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562 E. SERE
I. INTRODUCTION

1. Some history

Homoclinic orbits were first introduced by H. Poincaré (see [M] for a
modern exposition). Considering a hyperbolic fixed point p of a diffeo-
morphism ¢ in RN, we say that a point r# p is homoclinic if it belongs
to the intersection of the unstable and stable manifolds W*, W* associated
to (p, @); the orbit of r is called a homoclinic orbit. Assuming that W,
W* intersect transversally at r, and that ¢ is symplectic, Poincaré proved
that there are infinitely many homoclinic orbits, geometrically distinct in
the following sense:

(the orbits of r, r’ are geometrically distinct) <> (VreZ:o"(r)#r).
Birkhoff, Smale and other authors also studied homoclinic orbits, and
their relation with Bernoulli shifts. We state here a result of Smale on
homoclinics (see [M]): if rs£p is a point of transverse intersection of W¥,
W*, then there are /e N* and a homeomorphism 1:{0, 1}* -1, where I
is an invariant set for ¢, such that ¢'-t=1°0c. Here, o ((a,))=(b,) with
b,=a,., and {0, 1}” is endowed with the standard metric
1 |b,—a,|
d(a, b)= - 1% “nl
( ) 3 ngl 2| nl
This structure is called a Bernoulli shift.

Bernoulli shifts are an important tool in the study of chaotic behavior.
For instance, Smale’s result given above implies that the topological

. Ln2 . .
entropy of @, A, (¢), is greater than ~I;— This is a direct consequence

of the following definition (see [O], p. 182-183):

L R
hiop (@)=sup lim (lim sup Logs(n, e, R) >’

R>0 e>0\ n—>ow n
where
s(n, e, R)=max { Card (E): EcB(0, R),
(Vx#yeE)(3ke[0, n]):|o* (x)—o*(y)|Ze}.

2. Variational approach

The results described in the preceding section were proved by dynamical
systems methods, with a transversality assumption on W*, W5. The ques-
tion examined in this paper is the following one:

We assume that ¢ is the time-one map of a Hamiltonian system
x'=JV,H(1, x), H being one-periodic in time. Is it possible to say some-
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LOOKING FOR THE BERNOULLI SHIFT 563

thing about Bernoulli shifts and topological entropy, using a variational
method? We will see that this approach has several advantages:

e The existence of a homoclinic point r is not an assumption any more,
but follows from global hypotheses on H that we call (hA), (hR).

e The classical transversality hypothesis can be replaced by a weaker
condition, denoted (3¢).

3. Main results
We work with the same Hamiltonian system as in the paper [CZ-E-S]:

0 -1
x'=JAx+JV_R(t, x), xeR™MN, teR, J=(1 0 ) )
We are looking for non-zero solutions satisfying x (£ c0)=0, i. e. solutions
homoclinic to 0.
We make the following assumptions on A, R:

A*=A, and JA=E is a constant matrix, (hA)
all eigenvalues of which have a non-zero real part.
e R(.+1,.)=R (., .),and Ris C2.
e (VteR), R (s .)is strictly convex.
e for some a>2, 0<k; <k, < + o0, we have
1
V(t> X)e R x RZN) R(t> x)é —(Vx Ra X), (hR)
a

k| x|PSR(1, x) Sk, | x|

In [CZ-E-§], it was proved under these assuptions that there are at
least two homoclinic orbits x, y, geometrically distinct, i.e. such that
VneZ:nxx#y, where n* x(f)=x(t—n). One of them was obtained by
a mountain-pass argument on a dual action functional. This paper has
motivated some related work.

Concerning the existence of at least one homoclinic solution, the convex-
ity assumption was relaxed in [H-W] and [T], by two different methods.

Concerning multiplicity, a novel variational argument was introduced
in [S], and the following result was proved:

THEOREM 1. — Assume (hA), (hR) are true. Then there are infinitely
many orbits homoclinic to 0, geometrically distinct in the sense

X #Fx, <« (Vnin*xx #x,).

The idea in [S] was to look for solutions near (—n) * x+n * x, where x
is the homoclinic orbit found in [CZ-E-S] by mountain-pass, and # is large
enough. We call them “‘solutions with two bumps distant of 2#x”.

Vol. 10, n° 5-1993.



564 E. SERE

The existence of such solutions is a well-known fact of classical dynami-

cal systems theory, in many particular situations. Let describe briefly one
of them (see [W]):

Consider the autonomous system associated to the Hamiltonian
H(p, 9=p’—q*+p*+4q",  (p, 9eR%:

It is integrable, and does not have any solution with two (or more) bumps.
But in the autonomous case, we have a continuum of solutions which are
the translates of one of them in time, and Theorem I is not contradicted.

By Melnikov’s theory, it is possible to find small non-autonomous
perturbations H (p, ¢) +eK (¢, p, g¢) of the Hamiltonian such that W* W*
intersect transversally. Then, using the implicit function theorem, multi-
bump homoclinic solutions can be constructed.

To give more detailed comments on Theorem I, we need some notations:

f is the dual action functional introduced in [CZ-E-S]. 1t is defined on

1 1 . .
the space LP (R, R*Y), with ~ + B =1 (the exact form of f will be given in
o

section 1I). f*={x/f (x)<a}, € is the set of non-zero critical points, and
Z acts by integer translations in time.

L: LP > WP is an isomorphism such that, if u€%, then Lu is a
homoclinic orbit (see §II).

¢ is the mountain-pass level, let us define it precisely:

0 is a strict local minimum for f, and f(0)=0. Moreover, f is not
bounded from below (see [CZ-E-S]. So we consider

I'={yeC’([0, 1], L)/y(0)=0, foy(1)<0}.

I' is non-empty, and we choose ¢= inf (maxf-y)>0 as mountain-pass
yel
level.

In [S], the variational gluing of two bumps was possible under the
following assumption:

(*): There is some ¢ > ¢ such that (¢ N f°)/Z is finite.
The following result, which is a more precise version of Theorem I, is
an immediate consequence of the arguments given in [S]:

THEOREM I'. — Assume that (hA), (hR) and (*) are true. Then there are
two critical points u, v such that for any r, h>0 and nZN (r, h), exists a
critical point u,, with

lu,—[(—n)*utnxd]|s<r and  f(u)e[2c—h,2c+h]

u, v, possibly equal, satisfy f (w)=f (v)=c. The homoclinic orbit y,=Lu,
is called a solution with two bumps distant of 2 n. It satisfies

|ya=[(—m)y*Lu+n*xLa]|lyrs<||L]|.r.
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LOOKING FOR THE BERNOULLI SHIFT 565

Theorem I is trivial when (*) is not satisfied (““degenerate™ situation),
and Theorem I’ implies Theorem I when (*) is satisfied (“non-degenerate”
situation).

In the later work [CZ-R]!, Coti Zelati and Rabinowitz apply the ideas
of [S] to the case of second order systems, and construct, under assumption
(*), solutions with m bumps, i.e. located in a ball of center
pl*x;+...+p"*x, and radius ¢, for the norm of the functional space
E=W!2(R, RY). The x; are in a fixed finite set of critical points of

2
the action functional j); —V defined on E. They are found thanks to a
mountain-pass. Moreover, for any 7, (p**! —p) =K (g, m). In the construc-
tion of {[CZ-R]*, the minimal distance K between bumps goes to infinity
as m goes to infinity, for ¢ fixed.

Other applications, in the domain of partial differential equations, are
given in [CZ-R)?, [LI]}, [LI}2

In the paper [C-L] of Chang and Liu, the assumption (*) is replaced by

(**) : €N\ f° contains only isolated points.

In the present work, (**) is replaced by the weaker assumption

()€ N f° is at most countable.

Moreover, multibump solutions are constructed for a minimal distance
K between bumps independent of m. This last point, whose proof requires
many modifications in the arguments of [S], [CZ-R]?, allows to study the
topological entropy of the Hamiltonian system. The main theorem that
we will prove can be stated as follows:

THEOREM II. — Assume (hA), (hR) and (#) are true. Then there exists
a homoclinic orbit x such that, for any £>0, and any finite sequence of
integers p=(p', ..., p™, satisfying

vi: (@71 -p)zK(e),
there is a homoclinic orbit y;, with

(VteR): |y;()— 3 x(t—p)|<e.

i=1
Here, K is a constant independent of m.

Remark 1. — The assumption () cannot be satisfied in the autonomous
situation, where the translates of x in time form a continuum. Now, if
W*, W* intersect transversally, then their intersection is at most countable,
and so is the set of homoclinic solutions; but the converse is false.

m

Remark 2. — The estimate on y;— ) x(¢—p) is given in L*® norm. In

i=1

[S] and [CZ-R]", it was given in global W'-4(R) norm. Without this change,

Vol. 10, n° 5-1993.



566 E. SERE

it seems impossible, or at least very difficult, to choose K independently of
m.

Since K does not depend on m, we can study the limit m — o0, and get
solutions with infinitely many bumps (those are not homoclinic orbits any
more). We have

CoroLLarY IL.1. — With the hypotheses and notations of Theorem II,
for any interval 1=Z, finite or infinite, and any sequence of integers
p=(P")icy such that (Vi):(p'*'—pY 2K (¢), there is a solution y; of (1)
satisfying

(VteR): |y;(0— Y x(t—pH|<e.
iel
If Uis infinite, we say that y has infinitely many bumps.
As a consequence, we have an “approximate” Bernoulli shift structure:

CoroLLArY I1.2. — Under the hypotheses of Theorem II, there is
xo€ RPN\ { 01} such that, for any £>0, exist K=K (¢)>0 and

t=1():({0, 1 ¥ d) - RN |,
with:
® T is injective, and T is uniformly continuous.
o (YneZ)||too"— ¥ T, <2e.
R { =l=|[T()—x,|<e
0=0=|T(s)|<e.
Here, ¢ is the time-one flow of (1) and o (5),=s,,,. Note that we cannot

say that T is continuous. We call (T( { 0,1 } ), ©%) an approximate Bernoulli
shift structure.

Corollary II1.2 will be proved in section VI.
Now, we are in a position to state the result on topological entropy.

1

X
Choose s§%. If two sequences s, s* are such that s, #s; for some k,

then
| @K @k () — DK@ ke (5|2 l);ol
So, for e<—|£39—I and R>|x,|+e, we get s(Kn. e, R)=2", and
Ln2

h = ——. So Corollary I1.2 implies
top (P) 2 K © y p

CoroLLary 113, — With the hypotheses of Theorem I, the flow of (1)
has a positive topological entropy.

Note: Independently of the present paper, Bessi in [B] constructs varia-
tionally an approximate Bernoulli shift for the one-dimensional pendulum,
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LOOKING FOR THE BERNOULLI SHIFT 567

by a method inspired of [S]. He replaces assumption (*) by a weakening
of the classical Melnikov condition, and his result is given for small
perturbations of an autonomous system.

II. VARIATIONAL FRAMEWORK
AND SKETCH OF PROOF OF THEOREM 11

We use a variational formulation based on Clarke’s dual action principle
(see [CZ-E-S], [E]). Define G (1, y)=max {(z.y)— R (1, 2)/ze R*N}. G is 1-

C g e . . . 1 1
periodic in time, strictly convex in y, and satisfies, for — + — =1:
o

0< %(VyG, NEG, H)EW,G, ),

Aenea>0) V(. 1) ¢ |yP=G@E »=e |y
[V,G(@t.p)|Scs|pPh.
We define
D: WIP(R, R?N) - LP(R, R2N)

m—»(—]i —A)z,
dt
L=D"1.

We call € the set of non-zero critical points of the following functional f:

f(u)=JG (¢, wydt— %J(u, Lu)d:, ueLP(R, R?).

We have (see [CZ-E-S])

Lemma 1. — If ue®, then x=Lu is a non-zero solution of (1) such that
x (£ 00)=0, i.e. an orbit homoclinic to 0.

Our task will be to find a large class of elements of €.

For this purpose, we need some compactness properties of f. Unfortu-
nately, f does not satisfy the Palais-Smale (PS) condition, because it is
invariant for the action of the non-compact group Z:n*u=u(. —n). To
deal with this problem, we use the concentration-compactness theory of
P. L. Lions (see [LS].

We have (see [CZ-E-S])

Lemma 2. — Suppose (hA), (hR) are true. Then f satisfies the following
compactness property:
Let (u,),>, be a sequence such that

S w,) —>a>0, S (u,)—~0.

Vol. 10, n° 5-1993.



568 E. SERE

Then there exist m>0, a subsequence (n,)p50, and ul, ..., u™ in €, not
necessarily distinct, such that

- 0,
p—

m
_ i
Uy, — 2k ku
i=1

where ke Z, (k),— ki) >+ o0 as p >+ o0 if i<.
To simplify notations, we will write
k,=(k, .. khez", u=(@u' ... u"e%g",
k,xu=73 kijxu'.  Moreover, (lim (ki —kb)=+c0ifi<j)
i=1 k- w©
will be summarized by
(k, > Qas p—+o0).

Now, what is special here is that the splittings k * # do not vary continu-

ously when k varies. This leads to introduce a new compactness condition
(see [CZ-E-S], [S]).

ConpiTioN PS (a). — Let (u,) be a sequence such that f(u)<acR,
S ) >0, (u,,,—u,) > 0. Then (u,) is convergent.
We have:

LemMa 3. — Assume (hA), (hR) and () are true. Then PS(c") holds.

Lemma 3 will be proved in section III, and will be used in the proof of
Lemma 7, section IV.

The interest of PS is that, if f is bounded on a pseudo-gradient line,
then one can find a PS sequence on this line. So PS can give the _same
kind of deformation lemmas as the Palais-Smale condition. If PS is
satisfied under level ¢’, by deforming a particular curve in T, one finds at
least one critical point u between levels ¢ and ¢’. When (*) holds, one can
impose f (u)=c. When only (s#) holds, the best that can be done is to
take u with (f (u)—¢) arbitrarily small.

In [S], under assumption (*), a “product min-max” is constructed at
level 2¢, for the “split” functional /' (x)=f(xxg )+ /f (x X=,) Where y is
the caracteristic function of I. Theorems I and I’ are then proved by
contradiction, thanks to a deformation argument. This argument works
because the differentials /* and 7 “look the same” near (—n)* u+n*o,
where u, v are critical points associated to the mountain-pass, possibly
equal.

The proof of Theorem II is based on the same ideas, but contains
several technical improvements.

We first construct, for any r, A>0, a non-trivial homology class in
H, (f°**, f9), containing a chain included in B (u, r), thanks to assumption
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LOOKING FOR THE BERNQULLI SHIFT 569

(5#). Here, c=f (u)e[c, ¢), and ue ¥, found thanks to the mountain-pass,
is independent of r, h (see § IV).

Then, roughly speaking, we consider a product of m “copies” of
this homology class, and find a “product min-max” in a neighborhood

of Y p'*u. This is done in section IV thanks to Kiinneth’s formula,
i=1

H,(XxY, (ZxY)UXxT)=H, X, Z)®H, (Y, T).

Note that in [S], [CZ-R]!, a more elementary procedure (without homol-
ogy) is used to construct the product min-max. It would be possible to
use this procedure in the proof of Theorem II. But the method involving
homology seems easier to generalize to situations where the min-max is
not of mountain-pass type.

Finally, we find a critical point u; in a neighborhood of ) p'*u,
i=1
provided (p'*!—p)=K, K depending only on r, not on m. To do this,
we assume that u; does not exist, construct a more precise version of the
deformation used in [S], and apply it to the “product min-max” to obtain
a contradiction (see § V).
In the proof of Theorem II, a crucial point is to make a suitable choice

i+1

of the neighborhood of Y p’*u in which we want to find u;: this choice
i=1

allows to control K as m increases. The correct neighborhood will be

defined in the statement of Theorem III (see the end of section V), after

the introduction of some technical notations. Theorem II will be a direct

consequence of Theorem III.

HI. COMPACTNESS PROPERTIES OF f

We first prove the following result:

LeMmA 4. — Suppose (hA), (hR) and () are true. Then there is an at
most countable compact set D such that:

If (Un)nzo satisfies f (u) =€, [ (u,) > 0, then

(Vr>0 (@N>0), [p>g>N=|u,—u,leB(D,rl.

1

Here, B(D, r)={x¢e[0, +o0)/d(x, D)<r}.

Vol. 10, n® 5-1993.



570 E. SERE

Proof. — Consider the set

D={xe[0, roo)x=3 Ju—ull m21, u, ve® U {0},
i=1

Lrw@se, ¥ rese

From (s#), D is at most countable.

Let us prove that D is compact. We know (see [CZ-E-S]) that there is
A >0 such that

(Vue®) fw)=A.

Consider a sequence (d") in D, with

M

, U, vied U {0}, IWACIELS
i=1

M"
ar= 3, |Jui =i
i=1
M

LSS, (Wh=0=0}+0).
i=1

We have M, <2 ¢'/A.
So, after extraction, we may assume that M,=M is constant and, by
Lemma 2, that, Vie[1, M]:
| =k U, || >0, Uesm® B - Q
|07 =T % V.|| -0, Vieg™ O, I - Q.

n— o

>

One easily sees that

d— Y |7 ,]=d,
k=1

where %,, resp. ¥, if non-zero, are of the form n * U}, resp. n* Vi, and
d,eD.

We have thus proved that D is compact. The last step is to study (u,)
such that

fw)sc,  f(u)—-0.
Assume there are two subsequences (4, Jmzo» (U, )m<o satisfying
|, —u, ||¢B(D, p) for some p>0. After extraction, we may impose
lu, —Ku*km||=0, p=@!, ..., e?,
Kp = Q, Zf (Hi) <c
|ty = Am * V][50,  V=(V, ..., V)@,

D WA Vo E
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LOOKING FOR THE BERNOULLI SHIFT 571

After a new extraction, each sequence (ki,—AJ) has a limit / ; in
Z\J{— o, + o0 }. Moreover, for each i, Card ({j/|], ;|<+o})=1.
Hence

t
H Up,, — Uy, ” - kgl H Lo*w— WJI(”’

where (W,); <x<, 1S a reindexing of
1
(ut, .., w.0,...,0),
‘M
{t—r)terms
(Wi)1 <<, is @ reindexing of
v oL,V 0, ....0),

Nt et

(t —s) terms

and [, eZ.
Clearly, Y .f(wo=Yf(WHSC, Y. S W)=d (W)= So 2 | w,—wi||eD,

which contradicts the assumption |ju, —u,, ||¢B (D, p). The last assertion
of Lemma 4 is thus proved by contradiction. O
We now give another lemma, that will be used in section V.

LeMMA 5. — Suppose that f satisfies (hA), (hR) and (). Then the set

F={x= Zf(uk)/mgla (ula .. '>um)egms (Vk),f(uk)écl}

=1

is closed and a most countable.
The proof of Lemma 5 is analogous to that of Lemma 4, so we won’t
give it. Now, we prove Lemma 3 as a consequence of Lemma 4.

Proof. — Consider a sequence (u,) such that
f(un)é C,s f (un) g Os (un+ 17 un) - 0

we want to prove by contradiction that (u,) is a Cauchy sequence.
Assume the contrary, i.ef|u, —u, || >8>0, p,<q¢,<p,+;-
The open set ]0, 3\ D contains an interval [d, — d,, d, +d,). And there
is P such that

d
(r>P =l ll= %)
So, if p,>P,
d, d,
Hu"n_upy.“e dl - ?’ d1+ ? for some r, € [[pn’ qn]'

But this implies || u, —u, ||¢B(D, d,/2), which is impossible by Lemma 4.
So (u,) is Cauchy, hence convergent. Lemma 3 is thus proved. O

Vol. 10, n° 5-1993.



572 E. SERE

We now study the local compactness of ¥. We prove

LeMMa 6. — Assume (hA) and (hR) are true. There is ry>0 such that,
if a sequence (u,) satisfies
{ S () >0
(3R>0)7 (vp9 q)> “(up_uq)X[R\[~R,R]”§2rO

then (u,) is precompact.

Proof. — We remark (see [CZ-E-S]) that there is r,>0 such that

3_2’9<]1u|| (Vue®)

We now apply Lemma 2 to the sequence (u,). If m=2 or if (m=1) and
lim (|k}|= +c0), then for any P >0, there are p>g¢>P such that

p— ®

”(Ep * 1~ Eq * 1) LR\[-R. R]”§3ro'

This contradicts || (u,~ 1) Xg~-r,r1 || £27,, for P large enough.
So m=1, and we may extract a subsequence u, . such that k,},( n=kis
constant, and u, .~ — k*u'€%. Lemma 6 is thus proved. [l

p— ©

(p)

Lemma 6 will be used in the proof of Lemma 12, section V.

IV. THE PRODUCT MIN-MAX

We want to find a min-max at each level k¢, k=2. This will be done
thanks to singular homology over Z. We first need to “localize” the min-
max

inf (maxf-y)=c.

This will be done thanks to ().
We recall some notations:
f={xrms, o= {xf o<,
=070 fi=L0S,
B(x, p)={ylly—xll<p}, S o={yly—x||=p}
We have

LeEmMMA 7. — Assume (hA), (hR) and (#) are true. Choose re RA\D,
with the notation of Lemma 4.
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LOOKING FOR THE BERNOULLI SHIFT 573

Then for any h>0, exist p=p(h, )eN*, (u*, ..., u")e(¥ ﬂf_ﬁ“')", and
vel, with:

P
@ Im(y) Nf,.= U B@, )
i=1
(i1) Im() Nferr=O
P
i) m 0| Usen |=2
i=1
Proof. — Given r>0, we just have to prove the result for 4 small

enough. We take y"eT such that fey"<c+h.

We are going to take y as a deformation of y*. We choose e>0 such
that [r—2e, r+2e¢] N\ D=J. For d=0, we define

Ul={xef "V ye N x—y||>r+d}
Vi={xefst"@AyeeNfh||x—yl|elr—d, r+d}
Ki=({xef*"@yed NfM|x—yll<r—d}
U{xef“/@yed N S| x—yll<r—d}\V*
We assume c+h<c¢’. From Lemma 4, there is p>0, independent of A,

and such that inf{|| /" (x)}}/ xeV?**}=n. We assume, moreover, that
h<pe/2. We build a locally Lipschitz vector field V on f°**, such that:

6)) xeK2Uf " = V(x)=0
) (Vx) f(x). VX0, |[Vm|22]/ @]
() xeUUVe = f(x).V(x)=-1

Consider the flow ¢, defined by
Qo (x)=x

— @, (x)=Ve°g,(x).

(V(t, x)eR, x fN) {a
ot

Assume that for some xef°*" the maximal interval of definition of
L

t+— @, (x) is [0, L[, L<+ 0. Then J [Veo,(x)||dt=+c. So we can
(4]

define a sequence (¢,) by

j"+1||V°cp,(x)|[dt=\/—L—t,,

Vol. 10, n® 5-1993.



574 E. SERE

So we get L
(@) Y, v)elt, t ) lo,0-0,(0) || /L-1,

® Is,elty zm]:{ 1770, @ £2] V-0, 0|2 /L0,

@, (x) e TINK?
1 +
@) j Voo (x)||de=Y /L=1, where [=limt,.
0 n=0 n

If [<L, the left term of (y) is finite, and the right one infinite. So we have
I=L, and

(@54, D)0, ()0,  foo,(x)->0.
Since f satisfies property PS(c’), we get
u,= lim @, (x)e(f*""™\K*)N%.

n—- x©

But this intersection is empty. So we have proved that ¢, is defined on
R+ ><f°+h,

Now, suppose that f(x)<c+h, and that @,(x)eU°J V° Then three
situations may occur:

. Vtel0, A, o,eUtVe
apply (jjj), and conclude f- ¢, (x) <c:contradiction.
° @regnsfe™ Gle, B0, A,

le.)=yl=r—e,  Jlog@)—y»[=r,
(Vtelo, BD, [[o,(x)—yl|lelr—e, rl.
L] @yeeNfih @Elo, Bl<(0, A)),
e )=yll=r+e.  flog®)—yl=r,
(Veelo, B, [lo,(x)—yllelr, r+el.

In the second and third situations, we have || ¢g(x)—@,(x)||Ze, and
e s 1, . .
from (ij), (ij), /- V, < — 2nyH-HVyllé - %HVyll if Y€Qu, () Nfeen

Since h<pe/2, we also conclude f° @, (x) <c:contradiction.
So we have proved that if f(x)<c+h, then either f~¢,(x)<c, or

9, (x)eK°.
Finally, y=¢,°y" is such that
ImyNn{ U  SGINL=J,

ye€nsith

ImyNf)e U B

ye€nsith
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Since Im y M f, is compact, we can extract a finite subcovering:

P
(ImyNf)< U B@, ). e Nfth
i=1
Lemma 7 is thus proved. [
Lemma 7 has a direct consequence:

COROLLARY 7.1. — Assume (H#) is true. Choose r>0, h>0. Then there
isu=u(r, h)e€ Nf*" such that i, #0, where

o Hy(fSC"PNB @, 0,/ N\Bu, ) > H (fC, f79)

i
is the morphism induced by the canonical injection
i: B(u, r)— LE.

Proof. — We juste have to prove the result when re R¥\ D: it will
then be true for any r'>r.

Let p, be the minimal value of p such that there are
@', ..., )e€N (" and yeT satisfying the conclusion of Lemma 7.
Imy N B (o, r) is the image of a 1-dimensional complex weC, (f <€*"),
with @€, for some me H, (f <“*" N\ B WP, r), f <N B (u?, r)).

If i,@=0, then there is a singular 2-dimensional complex
QeC,(f<¢*M) such that 0Q=w—a, with a € C, (). So, replacing the
curves of @ by curves of o in vy, we get y satisfying the conclusion of
Lemma 7 with #!, ...,4Po~1 This contradicts the minimality of p,. So
i, ®#0. Corollary 7.1 is thus proved, with u=u?. [

Corollary 7.1 gives the existence of at least one critical point u#0. The
hypothesis (#) seems too weak to get u independent of r, A, and we
cannot say that f(x)=c. The fundamental reason for this is that the
Palais-Smale condition is not satisfied. To overcome this difficulty, we
shall make use of Lemma 6 which gives a local Palais-Smale condition.

We first choose p®€]0, r,[, d°>0, such that [p°—d°, p°+d°] N D=¢,
r, being defined in Lemma 6.

We define

o= int (1L o lxe s, @yed ) [y elof, po+ 71}

We take 0 <h<min (u°d° ¢’ —c). By Corollary 7.1, there are
wWebNfS, oeH B, p)NS<* B, p)Nf),
such that i, @ #0, where
Lo Hi(f=""NB@, p%), f°NBW°, p%) > H, (f<*", f9)
is the morphism induced by the canonical injection
i: B@® p° — LB
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We define
X=(f""NB’ p?)
[x—u’]|-p°
UJ xeLP|[x—u’[[e[p®, p°+d°[,f(x><c+h(1 - 'T>}
Y=*NB@, p°+d°).
We call
Jor Hi(S= " ABGO, 0%, N B WO, p%) - H, (X, Y)
the morphism induced by the canonical injections
Jei STTENB@O, p0) > X,

J-1 TNB@, p%) - Y.

Clearly, we have j, ©#0.
We define ¢= inf (maxf (2))e[c, ¢+ Al

zej, 0

By arguments similar to those proving Lemma 7 and Corollary 7.1, we
find, for any ne N*, a critical point "€ % N f 4/ N\ B (4°, p°— d®), such
that i}, #0, where

0 0
tm (e on(s L) (e, )
n n
= H, (/UM A B @, d°), [N B, d%)

is the morphism induced by the canonical injection
dO

i B(u", g> - B(u", d°.
n

By Lemma 6, the sequence (") is precompact (recall that p®<r,). Con-
sidering one of its limit points, and taking r, =d°/2, we get
LeMMA 8. — Assume that (hA), (hR) and (#) are true.
Then there are ue % with f (uy=celc, ¢’) and r, >0, such that, for any
r€l0, r,) and h>0, we have i, #0 where
e Hi(/S"" OB, n), f<“NB, 1) i
>H (S ABw, ry), f°N B, ry))
is the morphism induced by the canonical injection
i: B(u,r)—B(u,r).
The great difference with Corollary 7.1 is that u does not depend on r,
h any more.
Lemma 8 gives a min-max localized around u. To get our multiplicity

result, we are going to make products of several “copies” of this min-
max. At each product will be associated a new critical point. We first
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cnounce:

CoroLLARY 8.1. — Assume that (hA), (hR) and (#) are true. Choose
rel0, ryf, h>0.

Then there is N=N(r, h) such that

(V(a, b)e[N, +0]*): 1,#0,
where
I* : Hl (f<(c—+h) m B (ua r) m L?—a, b)’f<Em B (u9 r) m L?“a, b))
— H, (f<(c—+h) N B(u, r1) N L?—a, b,,f“_ﬂ B (u, r1) N L?_a, b)
is the morphism induced by
I: Bu,rnNLY,,—>B r)NL,,,.
and
L, »={xeL¥supp(x)=[—a, b]}.
Proof. — We choose e H, (f<“*P N\ B(u, r), f <N B (4, r)) such that
i, 0#0,

with the notations of Lemma 8.

The class @ has an element of the form ) A; o, satisfying
i=1
(P) [MeR,and o;:S' - LP continuous or o,:{0, 1] — LP continuous, with
0;(0), o;()ef <%, and Im (c;) = f “€*® N B (x4, r) in both cases].
For 1,, 1,€R, we define

K LP(R, R2Y) - LF (R, R2Y)

x(@)— Liey, 123 O x()

1y, 42"

r

We note that { Im o, is compact, so that
i=1

lim (sup{”x—Ktl,tz(x)H;xe U Imc,}>=0.

(t1,12) = (— o0, +0) i=1

Moreover, f<€*® M\ B(u, r) and f <\ B (u, r) are open.
So there is N=N(r, e, h)e N such that, if (a, b)e[N, + ]?, then

2 MK, o 0)€0.
i=1
As a consequence, there is
we H, (f““" "N\ B, NN L?—a, b)sf<c_m B, NN L?—-a,b))
such that ' &, (K_, ,° o)) €®, and i, (®) 50 implies I, (®) #0. So I, cannot

be zero.
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Corollary 8.1 is thus proved. O

We now have to introduce some notations.
Take xeLP, p=(p, ...,p™eZ™, m=1, p'<p'*!. Denote

X=Xy~ piyz, phep 2 Si()=S 00,

with y, the characteristic function of I, p®= — o0, p™ "' = + c0.
We have x= ) x, but f# 3 f.
i=1 i=1

Consider the sets

Z.0=N NP, L (W=U R,

i=1 i=1
and the “product” ball
B ={xeLP[(Vi)|[(x—p *u)|lLs<p}
for p>0, uc%.
From Kinneth’s formula,
H, (XxY, (ZxY)UXxT)=H, (X, Z)®H,(Y, T),
immediately follows

LemMMA 9. — Assume that (hA), (hR) and () are true. u, ry are the
same as in Lemma 8. Choose rel0, r], h>0.

Then there is N=N(r, h) such that, if m=1 and p=(p* . .. p™ satisfy
pPr—p =N for 1<i<m—1, then
1, #0,
where
Jeo H (L. (WNB;,, 2 _ONZL,.(W)NBE,)
-H, (£, (WNB;,,L_O0ONZL, (WNBS,)

p,r1? p,ri
is the morphism associated to the canonical injection
J: Bl;vr_)BI;»rll

Lemma 9 gives the desired product min-max.

V. A DEFORMATION ARGUMENT

In what follows, we assume once again that (hA), (hR) and () are
true. D, F are the same as in Lemmas 4, 5, r, is the same as in Lemma 6,
u, ¢, r, are the same as in Lemmas 8, 9.
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5.1. Construction of a vector field

From (hA) (hR), we know that (36, C,>0) (V(X, Y)e(LPF?):

IJ(X, LY)
for 6 (X, Y)=dist (supp X, supp Y).
From (hR), we know that
Qe;>0) (V3 DeRMNXR), ¢ |yPf<G1, H=(VG(, 1, »),
3e,>0) (Y, DeR™XR), IVG(y, ]S |y|P7t
We choose 0 <r,<min(l, r,) such that

<C,exp(—05 X, Y) | X[ Y |l

c—zl(rz)ﬂ> 6C,(r,)?>, and  B(u r))cf.

We are going to use these technical conditions in the proof of the following
Lemma:

LemMma 10. — Assume that (hA), (hR) and () are true, and to

O<r< %2, associate e=e(r) such that
r+2e§%2 and [r—2e,r+2elND=g.
There are p=p(r)>0, A=A (r)>0 such that:

If m>2, and if pe Z™ satisfies (Vi):p'* ' —p'> A, then:
(VxeB;‘,r+e\B;_,l'—e)(3 VxEBg-, l):

b f). V>
2) Vi) :(f) (). V.20
3) |yillzr—e= () (). V>,

with the notation y,=(x—p' *u);. U
Proof. — Define

p= %inf{ | f O |l/xeB @, r+2e(r))\B(u, r—e(r)}.

p depends only on r, and p>0 by Lemma 4. Let xeB%,, \B% ,_..
ie[[1, m], and y,=(x—p' * u),. Impose A>64.
We always have || x; || <||u||+ r,. So thereis t'€ [2 \/K, A/2—2\/K] such
that
C
XXt -vaste-p iz vm b S iAl—/zzp

Here, C, is a constant, but t* depends on x, i, A, p.
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e C e
. - < = 2 < = - . .
Now, impose ””X{vitb\/A}“: 3 and RS which is possible for
AZA%(e).
Then, three possibilities may occur:
First case:
e
Xk e-p 2 e vm 12 3
We take
Ve i=Xi(h- Ko, oo ym T s Aipi 58+ vR, + o)
with
he=1 if || X tpiedevm e g |2 g h,=0 otherwise,
h_=1 |if ||xixl_m’pi_ri_‘/mﬂg§, h_=0 otherwise.

We have

Y ). Vo ize Ve B —Col| Vo il
-C ”xx(r"—aélx—pilériwx}||ﬂ- “Vx,iHﬁ
~Collxxgi-pisi-vaillo- |[Vx,,.]|Bexp(—26\/K)
3

= :1 HVx,ng—Clg‘”Vx,i”ﬁ

—Ci(JJullg+r) | Vs illpexp (=20 /A)

z3;:1ilv,c,iug—cleuvx,i||B for AZA(e)
3 1
228, -6C, |V, ]2

4
= vl (%),

[We recall that —Z—§HVM{[B§Hux{l,ng;}|]+(r+e)§r2<1, and that

%(r2)5> 6C, (rZ)Z.]

Second case: Hxix(!,‘pilgrih/m||<-§—, and ||y;||<r—e. Then we take

Vv, ,=0.
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Third case: || x;%1— 12+ 05111 < § and ||y;||<r—e. Then

|!xx{]t—pil§ri—~/x}_pi*quHyi“_”xix{ri—JKélt—piléri+JK}”
—”“Xlz;;aH’”xan:—pic;f"wx}“
>r—e— e ¢ =r—2e.
] 3 3
Finally,

"2e§”xX{]t—p“lg"—JK}_Pi*”“
§”J’i7€uz—p‘1§1"—¢x}HH[”M:I;JK”

e
Srtet+ -
3

<r+2e.
So there is W, ;e LP such that || W, ;||<1, and
.f'(xX([t—pilgri—JX})'wx,i>ﬁ'
Now,
S Q=L G- i sei-vmy T Gilidi- zsie-pf 15+ vR)

+ X -pzdevay) T L ()

j#i

=/ )+ O+ )+ ) S (%)

j#i

But || ]| = ACI,ZZB, and max {||x*[}, [[x[|, [[x;][G# ) } Sl ul[+ 7.

We choose V, =W, %, <, Clearly, | V;||S£1. Moreover, we
have:

L) Ve 2 ). W = (). (Vi =W, )|
= ON) V| =) Vi = XS ). Vi

gﬁ—CI(HuH-f-rz)exp(-—e\/K)

_c2< C, )B—l_c ~(£3——C1(H“H+’z)exp(—9\/X)

Al/2B 1Al/zp
=Y Ci(flull+ryexp(—0 /A)yexp[—0(]i=j|-1)A]
j#i
- C2 p-1 Cz
éu—cZ(AI/ZB) _C1A1/2B

2
_Cl(”u]|+r2).<2+ m)exp(—eﬂ)
=p/2  for AZAZ(r).
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Identically,
(fi)'(x)~Vx,i=f(3‘ﬂ+xb+)‘£)-vx,i

- C, \f-! C,
gp—cz<A1/22ﬁ) -C,—/% T —2C, (Jjul|+rpexp(— 9\/A)
=p/2 for AZAZ

Conclusion. — We now take Vx=ZVx i By construction, V, eBS

Denote by I', 12, I® the sets of 1ndlces i corresponding to Cases 1, 2, 3
respectively. We write

FEV=Y FO.V+ Y F(0).V,

iel! ie 13
2 f(®).V,+= card 1.
ierl

Now, there is a family J! < [0, »] such that

Y V=Y X,

iel jent
where

= (& Xapi+ i 12, Pttt e Nl 7, (e ) X
—gl XJ, +8XI
with &, {0, 1}, and
(Vse{+, - }) (Vje[0, m])
(a=r=ltz gm0 <.

So there are three possible situations
(EL=EL=1), (. =0and&,=1), (¢ =1and¥,=0).
First situation: £/ =¥, =1.
Denote
Yj:XX[pfﬂf—JK;pfﬂfwx}u -t m It - e g
Z=x;+x;,,— X' -Y.
We have
). X=fX). XI+£(Y). X+ f(Z)). X
+ Y fx.X
k#j,j+1

g&”XJ'HB—CIgHX"”—ZCI||Xj|[(”u“+r2)exp(—29\/K)

—2{[ X[ ([[u][+7;) 3 exp(—20 /A)exp(—01A)

120
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3iHXJH“—C e[| X/ for A=A’(e)

> inxfnﬂ—scl ik

C
2 S x|z -5 -

since & <[|X/]| 2 [y 2 |+ 20+ OS2

Second situation: &5 =0, &/, =1.
We now take
Y/ =X (X + 4 v o+ pjr 2N T Xipi T L —ad P g, pi L Lk 7D
D=x;+x,,,~ X Y.

We have ||Yf|[§§ + g = ?, dist (supp Z¢, Supp Xf)g\/x. As in the first

situation, we get

79Xz %C—IHX"H“—Cle“XfH for AZA*(, o)
229X -6c, X

c1 S |fps €1 , ef
Lpz S

The third situation is identical to the second one. Since I* \JI? is non-
empty, we take

[
A()=max(A° A', A2, A3, A% and  p(r)=min (p, C4 ‘;B>
and Lemma 10 is proved.

LemMma 11. — Suppose f satisfies (hA), (hR) and (#). To <, associate
N=n)>0 such that I+2n=Zc, and [I-2n, I+2n]NF=.

Then there are o =4 (I) and v=v(l) such that for any m=2, peZ™,
with (Vi) p'*tt—pi> Jz/, we have:

(VxeBp CIARY, (f)'+">(3“// eBY |):

e f(x).7v, >V'l 1
o (Vie[l, mD):(xe(f)ifl=(f) (x). ¥ > V)
o (VI):(f) (x).7>0.
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Proof. — We know that f is uniformly continuous on any bounded
part of LP. So there is & (n)>0 such that, if X, YeB(0, ||u}]|+r,), then

(X=Y([£6 = |f)-f»|En

Now, consider v= %inf{ If )

l; xefi*3n}. From Lemma 5, v>0. The

proof of Lemma 11 is similar to that of Lemma 10, replacing V by ¥, u
by v, A by 7, e by €. So we just sketch it. The three possibilities are:

&
First case: || X; %) 1= pi 12+ v || 2 3 then

Vx,i=xi (h— X]—ao,pi—ri—JE]+h+ X[pi+ri+J§,+ao[)1

&P
Uyuyvmg%gg for o =max (%, o).
&
Second case: ”xix({t‘pi|>1i+\/g}“<§, and f;(x)¢[l—mn, [+7n], then

¥ ,=0.

&
Third case: || X; X je-pi 1>4+ vy | < 3 and f;(x)e[l—mn, I+n], then

Fxx - 2oy €—27, [+27) for & =H°,
hence f" (X %X i— i <cieyg ) # xi> Vs
HWx,z'H§1’ Vx,izwx,iX{{t—pi|§ri}s
S .7, =v/2, () (x).¥ . ;=v/2, for o247
The final study of f"(x).¥", is the same as in Lemma 10, and 11 is proved

B
with .o/ =max (#°, ..., %), v=min<! a é)

s

LemMma 12. — Suppose f satisfies (hA), (hR) and ().

r, e(#), A(r), u(r) are the same as in Lemma 10. We impose, moreovet,
¥ <rq, With the notation of Lemma 6.

Choose A >0 such that c+A<c’,

c+ArgF
and _
c—Ag¢F.
Suppose m=2, peZ™,
(P =pHzmax (A (r), o (c— ), S (c+1))
=% \)
(of has been defined in Lemma 11).
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IFENBL . NZL,(M\Z_(N=, then there are E=E(p, r, \)>0 and

ps

a locally Lipschitz vector field V (x) such that:
(i) (¥x):V(x)eB , and (x¢BY 4,0 =V (x)=0);
(ii) Vxe[BY,\B oo Viell, ml,
(“yiHG[r—e, 1= (f)'(x).V(x)> %)
(i) (VxeB:, N(ZL L W\Z-W): f(%).V(x)>E.
(iv) (VxeBY ) (Viell, m]):
(Fi)e{T+r, c=1} = () (). V(x)>0).

, |p™]). Consider a sequence

Proof. — In Lemma 6, take R =max (|p’
)eBs NL, A—nctM\Z-(A—n(c—1).
(u,) satisfies
Vp, @) 1) Amg-r | <2r2<2r0.

So, if #NBL, NZL, (M\Z- (M=, we cannot have f(u,)—0, and
there is o« (p, u, r, A)>0 such that

VxeBL, ML, A-NE+)N\ZL- A-n@-V): [ f®]z2e

Now, if xe[B% .. \B% ), we find V_ satisfying the conclusion of
P (r+e) P, (r—e) 1 Vx y
Lemma 10, and we choose V, =0 otherwise.
For se{—, +}. if xe BY ;2 N U (DRI ELS), we find ¥7, satisfying
i

the conclusion of Lemma 11 with /=c+s\, and we choose ¥ =0 other-
wise.
If xeB:, N, M\ZL_-M) and if V,=¥7=7.=0, we find

V,eBY , such that f(x).V,>a, and we choose A =—; V. +¥ 7 +7v])
otherwise.

We take §=min{a, %(p(r)%—v(a— M+v(c—A) }

V., satisfies:

(D (Vx):V,eBY |, and (x¢B% 2= V. =0).

p, 13

Vxe[B'z‘?,r+e\B‘;7,(,-_e)], Yiell, m],
(H) {H)’i”e[r“e,ere] = (fl)'(x)vx>¥
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) { (VxeBj .. N(ZL. (?»+Tl)(f_+7»))\$- A+n(c—n)):
S (). V. >E.
(VxeBj ) (Vie[l, m]):
(fie{cthr, c=r}=(f) (x).V,>0).

But V_ is not continuous. A classical pseudo-gradient construction ends
the proof |

Iv) {

5.2. The contradiction

We suppose (hA), (hR) and (#) are true. r, e(r), p(r), A are the same
as in Lemma 12. On A, we impose one more condition:

< hOe)
-6
As in Lemma 12, we suppose that
CNB;, NN\ H)M=¢,
and we take m>2, pe 7™ with
(Vi) (P =pHzB @, M.
We define ¢ (1, x) for (1, x)e Rx L? by
¢ (0, x)=x
2 0= Voo,

where V (x) is the vector field of Lemma 12.
We have

LEMMA 13. — With the notations and hypotheses above, there is
T (r, A, p) such that

o7, IIB; - NL. ML _MN L, M.
Proof. — Take xeB% ,_, N %, (A). Then
(V120), @ X)eB (0N L, M),

by (i) and (iv) of Lemma 12. Moreover, if ¢ (¢, x)e & _ (), then for any
't o(t', x)e £_(A), by (iv). Now, define
S=S(p)=sup{|fX)—f (V) ]; X, Y)e(B:,,)?}.
Define _
g=_250
&, r, )
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By (iii) of Lemma 12, there is ¢,€[0, ] such that

9 (t,, X)¢B; , N (L WN\ZL - Q).

By (i), (ii) of Lemma 12, this implies ¢ (7, x)e £ _ (L) (we recall that
2h=u(ne(n)/3).

Lemma 13 is thus proved. [

Now, we impose

Vi) (1-pH)zN(r—e(), b),

with the notations of Lemma 9.

The conclusion of Lemma 13 clearly implies J, =0, which contradicts
the conclusion of Lemma 9.

Now, for any A>0, we may choose A<h satisfying all the conditions
above.

So, by contradiction, we have proved the following resulit:

TueoreM III. — Assume that (hA), (hR) and () are true.
Then there is ue¥€, with f (uy=celc, '), and such that for any r, h>0,
for all mz1 and p=(p', ...,p"eZ™
V): (P =pHzM(r, ] = [ENU;, ,#Jl.
M(r, h) is a constant independent of m, and U; , , is a neighborhood of

> p'*u defined as follows:
i=1

U

We now prove Theorem II:
We take a fixed value of A, and we write M (r) instead of M (r, h). We
may choose K > M (r) large enough to get ||« %, |2x/2;||=r, which implies

=B% , N (L. (W\Z - (b)), with the notations of Lemma 9.

pir kT

Y p'*ueBY , for any m=2, and pe Z™ such that (Vi) (p'* ' —p’) zK. So,
i=1
from Theorem III, there is u;€ % such that

(VieZ): <2r.

m
(”i_ 2P “) X'~ L+ P2 ((pH+ P y2n
i=1 8
So, defining y;=Lu;

m
Y5~ Z P *xXx

i=1

<3Cy Y 2rexp[—206'nM(r)]
w nz0
_ 6C,r
l—exp(—20'K)
for K (¢) large enough. So Theorem II is a direct consequence of Theo-
rem III. ]
We are now going to study the limit (m — + o0).

<e

2
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VI. THE APPROXIMATE BERNOULLI SHIFT

Our first taks here is to prove Corollary II.1 of Theorem II. We consider
a sequence p=(p’); ., of integers with < Z a finite or infinite interval, and
P -pzZK (e

The case 0=<Card (I) < oo is clear. So we just consider the case of an

infinite I. We may write I= | T, each I* being finite. From Theorem I1,
k=0
we get an orbit y* such that

7= ¥ p*x, <=

ietk

The y*’s being orbits, k

is a bounded sequence. So, after

d

k
Pt =y )
extraction, by Ascoli’s theorem. y* converges to some orbit y;in the CJ,
topology, and Corollary II.1 is proved.

Now, we take se€ {0, 1}* arbitrary (i.e. with possibly infinitely many
I’s). There are an interval 1 of integers and a sequence (¢');.,=Z, with
(V l) qi+1 >qi3 and Sn=X{qi, iel}(n)~

We denote p'=K () ¢', and we define 7 (s)= ¥5 using Corollary II.1.

We recall that {0, 1}” may be given the topology associated to the

M Ny — 1 Isﬂ—s;ll
metric d(s, 5') 3 ,.gz S
We define
T {0, 1}2 5 RN
s— T (5)(0).
Since

17 =Y s, (Knk x|, <e,

we have limsup |T(s)—T(s)|<2e.
d(s,5) =0

Now, we take 8>0. There is 1(8)>0 such that if d(s, )= 96, then
sT#E.

So, taking K (¢) large enough in Corollary II.1, there is p >0 independent
of s, s, g, with

”(an(K” *x)—Zs;(Kn * X)) Xi-21, 211”0022 p.

So
|| (T ()—T (s Xi-21, 211 Hoo 2p

fors<E.
2
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Now, define
0: R™NCO(-21, 21, R?M)
x> 0(x)
where

4 0-1A0=1VR(, 0)
dt

O(x)(0)=x.

By the classical continuity results on the Cauchy problem, ¢ is uniformly
continuous on any bounded part of R*N. So there is p’ (8) >0, independent
of s, ', r, such that

d(s, )26 = ]]%(s)—%(s')l|gp'.

So T is injective, and T~ ! is uniformly continuous. The other assertions of
Corollary I1.2 are easy to check, if we choose x,=x(0). Corollary IL.2 is
thus proved. One would like T to give a Bernoulli shift structure, i.e. T
homeomorphism, and Tec=0@X°T (see [M], [W]). Unfortunately, this is
not the case. We only have the estimate |7 (s)—Y.s,(n*x)||, <&. The

points s such that s,=0 except for a finite number of »’s correspond to
homoclinic orbits passing through 7 (s) at time 0: there are infinitely many
of them.
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