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ABSTRACT. — We consider variational integrals

J F(x, u, Du)dx
Q

with integrands F(x, u, p) growing polynomially and of class C? in p and
Hoélder-continuous in (x, u). Under the main assumption that F(x, u, p)
is strictly quasiconvex we prove that each minimizer is of Class C'** in
an open set Q, = Q with meas (Q — Qy) = 0.

REsUME. — On considére des fonctionnelles du Calcul des Variations

J F(x, u, Du)dx
o

et on suppose que F(x, u, p) ait une croissance polynomiale en p et soit
de classe C? en p et Holderienne en (x, u). Sous hypothése que F(x, u, p)
soit strictement quasiconvexe nous démontrons que les minima ont les
dérivées premicres Holderiennes dans un ouvert Qy < Q de mesure totale
égale a Q.

Mots-clés : Calculus of variations, quasiconvex integrands, Caccioppoli inequality,
Holder regularity.
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186 M. GIAQUINTA AND G. MODICA

1. INTRODUCTION

In this paper we study the regularity of derivatives of the minimizers
of variational integrals

(1.1) Flu; Q] = j F(x, u, Du)dx
Q

with integrands F(x, u, p) uniformily strictly quasiconvex.

Here Qisanopensetin R n>2,u:Q > RNN>1,Du={Du'},
1 <a<n 1<i<N, stands for the gradient matrix of u and F:
Q x RN x R™ — Ris a function satisfying

(1.2 Alpm—a<Fxup)<Alp"+a A>0

where m is a real number larger than or equal to 2.
A minimizer of the functional & is a function u e WL(Q, RY) such that

for every ¢ e Wi(Q, RY) with supp u < Q
(1.3) F[u;supp ¢] < F [u + ¢, supp ¢]

The regularity of minimizers of differentiable functionals and of the
weak solutions of related nonlinear elliptic systems has been intensively
studied in the last twenty years. It would be very difficult to list the various
contributions and we refer to M. Giaquinta [8] for that.

Except for the classical two dimensional result by C. B. Morrey, the
regularity of minimizers of non-differentiable functionals has been studied
only recently, see M. Giaquinta and E. Giusti [9] [10] [/]], M. Giaquinta,
P. A. Ivert [13], see also [8].

In both cases the main assumption was the strong ellipticity :

m-—2

(1.4) Fppleupeii=vl +|p) 7 [EF VEeR™; v>0

This is a natural strengthening of the convexity condition of F(x, u, p)
with respect to p. A typical integrand F which satisfies (1.4) is

(1.5) F(p=(1+1pP? m=2
As it is well known, the convexity of F(x, u, p) with respect to p is a
sufficient condition for the sequential weak lower semicontinuity of #
in WHm(Q, RN) and therefore, together with the coercivity condition (1.2),
for the existence of a minimizer (subject to given boundary conditions)
for #. But in general it is a necessary condition only in the scalar case, N=1.
In 1952 C. B. Morrey [17] showed that a necessary and sufficient condi-
tion for the weak sequential lower semicontinuity of & is that F be quasi-
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PARTIAL REGULARITY OF MINIMIZERS 187

convex. This means that for almost every xo €, for all uge RY, p,e R™
and for all ¢ e C}(Q, RY) we have

(1.6) —LJ F(xo, U, po + Do(x)dx = F(xo, o, po)
(2] Ja

i.e. the frozen functional
FOlu; Q)= J F(xo, o, Du)dx

Q
has the (affine) linear functions as minimizers (see also C. B. Morrey [I8]
(4.4), E. Acerbi, N. Fusco [/], J. Ball [2]).
Quasiconvexity is strictly weaker than convexity if N > 1 while it
reduces to convexity if N = 1. Note that it is a global condition; but if F
is of class C? in p, it implies the pointwise Legendre-Hadamard condition:

(1.7 FpipCe, u, p)l%Pnm; >0 VEeR",  VneRN

It is an open problem whether the converse is true in general.
As in the convex case, in order to study the regularity of minimizers,
it is natural, and in a certain sense necessary, to strengthen condition (1.6).

DEFINITION 1.1. — We say that F(x, u, p) is uniformly strictly quasi-
convex if for almost every xo€ €, for all ugeRN. poeR™ and for all
¢ e CHQ, RY) we have

(1.8 J [F(xo, 1o, po + D¢) — F(xo, ug, po) ldx
Q m—2
> Vf (1+1pol?+ D¢ ?) * | Do |?dx.
Q

We moreover suppose m = 2.

Recently L. C. Evans [6], adapting the so-called indirect approach in [8],
showed partial regularity of minimizers of the functional (1.1) in the case
that the integrand F was uniformly strictly quasiconvex with m > 2 and
moreover it did not depend on x and u.

In this paper we extend Evans’ result proving the following theorem.

THEOREM 1.1. — Suppose that ¥(x, u, p) satisfies (1.2). Suppose moreover
that

i) F(x, u, p) is uniformly strictly quasiconvex
ii) for every (x,)eQ x RN, F(x, u, p) is twice continuously differen-
tiable in p and we have

[Epp(x, u, p) | < L(L + [ p P)

m—2
2
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188 M. GIAQUINTA AND G. MODICA

iii) for every peR™, the function (1 + |p|*) *F(x,u, p) is Holder
continuous in Q x RN uniformly in p.

Let ue W™, RY) be a minimizer of the functional (1.1). Then there
exists an open set Qq < Q such that u has Hélder continuous first derivatives
in Qo. Moreover we have meas (Q — Q) = 0.

We conclude this introduction with a few comments on the method
of proof, the so-called direct approach in [8], which strongly relies on
Caccioppoli’s type inequalities.

From the previous work, see [8], and especially from [9] [10] [1]] the
crucial role of the so-called Caccioppoli’s inequality clearly appears, in
dealing with the regularity of minimizers and solutions of nonlinear elliptic
systems. This inequality, in the simplest case, amounts to the following:
Let u be a minimizer. Then for all balls Bg(x,) = Q we have

(1.9) J | Du Pdx < |t~ uy, ¢ Pdx
Br/2(x0) R Br(x0)

Here u,, g denotes the average of u on Bg(x,) i. e.
1

Uy R = f udx = udx
Br(x0) Br(x0) JBg(xo)

On the basis of a result on reverse Holder inequalities with increasing
supports, see F. W. Gehring [7], M. Giaquinta, G. Modica [/4] and [8],
chap. V (1.9) implies that Du lies in some L?, (Q) with p > 2, and moreover

we have
1p 1/2
(J; [ Du I"dx) < c<j/ | Du Izdx) .
Br,2 Br

This is actually the main point.

In the scalar case, a modified version of (1.9) implies even Holder-
continuity, see [4] [8] [//], and a Harnack inequality [5] for the mini-
mizers.

The work of L. C. Evans [6], see also [/5], and this paper shows that a
second Caccioppoli’s inequality is crucial for the regularity: for any poe R™
and any uy € RY we have

c
(1.10) | Du — po [?dx < — | u — ug — polx — xo) |Pdx

Br/2(x0) Br(xo)

We shall prove in section 4, that it implies the following reverse Holder
inequality: for some p > 2 and for every By

1/p 12
<f§; [Du — (D)o r/2 I”dx) < c(f | Du — (Du)y, ]2dx>
Br;2(xp) Bgr{xo)
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PARTIAL REGULARITY OF MINIMIZERS 189

The fact that the uniform strict quasiconvexity permits a proof of ine-
quality {1.10) was pointed out by L. C. Evans [6], see section 4 in our
situation.

We would like to remark that inequality (1.10) relies heavily on the
minimizing property of u and on the quasiconvexity assumption. As a
matter of fact, even the first Caccioppoli’s inequality (1.9) may not be true
for solutions of quasilinear systems

Dp(A¥(x, uDu') = 0 i=1,....N

with coefficients satisfying the strengthened Legendre-Hadamard condition
AF(x, il Pnm; > | E2 P VEeR',  VneRM
see M. Giaquinta, J. Soucek [/6].

2. TECHNICAL PRELIMINARIES

In this section we collect as lemmata a few simple remarks, mainly
of algebraic nature, that we shall use in the sequel.

LEMMA 2.1. — For 6 > 0, and for all a, be R* we have

0

1
J (1 + [ta+ (1 — t)b|?)dt
—2(1+9) <

2.1 2 < 22
@1 (L+1lal +[b]»)"?
and .
f 1+ {ta+ (1 —0)b|?)"d
2.2 J1+28) o 0 43

(A+lal® + b —al?y?
Proof. — Let us prove inequality (2.1); (2.2) follows at once, as
1
§(1+]a12+|b12)<1+|a12+lb—a]2s2(1+la|2+lb12)

The inequality on the right follows immediately since for any te [0, 1]
1L+ (ta+ (1 —0)hPP <20+ |al>+1|b?)
In order to show the inequality on the left it suffices to notice that we

may assume that |a| > | b}, so forte(%, 1> we have
[ta+ (1 —t)hi=tia]l —(1 —t)lb[Z%(lanL[bl) Q.E.D.
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190 M. GIAQUINTA AND G. MODICA

For 6 > 0, and any p € R* define the vector valued function

2.3) Va(p) = (1 + | pIPYp
LemMMA 2.2. — We have
4
o4 s U)o | Vo(p) — Vila) | (14 o

S+ PP+ 1aPPIp—ql

Proof. — The inequality on the right follows at once, using lemma 2.1,
since

| Valp) — Vilg) | < f

1

dt

d
—Vltp+ (1 -
. ar s(tp + (1 = £)q)

1
<1 +5)f (I+|tp+ A —0)b|?H"dt]p — q|
4]

In order to prove the inequality on the left we suppose without loss in
generality that | p] = [q|, and we distinguish the case | p| > 2{g] in
which we have

I<3l |
[p—4q =5lp

(L+1pP + g <221+ | p )P

and the case |g| <|pl < 2]q]|
In the first case, since | V(p)| is an increasing function of | p |, we have

>1 V
_EI (p)l

1
[Va(p)—Vs@) | = V(p) |- V(@ =] V(p)— { V(E p)
hence the inequality follows immediately using (2.5). In the second case
we note that for every t > 1 we have [tp —ql = |p — q| hence, setting
W(g) =1+ 1gP)"?
W(p)
(@

we get
[ Valp) — Vs(g) | =W(‘1)|Wp—qr > Wi(glp—4ql

The result then follows, because
L+ |p?+ g <57W(g) Q.E.D.

The next lemma is an easy consequence of lemma 1.1 of [9].

LEmMMA 2.3. — Let f(t) be a nonnegative bounded function defined
for 0 < T, <t < Ty. Suppose that for To <t < s <T, we have

fA)<Ais—t)*+Bls—1t)F+ C+0f(s)
where A, B, o, B, 0 are nonnegative constants, and 8 < 1. Then there exists
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PARTIAL REGULARITY OF MINIMIZERS 191

aconstant cq = co(f, o, B)suchthat for every p, R, Ty < p < R < Ty, we have
f(p) S CO[A(R - p)—a + B(R —_ p)_ﬂ + C] N

The next lemma will be used quite often in the sequel. Consider the
vector valued function

m—2
Vo) =Q1+1p®»*p
defined for p e R™, and m > 2; and denote by

1
Gror = j ¢dx = ¢dx
Bgr(xo)

l BR 1 Br(xo)

the mean value over the ball Bg(x,) in R" of the vector valued function
¢ : Br(xo) » R™

We have
LEMMA 2.4. — For any p > 1 there exists a constant ¢ such that for any
leR™
f | V(¢) — V(dsxop) IPdx < (p) | V(¢) — V(4)[Pdx
Br(x0) Br(x0)

In particular

f | V() — V(¢x,0) IPdx < op) | V(@) — V(@)xor IPdx
Br(x0)

Br(x0)

Proof. — From lemma 2.1 we have

if [V(¢) — V(¢ r |7dx
B,(xo)

m—2
—z P
<c(14] P 1) * f
Br(x0)
m—2
3 P

< (L +H[AP+| ror—AP)

| ¢ — dror IPdx+cy f | ¢—eor|? dx

Br(x0)

f 1¢—¢,(,R|de+c1f | p— Paor|? dx
Br(xo) Br(xo)
m—2

303(1+l1|2)Tp:f |¢-¢,O,R|de+c1£ | — bror |? dx
Br(x0) R(X0)

m—2

& P
+cs<f ld)——,lldx) :f | ¢ — A|Pdx
Br(xo) Br(x0)

|¢—11de+c4f | ¢ — 412 7dx

Br(x0)

m-2
Sc4(1+u|2)T"f

Br(xo0)

SCsJ/ | V() — V(4) |Pdx

Br(x0)
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192 M. GIAQUINTA AND G. MODICA

the second statement follows at once choosing 4 in such a way that

V(3) = V(@)eor- Q.E.D.

3. REVERSE HOLDER INEQUALITIES

We shall denote by Qg(x,) the cube in R” centered at x, with sides of
length 2R parallel to the axes, i.e.

QR(Xo):{xeRn:‘xi—inl<R i=1,2,...,n}

while by Bgr(x,) we shall denote, as usual, the ball of radius R centered at x,,
le.

Brlxo) = { xR": |x — xo| < R}

Let Q be a bounded open set in R” and let g € LY2). We say that g satisfies
a reverse Holder inequality with increasing supports in Q if for some r < g
we have:

1/q 1/r
3.1 (f | g!“dx) < b(f | gl’dx>
Qr/2(x0) Qr(x0)

for all Qg(xo) < Q.
We recall the usual notations

1
g = dx=—fgdx
E Lg IE|Je

Reverse Holder inequalities with increasing supports play an important
role in the theory of the regularity of solutions to nonlinear elliptic diffe-
rential equations, see [8], chapters V, VI. In [/4] we proved (see also [8],
chap. V, [7] [8]) that whenever (3.1) is satisfied for all Qg(xo) < €, then g
has higher integrability and satisfies a reverse Holder inequality with
increasing supports and exponents g + ¢ g. More precisely we proved
the following theorem which we now state in a slightly more general form,
and which will be used in the sequel.

THEOREM 3.1. — Let Q be a bounded open ser in R". Suppose we hare

;oo 1;q 1/r 1/q
(3.2) U ]g]“dx) gb@ ]g]’dx> +<f If]"dx)
Qr2 Qr Qr

Jor all Qg = Q, whereqe LYQ), fe L(Q)and0 <r < g <s < + o0. Then
~

<
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PARTIAL REGULARITY OF MINIMIZERS 193

there exists a positive & = &(n, q,1, s, b) such that g eL{I(Q). Moreover for
any Q' = < Q we have
1 1

1 L
(3.3) <§ ] g[q”dx>q < c[(f lg[‘%ix) + (f }fl‘”‘dx) ]
o Q Q

where ¢ is a constant depending on n, g, r, s, b and on | Q |/dist (', 6Q)* and
QI |

REMARK 3.1. — On the left-hand side of the inequality (3.2) we may
have any cube Qx,0 < 7 < 1, instead of Qg,,. Then the conclusions of
theorem 3.1 remain true of course with the constants ¢ and ¢ in (3.3)
depending on 7.

REMARK 3.2. — Obviously in (3.2) we can have balls By instead of
cubes Qg, and the same conclusions holds.

4. CACCIOPPOLY'S INEQUALITIES
AND HIGHER INTEGRABILITY

Let F(x, u, p) : Q@ x R¥xR™ — R be a Carathéodory function (i. €. measu-
rable in x and continuous in u, p) satisfying condition (1.2), which we
rewrite, for simplicity, as
(H.1) F(x, u, p) satisfies the inequalities

I pI™ < Fx, 4 p) < A(l + | p|»)?

where A > 0, and m > 2.

In M. Giaquinta and E. Giusti [10], see also [1]] for a more general
statement, the following theorem was proved

THEOREM 4.1. — Let ue WL™Q, RN) be a minimizer of the functional
@.1) Flu;Ql = J F(x, u, Du)dx
Q

where the integrand F satisfies (H.1).
Then there exists an &€ > 0 such that Due LT, 5(Q, R™),

Moreover, for every x,€Q and R, with 0 < R < dist (x,, 0Q) we have
1

4.2) (J (1+|Du lz)m'?dx>m < cg (1 + |Du Iz)%dx>m
Br/2(x0) Br(xo0)

with ¢ independent of R and u.
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194 M. GIAQUINTA AND G. MODICA

Theorem 4. 1is a consequence, see [9], of theorem 3. 1 and of the following
inequality proved in [9].

Caccioppoli’s first inequality: Under the assumption of theorem 4.1, for
every xo€Q, p, R, with 0 < p < R < dist (xo, 0Q2), we have

4.3) | Du ["dx < ——— |t — tgy g ["dx + ¢ | (Be(xo) |
B,(x0) (R — )" JBrxo)

In the next proposition we shall prove, using an idea of L. C. Evans [6],
an inequality for the mean oscillation of Du of the same nature of (4.3).
In order to do that, we need some additional hypotheses on F. We collect
here these hypotheses and some simple consequences as (H.2) ... (H.6);
as in (H.1) m is larger than or equal to 2.

(H.2) F(x,u,p) is of class C? with respect to p and
m—2

IFpx, . p)| < c;(1 + | p?) 2

Taking into account lemma 2.1, (H.2) implies immediately the following
statement that we number as (H. 3)
(H.3) The derivatives of F(x, u, p) with respect to p satisfy

m=2
[Fpe, u, p) — Fx, u, @) | < o1 + | pPP +1q1») 2 |p— q]

In the next section we need a stronger version of (H.2).
(H.4) F(x,u, p) is twice continuously differentiable in p, uniformly with
respect to x, u; more precisely there exists a continuous, non negative,
bounded function t, s) increasing int for fixed s and in s for fixed t, concave
in s, with o(t, 0) = 0, and such that for every (x, u)e Q x RN and p, q e R™Y
we have

m—2
| Fpplx, 4, p) = Fpp, u, @) | < 3L + 1 p P+ 1q1%) * o(iplip—ql)
H.5Y QA+1|p !2)—5F(x, u, p) is Hélder-continuous in (x, u) uniformly with
respect to p,1.¢€.

[Fx,u,p0) — F(p, 0, p) | < cal + [ p132n(|ul, |x — y| + Ju—v])

where
n(t, s) = A'(t) min (s°, L)

for some 6,0 <6< 1, and L >0, and A(t) is an increasing function.
Notice that #(t, s) is concave in s for fixed ¢. Finally

(H.6) F(x,u, p) is uniformly strictly quasiconvex in the sense of defi-
nition 1.1, or equivalently (compare lemma 2.2) there exist a positive
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PARTIAL REGULARITY OF MINIMIZERS 195

constant v such that for almost every x,€Q, for all ugeRY, p,e R™ and
for all ®eCLQ, RY) we have

v J [V(po+D®)—V(po) PPdx < j [F(xo,t0, po+D®) — Fxo,ug,po)ldx
a Q

where, for all p e R™, V(p) is the vector valued function defined by
m—2

Vip)=(1+[p) * p

Let ue ™Q, RY) be a minimizer for the functional % [u;Q] in (4.1).

For xo, ye €, ug, vo e RY, po e R™, we define
P(x) = {Pi(x)} i= 15 .. 'aN; Pi(x) = uiO + pf)a(xa - an)

and we simply write
(4.4) P(x) = up + polx — Xo)
Moreover we set
(4.5) a(x)=2"(|vo[)min { [|x—y|+|ux)—vo |+ u(x) — P(x)| I, L}
(4.6) G*(x) = (1 + | po 1> + | Du[*)"’2 min (1, «(x))
We have

PROPOSITION 4.1. — (Caccioppoli’s second inequality). Let ue Wiz(Q, R")
be a minimizer of the functional & [u; Q)in (4.1). Suppose that the integrand F

satisfies (H.1) (H.2) (H.3) (H.5) and (H.6). Then for every xo, ye€,
g, vo € RN, po € R™ and every p, R with 0 < p < R < dist (x,, ) we have

m—2

4.7 J [(1 +1pol® ? |Du—pol* + |Du — po |"]dx
By(x0)

1
|u—P|"dx
(R - p)m JBR(XO)

+ J GZdx } .
Br(xo)

If moreover the integrand F does not depend explicitly on x and u, then we
may take G =0in (4.7).

Proof. — Let 0 < p <s <t < R and choose & € CF(B,(xp)) satisfying
0<¢&¢<1,E=1o0n Byxg), |IDE} < cf(t — s). Define

1 m=2
= C{WLR(XO)(1+1P0 1?) 2 lu—PPdx+

O=¢(u—-P) ¥=01-¢ @—-P)
so that
+¥Y=u—-P D® + DY = Du — po

Vol. 3, n° 3-1986.



196 M. GIAQUINTA AND G. MODICA

As ¢ = 0 on @B, the quasiconvexity assumption (H.6) implies for every
yeQand vy e RN

m-—2
(4.8) vj [A+1pol?) 2 |DO®? + | DO ["]dx
B;

< J [F(y, vo, po + D®) — F(y, vo, po)ldx
B:

We now rewrite the right-hand side of (4.8) as

™

(49) [F(ya Vo, Po + D(D) - F(ya Vo, PO)]dx

JB;
r

= | [F(xo, 4o, Du — D¥) — F(xo, uo, Du)ldx
+ | [F(y, v, Du) — F(x, u, Du)ldx

+ | [F(x,u Du) — F(x,u — ® Du — D®)}dx

+ | [F(x,u — ®@, po + D¥) — F(y, vo, po + D¥)]dx
r

+ | [F(y, vo, po+D¥)=F(y, vo, po)ldx=(I) + (L) +(IID+(IV)+(V)

B

and we notice that (III) < 0 because u is a minimizer, and that (IT) and (IV)
are zero if the integrand F does not depend explicitly on x and u.
We have, using (H.3) and lemma 2.1,

1
(I)+(V):f de‘ [Fpi(y9 Vo, P0+TDT)_Fpi(ya Vo, Du—TDT) ]Daqﬁd":
B, 0 * a

m—2

(1+1po > +|Dul?>+|D¥?) 2 (| Du—po|+| D¥|)| D¥ | dx

Then we observe that | DW | has support in B, — B, and that

IDTI<CGIDu"POI+ lu—Pl

so using the elementary inequality @™ ?b? < g™ + b™, we conclude

(4.10) (I)+(V)SC7{ j a +pr[2) = lu - PPdx

(t Jlu Pi”‘dx}+68j [(A+(po P) "7 lDu Dol >+ Du—p,™dx
- B;—B;s
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PARTIAL REGULARITY OF MINIMIZERS 197

On the other hand, (H. 5) and (H.1) imply
4.11) (H+dV)<co { J min ((x), 11 +| Du 12)%dx

B,

+J min (o(x), )(1 +{ po+D¥ {2)%dx } <cio { j G2dx+ j [ DY |mdx }
B. B: B:

1
SCU{J G2dx + J lu—Pl’"dx+j lDu—pOI’"dx}
B: (t—3)" Js, Be—Bs

Therefore, from (4.8) ... (4.11) we conclude

m—2
JB [(1+1pol® * |Du—pol* + | Du—po["]dx

3012{._1_J (1+]p0[2)m;2Iu—P[2dx+ ! J |u—P mdx
(t—s)* Js, (t—3)" Js,
m—2
+L szx}+clz L [(1+]pol*) * | Du—pol*+|Du—po™ldx .
(3 t_BZ

Now we fill the hole, i.e. we add ¢, times the left-hand side of (4.12) to
both sides of (4.12) and we get

o= B cran
) <——=+——+ C+0f(
= o :
with
m=-2
fly= j [A+1pol?) 2 |Du—pol* +|Du— pol|™]dx
B
" m-2
A=ci| (1+1pel?) ? fu—PPdx
UBR
r
B=012 Iu—led.x
JBr
r
C= Cia G2
JBr
_ Ci2 <1
1+ C12
Hence the result follows at once from lemma 2.3. Q.E. D.

Now we show how Caccioppoli’s second inequality permits us to prove
a useful reverse Holder inequality for V(Du) — V(Du),,. V being the
function defined in (H.6).
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We choose in (4.7), p = R/2, uy = u,, g and we recall the well-known

Sobolev-Poincaré inequality; for any p > e 1 define
n—
np
Px = n+p

then there is a constant ¢ = (n, p) such that

P/p;
J fu—ug g — Po-(X—X0) l"dx$6<f | Du—p, ]"‘dx)
Br(x0) . Br(xo0)

We estimate the first two terms on the right-hand side of (4.7) first by

€13 2 n2 2 22 €13 ™
Rz 1+1pol?) | Du—pg [**dx +F [Du~—po [™dx
Br(x0) Br

and then, noticing that m, < 2,.m, with a simple use of Holder inequality by
Cia m_zz 22
F{L [(1+1po1?) * [Du—po[*+|Du—p; l"‘]z'dX} .
Taking into account lemma 2.2 and 2.4, Caccioppoli’s second inequality
implies

1/2
(4.13) (J; | V(Du) — V(po) Ide>
Br,2(x0)

1/2, 1/2
<c { g | V(Du) — V() 12*dx> + (f Gde) }
Br(xo) Br(xo)

In case F does not depend explicitly on x and u, and therefore G = 0,
inequality (4.13) together with theorem 3.2 (applied to | V(Du)— V(po)!|)
implies that

1/p 1/2
g | V(D) — V(po) |de) < cg | V(Du) — V(po) Ide)
Br,2 Br

for some p > 2. Therefore, choosing for each Bg(x,) po in such a way that
V(po) = V(Du),,r we get

THEOREM 4.2. — Let ue Wi;m(Q, RY) be a minimizer of F [u :Q]in(4.1)
suppose that the integrand F does not depend explicitly on x and u and satisfies
(H.2) (H.3) (H.6). Then there exists a p > 2 such that for all Bg(x,) = Q
we have

1/p
4.14) (f | V(Du) — V(Du)y, »/2 |"dx>
Br,2(x0) 1/2
< c(f | V(Du) — V(Du),, 12dx> .
B

r{x0)
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In general we have

THEOREM 4.3. — Let ue Wi™Q, RY) be a minimizer of % [u;Q] in
(4.1), suppose that the integrand F satisfies (H.1) (H.2) (H.5) and (H.6).

Thenthereexistsa p > 2,ay > 0and a constant ¢ such that for all Bg(x,) = Q
we have

2/p
4.15) <:f | V(Du) — V(Du)y g2 |"dx>
Br/2(x0)
< :F | V(DU) — V(Dt)y, & [2dx+ R¥h( | o r | 4] (DU)gor |+ (X0, R)™)
Br(x0)

where h(t) is an increasing function and y(x,, R) is defined by

Y(xo, R) = J | Du — (Du)y,x "dx .

Br(xo}

Proof. — Choosing up = u 3> from Caccioppoli’s inequality (4.7);
xo,i

using as before Sobolev-Poincaré inequality, we get

1/24

1/2
(4.16) (f | V(Du) — V(po) Ide> < c(ff | V(Du)—V(po) |2"dx>
Br,2 B2

1/2
+c<:f szx> .
B2,

We note, theorem 4.1, that (1 + | Du|2)™* e LLI%(Q), so that GeL; ()
m+ ¢ Set

2<s<?2

ax) = K(|vo)min { [|x — y| + |u(x) —vo[ % L}
We have

(4.17) f GZdx ij ax)1 + | po|* + | Du 12)%dx
B2 B2

+§ K(|vol) min { L, ({u—uo|+ | pol 1x—x0!)? } (1 +1po |2 +| Du ?)%dx .
Bz
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We estimate the second integral on the right-hand side using theorem 4.1
and Poincaré inequality as follows:

4.18) f K(|vo|)min { L, (Ju—uo|+{Pol |x—xo1)° } (1 +|pol® .
Pir + | Du |?)%dx
ms  \2/s
sk(lvol)q (1+IpoI2+lDuI2)”dx)
By

1 12

‘_—2 s
U min { L, ([ — to| + ] pol 1% — x0] )}’ de}
Bz,

i

-
Sck(onI)(ﬁ3 (1+|1!7o12+1Dtt12)7dx<R"'fB 1Dul"'+lpo|’">dX>

2-2
5

< Ck(lvol)R%(l_%)<f (1 +|pol> + | Du |2)%dx)
Br

< ck(|v01)R27f (1 +1pol*+|Du iz)'"(l"s)dx y = §<1 —é)

1
Note that for s close to 2, m(l — —) is close to m.
Set now for R, fixed 5 2
g%(x) = | V(Dw) — V(po) |?

m 11
f2(x) = &xX1+] po >+ Du(x) 1*)* +k(| vo | R +| po [>+| Du [*) (-3
From (4.16) (4.17) (4.18) we deduce

ffell(Q) forsome t>1

and for all R < Ry, voe RN, yeQ, poe R™ we have

1/2 1/24 1/2
(f gzdx) < c(f gz‘dx) + c(f fzdx> .
Br,2 Br Br

Applying theorem 4. 1 we conclude that there is an exponent p > 2 such that

Up 172 1/p
(4.19) <f g"dx) < c( \;f gzdx> + (J: ﬂ’dx)
Bro/2 Brg Bgrgo

Now for each Bg,(xo) we choose y = xq, Vg = Uy, ro» Po In such a way
that V(po) = V(Du),, g, and we estimate the last integral in (4.19) as in
(4.18). Then the result follows at once. Q.E.D.
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5. PARTIAL REGULARITY

In this section we shall prove theorem 1.1 which was stated in the
introduction. Through the whole section ue W5™Q, RY) will denote a
minimizer of the functional

5.1) F [u; Q] = J‘ F(x, u, Du)dx
Q

with integrand F satisfying the main assumptions (H.1)... (H.6) of
section 4. V(Du), simply written V, when no confusion may arise, will
denote the vector valued function in (H.6) defined as

m—2

V(Du) = (1 + |Du?) 2 Du

Let us first consider the case that the integrand F does not depend expli-
citly on x and u. So let ue W}(Q, RY) be a minimizer of

(5.2 J F(Dwdx
Q
with F satisfying (H.2) (H.4) (H.6). We have, see also [6].
THEOREM 5.1. — There exists an open set Qo < Q such that
V(Du) e C%(Qq, R™)  for every oe(0.1).

We have Q@ — Qq = X, U Z,, where
z:1 = {XOEQ: Sup(luxo,R[ + [(Du)xo,R[) = + OO}
R>0

Zzz{xoeﬂ:liminff ]V—walzdx>0}
Bp(xo0)

p—0"

In particular meas (Q — Q) = 0.
Moreover, for every fixed o €(0, 1) and M, there exist positive constants
£o(My), Ro(My) such that, if for some xo€Q, R < Ry we have

(5.3) [ugor [ + [ (DW)xor | < MO’J | V=V r IPdx < &
Br{x0)

then for all p, R, 0 < p < R < Ry, we have

20
(5.4) :f V-V, I%dx < C<£) f [V — V& Pdx
B,(x0) R Bri(x0)

REMARK 5.1. — The first part of theorem 5.1 follows actually from
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the second part. In fact, (5. 3) clearly holds almost everywhere in €, and since
lucr| + [(Dw,x| and J [V — Veg Pdy
Bri{xo)

are continuous functions of x, the inequalities (5.3) are satisfied in a
neighbourhood of x, whenever they hold for x,. Therefore (5.4) holds,
with x, replaced by x for x in a neighbourhood of x,. The first part of the
theorem then follows immediately taking into account Campanato’s
characterization of Holder-continuous functions, see €. g. [8], p. 70.

REMARK 5.2. — Theorem 5.1 implies that ue C*?(Q,, RY) for every
o€ (0, 1).
In the general case we have, compare also remark 5.3.

THEOREM 5.2. — Let ue Wi™Q, RY) be a minimizer of the functional
in (5.1) and (H.1) ... (H.6) hold. Then there exists an open set Qy < Q
and a o €(0.1) such that V(Du) e C°°(Q,, RY). We have Q@ — Qo = £, U X,
hence meas (Q — Qg) = 0. Moreover there exist positive constants &y, My,
Ry such that, if for some xy € Q, R < Ry (5.3) hold, then (5.4) holds.

Both theorems follow in a standard way, see e.g. [8], p. 197-199, from
the following proposition.

ProrosiTiON 5.1. — Set
(I)(x09 R) = 1V - on,R |2dx

Br{xo)

Then for every xo € Q, ¢ > 0, and for every p, R, 0 < p < R < dist (x,, 09)
we have

2 n
D(xq, p) < c{(%) +e+ (ID e(x)x(xo0, R) } ®(x0, R) + R*"H(x,, R)

where y > 0, and .

(5.5) %(x0» R) = 7| oo | + | (Dt)zor | + Pxo, R)% Dxo, R))

H(xo, R)= 9 1 if F is independent of x and u
h( |ty g |+ (D) v |+ D(xo, R)*  otherwise

(¢, s) being an increasing function in t going to zero as s goes to zero uni-
formly for t in a bounded set, and h(t) an increasing function of t.

Proof. — Fix a point x, € Q and a radius R < dist (x,, 6Q). Set

Ug = Uxy,R/2
Po = (Du)yygp2
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and denote by F°p) the frozen integrand
FO(P) = F(x0> Ug, P)
Define the integrand G: R™ — R by

. . 1 . . . .
G(p) = F%po) + FR(poXp' — Pba) + 3 Fpi pi(PoXPa — PouXPh — Pp)
and notice that (H.4) implies e .
(5.6) |F(p)—G)<cl1+1po) > |p=—poP+Ip—po "X o, | P—pol)

Since (H.3) (H.6) imply (see [29], theor. 4.4.1) that
m-—2
W1+1pol?) * &1 | m|* < Fppipo)e®ePmm;
m—2

<dl+|poP) 2 |ER|n?  VEeR"  VreRN

the elementary Hilbert space theory together with Gérding inequality
ensure the existence and uniqueness of a solution v € W?(Bg,,(xo), R™) of

J G(Dv)dx — min
Br/2(x0)
v — e Wh*(By,s(x0), RY).
Note that v is the solution of the Dirichlet boundary value problem
F&p}(l’o)?]?vi =0 j=1,..,N in BR/Z(xO)
V—u-= 0 on aBR/z(xO)
for an elliptic system with constant coefficients. Therefore we have, see

R
e.g [8], chap. III, for any A € R"™ and for any p < 3

5.7 J |Dv—A]2dx5cJ |Du — A |?dx
Br/2(x0) Br/2(x0)

(5.8 f |Dv|?dx < ¢ j/ | Do |2dx
B,(xq) Br/2(x0)

2
(5.9) f | Dv— (Do), , [2dx < c<ﬁ) f | Do—(Dv) g |?dx
B,(xo) R/ JBgsatxo) x0.

Moreover, from the LP-theory for elliptic systems we deduce that if
ue WHP(Bg 5(xo), RY). p > 2, then v e WHP(Bg,2(x0), RY) and

(5.10) J |Dv—A|"dx$cj | Du — A{Pdx
Br/2(x0) Br/2(x0)

P
(5.11) | Dv — (Do), , [7dx < c<ﬂ) f | Do—(Dp) g [Pdx
Br/2(x0) *o.3

Bp(xo)
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Notice that the constant ¢ appearing in (5.7) ... (5.11) does not depend
on pg.
From lemma 2.2, (5.9) (5.11) we deduce

if | V(Dv) — V(Dv),,,, |2dx
By(xo0) .

m—2

<d14{(Dv)x,,p By 2 /J;B ( )IDv—(Dv)xO,p Pdx+ cifa ( )le—(Dv)xo,pl'"dx

m—2

< c(ﬁ) (1+](Dv)y,, ) J |Dv—(Dv) rl*dx
R BRr/2(x0) *orgy

+c<£) J | Do — (Do) & ["dx.
R BRy2(x0) o2
On the other hand from (5.8) we get

| Do j2dx < cf | Do |2dx

Br,2(x0)

| Do)y, | < f

B, (x0)

ScI(Dv)x R| +cj
3

Br/2(x0)

|Dv — (Dv)_ g |%dx.
xo,i

Hence we have

f | V(Do) — V(Dv),,,, [2dx
By(x0)

m—2

2
< c(f> (1+|(Dv) = m”ff | Dv—(Dv)_ g |%dx
R ) Br/2(x0) X0z

2

p 2 mp2 p m
+ c(—) (ﬁf |Dv—(Dv) g Fdx) + c<—) :{; |[Dv—(Dv) g |™dx
R Bgr,2(x0) ¥o-3 R Bgr/2(x0) Yoy

Taking into account lemmata 2.2 and 2.4, we then conclude

B,(x0)

2
(5.12) |V(Dv)— V(Dv),, , Pdx < c<£> f |V(Dv)— V(Dv) g Pdx
Br,2(x0) ¥z

and therefore

(5.13) | V(Du) — V(Du),,, |%dx
Bo(xo0)
n+2
Sf<ﬁ> J | V(D) — V(Du) & Izdx+cj | V(Du)— V(Dr)Pdx.
R Br,2(x0) Yoz BRr/2(x0)
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Now we estimate the last term in (5.13). Using lemma 2.2, it is not diffi-
cult to see that Ve > 0

(5.14) | V(Du)— V(Do) [2dx

Br2(x0)

m—2
< de) (A+1pol?) 2 IDWI2+|DWI'"dx+8J | Du—po ™

Br/2(x0) Br/2(x0)

where w = u — ».
From the quasiconvexity assumption (H.6) we have

m-2
(5.15) "j (1 +1pol®) * |Dw|* + | Dw|"dx
Br,2(x0)

SL ( )FO(P0+ Dw)—FO(Po)dx=J [F°(po+ Dw)— G(py+ Dw)]dx

Br/2(x0)

1 . 1 . .
+ 5 L F,?ipj(po)la)w‘]?w‘dx=(l)+ —f Fpipj(po)Dw‘]?w’dx.

Rr/2(x0) a B Br/2(x0) 2 B a
On the other hand we have
J Fpi,,j(po)Dwi]‘?wjdx= J [G(Du)— G(Dv) ldx
B,

r/2(x0) @ B @ Br,2(x0)
™

= [G(Du) — Fo(Dw)Jdx + J [FO(Du)—F(x, u, Du) Jdx
JBRr/2(x0) Bgr/2(x0)

+ [F(x, u, Du)—F(x, v, Dv)]dx+ j [F(x, v, Dv)— F(Dv)]dx
JBRr/2(x0) Bgr/2(x0)

+ [FO(Dv) — G(Dv)]dx = (II) + (II) + (IV) + (V) + (VI).
JBRr,2(x0)

Therefore from (5.14) (5.15) (5.16) we conclude

(5.17) | V(Du)— V(Do) |2dx < ((D)+AD+IID+AV)+(V)+(VD) .

Br/2(x0)

Notice that (IV) < 0, since u is a minimizer, while (III) and (V) are zero if F
does not depend on x and u.

In order to estimate the terms on the right-hand side of (5.17), it is conve-
nient to distinguish two situations.

a) F = F(p); in this case (III). (V) are zero. So we need to estimate (I)
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(IT) (VI). Using (5.6), the boundedness of w, lemmata 2.2 and 2.4, the
reverse Holder inequality (4.14) we obtain

an< Cj [(1+{po ?) = | Du—po |* +| Du—po ["ex | po |, IDu—po )dx
Br/2(x0)
<c J V(D) — V(Du)_g) "eX| (D) xl,| Du—(Du)_x|)dx
Bry2(x0) 0,7 05> 05>

2/
< CR"(J; ! V(Du)—V((Du)x )P dx) !
Br/2(x0) 7z

1-2

(f | (Du)_ x|, | Du—(Du)_ gl)dx> '
Bgr/2(x0) 2 *2

1-2

p
scf V-V Rlzdx@ | (Dw)_ 1, Du—(Du) Rl)dx>
Br(xo0) xoz BRr;2(x0) *0 3 *0,

and by Jensen’s inequality, since eXt, s) is concave in s
2

| Du—(Du),, r I"‘dx)m) ?

j |V — V, g l%dx.
Br(x0)

Exactly in the same way, taking also into account (5.7) (5.10) we obtain

(5.18) (ID< cw( | (Dt)xo .k | (J;

Br(xo0)

2

| Du— (D)o !’"dx>m> ’

j |V — Vi & |2dx.
Br(xo)

This, together with (5.13) (5.17) (5.18), gives (5.5) with H=0and p < %
Since (5.5)istrivial forE < p < R, the proof of proposition 5. 1 is concluded
in this case. 2

b) The general case F(x, u, Du)—(I) (I) (IIT) (VI) can be estimated as
before, using (4.15) instead of (4.14). In this way on the right-hand side
of (5.18) the following extra terms appears

@D, (VD < Cw< [ (Do r | C(f

Br(xo)

2

1 1,2
R 2h( | ug |+ (Dut) ok |+ ¥(x0, RYo | (Dti)yor | Y(x0, RY) P
which gives a term of type R2°H(x,, R) in (5.5).
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So, in order to conclude the proof, it suffices to estimate (III) and (V).
Assumption (H.5) implies, using also theorem 4.1

(III)SCJ 1+ DuPn(lu_ rl,|x—xo|+|u—u_ g|)dx
Br/2(x0) ) X0z

m+e m+e
SCR"(J; (1+|Duf?) 2 dx) <f{; n(lu_ wl|x—xo|
Bry2(x0) Br,2(x0) 072
+lu—u_rlMd
[o2% 7

_£_
x)m +eé

Br,2(x0) X0z

Scf (1+]Du)z)%dxf(]uXO,R[)[R—#f |u—u R}dx]m 8.
Br(xo)

Since

:f lu—u RIdXSCRJ; | Du | dx,
Br/2(x0) x03 Br/2

we then conclude
=
[ Du | dx)

(D < cR"™ 2 (Juer){  (1+]Du 12)7dx(1 + f
< R™* 2yI':I(x0 R) Br(xo0) Bgr(x0)

for y > 0, when H is of the same type as H described in the statement of

the theorem.

This concludes the proof of the proposition, since, taking into account
(5.10), (V) can be estimated in the same way. Q.E.D.

REMARK 5.3. — Actually if F(x, u, p) is H6lder-continuous in x with
exponent § and in u with exponent y then V(Du) e C%?(Q) with

( m ))
26 mi Py
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