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ABSTRACT. – We consider a time and spatial explicit discretisation scheme for the Boltz
nequation. We prove some Maxwellian bounds on the resulting approximated solution and
its convergence using a new time-discrete averaging lemma.
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RÉSUMÉ. – Nous considérons une discrétisation explicite en temps et espace de l’éq
de Boltzmann. Nous exhibons des bornes au moyen de Maxwelliennes et en dédui
convergence en utilisant un nouveau lemme de moyennisation discret en temps.

1. Introduction

This article is devoted to the proof of the convergence of a time and spatial ex
discretisation scheme for the Boltzmann equation. The Boltzmann equation prov
time evolution of a gas described by the distribution of particlesf (t, x, v) � 0 which at
time t � 0 and at positionx ∈ R

d move with velocityv ∈ R
d . The Boltzmann equatio

reads

∂f

∂t
+ v · ∇xf = Q(f,f ) in (0,∞)× R

d × R
d, (1.1)

f (0, x, v) = fin(x, v) on R
d × R

d, (1.2)

whereQ(f,f ) is the quadratic Boltzmann collision operator describing the colli
interactions between particles (binary elastic shock). We refer to [3] for a de
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presentation of the equation and to [27] and the references therein for recent
concerning its analysis. Let us just summarize now the fundamental properties
collision kernel that we shall use in the sequel. First, the collision kernel splits into
parts

Q(f,f )= Q+(f, f )−Q−(f, f )

where the gain termQ+ and the loss termQ− are positive operators. Next, it vanish
on Maxwellian functions, namely

Q+(M,M) = Q−(M,M) if M(v) = exp
(
a|v|2 + b · v + c

)
(1.3)

with a, c ∈ R, a < 0, b ∈ R
d . Last, the loss term writes

Q−(f, f )= fL(f ), L(f )= A ∗v f, (1.4)

and we assume here that the so-calledtotal cross-sectionA satisfies

0 �A(z) �K0|z|γ , K0 > 0, γ ∈ (−d,1]. (1.5)

A particular case for which the above condition holds is the cross-section associa
an inverse potential (except the Coulomb potential) with the angular cut-off cond
of Grad and the cross-section associated to hard sphere collisions. Before describ
scheme investigated here, we recall what is known about several partial discretis
of (1.1). A first step of the discretisation (usually used in numerical simulation) is to
the transport part

∂f

∂t
+ v · ∇xf = 0 (1.6)

and the collision part

∂f

∂t
= Q(f,f ), (1.7)

and to solve each equation one after another in small intervals(k�t, (k + 1)�t ) for
any k ∈ N. This splitting algorithm has been proved to converge in [4]: constructi
approximate solutionf�t

, one may prove that(f�t
) converges (up to the extraction o

subsequence) to a solution of the Boltzmann equation (1.1) when�t → 0. A crucial step
is the velocity discretisation, which means to approximate (1.1) by a family of equa

∂fj

∂t
+ vj · ∇xfj = Qj

(
(fj)j , (fj)j

)
in (0,∞)× R

d, (1.8)

wherefj = fj (t, x) � 0 represents the density of particles with velocityvj (or with
velocity in a neighborhood ofvj ), (vj ) is a family of given velocities and the operat
(Qj)j is an approximation ofQ(f,f ) (with the help of quadrature formula). Such
scheme (construction of a good approximation operatorQj ) have been proposed by [1
15,21] and their convergence have been proved in [17,19,21,20,16].
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Another step is to perform a time Euler explicit discretisation of (1.7):

f k+1 − f k

�t

= QRv

(
f k, f k

)
, f 0 = fin. (1.9)

HereQRv
denote a velocity truncation ofQ which guarantees the positivity off k and

can be relaxed in the limit�t → 0. Convergence of the Euler scheme has been pr
in [18]. See also [9] for other time discretisations.

The scheme we consider here consists in an explicit time and space discretisa
the splitting algorithm of (1.1). Full discretisations including velocity discretisatio
postponed to future works. We successively perform (and iterate):

(1) solve explicitly the transport equation (1.6),
(2) project on space mesh,
(3) perform the time explicit Euler scheme (1.9).

In order to be more precise, let us introduce a partition ofR
d in cells:

R
d = ⋃

a∈Zd

�a, �a =
d∏

i=1

[
ai�x,n, (ai + 1)�x,n

[
, (1.10)

for some�x,n > 0; and let us define the projection operator on the meshes(�a)a∈Zd :

Pnφ =∑
a

P aφ with P aφ(x) := 1

(�x,n)d

∫
�a

φ(y) dy 1�a
(x). (1.11)

Let also defineQRv,n
a velocity truncated Boltzmann operator such that its total cr

sectionARv,n
satisfies

ARv,n
(z)� A(z)1|z|�Rv,n

.

Starting from the initial datum

f 0
n = (Pnfin)1BRv,n

(v)1BRx,n/4
(x) (1.12)

we define

(f k+1/3
n )#(x, v) = f k

n (x, v),

f k+2/3
n = Pnf

k+1/3
n ,

f k+1
n − f k+2/3

n

�t,n

= QRv,n

(
f k+2/3
n , f k+2/3

n

)

where we use the notationφk #(x, v) := φ(x+k�t,nv, v) for k ∈ Z (for a given�t,n > 0).
In other words, we define

f k+1
n = Pn

(
f k−#
n

)+�t,nQRv,n

(
Pn

(
f k−#
n

)
,Pn

(
f k−#
n

))
. (1.13)
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We finally define the approximate solutionfn by

fn(t, x, v) =∑
k

f k
n

(
x − v(t − k�t,n), v

)
1t∈[k�t,n,(k+1)�t,n)1t∈[0,Tn] (1.14)

for a given choice of�t,n, �x,n, Rx,n, Rv,n, Tn > 0.
This paper is devoted to the proof of the following result.

THEOREM 1.1. – Let consider an initial datumfin such that

0� fin � M0 = C0ξ, ξ(x, v) = exp
(−α|x|2 − β|v|2), (1.15)

with

(i) local case: γ ∈ (−d,0]
or

(i) global case: γ ∈ (−d + 1,0] andC0 small enough(depending onα,β)

or γ ∈ (0,1] andα large enough(depending onC0, β).

There existsT ∗ = T ∗(M0) > 0, and we may chooseT ∗ = +∞ in case(ii), and there
exists a sequence of the discretisation parameters(�t,n), (�x,n), (Rx,n), (Rv,n), (Tn)
satisfying

�t,n,�x,n → 0, Rx,n,Rv,n → +∞, Tn ↗ T ∗, (1.16)

such that the sequence(fn) defined by(1.14)satisfies

sup
n

sup
[0,T ∗]

∥∥fnξ−1∥∥
L∞ < ∞, (1.17)

and, up to the extraction of a subsequence,(fn) converges weakly to a solutionf of the
Boltzmann equation(1.1).

Remark1.2. – The same result holds for different versions of time and s
discretisations such that replacing (1.13) by

(
f k+1)# = Pn

(
f k
)+�t,nQRv,n

(
Pn

(
f k
)
,Pn

(
f k
))
.

Let us briefly explain the strategy of the proof. First, remark that though
convergence proof for the splitting algorithm and for the velocity discretisation sc
can be performed in the general framework of DiPerna–Lions renormalized sol
(and thus for general initial data) such a framework seems difficult to use in the p
situation at least for two reasons. On one hand, for an explicit scheme we loo
entropy-dissipation entropy bound which is a fundamental information in the
stability result for renormalized solutions. On the other hand, even for a modified im
scheme (for which entropy-dissipation entropy bound is available) time (and pos
discretisation seems to be inadapted to the renormalization technic. We then
the (less general) framework of distributional solution bounded above by a Maxw
function introduced by Illner and Shinbrot.
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The first step is thus to build for anyn ∈ N a sequence of Maxwellians(Mk
n)k which

are subsolution of the discrete scheme (1.13) in the following sense

Mk+1
n � PnM

k−#
n +�t,nQ

+
Rv,n

(
PnM

k−#
n ,PnM

k−#
n

)
(1.18)

in the case of soft potential (γ � 0) and

Mk
n � πk

nM
0 +

k−1∑
j=0

�t,nπ
k−1−j
n Q+

Rv,n

(
πnM

j
n ,πnM

j
n

)
, (1.19)

in the case of hard potential (γ > 0), where we use the notationπnφ = Pn(φ
−#). These

sub-solutions(Mk
n) can be constructed locally or globally in time (depending on the

of the initial datum and ofγ ). We then easily verify that they are indeed subsolution
0� f 0

n � M0
n then 0� f k

n � Mk
n ∀k, n and that provides the strong bounds (1.17).

A second step is to write the kinetic equation satisfied byfn, namely

∂fn

∂t
+ v · ∇xfn =∑

k

δk�t,n
(t)

(k+1)�t,n∫
k�t,n

(
Pngn − gn

�t,n

+Q
Rv,n

(Pngn,Pngn)

)
dτ (1.20)

with

gn(t, ·, ·) = fn
(
(t�t,n

)−, ·, ·), t�t,n
= E(t/�t,n)�t,n, (1.21)

where E denotes the truncation function, and to pass to the limit in (1.20) w
n → ∞. In order to do it, the main difficulty is to prove that the velocity avera
of gn converge strongly. Of course, the so-called “compactness lemma on ve
averaging” of solutions of continuous transport equation has been introduced b
11,1] at the middle of the 80’s and has been extensively developped by [5,6,8
Discrete versions in velocity have been proved in [17] and time discrete versio
the splitting algorithm have been introduced in [4]. See also [2] for an alternative
simpler proof. We need here such a discrete version of averaging lemmas (which
for velocity averaging ofgn instead of velocity averaging offn) extended to this time
and position discrete context. Gathering the “ultimate” version of averaging lemm
to [22], the previous “time” discrete version of averaging lemma by [4] and [2] and
scale techniques developed by Vasseur in [25,26], we prove the following result.

THEOREM 1.3. – Consider a sequence�t,n → 0 and a sequencefn uniformly
bounded inL∞(R+ × R

2d) which satisfies

∂

∂t
fn + v · ∇xfn =∑

i∈Z

δi�t,n
(t)

( (i+1)�t,n∫
i�t,n

Hn(τ, x, v) dτ

)
= Jn. (1.22)

We assume that

fn ⇀ f weakly inL∞(R+ × R
2d) ∗ (1.23)
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Jn is relatively compact inW−1,p(R+ × R
2d) for somep > 1, (1.24)

there exists a sequenceεn → 0 with εn/�t,n → +∞ such that: (1.25)

∥∥εn2Hn

∥∥
L2

n→+∞−→ 0.

Then, for anyψ ∈D(Rd),

∫
Rd

gn(t, x, v)ψ(v) dv →
∫
Rd

f (t, x, v)ψ(v) dv (1.26)

strongly inLp
loc((0, T )× R

2d) ∀p ∈ [1,∞).

It remains to verify that Theorem 1.3 may be used for the sequence(fn) built in the
statement of Theorem 1.1, and then it is classical to pass to the limitn → ∞ in the
formulation (1.20) and obtain Theorem 1.1. For the sake of completeness we p
in the appendix a different version of Theorem 1.3 where hypothesis (1.24) is sl
generalized.

The outline of the paper is the following. In Section 2 we prove Theorem 1.
Section 3 we built the subsolution(Mn) for the discrete scheme (1.13). In Section 4
then prove Theorem 1.1.

2. Proof of Theorem 1.3

Let us begin giving the idea of the proof. We first use the classical compac
averaging lemma to prove compactness for the continuous functions with resp
time. Indeed we are able to show that{∫ ψ(v)fn(·, ·, v) dv} is relatively compac
in L2

loc(R
d+1). Let us recall this result due to Perthame and Souganidis [22] in

framework:

THEOREM 2.1. – Let fn be a sequence of functions bounded inLq(R1+2d) for some
1< q <+∞ and{Jn} be relatively compact inW−1,p(R1+2d) verifying

∂tfn + v.∇xfn = Jn.

Then, for every functionψ ∈D(Rd), the average

ρn
ψ(t, x) :=

∫
Rd

ψ(v)fn(t, x, v) dv

is relatively compact inLq(R1+d).

On the other hand, property (1.25) allows us to show a result of the kind (1.26)
local scale” thanks to the following Theorem due to Desvillettes and Mischler [4].
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THEOREM 2.2. – Consider a sequencē�n → 0 and a sequence of functions̄fn
bounded inL2

loc([0, T ] × R
2d) which verify

∂sf̄n + v · ∇yf̄n =∑
i∈Z

δi�̄n
(s)

( (i+1)�̄n∫
i�̄n

H̄n(τ, y, v) dτ

)
(2.1)

with H̄n bounded inL2([0, T ] × R
2d). Then, for everyψ ∈D(Rd), the average

η̄nψ(s, y) =
∫
Rd

ψ(v)ḡn(s, y, v)dv

is relatively compact inL2
loc([0, T ] × R

d), where

ḡn(s, y, v) = f̄n(s�̄n
, y, v),

with s�̄n
= E(s/�̄n)�̄n.

More precisely, if we denotē�n = �t,n/εn with �t,n � εn � 1, and

f̄n(t, x, s, y, v) = fn(t�t,n
+ sεn, x + yεn, v),

ḡn(t, x, s, y, v) = gn(t�t,n
+ sεn, x + yεn, v) = fn(t�t,n

+ εns�̄n
, x + yεn, v),

then for every fixed point(t, x) the functionf̄n(t, x, ·, ·, ·) verifies (2.1). So we conclud
that {∫ ψ(v)ḡn(t, x, ·, ·, v) dv} is relatively compact inL2([0, T ] × R

d) when (t, x) is
fixed. The following lemma allows us to compare the results at the global sca
variables(t, x)) and at the local scale (in variables(s, y)) in order to carry the desire
result from the result at the local scale using the compactness result on the con
function in time at the global scale:

LEMMA 2.3 (From local scale to global scale). –Let ρn, ρ ∈ L
p
loc([0, T ] × R

d)

with 1 � p < +∞, �t,n → 0 and �t,n/εn → 0. Thenρn converges strongly toρ in
L
p
loc([0, T ] × R

d) if and only if for everyR > 0:

T∫
0

∫
Bd(0,R)

1∫
0

∫
Bd(0,1)

∣∣ρn(t�t,n
+ εns, x + εny)− ρ(t, x)

∣∣p dy ds dx dt n→+∞−→ 0, (2.2)

whereBd(0,R) is thed-dimensional ball of center0 and radiusR.

This lemma is a slight generalization of a result of [25] (in the caseεn �= �t,n). For
the sake of completeness we give its proof in Appendix A.

Proof of Theorem 2. –We denote:

ηnψ(t, x) =
∫
d

ψ(v)gn(t, x, v) dv.
R
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(i) Compactness at the global scale.For everyj ∈ N we consider a regular functio

9j ∈ C∞(R × R
d) defined such that Supp9j ⊂ [0,2j ] ×Bd(0,2j) and9j(t, x) = 1 if

(t, x) ∈ [1/j, j ] ×Bd(0, j). From Eq. (1.22) we get:

∂9jfn

∂t
+ v · ∇x9jfn = 9jJn + fn

[
∂t9j + v · ∇x9j

]
.

Sincefn ∈ L∞ and9j is regular the right-hand-side term is compact inW−1,p(R×R
2d).

Moreover 9jfn ∈ Lp(R × R
2d) (since fn ∈ L∞ and 9j is compactly supported

Therefore{9j(t, x)
∫
ψ(v)fn(t, x, v) dv} is relatively compact inLp(R1+2d) thanks

to Theorem 2.1. By diagonal extraction, up to a subsequence, there existsρψ ∈
L∞([0, T ]×R

d) such thatρn
ψ(t, x) = ∫ ψ(v)fn(t, x, v) dv converges toρψ(t, x) in L

p
loc.

Because of hypothesis (1.23),ρψ(t, x) = ∫
ψ(v)f dv. By uniqueness of the limit th

entire sequence is converging. Finally the convergence holds true inL
q
loc([0, T ] × R

2d)

for 1 � q < +∞ as well since

sup
n�0

∥∥ρn
ψ

∥∥
L∞ � sup

n�0
‖fn‖L∞‖ψ‖L1 < ∞.

In short we have proved

ρl
ψ −→

∫
fψ dv (2.3)

in L
p
loc([0, T ] × R

d , ∀p ∈ [1,+∞[.
(ii) From global scale to local scale.
We consider the local functions depending on the local variables(s, y). We introduce

the two new ones:

ρ̄n
ψ(t, x, s, y) =

∫
ψ(v)f̄n(t, x, s, y, v) dv,

η̄nψ(t, x, s, y) =
∫

ψ(v)ḡn(t, x, s, y, v) dv.

From Lemma 2.3 and (2.3), we deduce that for everyR,T > 0, 1� p < +∞:

T∫
0

∫
Bd(0,R)

[ 1∫
0

∫
Bd(0,1)

∣∣ρ̄n
ψ(t, x, s, y) − ρψ(t, x)

∣∣p ds dy
]
dx dt

n→+∞−→ 0.

From hypothesis (1.25),
∫

Rd |εn2Hn|2(·, ·, v) dv converges to 0 inL1(R+ × R
d). Then

Lemma 2.3 withp = 1 implies that:

T∫
0

∫
Bd(0,R)

[ ∫
Rd

1∫
0

∫
Bd(0,1)

∣∣H̄n(t, x, s, y, v)
∣∣2 ds dy dv

]
dx dt

n→+∞−→ 0,

where we denoteH̄n = εn
2Hn(t�t,n

+ εns, x + εny, v). This leads to the following
proposition:
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PROPOSITION 2.4. – Up to a subsequence(still denoting�t,n), there exists; ⊂
[0, T ] × R

d with L([0, T ] × R
d \;) = 0 such that for every(t, x) ∈;:

1∫
0

∫
Bd(0,1)

∣∣ρ̄n
ψ(t, x, s, y) − ρψ(t, x)

∣∣p ds dy n→+∞−→ 0,

∫
Rd

1∫
0

∫
Bd(0,1)

∣∣H̄n(t, x, s, y, v)
∣∣2 ds dy dv n→+∞−→ 0,

for every1 � p < +∞, whereL denotes the Lebesgue measure.

From now on we fix(t, x) ∈;.
(iii) Strong convergence at the local scale.
Since the point(t, x) ∈; is fixed, let us skip it in the notation (so we denotef̄n(s, y, v)

for f̄n(t, x, s, y, v)). We have:

LEMMA 2.5. – Local functionsf̄n are bounded inL∞([0, T ] × R
2d) and verify:

∂f̄n

∂s
+ v.∇yf̄n =∑

i∈Z

δi�̄n
(s)

( (i+1)�̄n∫
i�̄n

H̄εn(τ, y, v) dτ

)
. (2.4)

Proof. –We just compute:

∂f̄n

∂s
+ v.∇yf̄n = εn

∑
i∈Z

δi�t,n
(t�t,n

+ εns)

( (i+1)�t,n∫
i�t,n

Hn(τ, x + εny, v) dτ

)

=∑
i∈Z

δi�t,n
(εns)

( (i+1)�t,n+t�t,n∫
i�t,n+t�t,n

εnHn(τ, x + εny, v) dτ

)

=∑
i∈Z

δi�t,n
(εns)

( (i+1)�̄n∫
i�̄n

εn
2Hn(t�t,n

+ εnτ, x + εny, v) dτ

)

=∑
i∈Z

δi�̄n
(s)

( (i+1)�̄n∫
i�̄n

H̄εn(τ, y, v) dτ

)
.

In the second equality we do the change of indicei → i+ t�t,n
/�t,n, in the third equality

we do the change of variablesτ → t�t,n
+ εnτ and in the last equality we use th

definition ofH̄εn and the remark thatεns = i�t,n if and only if s = i�̄n. ✷
This lemma gives the hypothesis needed to apply Theorem 2.2 (with Propositio

Therefore we conclude that:

PROPOSITION 2.6. – The sequence{η̄nψ} is relatively compact inL2
loc([0, T ] × R

d).
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(iv) Uniqueness of the limit at the local scale.

PROPOSITION 2.7. – The entire sequencēηnψ(s, y) converges toρψ (which is
constant with respect to(s, y)) in L2

loc([0, T ] × R
d) whenn goes to+∞.

Proof. –We have

fn(t, x, v)= fn(t�t,n
, x + (t − t�t,n

)v, v)

= gn(t, x + (t − t�t,n
)v, v).

Notice that

(t�t,n
+ εns)�t,n

= t�t,n
+ εns�̄n

,

So f̄n(s, y, v) = ḡn(s, y − εns�̄n
v, v) and

ρ̄n
ψ(s, y)− η̄nψ(s, y) =

∫
Rd

ψ(v)
[
ḡn(s, y − εns�̄n

v, v)− ḡn(s, y, v)
]
dv.

If we consider a test functionφ ∈C∞
c ([0, T ] × R

2d) we find:∫
φ(s, y)

[
ρ̄n
ψ(s, y) − η̄nψ (s, y)

]
ds dy

=
∫

ψ(v)ḡn(s, y, v)
[
φ(s, y) − φ(s, y + εns�̄n

v)
]
ds dy dv

� �t,n‖∇φ‖L∞(Suppφ)‖ψ‖L1‖f̄n‖L∞
n→∞−→ 0.

Therefore:

η̄nψ − ρ̄n
ψ

D′−→ 0.

Sinceρ̄n
ψ converges toρψ thanks to Proposition 2.4, the entire sequenceη̄nψ converges

to ρψ in the sense of distribution and we conclude gathering this information
Proposition 2.6. ✷

(v) Back to the global scale.
We have shown that for every(t, x) ∈;:

1∫
0

∫
Bd(0,1)

∣∣η̄nψ(t, x, s, y) − ρψ(t, x)
∣∣2 ds dy n→+∞−→ 0.

Therefore, sinceL([0, T ] × R
d \;)= 0, for every 1� p < 2:

T∫
0

∫
Bd(0,R)

1∫
0

∫
Bd(0,1)

∣∣η̄nψ (t, x, s, y) − ρψ(t, x)
∣∣p ds dy dx dt n→+∞−→ 0.

Using Lemma 2.3 we conclude thatηnψ converges toρψ in L
p
loc([0, T ]× R

d) which ends
the proof of Therorem 1.3. ✷
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n
e
tential.

ill
3. Subsolution

In this section we fix some positive real�t , �x , Rx , Rv, T (without dependence i
n) and we prove several estimates on the sequence(f k) defined by the discrete schem
(1.13). We treat separatly the case of the soft potential and the case of the hard po
In all what follows we define

ξ(x, v) = exp
(−α|x|2 − β|v|2), ξ k #(x, v) = exp

(−α|x + vk�t |2 − β|v|2). (3.1)

Case1. Soft potentialγ ∈ (−d,0]. We begin with some technical lemmas that we w
use in the construction of subsolutions.

LEMMA 3.1. –There existsK1 = K1(α,β, γ ) such that

0� L
(
ξ−k #

)
� <(k�t)

4
∀x, v ∈ R

d, k � k∗ := E

(
T

�t

)
, (3.2)

where

<(t) := K1

(1+ t)d+γ
.

Proof. –We write

ξ−k # = exp
(−∣∣A(k�t)x −B(k�t)v

∣∣2 −C(k�t)|x|2)
with

C(t) = αβ

αt2 + β
, B(t) =

√
αt2 + β and A(t) = tα√

αt2 + β
.

By a change of variables, we have

(
ξ−k # ∗v |.|γ )(v)= e−C|x|2

∫
Rd

exp
(−∣∣Ax −B(v − z)

∣∣2)|z|γ dz

= e−C|x|2

Bγ+d

∫
Rd

exp
(−∣∣Ax −Bv −w

∣∣2)|w|γ dw

= e−C|x|2

Bγ+d

(
e−|.|2 ∗ |.|γ )(Ax −Bv).

We conclude that ∥∥L(ξ−k #
)∥∥

L∞(Rd
v )

� K0
Cγ

Bγ+d

since|.|γ ∈ L1(Rd)+L∞(Rd) and e−|.|2 ∈L1(Rd)∩L∞(Rd). ✷
LEMMA 3.2. – For anyC0 > 0 there existsT ,C∗, τ > 0 (depending onC0, γ + d,

K1) such that the sequence(Ck)k�1 recursively defined by

Ck+1 = (1+�tτ)C
k +�t

(
Ck
)2
<
(
(k + 1)�t

)
(3.3)
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r

satisfies

0� Ck �C∗ for anyk = 0,1, . . . , k∗. (3.4)

Moreover, there exists̄C = C̄(d + γ,K1) ∈ (0,1) such that ifγ ∈ (−d + 1,0] and
C0 ∈ (0, C̄), then, for anyT > 0, setting

τ = K2

(1+ T )γ+d
, K2 =K2(K1, d, γ ) > 0, (3.5)

the sequence(Ck) satisfies(3.4)with C∗ = 1.

Remark3.3. – We define the interval(0, T ∗) on which a uniform bound on(Ck) is
obtained thanks to Lemma 3.2, settingT ∗ = T in the first case (arbitraryC0) and setting
T ∗ = +∞ in the second case (C0 small enough andγ ∈ (−d + 1,0]). In both cases, fo
anyT ∈ (0, T ∗) we may define the parameterτ by (3.5).

Proof of Lemma 3.2. –Noticing that if, for someC∗ > 0, we have

Cj � C∗ for anyj = 0, . . . , k, (3.6)

thenCj+1 � (1+ (τ +C∗<((j + 1)�t ))�t )C
j for anyj = 0, . . . , k. We deduce that

Ck+1 �
k∏

j=1

(
1+ (τ +C∗<

(
(j + 1)�t )

)
�t

)
C0

� exp

( k�t∫
0

(
τ +C∗<(s)

)
ds

)
C0

� exp

(
τT +C∗

T∫
0

<(s) ds

)
C0, if k�t � T . (3.7)

Consider first the general case and takeC0 > 0 arbitrary. Let chooseC∗ > 4C0 and
T > 0 (small enough) so that

exp

(
C∗

T∫
0

<(s) ds

)
� C∗

2C0
.

Then for τ = ln 2/T and k � k∗ we deduce from (3.7) thatCk+1 � C∗. Thus, by
induction, (3.4) holds.

Now, consider the caseγ ∈ (−d + 1,0] (so that< ∈L1(R+)). We remark that if

C∗ = 1, C0 � C̄ := exp

(
−

∞∫
<(s) ds

)
,

0
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and since, for an appropriate choice ofK2 (small enough),

τ � 1

T

∞∫
T

<(s) ds,

then we also haveCk+1 �C∗ and we conclude again by induction.✷
LEMMA 3.4. – There isK3 = K3(α) such that for anyθ ∈ ]0,1[ the condition

�x(Rx + TRv) � K3θ (3.8)

implies ∣∣Pξ−k # − ξ−k #
∣∣� θξ−k # ∀x ∈ BRx

, v ∈ BRv
, k � k∗, (3.9)

and

P
((
LRv

ξ j #
)k #)� (1+ θ)

(
LRv

ξ j #
)k # ∀x ∈ BRx

, v ∈ BRv
, k, j + k � k∗. (3.10)

Proof. –Let x ∈�a and write(
Pξ−k # − ξ−k #

)
(x, v)

= ξ−k #

|�a|
∫

�a−x

[
exp
(
α|x − k�tv|2 − α|z+ (x − k�tv)|2)− 1

]
dz.

Since�a − x ⊂ [−�x,�x]d by definition of�a andx, one has onBRx
× BRv

, taking
�x � 1, ∣∣exp

(
α|x − k�tv|2 − α|z+ (x − k�tv)|2)− 1

∣∣
�
∣∣exp

(
4α(Rx + TRv)�x

)− 1
∣∣

� 4α(Rx + T Rv)�x exp
(
4α(Rx + TRv)�x

)
.

The inequality (3.9) follows taking for instanceK−1
3 := 4αe4α.

In order to abreviate the notation we putφ := (LRv
ξ j #)k #. Let x ∈�a and write

(Pφ − φ)(x, v)

= 1

|�a|
∫
Rd

∫
�a−x

ξ(x +�t(jw + kv),w)K(x, z, v,w)ARv
(v −w)dwdz,

where, similarly,

K(x, z, v,w)= ∣∣exp
(
α
∣∣x +�t(jv + kw)

∣∣2 − α
∣∣z+ (x +�t(jv + kw)

)∣∣2)− 1
∣∣

� 4α(Rx + 2T Rv)�x exp
(
4α(Rx + 2T Rv)�x

)
.

Hence

(Pφ − φ)(x, v) � θ

∫
Rd

ξ
(
x +�t(jw + kv),w

)
ARv

(v −w)dw = θφ(x, v). ✷
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k

t

PROPOSITION 3.5. – For any C0 > 0 there existsT ∗ > 0 (defined in Remar
3.3), K4 > 0 such that, for any choice of discretisation parameters�t,�x,Rx,Rv, T

satisfying

T < T ∗, T Rv �Rx/4, �t �K4, (3.11)

�x(Rx + T Rv)T
γ+d � K4�t, (3.12)

the sequence(Mk)k∈N defined by

Mk(x, v) = Ckξ−k #, k = 0, . . . , k∗ = E(T /�t), (3.13)

with (Ck)k∈N given by Lemma3.2, satisfies

Mk+1 � PMk−# +�tQ
+(PMk #,PMk−#

)
on {1, . . . , k∗} ×B3Rx/4 ×BRv

. (3.14)

Moreover, if

0� fin �M0 (3.15)

then

0� f k � Mk on {1, . . . , k∗} ×BRx/2 ×BRv
. (3.16)

Proof. –Fix k, x, v so thatk�t � T , x ∈ B3Rx/4 andv ∈ BRv
. Since|x + �tv| � Rx ,

one has, according to lemma 3.4, (1.3), (1.4) and the fact thatQ+ is a positive operator

Q+(PMk−#,PMk−#
)= (Ck

)2
Q+(P (ξ−k #

)
,P
(
ξ−k #

))
� (1+ θ)2(Ck

)2
Q+(ξ−(k+1) #, ξ−(k+1) #)

� (1+ θ)2(Ck
)2
L
(
ξ−(k+1)#)ξ−(k+1)#.

Since ifK4 is chosen small enough thenθ = τ�t � 1, we infer from (3.2) and (3.3) tha

PMk−# +�tQ
+(PMk−#,PMk−#

)
�
(
(1+ τ�t)C

k +�t

(
Ck
)2
<
(
(k + 1)�t )

)
ξ−(k+1)#

�Ck+1ξ−(k+1)# = Mk+1,

and (3.14) holds. Let us now assert that

0 � f k � Mk onB3Rx/4−k�tRv
×BRv

. (3.17)

According to (3.15) it is obviously true fork = 0. Assume it is true for somek. Then
f k# �Mk# onB3Rx/4−(k+1)�tRv

×BRv
and therefore by definitions off k+1 andMk+1 we

also have

f k+1 � P
(
f k−#)+�tQ

+(P (f k−#
)
,P
(
f k−#

))
� P

(
Mk−#)+�tQ

+(P (Mk−#
)
,P
(
Mk−#

))
� Mk+1

onB3Rx/4−(k+1)�tRv
×BRv

. Moreover, we have from (3.15)



T. HORSIN ET AL. / Ann. I. H. Poincaré – AN 20 (2003) 731–758 745
f k+1 � P
(
f k−#)−�tP

(
f k−#

)
L
(
P
(
f k−#

))
� P

(
f k−#)−�tP

(
f k−#

)
L
(
P
(
Mk−#

))
� P

(
f k−#)[

1−�tC
k<
(
(k + 1)�t

)]
,

and the last term is non negative with a conveniant choice ofK4 (for instanceK4 �
(C∗<(0))−1). Then (3.17) follows by induction and (3.16) is proved.✷

Case2. Hard potentialγ ∈ (0,1].
LEMMA 3.6. – There existsK5 =K5(γ, d,β,K0) such that under the condition

�tRv � α−1/2 (3.18)

there holds ∑
k∈Z

�t

(
LRv

ξ−k #
)k # � K5√

α
∀x, v ∈ R

d. (3.19)

Proof. –One has∑
k∈Z

�t

(
LRv

ξ−k #
)k# =∑

k∈Z

�t

∫
R3

ξ−k #(x + v�tk,w)A(v −w)1|v−w|�Rv
dw

=�t

∫
R3

∑
k∈Z

ξ
(
x + (v −w)�tk,w

)
A(v −w)1|v−w|�Rv

dw.

Since

�t

∑
k∈Z

e−α|x+(v−w)�tk|2 � �t +
∫
R

e−α|x+(v−w)t |2dt � �t +
√
π√

α|v −w|,

we get

∑
k∈Z

�t

(
LRv

(
ξ k
))k# �

∫
R3

AR(v −w)�te
−β|w|2dw +

√
π√
α

∫
R3

|v −w|γ−1e−β|w|2dw

��tK0R
γ
v

∥∥e−β|.|2∥∥
L1 +

√
π√
α
K0
∥∥|.|γ−1 ∗ e−β|.|2∥∥

L∞ .

We deduce (3.19) thanks to (3.18) and that|.|γ−1 ∈L1 +L∞, e−β|.|2 ∈L1 ∩L∞. ✷
PROPOSITION 3.7. – There existsα > 0 andK6 > 0 (depending ofβ,K0, γ , d) such

that for any choice of the discretisation parameters�t,�x,Rx,Rv, T satisfying

T Rv �Rx/4, Rd+γ
v �t �K6, (3.20)

�x(Rx + T Rv)T � K6�t, (3.21)

the sequence(Mk)k∈N defined by

M0 = ξ
, Mk = ξ−k #, k � 1,
4
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.

satisfies

Mk � πkM0 +
k−1∑
j=0

�tπ
k−1−jQ+

Rv

(
πMj,πMj

)
on {0, . . . , k∗} ×BRx/3 ×BRv

,

(3.22)
where we have introduced the notationπφ = P(φ−#) and again k∗ = E(T /�t).
Moreover, iffin satisfies(3.15)then estimate(3.16)holds.

Proof. –We fix x ∈ B2Rx/3, v ∈ BRv
, 0� j � k � k∗ and we defineθ = �t(ln

√
2)/T .

By repeating use of Lemma 3.4 we get

πk−1−jQ+
Rv

(
πMj ,πMj

)
� (1+ θ)2(πk−1−jMj

)(
πk−1−jLMj

)
� (1+ θ)2(k−j)

(
Mj
)−(k−1−j)#(

LMj
)−(k−1−j)#

.

Therefore, we deduce from Lemma 3.6 and condition (3.21) that(
πkM0 +

k−1∑
j=0

�tπ
k−1−jQ+

Rv

(
πMj ,πMj

))k#

� (1+ θ)2k

(
M0−k# +

k−1∑
j=0

�tQ
+(Mj−#,Mj−#

)−(k−1−j)#

)k#

� e2kθ

(
M0 +

k−1∑
j=0

�tL
(
Mj−#

)(j+1)#(
Mj
)j#)

� 2
(

1

4
+ K5√

α

)
ξ �

(
Mk
)k#

,

with α = (8K5)
2, and (3.22) holds.

We now assert that for anyk � k∗

0� f k � Mk onB3Rx/4−(T−k�t )Rv
×BRv

. (3.23)

It is of course true at the rankk = 0 by assumption. Assume it is true at the rankk − 1
and remarking thatf k may be writen

f k = πkf 0 +
k−1∑
j=0

�tπ
k−1−jQRv

(
πf j ,πf j

)
,

we deduce thanks to (3.22) that (3.23) holds at rankk, and we conclude by induction
Finally, we have

f k+1 � πf k −�t

(
πf k

)(
LRv

πf k
)

� πf k
(
1−�t(LRv

1)
)
,

and the last term is nonnegative thanks to the condition (3.20).✷
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)

.12)
exists

see
4. Proof of Theorem 1.1

Let us consider sequences of real numbers�t,n,�x,n, Tn,Rx,n,Rv,n such that (1.16
holds and

TnRv,n � Rx,n/4,
(�x,n)

s

�t,n

� 1, �1/s−1
t,n T d

n R
d+2
x,n → 0, (4.1)

with s ∈ (1/2,1). For example, in dimensiond = 3, we may take�t,n = n−1, �x,n =
n−2, s = 3/4 andRx,n = n1/21, Rv,n = Tn = n1/42/2.

LEMMA 4.1. – For everyT ∈ (0, T ∗) there existAT , αT , βT such that:

0� fn, gn,Q
±
Rv
(Pngn,Pngn) � ξT =AT exp

(−αT |x|2 − βT |v|2). (4.2)

Proof. –We easily check that (1.16), (4.1) imply that the conditions (3.11), (3
and (3.20), (3.21) hold. Therefore, according to Propositions 3.5 and 3.7, there
T ∗ ∈ (0,+∞] as stated in Theorem 1.1 such that for everyT < T ∗ there existsCT > 0
such that:

0� fn � Mn �CT ξ on [0, T ] ×BRx,n/2 ×BRv,n
, (4.3)

whereMn is defined fromMk
n thanks to formula (1.14). Since, by construction (

(1.12)),fn(t, x, v) = 0 on [0, T ] × (BRx,n/2)
c × R

d , the same holds on[0, T ] × R
d × R

d

and that proves that(fn), (gn) and(Mn) satisfy (4.2).
Moreover, we have

A ∗v ξ(v) � K0
(|.|γ ∗ ξ

)
(v) � K ′

0

(
1+ |v|),

and thereforeξL(ξ) satisfies (4.2). Finally, sincePngn � PnMn � 2Mn, we have

Q±
Rv
(Pngn,Pngn)� 4MnL(Mn) (4.4)

and we conclude gathering (4.4) with the bound (4.2) on(Mn). ✷
So, there exists a functionf ∈ L∞([0, T ] × R

2d), 0 � f � ξT , such that, up to a
subsequence (still denotedfn): fn converges weakly tof in L∞∗.

Let then show that(fn) satisfies (1.20). Indeed, with the notationtk = k�t,n, we have

∂fn

∂t
+ v.∇fn =∑

k�0

δtk
(
fn(t

+
k )− fn(t

−
k )
)

=∑
k�0

δtk
(
f k
n − (f k−1

n

)−#)

=∑
k�0

δtk
(
Pn

((
f k−1
n

)−#)− (f k−1
n

)−# +�t,nPnQ
((
f k−1
n

)−#
,
(
f k−1
n

)−#))
,

and (1.20) follows remarking thatgn(t) = (f k−1
n )−# for t ∈ [tk, tk+1).
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We split the right-hand side term of (1.20) in the following way:

∂fn

∂t
+ v.∇fn = J n

1 + J n
2 ,

with

J n
1 =∑

k

δk�t,n
(t)

(k+1)�t,n∫
k�t,n

Pngn − gn

�t,n

dτ,

J n
2 =∑

k

δk�t,n
(t)

(k+1)�t,n∫
k�t,n

QRv,n
(Pngn,Pngn) dτ.

Let us show the following lemma:

LEMMA 4.2. – We have for everyp < 2
1+s

∥∥J n
1

∥∥
W−1,p([0,T ]×R2d )

n→+∞−→ 0.

Proof. –For every91 ∈ D([0, T ]), 92 ∈D(Rd), 93 ∈D(Rd), we have:

∣∣∣∣
∫

J n
1 (t, x, v)91(t)92(x)93(v) dv dx dt

∣∣∣∣
=
∣∣∣∣∣
∑
k

91(k�t,n)

∫ (k+1)�t,n∫
k�t,n

[∫
92(x)

Pngn − gn

�t,n

dx

]
dτ 93(v) dv

∣∣∣∣∣

=
∣∣∣∣∣
∑
k

91(k�t,n)

∫ (k+1)�t,n∫
k�t,n

[∫
Pn92(x) −92(x)

�t,n

gn dx

]
dτ 93(v) dv

∣∣∣∣∣
� ‖91‖L∞‖gn‖L1([0,T ],L2(R2d))

∥∥∥∥Pn92 −92

�t,n

∥∥∥∥
L2(Rd)

‖93‖L2(Rd).

Thanks to (4.1)

∥∥∥∥Pn92 −92

�t,n

∥∥∥∥
L2(Rd)

�
∥∥∥∥Pn92 −92

�
1+s

2
x,n

∥∥∥∥
L2(Rd)

(�x,n)
1−s

2 ,

and ∥∥∥∥Pn92 −92

�
1+s

2
x,n

∥∥∥∥
2

L2(Rd)

= ∑
a∈Zd

1

�1+s
x,n

∫
�a

(Pn92 −92)
2dx,
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ded in

tions of
∑
a∈Zd

1

�1+s
x,n

∫
�a

(Pn92 −92)
2dx �

∑
α

1

�d+1+s
x,n

∫ ∫
�a×�a

(
92(x) −92(y)

)2
dx dy

�
∑
α

∫
�a

∫
Rd

(92(x)−92(y))
2

|y − x|1+s+d
dx dy

�
∫

R2d

(92(x)−92(y))
2

|y − x|1+s+d
dx dy = ‖92‖2

H
1+s

2 (Rd)
.

Finally: ∣∣∣∣
∫

J n
1 (t, x, v)91(t)92(x)93(v) dv dx dt

∣∣∣∣
� ‖91‖L∞([0,T ])‖gn‖L1([0,T ],L2(R2d))‖93‖L2(Rd)‖92‖

H
1+s

2 (Rd )�
1−s

2
x,n

�C‖91‖
W

1−s
2 ,p‖93‖L2(Rd)‖92‖

H
1+s

2 (Rd )�
1−s

2
x,n

�C�
1−s

2
x,n ‖919293‖W1,p([0,T ]×R2d )

n→+∞−→ 0,

for p < 2
1+s

, since1−s
2 > 0. Therefore:

∥∥J n
1

∥∥
W−1,p([0,T ]×R2d )

n→+∞−→ 0. ✷
We denoteM the set of bounded measures on[0, T ] × R

2d . We have:

∥∥J n
2

∥∥
M =∑

k

∣∣∣∣∣
(k+1)�t,n∫
k�t,n

QRv,n
(Pngn,Pngn) dτ

∣∣∣∣∣dx dv
�
∥∥QRv,n

(Pngn,Pngn)
∥∥
L1([0,T ]×R2d)

�C,

thanks to Lemma 4.1. The set of bounded measures is compactly embed
W−1,p([0, T ] × R

2d) for p < 2d+1
2d . Therefore, with Lemma 4.2 we conclude thatJ n =

J n
1 + J n

2 belongs to a compact subset ofW−1,p([0, T ] × R
2d) for p < inf(2d+1

2d , 2
1+s

).
Eq. (1.20) can be written in the form (1.22) with:

Hn(τ, x, v) = Pngn − gn

�t,n

+QRv,n
(Pngn,Pngn).

For εn = (�t,n)
α , α ∈ (1/2,1), one has

∥∥ε2
nHn

∥∥
L2 � 2

ε2
n

�t,n

‖fn‖L2 + ε2
n

∥∥QRv,n
(Pngn,Pngn)

∥∥
L2 → 0,

thanks to Lemma 4.1. Gathering the above estimates we conclude that the condi
Theorem 1.3 hold.
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t

One may apply the compactness Theorem 1.3 and we get that for anyψ ∈ D(Rd)∫
Rd gnψ(v) dv converges inL2

loc([0, T ] × R
d) to

∫
Rd f ψ(v) dv. Since

∫
ξ |ψ(v)|dv ∈

L2([0, T ] × R
d), from (4.3) and Lebesgue’s theorem we find:∫

Rd

gnψ(v) dv −→
∫
Rd

f ψ(v) dv in L2((0, T )× R
d
)

(4.5)

for everyψ ∈D(Rd). The linear operatorPn onL2([0, T ] × R
d) verifies:

‖Pn‖L(L2,L2) � 1,

‖Pn9−9‖L2
n→+∞−→ 0 for every9 ∈L2([0, T ] × R

d
)
.

Notice that

Pn

(∫
Rd

gnψ(v) dv

)
=
∫
Rd

(Pngn)ψ(v) dv.

Therefore∥∥∥∥
∫
Rd

Pngnψ(v) dv −
∫

fψ(v) dv

∥∥∥∥
L2([0,T ]×Rd )

�
∥∥∥∥Pn

(∫
Rd

gnψ(v) dv −
∫

fψ(v) dv

)∥∥∥∥
L2

+
∥∥∥∥(Pn − I )

∫
fψ(v) dv

∥∥∥∥
L2

�
∥∥∥∥
∫
Rd

gnψ(v) dv −
∫

fψ(v) dv

∥∥∥∥
L2

+
∥∥∥∥(Pn − I )

∫
fψ(v) dv

∥∥∥∥
L2
,

which converges to 0 whenn goes to+∞. And so:∫
Rd

Pngnψ dv →
∫
Rd

f ψ dv, (4.6)

strongly inL2. In particular:

Pngn ⇀ f in L2 w. (4.7)

By standard argument, see for instance [5], we deduce from (4.7) and (4.6) tha

QRv,n
(Pngn,Pngn)⇀Q(f,f ) in L1. (4.8)

For every test function91 ∈D([0, T ]), 92 ∈D(R2d):∫
J n

2 (t, x, v)91(t)92(x, v) dx dt dv

=∑
k

91(k�t,n)

∫
Rd

(k+1)�t,n∫
k�t,n

QRv,n
(Pngn,Pngn)92(x, v) dτ dx dv
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des
=
∫

91(t)QRv,n
(Pngn,Pngn)92(x, v) dt dx dv

+
∫ [

91(t)−91(t�t,n
)
]
QRv,n

(Pngn,Pngn)92(x, v) dt dx dv.

The first term converges to:∫
Q(f,f )91(t)92(x, v) dt dx dv,

and the second term converges to 0 since it is smaller than:

∥∥QRv,n
(Pngn,Pngn)

∥∥
L1‖92‖L∞Sup

∣∣91(t)−91(t�t,n
)
∣∣ n→+∞−→ 0.

Hence, thanks to Lemma 4.2,
∫
J n(t, x, v)91(t)92(x)93(v) dt dx dv converges to:∫

Q(f,f )91(t)92(x)93(v) dt dx dv,

and we conclude thatf is a solution of (1.1) in the distributional sense. This conclu
the proof of Theorem 1.1. ✷

Appendix A. Proof of Lemma 2.3

We introduce the linear operatorLn defined fromL
p
loc([0, T ] × R

d) to L
p
loc([0, T ] ×

R
d × [0,1] × R

d) by:

Lnρ(t, x, s, y) = ρ(t�t,n
+ εns, x + εny).

For every fixedR > 0 we denote (to simplify the notation):

‖ρ‖p
L
p

loc
=

T∫
0

∫
Bd(0,R)

∣∣ρ(t, x)∣∣p dx dt,

‖Lnρ‖p
L
p

loc
=

T∫
0

∫
Bd(0,R)

1∫
0

∫
Bd(0,1)

∣∣ρ(t, x, s, y)∣∣p dy ds dx dt.
Using Fubini’s theorem we show that for everyρ ∈L

p
loc([0, T ] × R

d):

‖Lnρ‖p
L
p

loc
=

T∫
0

1∫
0

∫
Bd(0,1)

( ∫
Bd(0,R)

∣∣ρ(t�t,n
+ εns, x)

∣∣p dx) dy ds dt

= ∣∣Bd(0,1)
∣∣ T∫

0

1∫
0

∫
Bd(0,R)

∣∣ρ(t�t,n
+ εns, x)

∣∣p dx ds dt

= ∣∣Bd(0,1)
∣∣ ∫
B (0,R)

[ T∫
0

1∫
0

∣∣ρ(t�t,n
+ εns, x)

∣∣p ds dt
]
dx.
d
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But:
T∫

0

1∫
0

∣∣ρ(t�t,n
+ εns, x)

∣∣p ds dt = ∑
0�i�t,n�T

�t,n

1∫
0

∣∣ρ(i�t,n + εns, x)
∣∣p ds

= ∑
0�i�t,n�T

�t,n

εn

i�t,n+εn∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ.
If we denoteαn = E(εn/�t,n) we have:

∑
0�i�t,n�T

�t,n

εn

i�t,n+εn∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ �
∑

0�i�t,n�T

�t,n

εn

(i+αn+1)�t,n∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ
∑

0�i�t,n�T

�t,n

εn

i�t,n+εn∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ �
∑

0�i�t,n�T

�t,n

εn

(i+αn)�t,n∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ.
Therefore:

∑
0�i�t,n�T

�t,n

εn

i�t,n+εn∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ � (αn + 1)
�t,n

εn

T∫
0

∣∣ρ(τ, x)∣∣p dτ

�
(

1+ �t,n

εn

) T∫
0

∣∣ρ(τ, x)∣∣p dτ,
and

∑
0�i�t,n�T

�t,n

εn

i�t,n+εn∫
i�t,n

∣∣ρ(τ, x)∣∣p dτ � αn

�t,n

εn

T∫
0

∣∣ρ(τ, x)∣∣p dτ

�
(

1− �t,n

εn

) T∫
0

∣∣ρ(τ, x)∣∣p dτ.
Finally:

∣∣‖Lnρ‖Lp

loc
− ∣∣Bd(0,1)

∣∣‖ρ∥∥
L
p

loc

∣∣� ∣∣Bd(0,1)
∣∣�t,n

εn
‖ρ‖Lp

loc
,

which implies, since�t,n/εn → 0, that there existsC > 0 such that:

1

C
‖ρ‖Lp

loc
� ‖Lnρ‖Lp

loc
�C‖ρ‖Lp

loc
.

Therefore, for every functionsρn, ρ ∈L
p
loc([0, T ] × R

d) we have:

‖ρn − ρ‖Lp

loc
�C‖Lnρn −Lnρ‖Lp

loc

�C
(‖Lnρn − ρ‖Lp + ‖Lnρ − ρ‖Lp

)
,

loc loc
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and:

‖Lnρn − ρ‖Lp

loc
� ‖Lnρn −Lnρ‖Lp

loc
+ ‖Lnρ − ρ‖Lp

loc

�C‖ρn − ρ‖Lp

loc
+ ‖Lnρ − ρ‖Lp

loc
.

Therefore we just have to show that for everyρ ∈ L
p
loc, Lnρ − ρ converges to 0 inLp

loc
whenn tends to+∞. Indeed for everyε > 0 we can chooseφ ∈C∞

c ([0, T ] × R
d) such

that‖φ − ρ‖Lp

loc
� ε. Sinceφ is regular:

‖Lnφ − φ‖L∞ � ‖∇φ‖L∞
√
εn2 + (�t,n + εn)2,

so:

‖Lnφ − φ‖Lp

loc
� C‖∇φ‖L∞εn

n→+∞−→ 0,

so is less thatε for n big enough and:

‖Lnρ − ρ‖Lp

loc
� ‖Lnρ −Lnφ‖Lp

loc
+ ‖ρ − φ‖Lp

loc
+ ‖Lnφ − φ‖Lp

loc

� (C + 1)‖ρ − φ‖Lp

loc
+ ‖Lnφ − φ‖Lp

loc

� (C + 2)ε.

So finally‖Lnρ − ρ‖Lp

loc
converges to 0 which ends the proof.✷

Appendix B. Extended averaging compactness theorem

We prove in this appendix the following version of Theorem 1.3:

THEOREM B.3. – Consider a sequence�t,n → 0 and a sequence of functionsfn ∈
L∞(R+ × R

2d) which satisfies

∂

∂t
fn + v · ∇xfn =∑

i∈Z

δi�t,n
(t)

( (i+1)�t,n∫
i�t,n

Hn(τ, x, v) dτ

)
. (B.1)

We assume that
(i) fn ⇀ f weakly inL∞(R+ × R

2d)∗,
(ii) Hn = hn

0 +∑d
j=1 ∂xj h

n
j , with {hn

j } relatively compact inLp ( for somep > 1) and
(hn

0) bounded inL2,
(iii) there exists a sequenceεn → 0 with εn/�t,n → +∞ such that:

∥∥εn2Hn

∥∥
L2

n→+∞−→ 0. (B.2)

Then, for anyψ ∈D(Rd),∫
Rd

gn(t, x, v)ψ(v) dv →
∫
Rd

f (t, x, v)ψ(v) dv (B.3)

strongly inLp
loc(R

+ × R
2d) ∀p ∈ [1,∞).
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.1
). But

ect
ction
Proof. –We follow the structure of Section 2:
(i) Compactness at the global scale.Notice that we cannot apply directly Theorem 2

because of the singularity with respect to time on the right hand side term of (B.1
since we are concerned only with values offn at time t = i�t,n, we consider a new
functionf ∗

n (a mean value offn with respect to time) which verifies:

f ∗
n (i�t,n, ·, ·) = fn(i�t,n, ·, ·),

and such thatf ∗
n verifies an equation of the form (B.1) without singularity with resp

to time on the right-hand side term. In order to do so, we consider the fun
S(t) = Sup(0,1 − |t|). In particular,S(0) = 1 and SuppS ⊂ [−1,1]. We denotef ∗

n the
function defined by:

f ∗
n (t, x, v) =∑

i∈Z

S

(
t − i�t,n

�t,n

)
fn
(
i�t,n−, x − (t − i�t,n)v, v

)
.

Notice thatf ∗
n is bounded inL∞([0, T ] × R

2d) and

f ∗
n (t�t,n

−, x, v) = fn(t�t,n
−, x, v) = gn(t, x, v).

We have:

∂

∂t
f ∗
n + v.∇xf

∗
n = 1

�t,n

∑
i∈Z

S ′
(
t − i�t,n

�t,n

)
fn
(
i�t,n−, x − (t − i�t,n)v, v

)

= 1

�t,n

[
fn
(
(t�t,n

+�t,n)−, x − (t − t�t,n
−�t,n)v, v

)
− fn

(
t�t,n

−, x − (t − t�t,n
)v, v

)]
.

Eq. (B.1) is equivalent to:

∂

∂t

{
fn(t, x + tv, v)

}=∑
i∈Z

δi�t,n
(t)

( (i+1)�t,n∫
i�t,n

Hn(τ, x + tv, v) dτ

)
.

Integrating with respect tot on [t�t,n
, t�t,n

+�t,n[ this equation leads to:

fn
(
(t�t,n

+�t,n)−, x + (t�t,n
+�t,n)v, v

)− fn(t�t,n
−, x + t�t,n

v, v)

=
t�t,n+�t,n∫
t�t,n

Hn(τ, x + t�t,n
v, v) dτ.

Therefore:

∂

∂t
f ∗
n + v.∇xf

∗
n = 1

�t,n

t�t,n+�t,n∫
t�t,n

Hn

(
τ, x + (t�t,n

− t)v, v
)
dτ. (B.4)
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ma

se
ce

d to

s

The right-hand side term can be written in the form:

d∑
i=1

∂knj

∂xj

where

knj = 1

�t,n

t�t,n+�t,n∫
t�t,n

hn
j

(
τ, · − (t − t�t,n

)v), ·)dτ,
is relatively compact inL2(R1+2d). So thanks to the classical averaging lem
of Perthame–Souganidis (Theorem 2.1), up to a subsequence there existsρψ ∈
L2

loc([0, T ] × R
d) such thatρ∗,n

ψ (t, x) = ∫
ψ(v)f ∗

n (t, x, v) dv converges toρψ(t, x)
in L2

loc. Thanks to hypothesis (i) and sincef ∗
n − fn converges to 0 in the sen

of distribution, ρψ = ∫
ψ(v)f dv. By uniqueness of the limit, the entire sequen

converges.
(ii) From global scale to local scale.Replacingf̄n by:

f̄ ∗
n (t, y, v) = f ∗(t�t,n

+ εns, x + εny, v),

andρ̄n
ψ by:

ρ̄
n,∗
ψ (s, y) =

∫
ψ(v)f̄ ∗

n (s, y, v) dv,

in the same way that in the Section 2 we find the following proposition relate
Proposition 2.4:

PROPOSITION B.4. – Up to a subsequence(still denoting�t,n), there exists; ⊂
[0, T ] × R

d with L([0, T ] × R
d \;) = 0 such that for every(t, x) ∈;:

1∫
0

∫
Bd(0,1)

∣∣ρ̄n,∗
ψ (t, x, s, y) − ρ∗

ψ(t, x)
∣∣p ds dy n→+∞−→ 0,

∫
Rd

1∫
0

∫
Bd(0,1)

∣∣ H̄n(t, x, s, y, v)
∣∣2ds dy dv n→+∞−→ 0,

for every1 � p < +∞, whereL denotes the Lebesgue measure.

(iii) Strong convergence at the local scale.No change with Section 2. This give
Proposition 2.6.

(iv) Uniqueness of the limit at the local scale.Notice that:(t�t,n
+ εns)�t,n

= t�t,n
+

εns�̄n
. Therefore, from (B.4) we find that:

∂f̄ ∗
n

∂s
+ v.∇yf̄

∗
n = 1

�̄n

t�t,n+εns�̄n
+�t,n∫

t�t,n+εns�̄

Hn

(
τ, x + εny + (εns�̄n

− εns)v, v
)
dτ
n
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t

-

t

f

= εn

�̄n

s�̄n
+�̄n∫

s�̄n

Hn

(
t�t,n

+ εnτ, x + εn
(
y + (s�̄n

− s)v
)
, v
)
dτ

= 1

εn�̄n

s�̄n
+�̄n∫

s�̄n

H̄εn

(
τ, y + (s�̄n

− s)v, v
)
dτ.

In the second equation we do the change of variablesτ → t�t,n
+ εnτ and in the las

equation we use the definition of̄Hn. We deduce that:

∣∣f̄ ∗
n

(
s, y + (s − s�̄n

)v, v
)− f̄ ∗

n

(
s�̄n

, y + (s − s�̄n
)v, v

)∣∣
=
∣∣∣∣∣s − s�̄n

εn�̄n

s�̄n
+�̄n∫

s�̄n

H̄n(τ, y, v) dτ

∣∣∣∣∣� �t,n

�̄n

∣∣∣∣∣
s�̄n

+�̄n∫
s�̄n

H̄n(τ, y, v) dτ

∣∣∣∣∣.

Therefore this term converges to 0 inL2([0,1] × Bd(0,1) × R
d) thanks to Proposi

tion B.4.
We denote:

rn(s, y, v) = f̄ ∗
n (s, y, v)− ḡn(s, y, v) = f̄ ∗

n (s, y, v)− f̄ ∗
n (s�̄n

, y, v).

We have:

rn(s, y, v)= rn(s, y, v)− rn
(
s, y + (s − s�̄n

)v, v
)

+ f̄ ∗
n

(
s, y + (s − s�̄n

)v, v
)− f̄ ∗

n

(
s�̄n

, y + (s − s�̄n
)v, v

)
.

We have just proved that the second term converges to zero inL2
loc. If we consider a tes

functionφ ∈ C∞
c ([0, T ] × R

2d) we find:

∣∣∣∣
∫ [

rn(s, y, v)− rn
(
s, y − (s − s�̄n

)v, v
)]
φ(s, y, v) ds dy dv

∣∣∣∣
=
∣∣∣∣
∫ [

φ(s, y, v) − φ
(
s, y − (s − s�̄n

)v, v
)]
rn(s, y, v) ds dy dv

∣∣∣∣
� �̄n

√|Suppφ|‖∇φ‖L∞‖rn‖L2
loc

n→+∞−→ 0.

So finally,rn converges to 0 in the sense of distribution and therefore:

η̄
n,∗
ψ − ρ̄n

ψ

D′−→ 0.

Since ρ̄n,∗
ψ converges toρψ , the entire sequencēηnψ converges toρψ in the sense o

distribution. Finally thanks to Proposition 2.6, we have Proposition 2.7.
(v) Back to the global scale.No change with Section 2. This ends the proof.✷



T. HORSIN ET AL. / Ann. I. H. Poincaré – AN 20 (2003) 731–758 757

the
(1984)

and
9 (1)

988.
.K.

lobal

Pure

tropy

.

ations,

locity
mics:
autics,

tion of

port et
Acad.

Paris,

, Série

n de

nels et
2000)

, Arch.

les de

iscrete

odel

ann
REFERENCES

[1] V.I. Agoshkov, Spaces of functions with differential-difference characteristics and
smoothness of solutions of the transport equation, Dokl. Akad. Nauk SSSR 276 (6)
1289–1293.

[2] F. Bouchut, L. Desvillettes, Averaging lemmas without time Fourier transform
application to discretized kinetic equation, Proc. Roy. Soc. Edinburgh Sect. A 12
(1999) 19–36.

[3] C. Cercignani, The Boltzmann Equation and its Application, Springer-Verlag, Berlin, 1
[4] L. Desvillettes, S. Mischler, About the splitting algorithm for Boltzmann and B.G

equations, Math. Mod. Meth. Appl. Sci. 6 (8) (1996) 1079–1101.
[5] R.J. DiPerna, P.-L. Lions, On the Cauchy problem for Boltzmann equations: g

existence and weak stability, Ann. Math. 130 (1989) 321–366.
[6] R.J. DiPerna, P.-L. Lions, Global weak solutions of Vlasov–Maxwell systems, Comm.

Appl. Math. 42 (1989) 729–757.
[7] R.J. DiPerna, P.-L. Lions, Global solutions of Boltzmann equation and the en

inequality, Arch. Rat. Mech. Anal. 114 (1991) 47–55.
[8] R.J. DiPerna, P.-L. Lions, Y. Meyer,Lp regularity of velocity averages, Ann. Inst. H

Poincaré Anal. Non Linéaire 8 (1991) 271–287.
[9] E. Gabetta, L. Pareschi, G. Toscani, Relaxation schemes for nonlinear kinetic equ

SIAM J. Numer. Anal. 34 (6) (1997) 2168–2194.
[10] D. Goldstein, B. Sturtevant, J.E. Broadwell, Investigation of the motion of discrete-ve

gases, in: E.P. Muntz, D.P. Weaver, D.H. Campbell (Eds.), Rarefied Gas Dyna
Theoretical and Computational Techniques, in: Progress in Astronautics and Aeron
Vol. 118, AIAA, Washington, DC, 1989.

[11] F. Golse, P.-L. Lions, B. Perthame, R. Sentis, Regularity of the moments of the solu
a transport equation, J. Funct. Anal. 76 (1988) 110–125.

[12] F. Golse, B. Perthame, R. Sentis, Un résultat de compacité pour l’équation de trans
application au calcul de la valeur propre principale d’un opérateur de transport, C. R.
Sci. 301 (1985) 341–344.

[13] P.-L. Lions, Régularité optimale des moyennes en vitesses, Note C. R. Acad. Sci.
Série I 320 (1995) 911–915.

[14] P.-L. Lions, Régularité optimale des moyennes en vitesses II, C. R. Acad. Sci. Paris
I 326 (1998) 945–948.

[15] Y.L. Martin, F. Rogier, J. Schneider, Une méthode déterministe pour la résolutio
l’équation de Boltzmann inhomogène, C. R. Acad. Sci. Paris 314 (1992) 483–487.

[16] P. Michel, J. Schneider, Approximation simultanée de réels par des nombres ration
noyau de collision de l’équation de Boltzmann, C. R. Acad. Sci. Paris, Série I 330 (
857–862.

[17] S. Mischler, Convergence of discrete velocities schemes for the Boltzmann equation
Rat. Mech. Anal. 140 (1997) 53–77.

[18] S. Mischler, B. Wennberg, On the homogeneous spatially Boltzmann equation, Anna
l’Institut Henri Poincaré 16 (4) (1999) 467–501.

[19] A. Palczewski, J. Schneider, Existence, stability, and convergence of solutions of d
velocity models to the Boltzmann equation, J. Statist. Phys. 91 (1998) 307–326.

[20] A. Palczewski, J. Schneider, A. Bobylev, Consistency result for a discrete-velocity m
of the Boltzmann equation, SIAM J. Numer. Anal. 34 (5) (1997) 1865–1883.

[21] V.A. Panferov, A.G. Heintz, A new consistent discrete-velocity model for the Boltzm
equation, Preprint, University of Goteborg, 1999.



758 T. HORSIN ET AL. / Ann. I. H. Poincaré – AN 20 (2003) 731–758

orm.

c. du
tatis.

mann,

pic gas
[22] B. Perthame, P.E. Souganidis, A limiting case for velocity averaging, Ann. Sci. Ecole N
Sup. (4) 31 (4) (1998) 591–598.

[23] F. Rogier, J. Schneider, A direct method for solving the Boltzmann equation, Pro
Colloque Eromech 287, Discrete Models in Fluid Dynamics, Transport Theory S
Phys. (1–3) (1994).

[24] J. Schneider, Une méthode déterministe pour la résolution de l’équation de Boltz
Thesis, University Paris 6, France, 1993.

[25] A. Vasseur, Convergence of a semi-discrete kinetic scheme for the system of isentro
dynamics withγ = 3, Indiana Univ. Math. J. 48 (1999) 347–364.

[26] A. Vasseur, Time regularity for the system of isentropic gas dynamics withγ = 3, Comm.
Partial Differential Equations 24 (1999) 1987–1997.

[27] C. Villani, A review of mathematical topics in collisionnal kinetic theory, to appear.


