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RESUME. — Nous considérons une discrétisation explicite en temps et espace de I'équatiol
de Boltzmann. Nous exhibons des bornes au moyen de Maxwelliennes et en déduisons
convergence en utilisant un nouveau lemme de moyennisation discret en temps.
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1. Introduction

This article is devoted to the proof of the convergence of a time and spatial explicit
discretisation scheme for the Boltzmann equation. The Boltzmann equation provides
time evolution of a gas described by the distribution of partigiés x, v) > 0 which at
time ¢ > 0 and at position: € R? move with velocityv € R?. The Boltzmann equation
reads

af

§+v-vxf=Q(f,f) in (0, 00) x RY x RY, (1.1)

(0, x,v) = fin(x,v) onR? x RY, (1.2)

where Q(f, f) is the quadratic Boltzmann collision operator describing the collision
interactions between particles (binary elastic shock). We refer to [3] for a detailed
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presentation of the equation and to [27] and the references therein for recent resul
concerning its analysis. Let us just summarize now the fundamental properties of th
collision kernel that we shall use in the sequel. First, the collision kernel splits into two
parts

O, =07 (f, /= QO (f. )

where the gain tern@ ™ and the loss tern) ~ are positive operators. Next, it vanishes
on Maxwellian functions, namely

QT (M, M)=Q (M, M) if M(v)=exp(alv]®*+b-v+c) (1.3)
witha,c e R, a <0,b € R?. Last, the loss term writes

O (., /H)=fL(f), L(f)=Ax, [, (1.4)
and we assume here that the so-catt@dl cross-sectiom satisfies
0<A() < Kolzl”, Ko>0, ye(—d,1]. (1.5)

A particular case for which the above condition holds is the cross-section associated t
an inverse potential (except the Coulomb potential) with the angular cut-off condition
of Grad and the cross-section associated to hard sphere collisions. Before describing tl
scheme investigated here, we recall what is known about several partial discretisation
of (1.1). A first step of the discretisation (usually used in numerical simulation) is to split
the transport part

af

5, TV Vaf=0 (1.6)
and the collision part
aof

and to solve each equation one after another in small intef¢als, (k + 1)A,) for

any k € N. This splitting algorithm has been proved to converge in [4]: constructing a
approximate solutiory,,, one may prove thatfs,) converges (up to the extraction of a
subseqguence) to a solution of the Boltzmann equation (1.1) whesn 0. A crucial step

is the velocity discretisation, which means to approximate (1.1) by a family of equations

%-i-vj'vxfj:Qj((fj)j,(fj)j) in (0, 00) x R, (1.8)
where f; = f;(t,x) > 0 represents the density of particles with veloaity (or with
velocity in a neighborhood of;), (v;) is a family of given velocities and the operator
(Qj); is an approximation o2 (f, f) (with the help of quadrature formula). Such a
scheme (construction of a good approximation opera@tgrhave been proposed by [10,
15,21] and their convergence have been proved in [17,19,21,20,16].
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Another step is to perform a time Euler explicit discretisation of (1.7):

fk+l fk . . o_ v
A; QRv(f’f)’ f —ﬁn- ( . )
Here Qr, denote a velocity truncation @@ which guarantees the positivity g and

can be relaxed in the limit, — 0. Convergence of the Euler scheme has been proved
in [18]. See also [9] for other time discretisations.

The scheme we consider here consists in an explicit time and space discretisation
the splitting algorithm of (1.1). Full discretisations including velocity discretisation is
postponed to future works. We successively perform (and iterate):

(1) solve explicitly the transport equation (1.6),

(2) project on space mesh,

(3) perform the time explicit Euler scheme (1.9).

In order to be more precise, let us introduce a partitioR6fn cells:

d
Rd = U Aa’ Aa = H [ai Ax»n’ (ai + l)Ax,n [7 (110)
i=1

aeZd

for someA, , > 0; and let us define the projection operator on the meghgg,.4:

P =3 Pig with PUg(x) = l/mwwuwu> (1.12)

(A, n)d

Let also defineQ, , a velocity truncated Boltzmann operator such that its total cross-
sectionAg, , satisfies

AR,,(2) <A@z <R, .-

Starting from the initial datum
fno = (Pn fin)lBRv,n (v)lBvanM (x) (112)

we define

k+1/3 k
(S (x,v) = fl(x,v),
fnk+2/3 =P, f,fﬂ/g,

k+1 k+2/3
fn - fn +2/

_ k+2/3 k+2/3
A - QRv.n (fn / ’ f;l / )
t,n

where we use the notatiatt®(x, v) := ¢ (x +kA, v, v) for k € Z (for agivenA, ,, > 0).
In other words, we define

=P 4 A Qo (P (575), Pu(£79)). (1.13)
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We finally define the approximate solutigh by

fult,x,v) = Z f,f (x —v(t — kA, V) Licka, k1) A Liero. 7,1 (1.14)
X

for a given choice o\, ,,, A, Ry.ny Ry, T, > 0.
This paper is devoted to the proof of the following result.

THEOREM 1.1. — Let consider an initial datunyi, such that
0< fin <M°=C%, &(x,v) =exp(—alx|* - Blv]?), (1.15)

with
(i) localcase y e (—d,0]
or

(i) global case y € (—d + 1, 0] and C° small enoughdepending o, 8)
or y € (0, 1] and« large enough(depending orC®, B).

There exists* = T*(M°) > 0, and we may choosE* = +oo in case(ii), and there
exists a sequence of the discretisation paramet&s,), (Ax.,.), (Ry..), (Ry.n), (T,)
satisfying

At,nv Ax,n - Ov Rx,nv Rv,n - +OO, Tn / T*v (116)
such that the sequencg,) defined by(1.14)satisfies

sup sup|| fu€ Y < 00, (1.17)
n [0,T*]

and, up to the extraction of a subsequengg, converges weakly to a solutigfi of the
Boltzmann equatiol.1).

Remark1.2. — The same result holds for different versions of time and space
discretisations such that replacing (1.13) by

(PN = Po(fY) + Apn Oro, (P (), P (f9)).

Let us briefly explain the strategy of the proof. First, remark that though the
convergence proof for the splitting algorithm and for the velocity discretisation scheme
can be performed in the general framework of DiPerna—Lions renormalized solutions
(and thus for general initial data) such a framework seems difficult to use in the presen
situation at least for two reasons. On one hand, for an explicit scheme we loose th
entropy-dissipation entropy bound which is a fundamental information in the weak
stability result for renormalized solutions. On the other hand, even for a modified implicit
scheme (for which entropy-dissipation entropy bound is available) time (and position)
discretisation seems to be inadapted to the renormalization technic. We then choos
the (less general) framework of distributional solution bounded above by a Maxwellian
function introduced by lliner and Shinbrot.
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The first step is thus to build for anye N a sequence of Maxwellian@/¥), which
are subsolution of the discrete scheme (1.13) in the following sense

My > PMTE AL QF  (PaMyTF, P ML) (1.18)

in the case of soft potentiay (< 0) and

k—1
My > mi MO+ Ay O, (M M), (1.19)
j=0

in the case of hard potentia} (> 0), where we use the notation¢ = P,(¢~*). These
sub-solutiong M*) can be constructed locally or globally in time (depending on the size
of the initial datum and of’). We then easily verify that they are indeed subsolutions: if
0< 2 < MPthen 0< f* < M Vk, n and that provides the strong bounds (1.17).

A second step is to write the kinetic equation satisfiedfhynamely

(k+D) At n

a nén
af Zamn(t) / ( gA =+ Q4 (Pugn, ngn)> dr  (1.20)
kAtn t,n
with
gn(ta “y ) = fn((tAtvn)_7 ) ')7 tA,_,l = E(t/At,n)At,rn (121)

where E denotes the truncation function, and to pass to the limit in (1.20) when
n — oo. In order to do it, the main difficulty is to prove that the velocity averages
of g, converge strongly. Of course, the so-called “compactness lemma on velocity
averaging” of solutions of continuous transport equation has been introduced by [12
11,1] at the middle of the 80’s and has been extensively developped by [5,6,8,22,2]
Discrete versions in velocity have been proved in [17] and time discrete version for
the splitting algorithm have been introduced in [4]. See also [2] for an alternative and
simpler proof. We need here such a discrete version of averaging lemmas (which mear
for velocity averaging of, instead of velocity averaging of,) extended to this time

and position discrete context. Gathering the “ultimate” version of averaging lemma due
to [22], the previous “time” discrete version of averaging lemma by [4] and [2] and the
scale techniques developed by Vasseur in [25,26], we prove the following result.

THEOREM 1.3. — Consider a sequencé,, — 0 and a sequencef,, uniformly
bounded inL>®(R* x R?) which satisfies

(i"l‘l)At,n

%fn—i-v-vxfn:Z(SiAtvn(t)( / Hn(r,x,v)dr>=Jn. (1.22)
iAtn

i€z

We assume that

fu— f weakly inL®(R* x R*) x (1.23)
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J, is relatively compact i =17 (R* x R*) for somep > 1, (1.24)
there exists a sequencg, — Owith ¢, /A, , — +oo such that (1.25)

lew? | "= 0.

Then, for anyy € D(RY),

/gn(t,x,v)W(v)dv — /f(t,x,v)xﬁ(v)dv (1.26)
R4

R4
strongly inL .((0, T) x R%) Vp e [1, 00).

It remains to verify that Theorem 1.3 may be used for the sequefygeouilt in the
statement of Theorem 1.1, and then it is classical to pass to thedimitoo in the
formulation (1.20) and obtain Theorem 1.1. For the sake of completeness we preser
in the appendix a different version of Theorem 1.3 where hypothesis (1.24) is slightly
generalized.

The outline of the paper is the following. In Section 2 we prove Theorem 1.3. In
Section 3 we built the subsolutiqi/,,) for the discrete scheme (1.13). In Section 4 we
then prove Theorem 1.1.

2. Proof of Theorem 1.3

Let us begin giving the idea of the proof. We first use the classical compactness
averaging lemma to prove compactness for the continuous functions with respect t
time. Indeed we are able to show thgfv (v) £, (-, -, v) dv} is relatively compact
in L2 (R*1). Let us recall this result due to Perthame and Souganidis [22] in our
framework:

THEOREM 2.1. — Let f, be a sequence of functions bounded.#{R*??) for some
1< g < 400 and{J,} be relatively compact i —17 (R¥+2?) verifying

atfn + v-vxfn = Ju-

Then, for every functiogr € D(R?), the average

Py i= [ W) fitex vy dv
Rd

is relatively compact ir. (R*9).

On the other hand, property (1.25) allows us to show a result of the kind (1.26) “at a
local scale” thanks to the following Theorem due to Desvillettes and Mischler [4].
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THEOREM 2.2. — Consider a sequencd, — 0 and a sequence of functiong
bounded inL2 ([0, T] x R?!) which verify

i+DA,
axﬁ1+v.vyﬁlzz(si5n(s)< / Hn(r,y,v)dz> (2.2)
i€z iA,

with A, bounded inL2([0, T] x R%*). Then, for everys € D(R?), the average

W50 = [ )3, v v)dv
Rd

is relatively compact irL2 ([0, T] x R9), where

gl‘l(sv yv U) - f_n(sAnv yv U)v

withsz = E(s/A,)A,.
More precisely, if we denoté, = A, ,,/e, with A, , < &, < 1, and

Sat. X, 8,9, 0) = fulla,, + SEn, X + yEa, V),

8n(t,x,8,¥,0) =gu(ta,, + 51, X + y&n, V) = fu(la,, +&xS5,, X + Yn, V),
then for every fixed pointt, x) the functionf,, (t,x,-, -, ) verifies (2.1). So we conclude
that { [ ¥ (v)g.(t, x, -, -, v) dv} is relatively compact inL?([0, T] x RY) when (¢, x) is
fixed. The following lemma allows us to compare the results at the global scale (in
variables(z, x)) and at the local scale (in variablés y)) in order to carry the desired

result from the result at the local scale using the compactness result on the continuot
function in time at the global scale:

LEMMA 2.3 (From local scale to global scale).ket p", p € LI ([0, T] x R?)
with 1 < p < 400, A;,, — 0and A, /e, — 0. Thenp" converges strongly t@ in
LR ([0, T] x R?) if and only if for everyR > 0:

T 1
/ / / / 0" (ta,, + €08, X + €2) — p(t,x)|" dyds dxdt "=5°0, (2.2
0 B4(0,R) 0 B4(0,1)

whereB,; (0, R) is thed-dimensional ball of cented and radiusR.

This lemma is a slight generalization of a result of [25] (in the cgsg A, ). For
the sake of completeness we give its proof in Appendix A.

Proof of Theorem 2. e denote:

B0 = [Egx v dv.

R4
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We split the proof into several parts.

(i) Compactness at the global scakeor everyj € N we consider a regular function
®; € C*(R x RY) defined such that Sugk; C [0, 2] x B,(0,2j) and®;(t, x) = 1 if
(t,x) €[1/j, j1 x B4(O, j). From Eq. (1.22) we get:

AP, f,
f+ VD fy =0, + [, [3,P; +v- VD]

Sincef, € L> and®; is regular the right-hand-side term is compac#in®” (R x R*/).
Moreover ®; f, € LP(R x R?) (since f, € L™ and ®; is compactly supported).
Therefore {®;(z, x) [ ¥ (v) f,(t, x, v) dv} is relatively compact inL? (R*?%) thanks
to Theorem 2.1. By diagonal extraction, up to a subsequence, there pyists
L>([0, T] x R%) such thato{;(t, x) = [ Y () fu(t, x, v) dv converges ty (7, x) in L.
Because of hypothesis (1.23), (7, x) = [ ¥ (v) f dv. By uniqueness of the limit the
entire sequence is converging. Finally the convergence holds tii§.ii0, 7] x R?)
for 1 < g < +o0 as well since

suqlp¢||Lw < supnfnnmnwnLl < 00.

n>0 n>0

In short we have proved

pfp—>/f1ﬁdv 2.3)

in L ([0, T] x RY, Vp € [1, +o0l.

(i) From global scale to local scale.

We consider the local functions depending on the local variables. We introduce
the two new ones:

Fytxes. ) = [ W fiexs v v dv,

7155 = [ G @FCx 5y, 0) do.

From Lemma 2.3 and (2.3), we deduce that for ey’ > 0, 1< p < +o0:
n——+o00

/T/[/ / |’5‘Z(I’x’s’y)—Pw(t,X)|pdsdy]dxdt_>o.
0

B4(O,R) “0 B,(0,1)
From hypothesis (1.25)fza |€,2H,|?(-, -, v) dv converges to 0 iIL}(R* x RY). Then
Lemma 2.3 withp = 1 implies that:

T
0/ / [// / [Ha(t, x5, ,0)] dsdydv]dxdt =520,

B4(0,R) “Rd 0 B,(0,1)

where we denoteH, = 8n2H,1(tAM + &,8,x + &,y,v). This leads to the following
proposition:
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PROPOSITION 2.4. — Up to a subsequencestill denoting A, ,), there exists2 C
[0, T] x RY with £([0, T] x R? \ ) = 0 such that for everyr, x) € Q:

1
[ | 1xsn = pyn) dsay'=
0 B4(0,1)

1
= 2 n—+00
|Hn(t,x,s,y,v)| dsdydv — 0,
R4 0 By(0,1)

for everyl < p < 400, whereL denotes the Lebesgue measure.

From now on we fixz, x) € 2.

(iii) Strong convergence at the local scale.

Since the poiniz, x) € Qs fixed, let us skip it in the notation (so we dengjés, y, v)
for f,(t, x,s,y,v)). We have:

LEMMA 2.5. — Local functionsf, are bounded ir.>°([0, T'] x R%) and verify:

Bf (i+DA,

asn FuVyfi=> 83, (s)< / H, (1,9, v)dr). (2.4)
ieZ e

iAy

Proof. —We just compute:

_ I+ A
aai "oV, fi=¢, Z Sin,, (ta,, + €ns) ( H,(t,x+¢&,y,v) dr)
i€Z iArn
G+D A ptta,
:ZS,-At’n(ens)< / enH, (T, x +&,Y, v)dr)
i€Z iArntiag,

(i+DA,
= Sia,,(Ens) ( / n2Hy(ta,, + 8T, X + £,7, V) dr)

i€eZ iA,

(i+D)A,
:ZSL-AH(S)< / H,,(z,y, v)dr).
i€eZ iA,
In the second equality we do the change of indiee i +1,,, /A, », in the third equality
we do the change of variables— ,,, + ¢,7 and in the last equality we use the

definition of H,, and the remark that,s =i A, , ifand only ifs =iA,. O

This lemma gives the hypothesis needed to apply Theorem 2.2 (with Proposition 2.4)
Therefore we conclude that:

PROPOSITION 2.6. — The sequencgy), } is relatively compact inL2.([0, T] x RY).
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(iv) Unigueness of the limit at the local scale.

PROPOSITION 2.7.— The entire sequencegy, (s, y) converges top, (which is
constant with respect t¢, y)) in Lﬁ,c([O, T1 x R?) whenn goes to+oo.

Proof. —We have
n(t, x,0) = fu(ta,,, X +(t —1a,,)v, V)
=gn(t,x + (t —1a,,)V, V).
Notice that
(tar, T EnS)A,, =1, +EnSK,

SO f, (s, y,v) = gn(s, y — €xS3,0, v) and

Py (s, ¥) —ﬁi(s,y)z/tlf(v)[én(s,y—ensgnv,v)—én(s,y,v)] dv.
Rd

If we consider a test functiop € C>°([0, 7] x R*) we find:
[0 [B5 .9 = iy s )] ds dy

= [ V805 7,086 3) = 96, v +2053,0)] ds dydv

n—oo

<Al Vel oo (SUpp) Il 2l full e = 0.
Therefore:
n  on D
ny — oy —> 0.
Sincep;, converges tgy thanks to Proposition 2.4, the entire sequefeconverges

to py in the sense of distribution and we conclude gathering this information with
Proposition 2.6. O

(v) Back to the global scale.
We have shown that for evely, x) € Q:

1

—n 2 n——+00
/ |n1/,(t,x,s,y)—,o¢(t,x)| dsdy 220,

0 B4(0,1)

Therefore, sinc& ([0, T] x RY \ Q) =0, for every 1< p < 2:

1

T
////]ﬁ;(t,x,s,y)—,ow(t,x)]pdsdydxdtniooO.
0

B4(O,R) 0 B4(0,1)

Using Lemma 2.3 we conclude th@ converges te, in L{([0, T] x RY) which ends
the proof of Therorem 1.3. O
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3. Subsolution

In this section we fix some positive real,, A, R,, R,, T (without dependence in

n) and we prove several estimates on the sequéfitedefined by the discrete scheme

(1.13). We treat separatly the case of the soft potential and the case of the hard potentic
In all what follows we define

£(x,v) = exp(—alx|? — Blv[%), &% (x,v) = exp(—alx + vkA, 12— Blv|?). (3.1)

Casel. Soft potentialy € (—d, 0]. We begin with some technical lemmas that we will
use in the construction of subsolutions.

LEMMA 3.1.-There existX; = K1(«, 8, y) such that

EkA)

T
0<L(E*) < Vx,veRY k <k* ::E(E) (3.2)
where
0(t) = —
T A4

Proof. —We write

£ = exp(—|A(kA)x — B(kA)|* = C(kA)[x[?)
with

off ta
Ct)y=———, B@)=\/ar’+B and A(t) = ——.
(1) a2+ B () =yat*+p (1) T
By a change of variables, we have

(6 0 L) @) =& [exp(—|Ax = B - 221"z
R4
e—Clxlz

= W/exp(—Mx — Bv — w|2)|wlydw
R4
g ClxI?

112
= (e %1.]")(Ax — Bv).

We conclude that

¢y

—kt
||L(§ )HLOO(Rf,’) < KOBH[J

since|.]” € LYRY) + L®[R?) and ¥ € LYRY) N L=®(RY). O

LEMMA 3.2.— For any C° > 0 there existsT', C*, r > 0 (depending orC®, y +d,
K1) such that the sequenc€*),~, recursively defined by

CH= 1+ AT)Ck + A (CH e ((k+DA,) (3-3)
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satisfies
o<ckgc* foranyk=0,1,... k" (3.4)

Moreover, there exist€ = C(d + y, K1) € (0,1) such that ify € (—d + 1,0] and
C% € (0, 0), then, for anyT" > 0, setting

K>

=W, K> =K>(Ky,d,y) >0, (3-5)

the sequenceéct) satisfieq3.4) with C* = 1.

Remark3.3. — We define the intervaD, 7*) on which a uniform bound onC*) is
obtained thanks to Lemma 3.2, settifiy= T in the first case (arbitrarg®) and setting
T* = 400 in the second cas&f small enough angt € (—d + 1, 0]). In both cases, for
anyT € (0, T*) we may define the parametety (3.5).

Proof of Lemma 3.2. Noticing that if, for someC* > 0, we have
c/<c* foranyj=0,...,k, (3.6)

thenC/*1 < (14 (t + C*((j + )A))A,)C/ forany j =0, ..., k. We deduce that

k
CH <A+ @ +Ce (G +DA))A,)C®
j=1
kA

< exp( / (T + C*e(s)) ds> o

0

< exp(rT +C* /z(s) ds> C ifkA, <T. (3.7)
0

Consider first the general case and take> 0 arbitrary. Let choos&€* > 4C° and
T > 0 (small enough) so that

exp(C*/E(s)ds> 2CC*0

Then fort =1In2/T and k < k* we deduce from (3.7) thaC**! < C*. Thus, by
induction, (3.4) holds.
Now, consider the case e (—d + 1, 0] (so that¢ € L(R,)). We remark that if

o]

cr=1, c'<C = exp(—/z(s)ds>,

0
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and since, for an appropriate choicefof (small enough),
<1 /OOZ( d
T < T s)ds,
T

then we also have€**! < C* and we conclude again by induction
LEMMA 3.4.— There isK3 = K3(«) such that for any € 10, 1[ the condition
Ay(Ry+TR,) < K30 (3.8)
implies
|PE~*F — 7" <0 VWx e By, veBg, k<k', (3.9
and
P((Lr,&"")) < A+6)(Lr,&'%)"" VxeBg, veBg, k. j+k<k*. (3.10)

Proof. —Let x € A, and write

(PEFF — %) (x, v)

—kt
— |§A | / [exp(alx —kA|? —alz 4+ (x — kA W)|?) — 1] dz.

Ag—x

SinceA, — x C [—A,, A,]? by definition of A, andx, one has omBg, x B, , taking
AX < 11

lexp(alx — kA2 —alz + (x — kAv) %) — 1
< |exp(da (R, + TR,)A,) — 1
<4a(R, 4+ TR, A, exp(da(R, + TR,)A,).

The inequality (3.9) follows taking for instande;* := 4ae™.
In order to abreviate the notation we gut= (L &/%)**. Letx € A, and write

(P¢p —¢)(x,v)
l .

T A I/ / E(x + Ar(w +kv), w) K (x, 2, v, w)Ag, (v — w) dwdz,
a RdA

a—X

where, similarly,
K(x, 2,0, w) = |exple|x + A, Gv + kw)|* — a|z + (x + A, (v + kw))|?) = 1
<4a(R, + 2T R,) A, exp(4(R; + 2T R)A,).
Hence

(Pp — p)(x,v) g@/é(x + A(Jw 4+ kv), w)Ag, (v — w)dw = 0¢(x, v). O
R4
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PROPOSITION 3.5. — For any C° > 0 there existsT* > 0 (defined in Remark
3.3), K4 > 0 such that, for any choice of discretisation paramet&ys A,, R, R,, T
satisfying

T <T*  TR,<R.,/4 A, <Ka, (3.11)
ARy + TR)YT" ™ < KaA,, (3.12)
the sequenceM’), . defined by

MM(x,v)=CFe™** k=0,....k* =E(T/A)), (3.13)
with (C*)ren given by Lemma.2, satisfies
M > PMME 4 A QT (PMRE PMYR) on{d, ... k) X Bag,ja % Bg,. (3.14)

Moreover, if
0< fin<M° (3.15)
then
0< f*<M* on{l,...,k.) x Bg, 2 X Bg,. (3.16)

Proof. —Fix k, x, v so thatkA; < T, x € Bag,/a andv € Bg,. Since|x + A,v| < Ry,
one has, according to lemma 3.4, (1.3), (1.4) and the factQHait a positive operator

0F (PM*2, PMYF) = (CH2QF (P(49). P(6™47))
1+ 9)2(Ck)2Q+(5—(k+1)u’ g—(k+1)ﬁ)
(1+0)2(Ck)2L (5—(k+l)ﬁ)s—(k+l)ﬁ.

Since if K4 is chosen small enough thén= 1 A; < 1, we infer from (3.2) and (3.3) that

<
<

PM* + A, QY (PM**, PM*F)
<(A+TA)C+ A (CH2((k+ D A,))E Dz
< C’H—lg—(k-ﬁ-l)ﬁ — Mk-l‘l

and (3.14) holds. Let us now assert that

0< fk < Mk on BSRX/4—I<A,RU X BRU' (317)

According to (3.15) it is obviously true fot = 0. Assume it is true for somk. Then
f* < M* on Bag, /a_a+1)a,r, X Br, and therefore by definitions gf** and M*+* we
also have

(F7) + a0t (P (1), P(FF))
(M*7) + 8,7 (P(M'%), P (M) < M*

fk+1<P
<P

oN B3k, ja—k+1a,k, X Bg,. Moreover, we have from (3.15)
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A= P = AP(FEL(P(£))
> P(f*7) = AP(fHL(P(MFF))
> P(f ) [1— ACH((k+ DA,)],

and the last term is non negative with a conveniant choic& pffor instancekK, <
(C*£(0))71). Then (3.17) follows by induction and (3.16) is proved:

Case2. Hard potentialy € (0, 1].
LEMMA 3.6. — There existKs = K5(y, d, B, Kg) such that under the condition

AR, <a 2 (3.18)
there holds
K
S AL )< VrveRY (3.19)
keZ ﬁ

Proof. —One has

S A(LrEFHE =34, /g—kﬁ(x + Ak, WAQW — W)Ly i<k, dw
keZ keZ

R3
= A,/Zé(x + (v —w) Ak, w)A(v — W) 1jy_y <k, dW.
R3 keZ
Since
A[Ze—alx-i-(v—w)A,HZ < At _|_/e—ot|x+(v—w)t|2dt < At + ﬁ ,
keZ 2 Jalv—w|
we get

> ALy, ()% < / Ar(u —w)Ae " dw + ? / v —w]’~te el du
o
R3 R3

keZ

T
Ja
We deduce (3.19) thanks to (3.18) and that 2 e L1 + L®, e #¥P e LN L>®. O

PROPOSITION 3.7. — There exister > 0 and K¢ > 0 (depending 0B, Kg, y, d) such
that for any choice of the discretisation paramet&ys A,, R,, R,, T satisfying

TR, <R./4  RI7A, <K, (3.20)
A (R, +TR)T < KgA,, (3.21)

< AKoRY ||e P17 s + Y= K[|Vt x e P

-

the sequencéM; ).y defined by
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satisfies
M 2" MO+ AR QR (rM7 eM7) on{0, ... k) x Bg,j3 X Bg,,
j=0

(3.22)
where we have introduced the notationp = P(¢ %) and againk* = E(T/A,).
Moreover, if fi, satisfieq3.15)then estimat€3.16)holds.

Proof. —We fix x € Bog, /3, v € Bg,, 0< j <k < k* and we defin®d = A, (In V2)/T.
By repeating use of Lemma 3.4 we get

nk—l—j Q;u (T[Mj, JTMj) <A+ Q)Z(Nk—l—ij) (nk—l—jLMj)
<1+ Q)Z(k—j) (Mj)—(k—l—j)ﬁ(LMj>—(k—l—j)]j‘
Therefore, we deduce from Lemma 3.6 and condition (3.21) that
k-1 kt
(nkMO +> AT 0% (wM nMj)>
j=0

kg

k—1 )
<A+0)% (MO—kﬁ + ZAIQ+(Mj_ﬁ, Mj—n)—(k—l—ﬁﬁ>
j=0

k-1 ) )
<& (MO + 3 AL(MITH) TV (M )”)
j=0
<2+ =2 )e< (MY,
( TR ﬁ>€ (M*)
with o = (8K5s)?, and (3.22) holds.
We now assert that for ary< k*
0< f*<M* onBsg,ja(r—kanr, X Br,. (3.23)

It is of course true at the rank= 0 by assumption. Assume it is true at the rank 1
and remarking thaf* may be writen

k—1
o=t O ST AT O (e f ] 7 f ),

j=0

we deduce thanks to (3.22) that (3.23) holds at ran&ind we conclude by induction.
Finally, we have

fk+l 2 JTfk _ A,(?Tfk) (LRUTka)
>nff(1— AL, D),

and the last term is nonnegative thanks to the condition (3.20).
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4. Proof of Theorem 1.1

Let us consider sequences of real numbgrsg, A, ,, T,, R..., R, such that (1.16)
holds and

A n s -
Ben) g AMsIpdgii2_ g (4.1)

A t,n x,n
t,n

Ty Ry < Ren/4,

with s € (1/2, 1). For example, in dimensiod = 3, we may takeA, , =n"1, A, , =
n“% s =3/4andR,, =nY? Ry, =T, =n""?2.

LEMMA 4.1. - For everyT € (0, T*) there existAr, ar, Br such that
0< fu. 8n O, (Pugn: Pagn) < &r = Ap exp(—ar|x|? — Br|v]?). (4.2)

Proof. —We easily check that (1.16), (4.1) imply that the conditions (3.11), (3.12)
and (3.20), (3.21) hold. Therefore, according to Propositions 3.5 and 3.7, there exist
T* € (0, +00] as stated in Theorem 1.1 such that for evEry Tx there existCr > 0
such that:

0 < fn < Mn < CTS on [0, T] X BRX_,I/Z X BRv.n’ (43)

where M, is defined fromM* thanks to formula (1.14). Since, by construction (see
(1.12)), fu(t, x,v) =00Nn 0, T x (Bg,,/2)° x R?, the same holds of), 7] x R? x R?
and that proves thatf,), (g,) and(M,,) satisfy (4.2).

Moreover, we have

Ay E(0) < Ko(].]” % &) (v) < Ko(1+ |vl),
and thereforé L (&) satisfies (4.2). Finally, sincé, g, < P,M, < 2M,,, we have
Q% (Pugn: Pugn) <4M,L(M,) (4.4)

and we conclude gathering (4.4) with the bound (4.2j&h). O

So, there exists a functiofi € L>°([0, T] x R??), 0< f < &7, such that, up to a
subsequence (still denotegf]): f, converges weakly tg in L>°x.
Let then show thatf,) satisfies (1.20). Indeed, with the notatigr= kA, ,,, we have

A S N ACORAtS)
k>0
=Y 8. (£ = (FFH)
k>0
= 5 (P((FED ) = (S T+ AP ((F5Y) 2 () 7).
k>0

and (1.20) follows remarking that, (t) = (£~ 7% for t € [, tr11)-
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We split the right-hand side term of (1.20) in the following way:

8f" +uv.Vf,=J7+J7,
with
(k+l)At,nP
n n8n — 8n
JP=>8ka,, @) / LU Ly
k At,n
kA¢
(k+1) A
Jg :Z(SkAt,n (t) / QRv_n(Pngm Pngn)df-
k kA,
Let us show the following lemma:
LEMMA 4.2. — We have for every < 1+Y
n—+o00

||JJ,.1||W—1vP([O,T]><RZd) — 0.
Proof. —For every®, € D([0, T1]), ®, € D(R?), &3 € D(RY), we have:

‘/ Ji(t, x, V) D1(1) Po(x) D3 (v) dv dax dt‘

(k+1) A,
= | S 0utkan) [/ { JEE }dr B3(v)dv
kAtn t,n
(k"rl)At,n P (I) (I)
_ Zcbl(kA,,n)/ / [/ nPalr) - Z(X)gndx} dt d3(v) dv
k At,n
kAt n
PnCDZ - CD2
< [ @allzeellgnll 1o, 77, L2R24)) || ———— | P3| L2(ra).
Ay L2(Rd)
Thanks to (4.1)
P,o,— P,® )] —s
H# < H# (Aen) 7,
Arn L2(Rd) ALl L2(R4)
and

HP,ZCDZ—CIJZ 2

=) l+s/(P D, — Dp)°dx,

1ts
Ax,zn L2(R9) ac7d x n
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1
Z A1+

- [(Pr— 0 < <Y zem Adﬂﬂ || (@20~ @) axay

aez4 x,n Aq AgxXNg
(®2(x) — D2(y))?
<Z// |y_x|l+s+d dXdy
All Rd
(@2(x) — P2(y))?
dxdy =P
| s y=lal? s
Finally:

‘/Jf(t,x,v)¢1(t)d>2(x)d>3(v)dvdxdt‘
%
< ”q)l”LOO([O,T])”gn”Ll([O,T],LZ(RZd))||(I)3”L2(Rd)||q)2”H%(Rd) Axln
1—s

S CIPll ) 2e , 1 Pall L2re) | P2l 15 gy A

n—+00

1-s
S CAG | P1P2P3 w0, 7xr2ey —> O,

for p < smce— > 0. Therefore:

T

n—+00

HJ{I H W12 ([0,T]xR%) — 0. O

We denoteM the set of bounded measures[OnT] x R%. We have:

(k+1)As 0
HJZnHMZZ QRU,,,(Pngnv Pngn)dr dx dv
k

kAI.n

|Or,., (Pugn, P"g")HLl([O,T]x]RZd)

C,

thanks to Lemma 4.1. The set of bounded measures is compactly embedded i
W=Lr([0, T] x R¥) for p < 21 Therefore, with Lemma 4.2 we conclude thdt=

Ji + J4 belongs to a compact subset &f--7([0, T] x R?!) for p < inf(24L, ler)
Eg. (1.20) can be written in the form (1.22) with:

<
<

H,(t,x,v)= A
t,n

+ QRU_,I(Pngm Pngn)-
Fore, = (A, )%, a € (1/2,1), one has

2
&
e Hull 2 < 2 fulliz + 21| Qe (Pugns Puga)] 2 = O,
t.n

thanks to Lemma 4.1. Gathering the above estimates we conclude that the conditions
Theorem 1.3 hold.
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One may apply the compactness Theorem 1.3 and we get that fop anfP(R9)
Jra 82 (v) dv converges inL2 ([0, T] x RY) to [pa f¥ (v)dv. Since [&|y(v)|dv €
L?([0, T] x R%), from (4.3) and Lebesgue’s theorem we find:

/&ﬂ/f(v)dv — /fz/f(v)dv in L2((0, T) x RY) (4.5)
R4 R4

for everyy € D(R?). The linear operatoP, on L2([0, T] x R¢) verifies:
I Pallcczzrey < 1

n—+00

|P,®— ®@|,2"==°0 foreveryd e L%([0, T] x RY).
Notice that

Pn(/gnz/f(wdv) =/(Pngn>z/f(v)dv.
R4 R4

Therefore

‘ [ Pisw@av— [ rpway
J

L2([0,T1xR9)

< || Py n dv — d + H P,—1 d
| (R/g vordv= [ fy@av)| -0 [rvwan]
< n dv — d + H P, -1 d ,
HR[g vwdv— [ fy@av| +|p-D [ roerdv]
which converges to 0 whengoes to+oo. And so:
/PngHde — /flﬂdv, (4.6)
R4 R4
strongly inL2. In particular:
P,g, — f inL?w. 4.7)

By standard argument, see for instance [5], we deduce from (4.7) and (4.6) that

QRU,,,(Pngnv Pngn) - Q(fv f) in Ll- (48)
For every test functio, € D([0, T1), ¥, € D(R):

/Jé’(t, x,0)D1(1)Po(x, v)dxdtdv

(k+1)Asn

=S 0kaw [ [ O (Pasa. Pag)®ax v)drddy
k

RE  kA;p
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— / ®1(1) O, , (Pagn. Pagn)®2(x. v)dt dx dv

+ / [D1(6) — P1(ta,,)] Or,, (Pagns Paga)P2(x, v)dt dx dv.

The first term converges to:

/ O(f. )®1(NDa(x, v) dt dx dv,

and the second term converges to 0 since it is smaller than:

n—+00

|| QRU,,, (Pngnv Pngn)HLl||‘I>2||L°°5UH<D1(I) - ch(tA,,,,) — 0.

Hence, thanks to Lemma 4.2,J" (¢, x, v)®1(t) P2(x) P3(v) dt dx dv converges to:

/ O(f. f)®1(t)2(x)D3(v) di dx dv,

and we conclude thaf is a solution of (1.1) in the distributional sense. This concludes
the proof of Theorem 1.1. O

Appendix A. Proof of Lemma 2.3

dWe introducg the linear operatds, defined fromLf ([0, T] x RY) to L{ ([0, T] x
R% x [0, 1] x R%) by:

L,p(t,x,s,y) =p(ta,, + &S, X +&1Y).

For every fixedR > 0 we denote (to simplify the notation):
T

ol = [ [ 1o dxar,
0 B4(O,R)
T 1

||L,1p||§£c=/ / / / ot x5, y)|" dyds dx dr.

0 B4(0,R) 0 B4(0,1)
Using Fubini’s theorem we show that for everys LI ([0, T] x RY):

T 1
”L"'O”Z(Sc:// / < / ],o(tA,,”—I-ens,x)]pdx) dydsdt
0 0 B4(0.1) B4(O.R)
T 1

= ]Bd(O, l)|// / |P(fAt,n +8ns,x)]pdxdsdt
0 0 By(O.R)

T 1
= ’Bd(o, 1)| / [//]p(tAm —|—s,,s,x)]pdsdt] dx.

B4(O,R) “0 0
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But:
T 1 1
//|p(tA,_n + 5,0 dsdt =) A,,n/|p(iAf,n+sns,x)|”ds
00 0<i Ao KT 0
iArn+en

AV
= Z ’ /]p(r,x)|pdr.

OgiAt,n gT n

At p
If we denotex,, = E(g,/A, ) We have:
iA¢p+en (i+an+D) Asp
At,n V4 Af,n p
> o0 dr< Y |o(z.0)|" dz
o<ia<r &2 o<ia<r o4
A iAt nten A (I+an)Arn
t, 1,
> o2 [ peofdez Y S p(r.2)|" d.
oing<r o 0<in,<T R
Therefore:
A iAt,n"FSn A T
t, t,
> 2 [l de <@+ D2 [l de
OgiAt’ngT 8” iAl.n 8” 0
A T
<(1+22) [l ar,
8n
0
and
A iArnten A T
t, t,
> . / lp(T,0)|"dt > a, "/|p(r,x)|pdr
OgiAlngT 8” iAtn 8” 0
A T
> (1— t’")/],o(r,x)|pdr.
En
0
Finally:
At,n
|||an||L|1;)C —|B4(0, D|llp||,» |<|Ba(0,D)] lollLe s
loc gn loc

which implies, sincey, /¢, — 0, that there exist€ > 0 such that:

1
ol <ILaplig, <Cliolly -

Therefore, for every functions,, p € L,’;c([o, T1 x R%) we have:

lon — p”LIZc <ClLypn — L"'O”ngc
< C(”ann - p”LIZc + [ L,o — ,0||L|fgc),
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and:
”ann - pllLﬁc ”ann - an”LIl;)c + ”Ln:o - pllLﬁc

Clipn = pllg, +1Lup = pllyp -

N IN

Therefore we just have to show that for everg L{.., L,p — p converges to 0 i),
whenn tends to+oo. Indeed for every > 0 we can choose € C>°([0, T] x R) such
that||¢ — ,0||L|1;C < &. Sinceg is regular:

1L — Bl < IVllmy/en? + (A + )2

so:
n——+
1Lngp = Bllp. < CIVllixe, "= O,
so is less that for n big enough and:
1Lup = plly <NLup = Ladllr +1p = @llp +1Lap — Gllp

<(CH+Dlp—llyp +1Lad = Bllp
< (C + 2)e.

Sofinally||L,p — 'OHLféc converges to 0 which ends the proofa

Appendix B. Extended averaging compactness theorem

We prove in this appendix the following version of Theorem 1.3:

THEOREM B.3. — Consider a sequenca, , — 0 and a sequence of functionf €
L>® Rt x R??) which satisfies

9 (+D A p
Efn'kv'vxfn:Z(SiA,_n(t)( / Hn(r,x,v)df>. (Bl)
i€Z iAo

We assume that
(i) f.— f weakly inL®(R* x R¥)x,
(i) H,=hy+ Zle dx;h'j, with {h'}} relatively compact in.? (for somep > 1) and
(h{) bounded inZ?,
(iii) there exists a sequeneg — Owith ¢,/A,,, — 400 such that

e Ha| . "= 0. (B.2)
Then, for anyy € D(RY),
/gn(t,x,v)W(v)dv — /f(t,x,v)xﬁ(v)dv (B.3)
Rd Rd

strongly inL (R x R?) Vp € [1, 00).
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Proof. —We follow the structure of Section 2:

(i) Compactness at the global scaMotice that we cannot apply directly Theorem 2.1
because of the singularity with respect to time on the right hand side term of (B.1). But
since we are concerned only with values ffat timer =i A, ,, we consider a new
function f* (a mean value of, with respect to time) which verifies:

fn*(iAt,rn y ) = fn(iAt,na *y ')a

and such thay,* verifies an equation of the form (B.1) without singularity with respect
to time on the right-hand side term. In order to do so, we consider the function
S(t) =Sup0, 1 — [¢]). In particular,S(0) = 1 and Supg C [—1, 1]. We denotef,* the
function defined by:

[l x =3 S(ﬂ)fn (iD= x — (t =i )V, v).

ieZ A””
Notice thatf* is bounded in.>([0, T] x R?) and

fn*(tAt,n_v X, U) = f;‘l(tAt,n_vxv v) = gn(tvxv v)'

We have:

1 ’ r— iAt,n . .
AL ZS (T) faiA = x —(t —iA;,)V,0)

i€eZ

0
— V=
atf;‘l +U an

1
= A— [fn((tA,,n + At,n)_7 X — (t - tA,,,, - At,n)vy l))

t,n
- fn (tAI.n_’ X = (t - tA,_n)v, v)]

Eqg. (B.1) is equivalent to:

(+D AL,

%{fn(t, X+10,0)} =) 8, ) ( H,(t,x + tv, v)dt) :

i€Z ;
[FAV

Integrating with respect toon|z,,,, ta,, + A, ,[ this equation leads to:
fn((tA,_,, + At,n)_7 X + (tA,_,l + At,n)va v) - fn(tA[,n_7 X + tA[,nva v)
tAt,,l"FAt,n
= / H,(t,x +1,,v,v)dT.
tAt,n
Therefore:

tAt’,l +At,n

0 1
Efn*—‘l-v.vxfn*: A / Hn(ryx—i_(tAt’n —Z)U, U) dT (B4)
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The right-hand side term can be written in the form:

d n
>
i—1 an
where
NP AV
5= (= (= 13,,)0). ) dr.
t,n

tAt,n

is relatively compact inL?(R¥*2?), So thanks to the classical averaging lemma
of Perthame—Souganidis (Theorem 2.1), up to a subsequence there mgxists
L2.([0, T] x R?) such thatp:;’”(t,x) = [ ¥ ) [, x,v)dv converges topy (t,x)
in L2_.. Thanks to hypothesis (i) and sincg& — f, converges to O in the sense
of distribution, p, = [ ¥ (v) f dv. By uniqueness of the limit, the entire sequence
converges.

(ii) From global scale to local scal®eplacingf, by:

Fr(t, y,0) = f*(ta,, + €08, X + 8,7, V),

andpy, by:

7 oo = [V i v v,

in the same way that in the Section 2 we find the following proposition related to
Proposition 2.4:

PROPOSITION B.4. — Up to a subsequencestill denoting A, ,,), there exists2 C
[0, T] x RY with £([0, T] x R? \ ) = 0 such that for everyr, x) € Q:

1

/|;31};*(t,x,s,y)—p;(t,x)|”dsdy”i>wo,
0 B4(0,1)
1
/ | I:I,,(t,x, s, Y, v)|2ds dydv 2o 0,
R4 0 B;(0,1)

for everyl < p < 400, whereL denotes the Lebesgue measure.

(iii) Strong convergence at the local scalo change with Section 2. This gives
Proposition 2.6.

(iv) Uniqueness of the limit at the local scalotice that:(ts,,, + €,5)a,, = a,, +
ensx,. Therefore, from (B.4) we find that:

IAfn +8nSAn +A¢n

dfr 1
%+U.Vy ”*=A_ / H,(t,x+ &,y + (€255, — &x5)v,v) dT
s n

tAI.n +8”SA,1
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55,00
= 2—" / H,(ta,, + T, x + &, (y+ (55, —$)v),v)dr
5,
S5,
= 1_ / H,, (t,y+ (sx —s)v,v)drt.
enlp o "

In the second equation we do the change of variables ¢, , + ¢,7 and in the last
equation we use the definition &f,. We deduce that:

|77 (5.3 + (s = s5,)0.0) = £ (5, ¥ + (5 = 53,)v.0)

XAn +An

s —SA -

S H,(t,y,v)drt

— | Ay
XA}'!

XAn +An

/ Hn(r, y,v)dt

N An

<

Ain
An

Therefore this term converges to 0 Irf([0, 1] x B,(0, 1) x R?) thanks to Proposi-
tion B.4.
We denote:

Fa(s,9,0) = f5(5,9,0) — Zu(s, ¥, 0) = £ (s, y,0) — £ (s5,, ¥, V).
We have:

a8, y,0) =r,(s, y,0) —ry (s, y + (s — 55 )v, v)
(s v+ (s —55,)0.0) = £ (s5,. 5 + (s = 53,)v.v).
We have just proved that the second term converges to z€rf irlf we consider a test
functiong € C°([0, T x R*) we find:

‘/[rn(s, Y, 0) = ra(s,y — (s —s5 )v,v) (s, y, v)dsdydv

= ‘/[éb(& Y, v) —¢(S,y — (s —s3,)0, v)]rn(s, y,v)dsdydv

- n—+
<A,/ 1Suppbl IVl lirall,z "= 0.

So finally,r, converges to 0 in the sense of distribution and therefore:

— - D’

iy — py — 0.

Since p},;* converges to,, the entire sequencg’ converges tq, in the sense of
1 g v Y v

distribution. Finally thanks to Proposition 2.6, we have Proposition 2.7.
(v) Back to the global scalé&No change with Section 2. This ends the proofl
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