O(pB). 2.7)

=g
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On the other hand, for any zo € £/, (2.3) gives

B
B . 1 1 cp
W wu, zo, 5 + lim [ r 8—2F(14,1)GZO <e"PW(u, z0, B) (2.8)

n—oo
n

g T, (z0)

for sufficiently small 8 > 0. Moreover, since limg o W (1, zo, B) exists, we may assume
that

“I’(M, 20, B) — W (M 20, g) ‘ =0(p), VBKI

Therefore we have

Tr(zo)

B
1
/r*um / — F(u,)G;, =0(B).
3
8
2
This, combined with the Fubini’s theorem, implies

lim izF(Lt,l)GZO =0(p)
€

n—o0 P
Tg(z0)

for some B € (g, B). In particular, we have

1
lim / ;FWJ=OW)

n— oo

B g (x0) x[to—B.to— 11
2
This, combined with a simple covering argument, implies (2.7). O
LEMMA 2.13. — There exists a subsequence of n’ — oo such that
e(un/)(xat)dx_)l’(/la Vt>09

as convergences of Radon measures, for a family of nonnegative Radon measures {1}~
on M. In particular, u; = %lDu|2(x, t)ydx +v;, u=pu,dt, and v =, dr.

Proof. — The idea here is similar to that of Brakke [8] (see also Ilmanen [20]). For
completeness, we outline it here. Let ¢ € Cg(M , Ry). Then (2.1) implies

& [oewn=— [ sl ~ [ DoDusdu,
M M M

<C(9) /d)(X)IDunlz(x, 1)dx < C(¢)Eo,
M
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where C(¢) = sup¢>0% < SUPy- |D?¢| > 0 and Ey = E(u,(-,0)) denotes the
energy of the initial data. Hence

/ $eu,) — C(@)Eot
M

is monotonically nonincreasing with respect to > 0. Let B C R, be a countable dense
subset. By the weak compactness of Radon measures with locally bounded masses, and
a diagonal process, we can assume that

e(u,)(x,t)dx - u,, VteB.

Now, let {¢;};>1 be a countable dense subset in Cg(M , Ry). By the monotonicity of
/ w Pe(u,) —C(¢)Ept, there exists a co-countable set C C R such that for any r € C and
i 21, uy(¢;) is continuous at ¢ as a function of s € B. For any fixed ¢ € C, there exists a
further subsequence n; — oo and a limit 4, such that ,,, — w,. Hence {(éi)}sepuiry
is continuous at ¢, for all i > 1. Hence u, is uniquely determined by u, for s € B.
Therefore, u,, — u;. Note that R, \ C is countable, we can do another diagonal process
to show the resulton R,. O

3. Dimension reduction and stratification of the concentration set

In this section, we will establish the stratification result for the energy concentration
set 3. To do it, we consider the space, T,u, of all tangent measures of u at each
z € . We show that for each u® € T, u’LR™*! is invariant under the parabolic
dilation P, for all A > 0. For each u° € T, 1, we then associate a nonnegative integer
d which is the dimension of the largest P, -invariant subspace inside M (®™ (u%)) =
{ze R™: @ (u°, z) = @™ (u’, 0)}. Using this integer, we can stratify ¥ accordingly.
The proof of the stratification is based on an extension of the well-known Federer’s
dimension reduction argument [16,3], and [33]. We would also like to remark that a
similar scheme has been carried out by White [37] in an abstract way, with applications
to mean curvature flows.

For simplicity, we assume M = R™ in this section. Note that the norm of the parabolic
metric in R™*! is

I, )| = max{|x|, /][ }.

Define the parabolic dilation by

— r— 1
on,ux,r):(x all 0)

AT A2
for zo = (xo, fp) € R™*! and A > 0. Define the Euclidean dilation by

X —x
Dyysr(x) = )LO, x €R™
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for xo € R™ and A > 0. Denote R”*! = R™ x R, and R"*! = R™ x R_. The Hausdorff
dimension of a subset S € R”*! is the Hausdorff dimension with respect to the parabolic
metric §. We write X = {(X,,7): 0 <t < oo}, here ¥, = X N {¢t}. For ¢, > 0, let
Uy : Ri“rl — R* solve (1.3)—(1.4), with ¢ = ¢,,. Recall that (2.4) implies that for 0 <

Ry< Ry <4,
CD(an 20, Rl) - CI)(un, 20, RZ)

Ry
1 // 12(tg — 1)0,u, — (x — x0) Du,|?
)

fo—t

G.,dz 3.1)

Ry R™

where ®(u,, zo, R) = R? ft:to_Rz e(u,)(x,t)G, (x,t)dx. By (1.6) and Lemma 2.5, we
can assume that

e(u,)(x,t)dxdt - pu = pu, dr

as convergence of Radon measures in RT“, for some nonnegative Radon measures
{is}:50 on R™. From (1.6) and (3.1), we have

sup r" (P (x, 1)) <00 (3.2)

(x,t,r)ERM™X Ry xR
and

") =lm R [ Guydu,

l‘=t0—R2

exists for all zg € R?"*!. Moreover, the Fact 2.9 implies that
T ={zeR"" & <O"(1,z) < o0}.
For zp € ¥ and A; | 0, we define the parabolic rescalings of 1, on, ,-1(w), by
Pt ((A) = 17" (P, ,-1(A)), ¥ Borel AC R™*.

Then it follows from (3.2) that we can find a subsequence A;; of A; and a nonnegative
Radon measure x” on R”*! such that
Z

0
730’/\1_/1 —>

as convergence of Radon measures on R,

DEFINITION 3.1.—For any zo € X, the tangent measure cone of u at zo, T, (1),
consists of all nonnegative Radon measures on R™! obtained by

T, () = {n°: there exists ar; |, O such that Pyt () = nl}.
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Note that for any zo € ¥ and u° € T, (1), we have u® = %ds and for any (x, 1) €
Rm+1

O" (10, (x, 1), r) = r? / G ey (v, ) dul(y)

s=t—r?

is monotonically nondecreasing with respect to r. Hence
O" (1’ (x,0) =lim ©" (1°. (x,1), 7)
r

exists for any (x,#) € R™*! and is upper semicontinuous.
LEMMA 3.2.-For any zo € ¥ and p° € T, (). Then u°’LR™*! is invariant under
all parabolic dilations Py, i.e.,
Py (L"LR™ ) = u’LR™ . (3.3)
Proof. — It follows from Lemma 2.5 that x° = u? dz. Therefore,
Pi (LR =P ({ (7. 1): 1 <O})
— (Du((uD).221): 1 <0}
= {Da((1%,).1): 1 <0},
Here D; (10)(A) = A2 u%(1A) for any borel set A C R™. Hence, it suffices to show
that
D, (Mo%) =un?, Vvt<O. (3.4)
A

Since A > 0 is arbitrary, it suffices to prove (3.4) for r = —1, which is equivalent to

A2 / $0X)G O, —1)dp® () = / G, e, (v), (3.5
R™M R™

for any ¢ € C{(R™) and G = G g o). On the other hand, we know that there exists A, | 0
such that v, (x, t) = u, (xg + A, x, ty + )\%t) satisfies (1.3), with ¢, replaced by g, = i—z,
and

e(u)(x, 1) dx = eg, () (x, 1) dx — 7, Vi€ R
as convergence of Radon measures on R™. Then, for any R > 0,
R? / Gdu’ = lim R? / e(v,)(x, )G (x, 1) dx
n—oo
1=—R? t=—R?

:E%(R,\n)z / G, (x, 1) du,
t=to—R2A2

= 0" (1, 20)-
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This, combined with (3.1), implies that, for any 0 < r; < r, < 00,

t=—r3

2
lim / /\xDvn+2ta,vn\2G=0. (3.6)
n—oo

t=—r7 R"

Therefore, in oder to prove (3.5), it suffices to show

Tim d%(w* / ¢ (Ax)G(hx, —e(v,) (x, —172) dx) =0. (3.7)

t=—1
Note that
(%( m=2 / ¢(,\x)G(A,x,—1)e(un)(x,—r2)>

t=—1

:%</ ¢(x)G(x,t)e(vg)(x,t)dx)

t=—1

dr " 2 da "

t=— t=—

1
=— / GD¢Dv*iv*— / ¢(a,v,§——xDuj>iv*G

21

r=—22 t=—22

1
- lyDv, + 218,v, > G G) - / qu(%) G Dv,(yDvy + 29,v,).

Here v*(x,7) = v,(Ax,A%t) and e(v})(x,1) = es, (v})(x,1). Hence, integrating the
A
identity from 1 to A and using (3.6), we see that (3.5) holds. O

From Lemma 3.2, we see that for any zo € ¥ and u° € T, i,
R? / Gdud=0"(u’0)=0"(u,z), YR>0 (3.8)
t=—R2

and, for any z € R”*! and A > 0,

0" (1", z) = ©" (1o, P1.(2)). (3.9)

In general, we have

LEMMA 3.3.—Forzoe X and u° € T,, (), we have
(1) 0™(u’,z) <O’ 0),Vz € R™.
(2) If z € R"™*! satisfies @™ (u°, z) = @"(u°, 0), then

O" (1, z+v)=0"(u’ z+Pwv), VrA>0,veR"™ (3.10)

Proof. — (1) For u° € T,,(w), there exists r; | O such that P, ,, (1) — u®. For any
r>0and z=(x,1) € R"*!, we have
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0" (1’ 2) <O (1’ z,7)
- 11% O™ (Pzyri (), 2,7)

= h% O™ (1, z0 + (rix, r}t), r?r)
ri

<O™(u,z9) = 0" (1, 0).

Here we have used the upper semicontinuity of ®” (u, -, -) in its last two variables.

(2) From the proof of (1), we see that if @ (., z) = @ (", 0) then the inequalities
are all equalities. In particular, " (1°, z, r) is constant with respect to r > 0. Applying
the argument of Lemma 3.2, we see that " (u, z 4+ v) = @"(u, z + P;.(v)) for any
ve R™land A>0. O

For any zp € ¥ and ul e T,,(u), denote

M(O"(u°,-)) ={ze R @™ (1 z) = 0" (u°,0)},

V(" (1", ) = M(6" (1", )) N 1 =0},

and
w(em (MO, ))={xeR": " (MO, (y,5)) =0" (MO, (x+y,5)),VY(y,s) € R’f“}.

Then we have

PROPOSITION 3.4.—For zg € ¥ and pu° e T,, (1), we have V(O™ (ul, ) =
W(@©™(u°, ). In particular, both V(©™(u°,-)) and W(©™(u°,-)) are subspaces of
R™. Moreover, M(®™(u°, ) is V(@™ (u’, ) or V(©™(u’,-)) x (—o0,a] for some
0<a<ooand ®"(u°, ") is time-independent up tot = a.

Proof. — It is clear that W(®" (u°, -)) € V(©™(u°, ), V(©™(u°,)) is closed under
scalar multiplication, and n W (@™ (u°, -)) ¢ W(©™(u, -)) for any integer n. For any
(x,0) # (0,0) e V(O™ ), v e R™!, and A > 0, we have

O™ (n’, (x,0) +v) = 0" (u°, (x,0) +Pv)
= 0" (1 Py1((x,0) + Pv))
= 0" (1, Py-1(x,0) +v)
so that
O™ (1°, (x,0) +v) = O" (1%, Py-1(x,0) + v). (3.11)
Note that v — P, -1(x, 0) € R™*!. Hence, replacing v by v — P, -1(x, 0) gives

O" (1, (x,0) + v — Py1(x,0)) = 0™ (u°, v). (3.12)

Taking A into zero and using the upper semicontinuity of ®”(u°, -), we obtain, from
(3.11) and (3.12),

0" (1, v) =0 (n’, (x,0) +v), VYveR™
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This implies that V(@ (u°, -)) € W(@™(u°, -)). Hence V(O™ (u°, -)) = W(O™(u°, )
and is a subspace of R™.

Suppose that X = (x,1) € M(®™ (i, )), with ¢ < 0. Then, for any ¥ = (y, s) with
s <t and A > 0, we have

O" (1, P, (Y)) = 0" (1, Y) = 0" (1, X + P, (Y — X)).
Note that sA =2 < s < t, for A < 1. Hence replacing ¥ by P, (Y), we get
" (n’,Y)=0"(u’, X +Y —P1(X)).

Taking A into zero, we have ®"(u°,Y) < ®"(u°, X + Y). By substituting ¥ by
Y +P,-1(X), we also get

O™ (Y + P (X)) =0" (u’, X +Y)
this implies ©" (u’, Y) > @ (u°, X + Y). Therefore, we have
O" (1, Y)=0" (1", X +Y), VX=(x1),Y=(,s),s<t<0. (3.13)

This implies, by choosing ¥ = (n — 1) X,
Ok (;LO, 0)=0" (MO, (nx,nt)) = O™ (MO, P (nx,nt))

=" (MO, <x, %)) <O"(u’, (x,0)).

Therefore, (x,0) € V(O™ (u°, ) = W(©" (u°,-)) and (0, 1) € M(O™(°, -)). In partic-
ular, ®" (1, -) is time-independent up to time # = 0.

If X = (x,t) € V(®"(u°, ), with t > 0, then we can prove similarly that ©" (1, -) is
time-independent up to time ¢. Let = a > 0 be the maximal number such that ®” (.°, -)
is time-independent up to ¢ = a. Then one gets M(®"(u°, ) = V(O™ (u°, ) x
(—o0,al. O

DEFINITION 3.5.—Forzope X and p° € T.,(X), define dim(©™ (u°, ) by
di " (ub, - 2, if M@ (u°, ) =V (e (u°,- R
(e (u0..y) — | AV (O (1) 42, i M (O7 (1)) =V (O7 (1))
dim(V (©™ (1, -))), otherwise.
Now we are ready to prove the main theorem of this section.

THEOREM 3.6.— For 0 <k <m, let
T ={z0€ X: dim(@™ (u°, ) <k, Vi’ € T,y ()}

Then dim(X) < k for 0 < k < m, and X is discrete. In particular, ¥ = Xy U (X1 \
) U--U(Zy \ Zpet), and for P a.e. z € X, there exists at least one u° € T.(1)
such that

n’ =0"(u,z)(H" *LT,_,) x (L'LR).
Here T,,,_» C R" is a (m — 2)-plane.
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Proof of Theorem 3.6. — This is essentially an extension of the Federer’s dimension
reduction argument. It suffices to show that if P¢(X;) > 0 then d < k. Thus we only
consider such a d. First, denote A, =P, .(A) for A C R™*!, z € R™"*!, and A > 0. Let

C={V xR, or V: V C R" asubspace of dim(V) <k — 2}
U{V x R_: V C R™ asubspace of dim(V) <k}.
Then we have
CLAIM 3.7.—For any zo € Xy and r > 0 there exists n = n(z, &) > 0 such that for
any p € (0, ¢)
({w e P,(2): O (1, w) = 0O"(u,z) — n})z’p C &-neighborhood of C, (3.14)

for some C € C. Here g-neighborhood is measured with respect to the parabolic metric 5.
For, otherwise, there exist &y > 0, zg € 2, and p;, n; | 0 such that
Bi={z€ Pi(0): ®"(Pqy.p (W), 2) = O™ (1, 20) — ni }
¢ eo-neighborhood of any C € C.

On the other hand, we may assume that P, , (u) — ul e T,(n) and B; - B C
M@O™(u°, ) ={z € R™!: 0 (u’,z) = ®" (i, z0)}. By Lemma 3.4, we know that,
among the four possibilities of M(®"(u°,)), only M(O™(u°, ) = V(O™ (u’,-)) x
(—00, a] for some a > 0 is not in C. However, even for such a possibility, we can find
r; 1 0 such that P,,(u°) — w!, and by the uppersemicontinuity

O" (' w) = ©" (u,0) = 6" (1,0), Ywe V(0" (u',)) x R

this implies that M (®™(u°,)) C M(©®™(u',-)) € C. Therefore we get the desired
contradiction.

Now we proceed as follows. Let ¢; | 0 and decompose ¥; = Ui’q% Yk.iq» here Ty i g
denotes points where ®"(u, ) € ((g — 1)&;, g¢;) and Claim 3.7 holds with & = ¢;.
Therefore, for each i, there exists ¢; > 1 such that P¢(Zy ;) > 0. By the lower bound
for the upper density (cf. [16]), we know that there exist z; € X ; 4, and r; | O such that

PO ((Bhig)zrr) = 1077 (3.15)

Here P? > denotes the d-dimensional Hausdorff measure with size co. Moreover, for
each z € (Z,i4;);,., there exists C; € C such that

((®)kigi)., ,, — 2 C &i-neighborhood of C..
We may assume that (3 ;4,),.» — Z¢°. Then we have
X —zCC, VYzeX®, and P**(TX)=1077. (3.16)

Forany C € C,let 7% - ={z € X¢°: 6(C;, 0) < j~'}. Then for each j there exists C; €
C such that 75 = 577 . has positive P¢-measure. Therefore, there exist z; € X and



F. LIN, C. WANG / Ann. I. H. Poincaré — AN 19 (2002) 209-259 225

pj 4 0 such that
Pd’m((zf’c})?/am) >107 (3.17)

Assume that C; — Co € C and (%), ,; = . Then % C Cuo, P/(£®) > 0, and
3® — 7 C C whenever z € . In particular, we have X C C, N (—Cy). But we
note that if C, = V. X R_ for some vector subspace V,, C R™ then Coo N (—Cx) =
Vao. Hence P4 (V) > 0 implies that H¢(V,) > 0 so that d < k. For Co, = V,, or
Voo X R, we see Cop N (—Co) = Cq so that P4(X>®) > 0 implies that P¢(Cy) > 0 so
that d < k again. O

4. Generalized varifolds and rectifiablity of the concentration set

In this section, we first recall some of the classical theory of varifolds, which was
studied by Almgren [3,4] and Allard [6] (see also Simon [33] for details), and at the
same time we also recall the notion of generalized varifolds, which was remarked by
Almgren [4] and recently adopted by Ambrosio and Soner [1] in their study of the
dynamics of Ginzburg—Landau equations with complex values, and Lin [24] in the study
of mapping problems.

For simplicity, we assume, throughout this section, that M = R™. For 1 <[ < m, let
G, (m) denote the standard Grassmann manifold of /-dimensional unoriented planes in
R™. For a bounded domain €2 C R™, recall a [-varifold in €2 is just a Radon measure
in Q x G;(m), and let V;(L2) denote all /-varifolds in 2. The weight ||V || of V € V;(R2)
is mx(V), where m(x, A) = x:Q2 x G;(m) - Q. A set E C R™ is called [-rectifiable if
except a zero H' measure subset E can be covered by countably many /-dimensional
C' submanifolds of R™. A V € V;(R) is said to be [-rectifiable varifold if there exist a
[-rectifiable set E C Q2 and a locally H' integrable and a positive function @ such that
V =85, ;0 H'LE for H' ae. in Q, here T, E denotes the tangent plane of E at x and
87, denotes the Dirac mass at 7, E. Let RV;(€2) denote all [-rectifiable varifolds.

Now, we recall the definition of generalized varifolds from [1].

DEFINITION 4.1. — A [-dimensional generalized varifold V is a nonnegative Radon
measure on 2 X A; ,,, where

Ay ={A€R™™: Aissymmetric, trace(A) =1, 11, < A< 1,},

where I, denotes the identity matrix of order m. The class of all generalized [-varifolds is
denoted by V;*(2). Again, let |V || denote the weight of v € V;*(R2). Since G;(m) C A; ,
we know that V;(2) C V[ (£2).

DEFINITION 4.2.—For any given V € V;*(Q), the first variation of V, §V, is a
distribution on C}(S2, R™) defined by

SV(X)=— / DX(x): AdV(x,A), VXeCl(Q,R"). 4.1)

QXA

Here A: B =3, A;;Bjj for A, B € R™*™.V is called stationary if §V = 0.
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Note that if §V is a Radon measure, that is, if
18VII(G) = sup{|3V(X)|: X € C3(R. R"), [ X[l < L, spt(X) C G}
<C(G) <0, VGeEQ. 4.2)

Then the Riesz Representation Theorem implies that

(SV(X):/X(x),B(x)d||5V||(x), VX e Cé(Q,R’") (4.3)

here B is a |8V ||-measurable, S~ !-valued function. If ||§V || < || V||, then we have

V(X)) = /(H(x), Xx)dIlVI(x), VXe Cé (2, R™), (4.4)
Q

where H : Q2 — R™ is a || V|-measurable function, which we call the generalized mean
curvature of V.

Note also that the convergence of V € V;*(R2) is understood as weak convergence of
Radon measures on 2 x A; ,,. Moreover, if V,, — V, then 6V, — 8V as distributions. In
particular, if sup,, |6 V,||(A) < oo, then

I8VII(A) < liminf |8V, |(4) < o0, for A C Q2. (4.5)

To motivate the application of generalized varifolds to our problem, we give two
examples.

Example 4.3.—Foru € H'(Q, R*), we define V,,(x) = 3840 | Dul*(x) dx, where
28885 (x), i | Du|(x) #0

= { I ‘Du‘z ’
A(u)(x) 4.6)
I, 5, if | Du|(x) =0.

Then it is clear that A(u)(x) € A,—2.n. Hence V, € V*_,(€2). In fact, for any Borel set
B CQx Am—Z,ma

VM(B):% / | Du|?(x) dx

7(B)
where m(B) = {x € Q: (x, A,(x)) € B}. Itis clear that §V, is given by

sV, (X) = —/DX(x) :AdV,(x, A)

_ 1 : 2
_ 2/DX(x).A(u)(x)|DM| (x) dx

—_—

-3 (IDul?(x)div(X) — 2D;uD;uX]) dx.
Q
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In particular, if u € H'(Q2, N) is a stationary harmonic map (see, Bethuel [7] and [23] for
the definition and discussion), then we have § V, = 0 so that V, is a stationary generalized
(m — 2)-varifold in 2.

Example 4.4.—Fore, | 0, let u, € H' (R, R¥) be critical points of I, (-), namely, u,

satisfies

1
Auy + — f(uy,) =0, in €. 4.7)
€

n

Then it follows from [31] that

F(uy) m
=, ¥XeCy(Q, R™). (4.8)

8V (X) = — / divx
I
Q

In particular, if sup, I, (4,) < oo, then we may assume that u, — u weakly in
HY(Q, R*) and

e(u,)(x)dx — %IDulz(x) dx +v

as convergence of Radon measures in €2 for some nonnegative Radon measure v on €2,
and V,,, weakly converges toa V € Vr_,(£2). Moreover, it follows from Lemma 2.4 that

Flu) _ g, (4.9)

lim
n—00 grzl

Hence 6V,,(X) — 0 for any X € Cé(SZ, R™) so that §V =0 and V is stationary. In
Corollary 4.10 below, we show that v is a (m — 2)-rectifiable Radon measure and V =
V. + Vg, where Vg is the (m — 2)-rectifiable varifold, given by Vg =65, s60 H m=2Ly,
here X is a closed (m — 2)-rectifiable set, and v = H"2LX.

Now we start to discuss the generalized varifold flow, associated with solutions to
(1.3)~(1.4). For any ¢, | 0, let u,, € C*®°(Q x R,, R*) solve (1.3) and satisfy (see also
(1.6) and Lemma 2.1):

t
sup sup <//|81un|2+/e(un)(x,t) dx) <C < o0. (4.10)
n 0<t<oo
0 Q M

For any such a u,, we define a generalized (m — 2)-varifold V, € V¥ _,(Q2 x R;) as
follows

Va(x,t, A) =840 ,n(A)uy dt,  V(x,1,A) € 2 X Ry X Ap_om,
where A(u,) is defined by (4.6), and u}(x) = e(u,)(x,#)dx. Let m : Q2 X Ry X

Apm—o.m — 2 x Ry be the projection map at (x,?). Then we know that the weight
I Vall = 7x,04(Vi) = dt. In particular, sup, ||V, |[(G) < oo for any compact subset
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G C Q2 x R,. Therefore, we may assume that there exists a generalized (m — 2)-varifold
Ve Vy ,(2 x Ry) such that

ViV, Vall=pidi — ||Vl (4.11)

as convergence of Radon measures. Moreover, by Lemma 2.5, we know that ||V | =
s df. We can also represent V =V, || V| = V, ,u, dt, where for each (x,?) € 2 x R
V..: 1s a probability measure on A,,_, ,,. Note that for any compact subset G € 2 x R,
L' norm of —Du,d,u, on G is uniformly bounded. Hence we may assume that

—Du, 0;u,dxdt - o

as convergence of Radon measures on 2 x R, for some (signed) Radon measures o on
Q x R,.Since —Du,0:u, dx dt < e(u,)(x,t)dxdr, we have

oL pdt =V (4.12)

By the Riesz Representation Theorem, we know that there exists a H,(x) € LﬁVH(Qx,
R™) such that

o(x,t) = H,(x)u,(x)dz. (4.13)

Moreover, by the lower semicontinuity, we have

/ / |H, (1) dpe(x, 1) < lim inf / / ‘D:(Mf’nz“n

§2liminf//|8,un|2(x,t)dxdt < 0. (4.14)
n— oo
0

e(uy,)dxdr

Here we have used the Schwartz inequality in the last step.

LEMMA 4.5.—For L' ae. t € R, V, = il € V¥ () has its first variation
SVZ << I’Ll’ dnd 5‘/[ = Hfl’l/l With Hl S Lit(Q’ Rm).

Proof. —For Y € Cé(Q, R™),y € Co(R4, R). Denote V' = Va0t € Vi ().
Then

/)/(t)Sth(Y)dt:—/y(t)/DY(x):Ath"(x,A)
R R Q
:—%/y(t)/DY(x) : (|Dun|21m —2Du, ® Du,)(x,1)dx

/ y(@)DY (x): A(u,)(x, t) F(un)(x Hdxdr=1+411.

QXR+

For I, multiplying (1.3) by Y (x) Du,, and integrating it by parts, we have
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R{y(t) dtQ/Y(x)Dunatun

= [vwar [(au+ 5 rw) Y0 Du
Ry Q En

= [vwa [suyeonu+ [yna [ (252 )re
R, Q R Q

n

|Du, |*
= /y(t) df/(Mn’jMn’lYl)j — YD( > — M”’jM”JY]l-

n

1 F(uy,) .
:/y(t)dt/(ilDunlzdiv(Y) —u,,,,-un,ly;> —|—/y(t)dt/ ((; )dlv(Y).
Q Ry Q

Therefore,

RZY(I)!W[H(Y) dtz—ly(t)!YDunalun

- / (1)
Ry {xeQ: |Duy|(x,t)#0}

zun,iun,j Y,'] F(uy,)
|Du,|*> &2

By Lemma 2.4, we know that

F(un)

2
€y

fim [ @Dyl

QxR

(x,t)dxdr =0.

Therefore, by taking » into infinity, we have

/y(t)cSV,(Y) dt:nli)rgo/y(t) dt/Y(x)(—Dunatun)dxdt
Ry Ry Q

= [y [tH, v () du o

so that for L' a.e. t € R, ,8V,=H,u,. 0O
ForV e V> _,(2) and x € 2, we define

m—2 1 ” V”(Br(x))
© (”V”ax)—}gr(l)m 4.15)

Provided that the limit exists and a(m — 2) = |B{”_2|.
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Now we state the monotonicity formula for generalized [-varifolds V € V;*(€2), whose
first variation is a Radon measure. Note that the same formula was shown by Allard
(Theorem 5.1 of [6]) for classical [-varifolds V € V;(L2).

LEMMA 4.6. — Suppose that V € V;*(2) and |8V || is a Radon measure on Q. Then,
for any a € spt(||V||) and 0 < r < dist(a, 0L2),

d
IV B @) = / ISP dV(x, S)
dBy(a)

—r—l—lhfgsv(eg(|x|)x), (4.16)

where 0.(|x]|) € Cé (B, (a)) converges to the characteristic function of B,(a) as ¢ | 0 and
ISP = x> = [S(x) .

Proof. — The proof is exactly as same as that by Allard [5] for classical /-varifolds.
For 6, (]x|) given by the lemma, one has

ISt

|x|

vy = [ oan(i

By (a)xApm

) av (x, $) + 11V (6.(xD).

This can easily seen to imply (4.16). O

As a consequence, we obtain the existence of @”2(||V,|,-) for L' a.e. t € R, as
follows.

COROLLARY 4.7.—Suppose that {V:};~o is the family of generalized (m — 2)
varifolds obtained via (4.10)—(4.14). Then, for L' a.e. t € R, there exists a set E, C S,
with H"2(E,) = 0, such that ®"2(||V,||, x) exists for any x € Q \ E,. Moreover,
O™ 2(||V; |, -) is upper semicontinuous for x € Q\ E;.

Proof. — It follows from Lemma 4.5 that for L' ae. t € R,, H, € LﬁVtH(Q’ R™),
8V, =H,||V;|l, and lim,,_, o5 [, |0,u,|?(x, 1) < 00. In particular,

18Vl (B, (@) < Jim [ 10,4 Dus|
By (a)
1

<2(IVill (B, @)* lim ( / |atun|2) : 4.17)

By (a)

Hence Lemma 4.6 implies,

d —m —m—

5(# IV I(B,(a))) =r~""2 / |SH(x)[*dV,(x, S)
9By (a)

1

—2(r2—’"||vt||(Br(a>))%(nlggo 2 / |atun|2>2

By (a)
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> 2 / |SH () [*dV,(x, S) — r* " |V, ||(B,(a))

9By (a)
— ™ lim /|alun|2.
n—oo
By (a)

This implies that

d —m —m—
d—r(e’r2 IV I(B,(a))) =r "2 / |SH(x)[*dV,(x, S)
9By (a)

— lim / EXTHES (4.18)
By (a)
If we let
E = {a € Q: lim r>>™™ lim / ER7ME 1}.
r—0 n—o00

By (a)

Then, for any a € Q2 \ E,, there exists ry = ro(a) > 0 such that forany 0 <r < ry

Therefore, if we integrate (4.18) between 0 < ry < ry < 1o, then we get

(€213 ™IV l(Byy (@) + /r2) — (€17 " IVi N (Byy (@) + /1)

r
> /r_’"_z / 1S (x0) 2 dV; (x, S). (4.19)
ry B, (a)
This implies that ®@"2(||V,|,a) exists for all a € Q \ E,. Moreover it is upper
semicontinuous for a € 2\ E;. Now we want to estimate the size of E; as follows.

In fact, a simple Vitali’s covering argument implies that H" 2> (E,) < oo. In particular,
H™ 2(E,) = 0. This completes the proof. O

Note that, by (2.7) and (2.10), %, has locally finite (m — 2)-dimensional Hausdorff
measure for any # > 0. Now we have

LEMMA 4.8.—For L' a.e.t € R, there exists a subset F, C X,, with H"~2(F,) =0,
2
such that ©"2(|V, |, x) > %Ofor all x € ¥, \ F,. Here gy is given by Lemma 2.3.
Proof. — Define
G= {z € X: lim lim r>™ / 10,1, > > 83}.

r{0 n—oo
Pr(2)

Here X is the concentration set defined in Section 2 and ¢ is given by Lemma 2.3. Then,
by the Vitali’s covering lemma, we have P"2(G) < oo. In particular, P"(G) = 0.
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Therefore, for L' ae. t € Ry, H">(G,) =0, here G, =G N {t} C %,. Let F, =
G, U (E; N'%,), here E, is given by Lemma 4.7. Then it is easy to see H"%(F,) =0.
Now we want to show that for any a € %, \ F,, O"2(||V,|l, a) is positive. In fact, there
exists r, > 0 such that

lim #>" / |8,un|2<88, YO<r<r,. (4.20)

n—oo
Py(a)

Since a € %, it follows from [9] or [31] that for any r € (O, %“]
. 2 2 8(%
nll)rgor / e(uy)(x, 1 —r°) > >

Bor(a)

On the other hand, Lemma 2.1 implies

[ ez [ ewrnr=r)= [ loup

Br(a) By (a) Py (a)
1 1
-2 2\’ 2\°
(2 [ pwl) ([ 10mp)

PZr(a) P2r(a)

2
)
> / e(uy) (x,t —r?) — Cedrm=2 > Zor’"_z.
By (a)
Here we have used the fact that 7" [,, . |Du, |* < C. This implies that, for all 0 < r <
2 2
Fan iMoo 27 [ ) (1) > 2. Thus ©"2(|V, @) > 2. O

THEOREM 4.9. — Under the same notations as above. For L' a.e.t € R, V,L(Z; x
Ap—o.m) is a (m — 2)-rectifiable varifold. In particular, X, is a (m — 2)-rectifiable set
in Q.

Proof. — One can follow the proof of Theorem 5.5 of Allard [6]. Here we sketch
a slightly different proof. First, it follows from Lemma 4.8 that for L' ae. t € R,
there exists G, C %, with H"2(G,) = 0, such that ®"2(||V,|, x) is positive and
finite for any x € 3, \ G,. We can also assume that H" (%, \ G,) > 0 (otherwise,
we have nothing to prove). Moreover, since ®”~2(||V;]|, -) is upper semicontinuous on
%\ G;, ©"2(|| V||, x) is H™ 2-approximately continuous for H"~2 a.e. in X, \ G,. If
we represent V; = V, || V||, with V, , a probability measure on A,,_,,,, then V., is a
H™~2-measurable function with valued in the space of probability measures on A,,_5_,.
It is well-known that V, , is H™~2-approximately continuous for H"~2 a.e. x € X,.
Therefore, for H” 2 a.e. xy € X, the following four properties hold:

O*" (%, xo) = limsupr* " H" (X, N B,(x0)) >27""2, (4.21)
rl0

" 2(|V,|, -) is H™ 2 approximately continous at x,
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V. is H™2 approximately continuous at x,

A

lim = = [Hi(x0)| 0" (Vi ], %0) < oo. (4.22)

Based on these and the Geometric Lemma 2.4 of [23], we can assure that for any r; | 0,
there exists a subsequence r;» | 0 such that

Dyyry (Vi) = Voo H"2LT (4.23)

for some (m — 2)-plane T C R™, Now we want to show that 7 is independent of the
choice of {i'}. In fact, by (4.22), we have

Tim [|8(Dyg.r, (Ve))|| = im )" Dy Jall8 Vi oIl = 0.
1"—> 00 r'—00

Therefore
8(Viy H"’LT) =0

so that the constancy theorem for varifolds (see, Simon [33]) implies that V,, ;, = dr, i.e.
the Dirac mass at 7. In particular, T is unique. This proves that V;L(%; x A,,_2.,) is a
(m — 2)-rectifiable varifold. In particular, &, = spt(||V;||) is a H™2-rectifiable set. O

Finally, we derive some consequences of the Theorem 4.9. Let us first consider the
critical points of the Ginzburg—Landau functional.

COROLLARY 4.10 (Continuation of Example 4.4). — Under the same assumptions
as in Example 4.4. There exist a closed (m — 2)-rectifiable set ¥ C Q and a H" -
measurable function 8(2) <0 < 00 on 2 such that

(D) v(x) =0x)H" LY for H" 2 a.e.x € ¥, and

Vi, >V=V,+V(Z,0) (4.24)
as convergences of generalized (m — 2)-varifolds on 2, here

V(Z,0) =850 H"’LY.

Moreover, V is stationary, i.e., for any Y € Cé (2, R™),

1 .
/ E|Du|2div(1/) - Y wuY) + / divs (Y)0 dH™ 2 =0. (4.25)

Q 1<ij<m 5
(2) If. in addition, N = S*~'. Then

[)c
0(x)=> E(¢;.S%), forH" *ae.xeX. (4.26)
i=1

Here 1 <1, < 00 and ¢;: S* — S¥=1 are nontrivial harmonic maps for 1 < j <.
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(3) If, in addition, N = S?. Then 0 (x) = 4mn, for some positive integer n., for H" 2
a.e. x € ¥. In particular, ﬁV(Z, 0) is an integral (m — 2)-varifold.

Proof. — 1t follows from the static versions of Lemmas 2.1-2.3 for u, that the
concentration set is given by

T={xeQ: & <O (|V],x) <oco}={xeQ: @ (|V],x) >0}
Moreover, as in Example 4.4, §V = 0. Therefore, Theorem 4.9 implies
VL{(x, A): @"2(|V],x)>0,A € Ap_z} =61,s0" (V| x)H" °LE

is a (m — 2)-rectifiable varifold. In particular, X is a (m — 2)-rectifiable set. Moreover,
since u, — u in C|. (2 \ Z, RY), we have

1
VLQ\ Z) X Ap_gm = §3A(u)|DM|2(x)dx.
Therefore, we obtain (4.24) and (4.25). This proves (1).
The conclusion of (2) comes from the Theorem B of [32] (one can also see Section 6
below). Part (3) follows from (2) and the fact that any nontrivial harmonic map from S?
to S? has energy equal to 47rn for some positive integer n. O

Recall that a stationary harmonic map u € H'(Q, N) is a weakly harmonic map,
which satisfies

/lDu|2diV(X)—2 > wu;Xi=0, VX eCy(Q, R"). 4.27)
Q

1<ij<m

By quoting the result by Lin and Riviere [27], we can obtain

COROLLARY 4.11.—Let {u,} C H'(Q2, N) be stationary harmonic maps. Assume
that u, — u weakly in H'(Q,N), 3|Du,[*(x)dx — 3|Dul*(x)dx + v for some
nonnegative Radon measure v on 2, and V,, — V as convergence of generalized
(m — 2)-varifolds. Then

(1) There exist a (m — 2)-rectifiable close set ¥ C Q2 and a H" > measurable function
8(2) <6 < 0o on Q such that v(x) =0 (x) H"2LE(x) for H" 2 a.e.x € X.

2)V =V,+ V(X,0) and is stationary, i.e., for any Y € Cé (2, R™),

1 ,
/§|Du|2divY— > wu;Y! +/div2 YOAH" 2 =0. (4.28)
P

P 1<ij<m

(3) If. in addition, N = S*~'. Then 0 (x) = Zﬁ;l E(¢;, S?) for H" 2 a.e. x € %, here
1</, <ooand ¢;: S?2 — Sk=1 s a nontrivial harmonic map. Furthermore, if k = 3,
then 0(x) = 4mn, for some positive integer n,, for H"~2 a.e. x € %. In particular,
ﬁV(E, 0) is an integral (m — 2)-varifold.
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5. Generalized varifold flows and the Brakke flow

In this section, we will prove that the limiting pair (u, v, df) satisfies the generalized
varifold flow, which will be defined below. The generalized varifold flow implies that
{vi}:>0 is a Brakke flow of (m — 2)-rectifiable varifolds, under the extra assumption that
u is in the class of “suitably weak solutions” to the heat flow of harmonic maps, which
requires that the energy equality (2.1) holds. Similar notion of suitably weak solutions
to the Navie—Stokes equations was introduced by Cafferalli, Nirenberg and Kohn [12].
A stronger class of weak solutions behaving like parabolic stationary harmonic maps
was introduced by Chen, Li and Lin [10] and Feldman [17].

We will use the same notations in Section 4 throughout this section. We first apply
Theorem 4.9 to express the varifold V, for L! a.e. t > 0.

LEMMA 5.1.— For L' a.e. t > 0, we have

1 _
V, = §8A<u<.,,>>|Du|2<x, Hdx 4+ V(Z, 0" 2|V, ). 5.1

Proof. — It follows from Lemmas 4.54.8 that for L' ae. t > 0, §V, = H,| V|,
H, € Lj, (R, R™), &5 <O"2(|V;||, x) < oo for H" % a.e. x € X, here &, = £ N {1}
and ¥ is defined by Section 2. Therefore, Theorem 4.9 implies that V,L(%3; X Ay_2.m)
is a (m — 2)-varifold and

VLS, =87,5,0" 2(|Vill, x) H"°LE, = V(Z;, " 2(| Vi1, ).

Since, on Q2 \ X,, we have u,, — u in ClloC so that V,, .,y = Vi on )\ Z,. Therefore,

1
VIL(Q\ X)) = 53A<u(.,m|Du|2<x, t)dx.

Combining these two facts, we obtain (5.1). O
The next Lemma shows that generically H,(x) € (T, Z,)*.

LEMMA 5.2.—For L' a.e. t > 0, we have
H/(x) LT.%,, forH" ?ae xec¥%,. (5.2)

Proof. — This can be proved by the Young measure method. Let M™* denote the set of
m x k matrices and consider Radon measures W, on Q x R, x M"* by

Wi(x, 1, A) =8 pun (. (A)e(u,)(x,1)dxdr.

[Dun]|

Define ¢ : M"™ — Ap—a.m by ¢(A) =1, —2A" A. Then we see that ¢4(W,) =V, , here
V.., 1s the generalized (m — 2)-varifold on 2 x R} x A,,_» , defined in Section 4. Since
we can assume that V, — V =V, ,u,dt and W,, - W = W, ,u, dt for some probability
measures V., on A,,_»,, and W, , on M"™* we then have Vi = ¢u(W, ;). Since, for
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L' ae.t >0, Lemma 5.1 holds. Therefore, for L' a.e.t >0, V, , = 87,5, for x € T,. In
particular, for H" % ae. x € X,,

/ (Im — 2A’A) dW, (A) = / AdV, ,(A) =T,%,.
Mmk Am72.m
For any unit vector e € T, %,, we then have

1 = (TxEt(e)v e)
_ <e, / (I, — 24 A) dWx,f(A)(e)>

Mmk
=1-2 [ |A(e)*dW, ,(A).
Mmk

Hence, for H" 2 ae. x € ¥;, |A(e)| =0 for W, , a.e. A € M™*. This implies that for
H" 2 ae. x € X, the support of W, , is contained in E(A) ={A = (Ay,..., A"
span{Aj, ..., A} C (T, =,)*}. Note also that if we define Z, = (S@LnlalunDundxdt,

then Z, <« W,. Therefore, if we assume that Z, — Z on Q x R, x M"¥ then Z < W
and there exists a vector valued function Z, ; on M mk such that Z = Zy W, sty dt. Since
(. )42y = Ouy Duy, dx dt — —H,(x)u, dt, we have

—H(x) = | Z(A)dW,,(A).

M

We now claim that for H" 2 ae. x € %, Z,:(A) € spt(W, ), which clearly implies

H,(x) € (T, X,)*. In fact, since d,u, Du, € E(|gZ:\)’ we have

/d' t(A dz, )d||Z (A) =0
18 T n =
. dll Z, |l

Mm

taking » into infinity and by the lower semicontinuity, this gives
) dz
/ dlst(A, —) d||Z] =0.
d|Z||
Mmk

This also implies that for W, , a.e. A € M, Z, ,(A) € spt(W,,). O

Now we prove an energy inequality for the limiting Radon measures v, n. Assume
that

1
e(u,)(x,1)dx — §|Du|2(x, t)dx + v,

18,1, > (x, £) dx dr — |9,u|*(x, ) dxdr + 7

for some Radon measures {v;},.¢ on 2 and n on 2 x R,. Then
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PROPOSITION 5.3 (Energy inequality). — Under the same notations as above. We
have, forany 0 <t <t < oo and ¢ € Cé(Q, Ry),

/ %¢<x>|Du|2<x, 1) + v () — / %¢<x>|Du|2<x, 1) — vy (@)
Q Q

<= [ (0uPe+DgduDu)
Qx[t,02]
— [ @dn—{(T.Z0) Do H) A1V, . (53)

)
E,l

Here v,(¢) = [o ¢ (x)dv,(x), fo =YX NR™ x [t, 1], and (T, ;)" denotes the normal
space of ¥, at x.

Proof. — By taking » into infinity in the equality (2.1), we have

/1¢<x>|Du|2<x L) + v <¢)_/1¢<x)|1)u|2<x 1) — v, (9)
3 , I th ) > M1 1
Q Q

- / ¢|atu|2—/¢dn+ / (D@, H,)d|V, | dr. (5.4)

Qx[r1.12] > Qx[t1,1]

B

Sine d,u, Du, — 0,uDu strongly in L2 (2 x Ry \'X), Hdu, = —d,uDudx on

loc

Q x R, \ X. Therefore, by Lemma 5.2, we have

/ (Do, H)d||V, || dr = — / Dd,uDu + / (Do, Hy) d,

Qx[r1,12] Qx[r1,12] E;f

= / D¢8,uDu+/<(TXZI)LD¢,H,>dpL,.

Qx[t1,12] 2;2
1

This gives (5.3). O

COROLLARY 5.4. — Under the same notations as above. We have, for any 0 < t; <
nh<ooand ¢ € CH(2, Ry),

1 1
/ SSOIDUP (1) + 11, () - / SSIDUP 1) = v, (@)
Q Q
<= [ (0uPe+DyduDu)
Qx[t1,12]

1
_/<§|Hz|2¢_<(Tx(2t))LD¢,Hz>> d[|V; |l dz. (5.5

)
E’l
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Proof. — 1t suffices to prove

/ ban>3 [ 1 26 dv, d. (5.6

1

To see it, we note that, for P™ a.e. zg = (xo, fp) € X, by the Schwartz inequality, we have

| 1ty Duy|\ 2
|Hyy(xo)|? <11m llm( Jpoco) 9 )
e fPr(ZO) e(uy,)

|0,u, |
< 2 lim lim L2 %4l
ri0nloo [, (z0) €(tn)

Hence

| Hy (x0)? dpe(z0) < 2lim lim / 18,1, 2
rl0 n—oo

Pr(z0)

=2lim ( / |0, + n (P, (ZO)))
Pr(z0)
< 2dn(zo).
This gives (5.6). O
Now we give the definition of generalized varifold flow for a pair (v, n, dt).
DEFINITION 5.5.—Let v € H,!

L (Q x Ry, N)NL®(Ry, H'(2, N)) and {n,}1>0 be
nonnegative Radon measures on 2. We say that the pair (v, n,dt) is a generalized
varifold flow, if the following holds

(1) v is a weak solution to the heat equation of harmonic maps, i.e. satisfies (1.0) in
the sense of distribution.

(2) For L' a.e.t € R, n, = ||V, || for some (m — 2)-rectifiable varifold V, € V,,_»(R2),
8V, = H,||\V;||, and H, € L}, (22, R™).

B)Forany0<s<t<ooand ¢ € CO(Q R.), we have

/5|Dv|2(x,z>¢(x>+n,<¢> —/5|Dv|2<x,s>¢(x> (@)

Q Q
—//(|8,v|2¢+D¢a,va)
s Q
- / / (SH 0 — (T, A) D, H,(x))) du, dr. (5.7)
s A;

Here A, = spt(n,).

One of the main theorem of this section is to show that the limiting pair (u, v, df)
obtained from the limiting process of sequences of solutions to the heat flow of the
Ginzburg-Landau functional, i.e. solutions to (1.3)—(1.4), is a generalized varifold flow.
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THEOREM 5.6. — Under the same notations as above. The limiting pair (u, v, dt) is a
generalized varifold flow.

Proof. — By comparing (5.5) and (5.7), we know that in order to show the pair (u, v, dr)
is a generalized varifold flow, it suffices to improve the % factor in front of the term

f; Iz, ¢ (O H; (x)|? of (5.5) to 1. In other word, we need to prove

LEMMA 5.7.— Under the same notations as above.

/¢(X)IH;(X)|2dvx(X)dt < /d)(X)dn(x,t) (5.8
= =5

forany 0 <t <s <ooand ¢ € C{(Q, R,).

Before we prove Lemma 5.7, we would like to remark that (5.8) also follows from the
energy quantization Theorem 6.1 of Section 6 below, which is only proved at present
under the assumption that N = S¥~! however. Here we present a different proof of it,
which is valid for all manifold N.

LEMMA 5.8. — For P™" a.e. z = (x,t) € X, we have

lim lim " /(leun|2—|Dyun|2)dxdt:0, (5.9)
Pr(Z)
lim lim »~" / Dty Dyt dx dr = 0. (5.10)
ri,On—)OO
P (2)

Here (x,y) is the coordinate function of (T, X,)".

Proof. — First note from the proof of Theorem 6.1 of Section 6 below that for P a.e.
z0 = (X9, tp) € X, the following properties hold:

lim lim ™" / e(u,) = ®'”_2(I|Vzoll, X0), (5.11)
r{0 n—oo
Py (z0)
lim >~ / 18,0, 2 =0, (5.12)
Pr(z0)
11151(;»2—'" / |0,ul® +r™ / |Du|2) =0, (5.13)
Pr(z0) Pr(20)
. : —m 2 __
lrlg)lnll)rgor / |D.u,|” =0, (5.14)
Pr(z0)

where z is any vector in the (m — 2)-plane T, ¥,, C R™.
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For any such zo = (x¢, fp), we identify T %, = {(0,0)} x R™? and write the
coordinate of R™ as R™ = {(x, y,z): (x,y) € R*,z€ R"2}.

Forr, | 0, let v,(x,t) = u,(xo + rpx, to + r,ft) : P(0) — R*. Then we know that v,
solves (1.3), with ¢, replaced by €, = f—: — 0, and

v,(x,y,2,1) — constant in C (R™™\ R"? x R, RY),

e(uy)(x,y,z,t)dxdydzdr — O™ 2(| Vtoll,xo)(Hm_zLR’”_z) x (L'LR), (5.15)
(IDyv,|* = |Dyva ) (x, y, 2, t) dx dydzdt — a(z, ) H" ?LR™"? x L'LR,  (5.16)

D,v, Dyv,(x,y,z,t)dxdydzdt — B(z,t) H" *LR™ % x L'LR (5.17)

as convergences of Radon measures on P,(0), for some measurable functions «, § on
R™=2 x R. Observe that (5.9) and (5.10) are equivalent to

/ a(z,t)dzdt = / B(z,t)dzdt =0. (5.18)
B"2x(=1,1) B"2x(=1,1)

In order to prove (5.18), we need the Pohozaev identity for v, as follows. For X €
CL(By', R™), multiplying the equations of v, by X (x, y, z) Dv,(x, y, ), we get
/ 9,0, DV, X = / e(v,)div(X) — Zvn iUn i X (5.19)
P(0) P2(0)

Note that (5.12) implies

lim [ 0,v,Dv, X =0

n—oo
P

and Lemma 2.4 implies

/e(vn)diV(X)z / %|Dvn|2div(X)+O(n_1).

P2(0) P,(0)

Hence, for X = (X', X?,...,X™) e Cé(Bé", R™), we have

/—|Dvn 2div(X) = /—|Dvn| X+ X7) +Z / ~|Dv, |’ X’

P2(0) P2(0) 7=3p5(0)
j 1 2
- Z / vn,ivn,in] - Z / vn,i(vn,xX,' + vn,yXi)
ISISmp, (0) ISPy (0)

_ Z /vn’j(vn’xX)’c—i—vn,yX{,)
3SISMPy(0)
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= [ (o PXE 00, PX3) vy (X2 + XD) 007
P2(0)
:Il +12+I3+I4+15+I6+O(I’l_1).
It follows from (5.14) that
13 + 14 + 15 = O(I’l_l).
Hence
1 -
/ §|DU,,| div(X)
P2(0)
- / l|Du (X} +X2) +Z / 1|Dv B¢
2" —~ J 27
P,(0) 7=3p,0)
- / (lonaPX 5 4 100y PX3) 4 v cvny (X3 + X)) +0(n71). (5.20)
P2(0)
By choosing X = (0,0, X3, ..., X™), we then get

/—len| div(X) = Z / ~|Dv,I’X) +0(n™") (5.21)

Py(0) J=3p5(0)
this, combined with (5.19) and (5.20), implies
1
[ 300 10, P) () 4 X2)
P2(0)

= / (Vnx X5 4 [0y PX3) + vaxvny (X3 4+ X)) +0(n71). (5.22)
P(0)
In particular, one has

/ (IDyval? = [Dyval?) (X5 — X}) —2 / Dyv, Dyv, (X7 + X)) =0(n"").
P2(0) P2(0)
Therefore, we get
/ (a(z,0)(X; — X}) —2B(z. 1) (X; + X}) =0 (5.23)
Bl 2% (—4,4)
for any X', X? € C{(BY"). Now choosing X!(x,y,z) = x¢(x,y,z) and X? =0 for

suitable cut-off function ¢ € C(l)(BQ"), one can see

/ o(z,t)dzdr =0.

B" 2% (~1,1)
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Similarly, by choosing X2(x, y,z) = y¢(x, y, z) and X' = 0, we obtain

/ B(z.1)dzdt = 0.

B"2x(~1,1)

This completes the proof of Lemma 5.8. O

Proof of Lemma 5.7.—Note that Lemma 5.8 guarantees that for P a.e. zo9 =
(x0,70) € X

/|fn|2= / g2 =1+0(rn"), /fn-gnzoo:n—l). (5.24)

Pr(z0) Pr(z0) Pr(z0)
Here
V2D, u, V2D,u,
fl‘l = 2 7 1 gn - 5 ) 1
(fp, a1 Dsttn 2 + | Dy 2)) 2 ([, 20y (I Dsttn 2 + | Dy, 2)) 2

Therefore, applying the Parseval’s inequality, we have

2 2
o 2 g / /
tim tim [ 100, >tim tim ([ duit,) + ([ s,

Pr(z0) Pr(z0) Py (z0)

substituting f,, and g, into the inequality and using the fact that

lim lim " / |D.u,)*> =0

r¢0n—>oo
Py (z0)
we have
o« dupnDuy)> 1
lim lim Jr, o Bittn Dt <lim lim - / EXTHES (5.25)
A= [, JIDu P o)

Pr(z0)

On the other hand, we know that for P a.e. zg = (xg, fy) € X2,

d,u, Du,|?
| H,, (x0)]* dpty (o) < lim lim 2| S & 2 |
rl0 n—o0 fPr(Z()) |DMn|

Therefore, we have

| Hy, (x0)|* du (xo, o) < lim lim / 10,1, |* dx dt
rl0 njoo
Pr(ZO)

=tim [ [l + (P Go) = limn (P (o).

Pr(z0)
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This clearly implies

/¢(X)|Hz(X)I2duf(X)dt</¢(X)dn(x,t), V¢ cClQ.RY. O
N »s

Once Lemma 5.7 is proved, we see easily that Theorem 5.6 is proved as well. Now we
introduce the notion of suitably weak solution to the heat equation of harmonic maps.

DEFINITION 59.—Amap u € Hléc(Q x Ry, N)NL®(R,, H' (R, N)) is a suitably
weak solution to the heat equation of harmonic maps, if:

(1) It is a weak solution to the heat equation of harmonic maps (1.0).

(2) It satisfies the energy conservation law as follows. For any 0 < t; < t, < 00 and

¢ € CH(Q, Ry,

1 1
/5|Du|2(x,zz>¢<x> —/5|Du|2(x,z1>¢(x>

Q Q
= —//(|a,u|2(x, ¢ (x) + Dpd,uDu). (5.26)
n Q

We would like to remark that it is easy to check that any smooth solution to (1.0) is a
suitably weak solution.
A direct consequence of Theorem 5.6 is

COROLLARY 5.10. — Under the same assumptions as in Theorem 5.6. If, in addition,
that the weak limiting map u € H! (Q x Ry, N) is a suitably weak solution to (1.0).
Then, the defect measures {v,},;> satisfies: for any 0 < s <t < oo and ¢ € CH(Q, R,),

b () — vy($) < — / / (SOIH @) — (T, D (x), Hy(x))) dv, () dr. (5.27)

s X

Now we want to show that (5.27) actually implies that {v;},>0 is a Brakke flow.
First, let us recall the definition of Brakke flow given by Illmann [20], which is slightly
stronger than the original definition by Brakke [8].

DEFINITION 5.11 ([8,20]). — Let v be a Radon measure in Q and ¢ € C3(Q2, R.), we
set

B(v,¢) = —/(¢|H|2— ((T,v)* D¢, H)) dv
Q

provided that the following three conditions hold
(1) v=|V| in{¢ > 0} for some V € RV,,_»(R2),
(2) sV=H|V|in{¢ >0},
(3) HeLj, (¢ >0}, R™).

Otherwise, we set B(v, ¢) = —o0.
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DEFINITION 5.12 ([8,20]). — Let {u,};>0 be Radon measures on Q2. We say that
{s}i>0 is a Brakke flow if

Doty(¢) =limsup 2@ =1 @) 5 ) (5.28)

s—t s —1
forallt >0and ¢ € C3(RQ, R,).

THEOREM 5.13. — Under the same assumption as Theorem 5.6. If, in addition, that
u € Hlf)c(Q x Ry, N) is a suitably weak solution to (1.0). Then {v;};>¢ is a Brakke
Sflow.

Proof. — First it follows from Section 4 and Lemma 5.2 that for L! a.e. r € R, we
have (a): v, = || V;|| for some V, € RV,,_»(R); (b): " (| V;||, x) > ? for H" 2 a.e.
x € %p; (¢): 8V, = H,||V;|| with H, € LﬁVt\I(Q’ R™); (d): H,(x) L T,||V,|| for H"? a.e.
x € 3,. Now we argue that (a)—(d) and (5.27) are sufficient to show (5.28) for {v};>o.
To see it, let us check the upper right derivative D of v, for ¢ > 0, the proof for lower
right derivative is similar for 7 > 0. Let

l N
L =limsup—— //(¢|Ht|2 — (D¢, H,)) dv, dr.
t Q

st N

Note that (5.27) implies L > D, v;(¢). If L = —oo, then D v,(¢) = —00 so that (5.28)
holds automatically. Hence we assume that L > —oo and D v,(¢) > —oo. Lets; | t be
such that

17
lim — //(¢|Ht|2 (D¢, H,))dvdi =L (5.29)
i—>o0 §; —t A
and 1; € (¢, s;) be such that (a)—(d) hold at #; and
[ @IH 1 = (T2, Do, H,) dv, < ~L+0( 7). (5.30)
Q

By the compactness theorem of Allard [6], we may assume that V;,, — V in {¢ > 0} x
Gu—2m for some V € RV, _,(2). Moreover, by the result of Ilmanen [20] (cf. also
Lemma 2.5 of Section 1), we know that ||V|| = v,. There exists a H € LﬁV”(Q, R™)
such that §V = H||V| = Hv, and

/(<z>|H|2 (TS, H)) d,

Q

<timint [ (914, ~ (T.%,)* Dy, H,)) dv, = L.
1—>00
Q
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Therefore

Dy (@) <L < / (PIH? = (T,Z,, H))dv, =B(v;,¢). O
Q

We end this section with the following remark.

Remark 5.14. — (1) It follows from Proposition 5.3 of Ambrosio and Soner [2] that
the Brakke flow is also a distance solution to the mean curvature flow. Therefore, under
the condition that u is a suitable weak solution, Theorem 5.13 implies that {v;},>¢ is a
distance solution to the mean curvature flow.

(2) Under the assumption that u is a suitable weak solution. If vy = o H" LT,
for some o > 0 and a closed (m — 2)-dimensional Riemannian manifold I'y. Let
{I'; };ef0,7) 1s the smooth mean curvature flow. Then there exists a nonincreasing function
a:[0,T) — [0, a] such that v, = a(t) H" >LT, fort € [0, T) (see Proposition 4.5 of [1],
and also [25,22]).

6. Energy quantization of the energy density function

Throughout this section, we assume that N = S*~! ¢ R and m > 3. We will show
that, for P a.e. zo = (xo, fo) € X, the density function ®" (|| Vi, Ils Xo) is the finite sum
of energies of harmonic $2’s (i.e., nontrivial harmonic maps from $2). In the static case,
this type of quantization result was first obtained by Lin and Rivieré [27] for stationary
harmonic maps, and then Lin and Wang [32] for critical points for Ginzburg—Landau
functionals. Our results here can be viewed as the parabolic extension of that of [27,
32]. For m = 2, this type of quantization result is called as energy identity or bubbling
phenomena by people (see, [34] and [32] references therein). Let’s consider the heat
flow of the Ginzburg—Landau functional here, the corresponding result for the heat flow
of harmonic maps is treated in Section 7.

The main theorem of this section is

THEOREM 6.1. — For P™ a.e. zo = (xo, ) € X,

I

O"2(IVill, x0) = > E (i, $%) (6.1)

i=1

for some 1 <1, < o0, here ¢; : 8% — S=1 (1 <i <1,,) are nontrivial harmonic maps.

Proof. — Let us first list all the necessary facts needed, which can be found from
Sections 3, 5, and [31]. The following properties hold: For L'aetye R,

lirgo/la,unlz(x,to)dx < o0, 6.2)
Q
lim lim 2" / 18un | < 00, for H" 2 ae. x € 5y, 6.3)

By (x)
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and, for P™" a.e. zo = (xg, fp) € 2,

2 -2
&5 < O™ (VI x0) < 00,

lim lim 2" / |8,u,|> =0,

r¢0 n—00
Pr(z0)

®" (u, zp) is P™ approximately continuous at z,

lim lim ™ / |Dru,|* =0, VT eT,%,,

r}0 n—o0
Pr(ZO)

lim r " / |Du|* + r?|9,ul> =0,
rl0
Pr(z0)

and, for L' a.e. 1 € R, we have, for H"?ae. xy€ pIFS

O 2(|l Violls x0) is H m=2 approximately continuous at xo.

(6.4)

(6.5)

(6.6)

(6.7)

(6.8)

(6.9)

Let us now pick up a zo = (xg, fp) € X such that (6.2)—(6.9) all hold. Moreover, we may
assume that 7,, %, = {(0,0)} x R"2={(0,0,Y): Y € R™2}, and write x = (X, Y) €
R? x R™2 for x € R™. For any r, |, 0, define the rescaling maps v, : P,(0) — R* by

letting v, (x, 1) = u, (xo + rnX, to + r2t). Then, we have,

lim [ |Dyv,|*+18,v,|* =0,

n—>00
P1(0)

v, — constant weakly in H'(P5(0), R),

e(v)(X,Y,t)dXdY dt — v, dt

as convergence of Radon measures on P,(0). Similar to [31], we have

CLAIM 6.2. -V, dt = @ 2(||V,|l, xo) H">LR™~% x L'LR, on Py(0).
To see this, let ¢ € Cé (B?, R,) and define f,, gn, h,: R" 2 x R — R, by

fuol¥, ) = / cW)(X, Y. Np(X)dX,  ga(Y.1) = / 19,0, 2 (X, Y. 1) dX
BZ

2
Bl
and

ho(Y, 1) = / Dyv (X, ¥, 1) dX.

2
Bl

(6.10)
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Then (6.10) implies

n—oo

lim / 20 (Y, 1) + hy (Y, 1)dY df =0, ©6.11)

B 2x(=1,1)

For 1 < j <m —2,Y; and t-derivative of f, are as follows.

n

d 1
J
B}

2
Bl

1
:—/¢(Axvn + _zf(vn)>DY,'Uﬂ
e )
B? !

1

_/Dx¢DXUnDijn+/DyivnD}z/iijnQS
By B}

d
:—/¢3zvnDy_,Un —/Dx¢DxUnDy_,-Un + R/¢DY1UnDY_,-Un
B? B? "B

= M 4 divey £2. (©12
Here
I n=— /(DX¢DXU’!DY./‘ Un + $9;vn Dy;vn)
B}
and

fRY, 1) = </¢Dylvan,vn,...,/¢DymzvnDijn,O)

2 2
Bl Bl

d 1
agn(Yv t):_/<AXvn+gf(vn)>alvn¢

bt
- / Dy Dy v, 9,0 + / ¢ Dy, v, Dy, (3,0,)

2 2
Bl BZ

d
- —/|atvn|2¢ —/vaan(/)a,vn o /¢Dy,.vna,vn
BZ BZ le

=g! + divy., g (6.13)
Here

g (V1) =— / (19:a26 + Dy vn Dxdd,v,)

2
Bl
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and

(Y, 1) = </¢Dylvn8,vn,...,/¢DymZUHB,UH,O)

By By
Note that (6.10) implies
2
nlif{}oZ;(||ferLl(B;"—2x(—1,1)) + HgiHLl(B;”—zx(—l,l))) =0. (6.14)

Based on (6.12), (6.13), and (6.14), we can apply the Allard’s strong constancy
Lemma [5] as in [23] or [31] to conclude the Claim 6.2. Moreover, one has

nll)nc;lo ||fn(Y’ t) — ®m—2(” ‘/to“’ x0)|}L1(B;"72X(—1,1)) =0. (615)

Therefore, for any 6 > 0, there exists Es C B{”_Z x (—1,1) with |Es| > 1 — & such that

lim sup | £, (Y, 1) = ©" (| VI, x0)| =0. (6.16)

=00 (y 1\eE;

In order to prove that ©" (|| Vi Il Xo) 1s the sum of energies of finitely many harmonic
§%’s, it suffices to prove that f,(Y, ) converges to the sum of energies of finitely many
harmonic §2’s, for (Y,t) € Es. Now we define the local Hardy-Littlewood maximal
function for a function f € L'(B" ™2 x (—1, 1)), with respect to the parabolic metric in
R"™2 x R, as follows

M(f)(Y,t):sup{r_’" / (f)(z,s)dyds,P,(Y,t)CB{"‘z><(—1,1)}.
P.(Y,t)

Then the weak (1, 1) estimates implies that there exists Fy' C Bf"_z x (—1,1), with
|F§'| > 1 — 6, such that

lim M(g, +h,)(Y,1)=0, V(Y.1) € Ff, (6.17)
Tim M(f)(Y.1) SCO"*(IIVyyll, x0), V(Y1) € Ff, (6.18)
lim M(p)(Y.1)=0, V(Y,1)€Fy, (6.19)

where

1

Y, )= [ 5 F(u,)(X,Y,1)dX
3
B? "

here g, = f—: — 0. Now we try to prove that for any (Y, ) € Es N Fy'

[
Lim f,(Y.n=) E(¢;,5) (6.20)

j=1
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for some 1 </ < 00, here ¢; : S* — §*~! (1 < j <) are nontrivial harmonic maps.
Step 1. First Bubble.
This step has been carried out in [31]. Here we give a slightly different proof. For any
given (Y,,t,) € Es N F{,let X, € Bf and §,, > 0 be such that
2

2
—_“0 _ .Y 2
/e(vn)(X, Y. t,)dX = com) —max{ / e(v,)(X, Y, t,)dX: X e B%}. (6.21)

2 2 v
Ba,. Ba,. (X)

Here ¢y > 0 is given by Lemma 2.3 and C(m) > O is a large constant to be chosen. It
is not difficult to see that X,, — 0 and §,, — O (cf. [23] and [31]). Moreover, as in [23]
and [31], we can apply (6.12)—(6.14) to get, for any X € B,

2

28,)" / e(u)(X, Y, 1)dX dY df < &2 (6.22)
B2, (X)xBys 2 () X (ty—487.1n+462)
and
g2
5o / e(v)(X. Y. dX dY dr > 2. (6.23)
B} (X)X By ™2 (Ya) X (1g =83 ta +87)
We let

W (X, Y. ) = 0, (X + 8, X, Yo+ 8, Y, 1, + 821).

Then Lemma 2.3 implies
w, = w in CL (R* x By~ x (—4,4), RY).

Moreover, (6.14) implies that 9,w = Dyw = 0 so that w(X,Y,t) = w(X) : R> — S¥!
is a harmonic map with positive and finite energy, which can be lifted to a nontrivial
harmonic map from S? to S*~!, named as ¢;. By repeating all the possible blowing-up
at different points and scales, we can get

[
O" (|| Vil, x0) = lim f, (Yo, 1) =Y E(é;, S?) (6.24)
n—oo
j=1

for some [ =1/, <O Violl, x0)/ 8(2), and some nontrivial harmonic maps ¢; 52 -
ST1<j< l)

Step 2. (6.24) is an equality.

To achieve this, it suffices to show that there is no energy concentration over the
neck regions between two bubbles at the same point. This step is very similar to that
of [32]. The idea is to use the interpolation between L*! and L*>* norms of Dv, over
the neck region, which has been recently explored by Lin and Riviere [27] in the context
of stationary harmonic maps in higher dimensions, and [28,32] in the context of critical
points of Ginzburg—Landau functionals. For completeness, we sketch it here. First, we
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observe that by an induction argument on [ it suffices to show that (6.24) is an equality
for [ =1 (cf. [14] for m =2 and [27,32] for m > 3 for the induction argument).

CLAIM 6.3. — For any ¢ > 0 and sufficiently large R > 0, we have

1
/ e(V)(X, Yy, 1,)dX < &2, VRS, <r < 5 (6.25)

B2 (Xw)\B}(Xz)

For, otherwise, one can argue exactly as in [32] to conclude that one can rescale v,
suitably to get a second bubble, which would contradict with / = 1.

Now one can apply the Allard’s strong constancy lemma (cf. [5] and [32]) and Lemma
2.3 to conclude that

Ce?
n Xath < 626
N P = e ey A RA (620
for 2R6, < |X — X,,| < i, 1Y —Y,| < X=X X”‘ Lt —1,] < & . In particular, we have
W)X, Y, 1) < Ce’ (6.27)
e v}’l ’ ’ X T~  ~ 0 .
|X_Xn|2

for 2R3, < |X —X,| < 1. 1Y —Y,| < RS, |t —1,| < R?S%. Hence, if we let w, (X, Y, 1) =
V(X + 8, X, Yy + 8,Y, 1, + 821), then we have

2

1
V2R < |X| < —.|Y| <R, [t| <R (6.28)

(X, Y ) < —, )
ewn) (X Y1) < 5 v

This implies that Dw, (-, Y, t) € L>*(B?>
and

U1 \ Bag) forany (Y, 1) € By 7> x (= R%, R?),

Sup ||Dw”(', Y, t)”LZoo(BZ \BZ ) < CS. (6.29)
m—2 2 p2 (4571)_1 2R
(Y,1)eBR "X (—R*,R%)

Here L>* denotes the Lorentz space with index (2,00) (see Ziemer [38] for the

definition). Now we try to estimate the L>! norm of D% o |( Y, t) over B(4a )1
CLAIM 6.4.—For P™ a.e. (Y,t) € B2 x (—R?, R?), Dy (Y 1) € L* 1(3(45) D).
Moreover,
Wy,
/ HD -, Y, 1) dY dr
) [wp| L2482 )
BZI— X(—RZ,RZ) (46n)
<Cs™ / |Dv, >+ 9,v,* < C.  (6.30)

B2 (X)X By 2 (Yn) X (tn — R287, 1+ R257)
2

Proof. — 1t is very similar to the proof of Theorem B in [32]. Here we only sketch the

outline. For any 7 € (—R?, R?), denote w, (X, Y) =w,(X,Y,1): By, _\ X By > — R,
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Then we have

1 2

n

where [,(X,Y) =0,w,(X, Y, 1).

251

For 1 <i, j <k, leta/ be the 1-forms defined by o’/ = dw' @/ — @} dw;. Then

d* o = Awlw! — Aw! ),
=l'w —llo =HY,
A =dHY +2d* (dw) A do)).

Now, let @, : R — R* be an extension of w, such that

| Doy || f2(gmy < C||Dwn||L2(32 | X BI2)

(6.31)

(6.32)

(6.33)

and H, : R™ — R be an extension of H/ such that H,) =0 outside Bj,; _; X By

Let F'/ € H'(R™, A*(R™)) solve
AFY =2dd} A da] .

Then, we know from [32] that F/ € W2!(R™, A2(R™)) and

HDZFHHLI(R,,,) < C||d@), A di] ||H1 (R™
<C”Da)n”L2 (R™)
< C”Dwn”L2(325 - leéﬂR—z)’

where ‘H! denotes the Hardy space of R™. Let G/ € H'(R™, R) solve
AGY =H,
Then, we have that D>G/ € L*>(R™) and

HDzG” ||L2(R'") C|l HU ||L2(R'") Clldyw, ||L2(B2 L XBIEY):

In particular, we have, by the Holder inequality,

|Gy <c| DGy J(R"252)"

”Ll(Bz -1 B2k Hs ”LZ(B(zzsn)—lXB;"R_z
m—2g—2\%
SC(R"28.72) 2 00wall pgz g2y
(25n)_1 2R
Note that

a =dGY +2d*(F/) + K,

(6.34)

(6.35)

(6.36)

(6.37)

(6.38)
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where K,/ is a harmonic 1-form with j*(e/ —2d*F;/ —dG}/) =0, and j:8(B}, 1 x
B&_z) — R™ denotes the inclusion map. By choosing R > 0 suitably and using the

2
Fubini’s theorem, we may assume that

ij -1
H(Xn ||L1(3(B(228n)_1XB,;_EZ)) g CR ||Da)n||L1(B§71 ng’R_z)ﬂ
n

2 ' 2 i1
H|D G;j| —+ |D F’i]|||L1(3(B(228n)_1><3’§‘7’;2))

<CRT[D*G)| +D*FY||,

((362,71 x BI=2))”
Therefore, by the well-known estimate on harmonic functions, we have

HDKriszLl(Bz

m—2
(45n)—1XBR )

2

<C(R’”‘28n‘2)%< / (|Dwn|2+|8,wn|2)dXdY>. (6.39)

2 m—2
Bfl x By

n

Hence it follows from the embedding result, WU1(R?) ¢ L>'(R?) (cf. Heléin [19]), that
we have, for H" 2 a.e. Y € By, that &’/ (-, Y) € LZ’I(B(Z%),I) and
H‘)‘fzj('»Y)||L2-l(B2 )gC||D0‘:i1j||wlvl(192 )
@sn)~1 @)1

<Cl|p*G |+ [D*F |+ [DK ]

(3(245,1)*1)'
Therefore
[ a0l 0
@sn)~1
B2
<CR™%,? / (|Dw,|* + [3,w,|*) (X, Y, 1) dX dY. (6.40)

2 m—2
B’(S_1 X By
n

Hence, by the duality between L>! and L> and (6.25), we obtain

/ e/ |*(X, Y)dX dY

2 2 -2
(B 1\B3p)xBy

< / ||0‘;i1j("Y)HLZ’l(B(z%n),l)Harij("Y)||L2'°°(B<24an>*1\3

m—2
BR

< swp o D)y / [HICR Sl NP I
B2

dYy

2
2R)

m—2
YeB,
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< CeR" %57 / (IDw, > + 19, w,|*) (X, ¥, 1) dX dY. (6.41)

2 m—2
Ba‘l xBp
n

Observe that Y, ; |dw!,w) — !, do] |* = |w, || D2-|* and |w,| >

|cwn|

1 2 m—2 .
5 on 35;1 x By ~. This,

plus integration over ¢ € (—R?, R?), yields

w. 2

/ ‘Dl "| (X,Y,t)dX dY dr
Wy

(B(zMn)_1 \B2)x B2 x(—~R?,R?)
< CeR™ %52 / (IDw, ) + [3,w, |?). (6.42)
Bjn_l x B2 x (~R%,R?)
Finally, we need to control the L? norm of D|w,|. To do it, write w,, = p,6,, with p, > %
and 6, valued in S¥~!, then one has
Apy+&,2 (1= ;) pn = Pal DO > = 80,6, (6.43)

Multiplying both side by (1 — p,) and integrating it over (B(245n)—1 \ B3) x Bz’_z X
(—R?, R?), we obtain

/ Dou?

(3(245 )_I\BgR)ng_zx(—Rz,Rz)
n

<ce? [ =gy

B;l x B"~2x(—R?,R?)

n

W,
e / (‘D
|w, |

(3(245,1)71 \B2,)x B2 x(~R2,R?)

2

+ |9, w, |2> + boundary terms

<Ce+0(n).
Here we have used (6.17)—(6.19) to show that the boundary term converges to zero. In
particular, we get
R / |Dw,|*(X,Y,1)dX dY dr < Ce. (6.44)
(3(248n)_1\B%R)xsg—zx(—W,Rz)

This, combines with the Allard’s strong constancy lemma (see, [23,32]), implies

|Dw, (X, Y, 1,) dx < Ce. (6.45)
B X\Byp(X)

This finishes the proof of Step 2. Therefore the proof of Theorem 6.1 is complete. O
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Now we discuss the quantization result at time infinity for sequences of solutions

to (1.5)—(1.6). Let u,, € C*(Q x R, R¥) solve (1.5) and (1.6). By adopting the same
notations as Section 4, we know that for V,, ;) = 84w, (.ne(u,) (x, 1) dx,

Vi, (X)) = / oun(x,t)Du,(x, 1) X (x)dx

Q
Du, ® Du, F(u,
—Z/DX: Un ® Dty Flttn) 3y (6.46)
Q

|Du,, |? &2

for any X € Cé(SZ, R™). Note also that, by (1.6) and Lemma 2.4, we can find ¢, 1 oo
such that

tat1

lim / /|a,un|2dxdz+/|a,un|2(x,zn)dx:0, (6.47)
nh—1 Q Q

1
lim / —ZF(un)(x, t,)dx =0. (6.48)
ntoo 8n
Q
We may assume that u,,(t,) — s, weakly in H'(Q2, R™),

| Dutoo)?(x) dx + v

N =

e(un)(x, tn)dx —> Uoo =

for some nonnegative Radon measure v, on 2. Moreover, V, ) — Vo in V,;_,(2)
so that ||Vl = oo It follows from (6.46)—(6.48) that § V., = 0. Therefore, (4.16) of
Lemma 4.6 implies, for all a € spt(|| Voo ||) and 0 < r < R < dist(a, 0€2),

R Vool (Br(@)) — r* ™| Vol (B, (a))
> / ly —al ™St )P Av(y, S). (6.49)

Bg(a)\B,(a)

In particular, " 2(|| Va ||, x) exists for all x € spt(|| Vo ||). Now define

2L ={x e Q: 0" 2(|Val, x) > &1},

2 i Tim 22— 2
Zw:{xeﬂ. lrlg)lilTré’lol’ / [0, (z)dz>0}.
Pr(x,1,)

Then, by (6.47) and the Vitali’s covering argument, we have

H"%(Bl) <00,  H™?(2Z)=0.

[e.¢]

Now we need a slice-type gg-regularity result.
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CLAIM 6.5. —There exist &1 > 0 and 8, > 0 such that for any x € Q if

P2 / ) (x ) dx <2, P / 19, 2(2) dz < e (6.50)
B, (x) Pr(x,ty)
Then
(817)* sup e(u,)(x,t,) < Ce?l. (6.51)
By, (x)

Proof. — 1t follows from Lemma 2.1 that, for any ¢, — rr<r<t,

P2 / e(un) (x, 1) — 2" / e(un)(x, 1)

B (x) B%(X)
1 1
2— 2 —m 2 : 2—m 2 z
> 2 / 1B, 2(2) dz — C /|Dun| r / 19yt
Pr(xstn) Pr(xstn) Pr(xstn)
> —Cef.

Here we have used (3.2). Therefore, we have, for all ¢ € [t, — 2, t,,]

2—m
(g) / e(uy)(x, 1) dx < C&2
B%(X)

so that we have

(%) / e(uy)(2) dz < Ce?.

Pr (x,tn)
2
Therefore, by choosing ¢ sufficiently small and applying Lemma 2.3, we obtain (6.51).

CLAIM 6.6.— X, = Zéo U Zgo is closed and has finite H™ =2 measure, and u,, — U
in CIIOC(Q \ Zoos RY).

Proof. — For any xg € Q \ X, there exist ry > 0 and ng >> 1 such that for n > ng

rn / e(un) (5, 1) dx < 727" | Vo | (Byy (x0)) + €2 < 262,

Bro (x0)

B [ P <,
Pro(xOstn)
Therefore, Claim 6.5 implies that for n > ny, supBalro(xo)e(un)(x, ) < Cs%. Hence

Bs,r,(x0) N oo = ¥ so that X, is closed and u,, — U in CIIOC(Q \ ¥, R"). Note also that
this and (6.47) imply that u, is a weakly harmonic map whose singular set is contained
in X,. Now we are ready to state the energy quantization theorem at time infinity.
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THEOREM 6.7.— Under the same notations as above. We have (1) X, is a closed
(m — 2)-rectifiable set. (2) If, in addition, that N = S*~'. Then, for H" 2 a.e. x € 2,

there exist 1 <1, < % and l,-many harmonic §%’s, {¢ j }ljfle, such that
0

Ly
" 2(IVooll. x) = > E(¢;. 5%). (6.52)

j=1

Proof. — (1) follows from the fact that V,, is stationary and Theorem 4.9. (2) It is very
similar to that of Theorem 6.1. One can also view it as a L2-perturbation argument of
that of [32]. The only difference we need to make is to replace (6.7) by the following:
for H" 2 a.e. Xy € T,

lim lim 7~ / \ Dy, |2 (x) dx =0, (6.53)
By (x0)

for all T € T\ Xo. (6.53) follows from the H™ 2-approximate continuity of
O"2(||Vso|l, -) at xo and the monotonicity inequality (6.49) (one can see Lemma 2.4
of [23] or §3 of [32]). Then one can follows lines by lines of the proof of theorem 6.1 to
show (6.52). O

7. Final remarks

In this section, we consider the class A consisting all of the weak solutions u €
H! .(Q x Ry, N) N L®(R;, H'(2, N)) to the heat equation of harmonic maps (1.0),
which satisfy (1) the Pohozaev identity: (cf. also (5.19))

/atuDuX(x): / %lDulzdiv(X)— > wiuX (7.1)

QXR+ QXR+ lgljgm

forany X € Cé (2, R™); (2) the energy inequality (2.1); (3) the gp-regularity Lemma 2.3.
Note that the class of weak solutions satisfying both (7.1) and (2.1) was introduced by
Feldman [17], which was shown to satisfy Lemma 2.3 for N = Sk=1 by [10] and [17]
independently. Since the partial regularity was not proven for general manifold N yet,
we henceforth add the property (3) in the definition of the class .A. The goal of this
section is to point out that all the results from Sections 3—6 are remaining to be true for
the class A, and the proofs are almost the same or slightly easier.

As calculated in [17], any u € A satisfies the energy monotonicity inequality (2.3)
and (2.4) with e(u.) replaced by %lDu|2 and F(u.) replaced by 0. Now suppose that
{u,} C A satisfy the same initial value u(x, 0) = uo(x) for a ug € C'(Q, N)

OWP<//WWF+MM@00<EWM 7.2)
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Then, as before, one assumes

1 1
5|Du,,|2(x, t)dx dr — E|Du|2(x, Hdxdt +v=u,

18,1, |2 (x, £) dx df — |9,u|*(x, t)dx dr + 7

for two nonnegative Radon measures v = v, df and n on 2 x R,. If we define X as in
Section 2, with e(u, ) replaced by %lDun |2, then Facts 2.4-2.11 all remain to be true.

For zy € X, one can consider the tangent cone measure space, T, (i), the same way as
in Section 3 and Lemma 3.2—Proposition 3.4 remain to hold. In particular, one can define,
exactly as same as Definition 3.5, dim(®™ (u°,-)) for any u’ e T, (). Therefore, we
can obtain the same stratification for ¥ as in Theorem 3.6, namely

THEOREM 7.1. — For any sequence u, C A as above. Let
Si={z€X: dim@m(uo, ) <k, vul e T,,(w)} for0<k<m.

Then dim(XZy) < k for 0 < k < m and % is discrete.

One can also associate a generalized (m — 2)-varifold V,, for each u,, as in Section 4.
If we let V denote the generalized varifold limit of V,,, , then all the results from Section 4
remain to be true for V. In particular,

THEOREM 7.2.—For L' ae. t € R, V,L(Z, x Apm—o.m) is a (m — 2)-rectifiable
varifold. In particular, ¥, is a (m — 2)-rectifiable set.

For the generalized varifold flow, all the results from Section 5 remain true for .A. For
example, we have

THEOREM 7.3. — Under the same notations as above. If, in addition, u is a suitable
weak solution to the heat equation of harmonic maps. Then {v,;},>¢ is a Brakke flow.

Finally, we can prove an energy quantization for the density function of V; as follows.
The proof is similar to that of Theorem 6.1 and in fact is slightly easier. One can also
modify the proof of [27] to show the following result.

THEOREM 7.4.—If, in addition, that N = k=1, Then, for P™" a.e zo € X,

kg

®m_2(”Vlo”9x0) ZZE(qu, SZ) (73)

j=1

Ly . s
for some 1 <1, < oo and {qﬁ}ji1 harmonic S§*’s.

Remark 7.5.— We conjecture that Theorems 6.1, 6.7, and 7.4 are true for any
Riemannian manifold N.

Remark 7.6. — We believe that the concentration set X is also (m — 1)-rectifiable set
with respect to the Euclidean metric on M x R, . The stratification Theorem 3.6 may be
useful to attack this problem.
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