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ABSTRACT. — Let X be a real Banach space and I a function on X such
that I = @ + ¢ with ®eCY(X,R) and ¢ : X — (— 20, + oc] convex,
proper and lower semicontinuous. A point ue X is said to be critical if
W) # + c and (D), v —u> + Yv) — Y(u) = 0 VveX. The paper
contains a number of existence theorems for critical points of functions
of the above mentioned type. Critical levels of saddle type are characterized
by minimax principles. The results are applied to variational inequalities
and variational equations with single- and multivalued operators, which
arise from studying certain elliptic boundary value problems.

RESUME. — Soit X un espace de Banach et I une fonction sur X de la
forme I = @ + , ol @ est C! et Y est convexe s. ¢. i, pouvant prendre la
valeur + oc. On définit une notion naturelle de point critique, et 'on
démontre des théorémes d’existence par des méthodes de minimax, du
type Liusternik-Schnivelman. On applique ces résultats a des équations
et inéquations variationnelles de type elliptique.
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78 A. SZULKIN

INTRODUCTION

The purpose of this paper is to generalize some minimax methods in
critical point theory to a class of functions which are not necessarily con-
tinuous. Let X be a real Banach space. Recall that for a continuously
differentiable function ® : X — R, a point ue X is said to be critical if
®’(u) = 0. The corresponding number ®(u) is called a critical value. 1t is
well known that local maxima and minima are critical points. If ® satisfies
some appropriate compactness conditions (usually of Palais-Smale type),
one may also find other critical points by minimaxing ® over certain
families of subsets of X. More precisely, if I is such a family, one can give
sufficient conditions in order that the value

¢ = inf sup ®(u)

Ael’ ueA

be critical. For an account of recent results in critical point theory for
C! functions by minimax methods the reader is referred to [20] [21] [24].

Very recently critical point theory has been generalized by Chang [§]
to locally Lipschitz continuous functions and by Struwe [26] [27] to
functions which are of class C! with respect to certain families of subspaces
of X. In this paper we present another generalization.

Let X be a real Banach space and ¢ : X — (— o0, + 0] a convex
lower semicontinuous function. The set D() = {ueX :y(u) < + oo}
is called the effective domain of . Denote by X* the dual of X and by ¢ ,
the duality pairing between X* and X. For ue D(y) the set

SYu) = {w*eX* 1Y) —yYuw) =z (u*,v—u) VoeX}

is called the subdifferential of yy at u [3, § I1.2]. We shall consider functions
I=® +  with ®e C}(X, R) and  as above. A point u e D(i) is said to
be critical if — ®’(u) e Oy(u), or equivalently, if u satisfies the inequality

Q) v —uy+ Y —yYu) =0 YoeX.

Inequalities of this type arise in a number of problems of physics [12].

In [I0] [//] Dias and Hernandez invoked results from critical point
theory for C! functions in order to study eigenvalue problems Au e éy(u)
for X a Hilbert space and y as above. They used the fact that the operator
id + &y has a single-valued inverse which is of gradient type. Unfortuna-
tely. this approach does not seem to give results we want to obtain.
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MINIMAX PRINCIPLES 79

It is easy to see (cf. Proposition /. /) that local minima are critical points
of I. In order to be able to obtain other critical points we need a compact-
ness condition (which is introduced in Section 1) and a deformation result.
For C! functions the required deformation is effected by moving along
integral lines of a pseudogradient vector field [2/, Theorem 1.9; 24, Theo-
rem 1.1]. In the case of functions which are only lower semicontinuous
such a construction does not seem to be readily available, mainly because
a nongcritical value ¢ may be « semicritical » in the sense that there may
exist a critical point u with I(z7) < ¢ and a sequence u, — u with I(u,) — c.
In Proposition 2.3 we obtain a result which in a sense is a weak version
of the usual deformation theorem. Our deformation (denoted by =) has
the inconvenient property that I(z/(u)) may increase for some u. The proofs
of existence of nonminimum critical points (which become rather technical
because of that) are effected by combining Proposition 2.3 with Ekeland’s
variational principle. The idea of using Ekeland’s principle to obtain
critical points other than local minima (actually, to prove the Mountain
Pass Theorem), may be found in [2] [6].

The paper is organized as follows: Section 1 contains preliminary mate-
rial. In particular, we introduce a compactness condition and recall
Ekeland’s variational principle. In Section 2 we prove a deformation
result and in Section 3 we show that the Mountain Pass Theorem of Ambro-
setti and Rabinowitz [/] [27] [24] and some related results [22] [23] [24]
remain valid for functions satisfying our assumptions. Section 4 is devoted
to generalizations of results of Clark [9] [2/] [24] and Ambrosetti and
Rabinowitz [/] [21] [24] concerning the existence of multiple critical
points for even functions. In Section 5 we apply abstract results of Sections 3
and 4 to elliptic boundary value problems. Our examples include varia-
tional inequalities and variational equations with single- and multivalued
operators.

After completing this paper I have been informed by I. Fkeland that
for lower semicontinuous functions I:X — (— oo, + oo] having the
property that I[(u) + ¢ || u||? is convex for some ¢ = O, there is a regulariza-
tion procedure due to J. M. Lasry [28, Lemma 7], which associates with I
a family (I,)p<s<1. Of functions such that I(u) — I(u) VueX as ¢ - O
and I, e C(X, R). Furthermore, I(u) < I(u) Yue X, I, and I have the same
critical points and I, satisfies the Palais-Smale condition whenever I satis-
fies a condition of similar type (cf. (PS)’ below). Note that for such I our
Theorem 4.3 is an easy consequence of the above-mentioned result of
Clark: I(u) < I(u), 1 satisfies the hypotheses of Clark’s theorem and has
therefore at least k pairs of nontrivial critical points; hence so does I
Note also that in some of the applications to boundary value problems in
Section 5 (Theorem 5.1 and Theorem 5.8 with subsequent corollaries)
Iu) + c|lu|}* will not be convex for any ¢ = 0.
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80 A. SZULKIN

1. PRELIMINARIES

Let X be a real Banach space and I a function on X satisfying the fol-
lowing hypothesis:

H) I=®+ y, where e CY{X,R)and y : X — (— o0, + 20} is convex,
proper (i.e., Yy # + o) and lower semicontinuous (L. s. c. in short).

A point u € X is said to be a critical point of I if ue D({) and if it satisfies
the inequality

(1) (D), 0 —ud+ Y — @ =0  VoeX.

Note that X can be replaced by D(¥) in (1). A number ce R such that
17 Y(c) contains a critical point will be called a critical value. We shall use
the following notation:

K = {ueX:uisa critical point },
L={ueX:Iu=c} K.={ueK:lw=c}.
1.1. ProrosiTioN. — If I satisfies (H), each local minimum is necessarily
a critical point of 1.

Proof. — Let u be a local minimum of I. Using convexity of y, it follows
that for all small ¢ > 0,

0 <I((1— )+ tv) — L) = O(u + t(v — ) — D) + (1 — )u+ tv) — ()
= Qu+ v —u)) — Q) + t(Y(v) — Y(u).

Dividing by ¢ and letting t — O we obtain (1). O
We shall assume that I satisfies the following compactness condition of
Palais-Smale type:

(PS) If (u,) is a sequence such that l{u,) —> ceR and

2 (v —u)> +Y0) — ) 2 —&llv—u,ll VoeX,

where ¢, — 0, then (u,) possesses a convergent subsequence.
Condition (PS) can also be formulated as follows:

(PS") If (u,) is a sequence such that l(u,) — ce R and

B) Qv — > +Y() —Yw) 2 z0v —u, >  VreX,

where z, — 0, then (u,) possesses a convergent subsequence.

1.2. ProrosiTION. — Conditions (PS) and (PS’) are equivalent.
Observe that (3) expresses the fact that z, — ®'(u,) € dy(u,), or equiva-
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MINIMAX PRINCIPLES 81

lently, that z,, € ®'(u,) + ¢y (u,). In this notation the similarity to (a version
of) the usual Palais-Smale condition becomes more transparent. Observe
also that if iy = 0, then I € C! and our definition of critical point as well as
our condition (PS) coincide with the usual ones.

In order to prove Proposition 1.2 we need an additional result. In what
follows we shall use the same symbol {| || to denote the norms in X and X*.

1.3. LeMMA. — Let X be a real Banach spaceand y : X — (— oc, + ]
a l.s.c. convex function with x(0) = 0. If

)z —lixll  VxeX,

there exists a ze€ X* such that ||z|| = 1 and
wxy=<z x> VxeX.

It is well known that y is bounded below by an affine function, i.e.,
71x) =<z, x> — B for some ze X* and feR [3, Proposition I1.2.1].
The lemma asserts that under our assumptions we can choose z with norm
</land 8 =0.

Proof of lemma. — The proof was suggested to us by P. O. Lindberg.
In the space X x R define

A={(x0n:lixll< —1} and B={(x,0):xx)<rt}.

It is easy to verify that A and B are convex (in fact, B is the epigraph of y)
and A is open. Moreover, A N B = ¢ because y(x) = — || x||. Consequently,
there exists a hyperplane separating A and B, i.e, we can find o, fe R
and we X* such that

(w,x>—at—B =0 Vi, 1)eA,
{wx)—out—p =0 V(x,t)eB.
Since (0,0)e A N B, § = 0. Taking t = — || x || in the first of these inequa-
lities gives
dw, x> 2 —allx|| VxeX.
It follows that & > 0 and || wl|| < o If « = 0, then w = 0 and there is no

hyperplane. So 2 > 0. Set z = w/x and ¢ = x(x) in the second of the above
inequalities. Then [|z}f £ 1 and (z, x> £t = »(x). O

Proof of Proposition 1.2. — It suffices to prove that (2) and (3) are equi-
valent and it is clear that (3) implies (2). So suppose that (2) is satisfied.
If &, 0, we may take z,=0. If ¢, >0, let x=r — u, and
AX) = ((Q(uy), x> + Ylx + u,) — Y(u,))/e,. Then (2) reads

w2 —lixll vxeX.

Vol. 3. n® 2-1986.



82 A. SZULKIN

According to Lemma 1.3 there is a (,eX* with ||{,||<1 and
x(x) 2 {{p x ). Setting z, = &,(, gives

(< (D,(un)a v — un> + "[’(U) - w(un))/en g <Zn/8n> U — Uy > .
Hence (3) is satisfied and z, — 0 because g, — 0. O

1.4. ProposITION. — Suppose that I satisfies (H) and (PS) and let (u,)
be a sequence verifying the hypotheses of (PS). If u is an accumulation
point of (u,), then u € K,. In particular, K, is a compact set.

Proof. — We may assume that u, — u. Passing to the limit in (2) and
using the fact that lim ¥(u,) = y(u), we obtain (1). Hence u € K. Moreover,
since inequality (1) cannot be strict for v = u, lim Y(u,) = Y(u). Conse-
quently, I{u,) » I{u) = ¢ and ueK..

If (u,) = K, then I{u,) = ¢ and (2) is satisfied with ¢, = 0. It follows
that a subsequence of (u,) converges to some u € X. By the first part of the
proposition, u € K,. Hence K, is compact. O

1.5. REMARK. — Suppose that ¢ is the indicator function of a non-
empty closed convex sex [, i. e, Y(u) = 0 if ue i and Y(u) = + oo other-
wise. Then u is a critical point of I if and only if u € K and

{D'w,v—ud>=0 Yve K.

Furthermore, 1 satisfies (PS) if and only if each sequence (u,) = K such
that ®(u,) — c<R and

< qJ,(“n)- v = U, > Z < S U Uy > VrelK.

where z, — 0, has a convergent subsequence.
We shall make repeated use of the following variational principle of

Ekeland.

1.6. PROPOSITION. [/3, p. 444 and 456]. — Let (Z, d) be a complete
metric space and I1:Z — (— o0, + o] a proper 1l s. c. function bounded
below. Given 9, 2 > 0 and xe€Z with

I(x) < inf T1(z) + 8,

zeZ
there exists a point yeZ such that

T(y) £ (x), d(x,y) <14 and
(z) — M(y) = — 6/d(y,z) VzeZ.

An easy consequence of this result is the following
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MINIMAX PRINCIPLES - 83

1.7. THEOREM. — If I is bounded below and satisfies (H) and (PS), then

c= in{ I(u)
Is a critical value.
Proof. — Let (w,) be a sequence satisfying I(w,) < ¢ + 1/n. By Propo-

sition 1.6 with 6 = 1/n and A = 1, we find another sequence, (u,), such
that I{u,) < ¢ + 1/n and

I(w) — I(u,) 2 (— 1/n) || w — u, YweX.
Set w = (1 — Hu, + tv, t€(0, 1). Since Y is convex,

Du, + v — uy)) — Vu,) + 1Y) — Yluy) = Iw) — Iuy,)

2 (=1nmlw—ull=(=1ntllv—u,l.
Dividing by ¢ and letting ¢ — 0 we obtain
<(D,(un)9 Uv— U, > + lﬁ(l/) - lp(“n) _Z_ (— l/n) H U — u, H .

So by (PS) and Proposition 1.4, (u,) possesses a subsequence converging
toueK.. O

2. EXISTENCE OF DEFORMATIONS

2.1. LEMMA. — Suppose that I satisfies (H) and (PS) and let N be a
neighbourhood of K.. Then for each & > O there exists an ¢ € (0, &) such that
fug¢N and ¢ — ¢ < I(up) £ ¢ + ¢, then

(4) D (up), vo — up > + Yl(vo) — Ylup) < — 3ellvg — uo I}
for some v, € X.

Proof. — If the conclusion is false, there exists a sequence (u,) = X — N
such that I{(u,) — ¢ and

<(D'(un)’ v — un> + lp(L) - lﬁ(un) g (_ 1/11) H U — Uy H VUGX -

So by (PS) and Proposition 1.4, a subsequence of (u,) converges to ucK..
This, however, is impossible because u, ¢ N for any n and N is a neigh-
bourhood of K,. O

2.2. LEMMA. — Suppose that I satisfies (H) and (PS). Let N be a neigh-
bourhood of K, and ¢ a positive number such that (4) holds. Then for

Vol. 3, n° 2-1986.



84 A. SZULKIN

each ugel.;, — N there exists a voe X and an open neighbourhood U,
of uy with the following properties:

4 D), vo — u) + Y(vo) — Y(w) = llve — ull Vue U,
(6) @), v0 —u) + Ylve) — Y(w) = — 3elvo —ull YueU,
such that I{u) = ¢ — ¢.

Furthermore, if uy € K, vy = u,, otherwise vy, Ug and a number 6, > 0
can be chosen so that vy ¢ U, and

(5 {@(W),vo —u)+ Y(ve) —Yw) £ — Solivo —ull  VueUs.
Proof. — Assume first uy € K. Then u, satisfies (1), i. e,
(D (uo), u — ug » + Ylu) — Ylug) 20 VueX.

It follows that if U, is a sufficiently small neighbourhood of u,
(W), ug — up + Yluog) — Y(u) = () — (o), o — u)

S OW) — P(uo) ll [fuo — ull = llug —ull  VuelU,.
So (5) with vy = ug is satisfied. By Lemma 2.1, ue N whenever uckK
and ¢ — ¢ £ I(u) £ ¢ + & Hence I(ug) < ¢ — &. If I(w) < ¢ — ¢ in a neigh-
bourhood of uy, Uy may be chosen in this neighbourhood and condition (6)
is empty. If each neighbourhood of u, contains points with I(u) = ¢ — ¢,
it follows from the continuity of ® that y(u) — W(ug) = d for some constant

d > 0 and all u sufficiently close to uy and such that I{u) = ¢ — ¢. So if U,
is small enough,

(D' (W) ug —u)y + Ylug) — W) = | @@ |l luo — ull — d
< — 3el||lug — ull Yue U, I(u)=c-—s.

Suppose now that uo ¢ K and I(ug) < ¢ — & Since ugy is not a solution
of (1), there exists a vy € X such that

(7) (D' (ug), vo — g » + Yl(ve) — Ylug) < 0.
Let wo = tvg + (1 — tug, 0 < t < 1. By convexity of i,
D (ug), wo — g > +Y(Wo) — Y(uo) St @'(o), vo—ug ) +Yr(vo) —P(uo)) <0,

so we may assume that v, is arbitrarily close to u,. As in the preceding
part of the proof, y(u) — Y(uy) = d > 0 for all u close enough to u, and
such that I(u) = ¢ — & Using (7), this implies that if U, and || vy — ug ||

are sufficiently small, then (W¥(vo)—y(uo))+ (Y(uo) —y(u)) = %d —d=- %d
and 2

1
D' (u), vo—uy +Y(vo) —Y(W) = D' (W)]] llvo —ull - Edé —3ellvo —ull
YueU,, Iu=c—-
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MINIMAX PRINCIPLES 85

Thus (6) is satisfied. Since v, # uo, Wwe may assume that vo ¢ Uo. In order
to verify (5’) note that since the left-hand side of (7) is negative,

{ D (up), vg — o » + W(vo) — Ylug) < — ol o — uo |l

for some 8y > 0. Using continuity of @ and 1.s.c. of ¢ it follows that,
after shrinking U, if necessary,

CO(u), vo — up + Wlvo) — Ylw) < —Sollvo —ull  VuelU,.

The remaining case of ugy ¢ K, I(ug) = ¢ — ¢ is easy: by Lemma 2.1 we
find v, such that (4) is satisfied. By continuity of @ and 1. s.c. of i there is
a neighbourhood Uy of ug, vy ¢ Uy, with the property that

(@), vo — u + Ylvo) — Yl(u) < — 3ellvg —ull  VueU,.

Hence (5%) and (6). |
A family of mappings «(.,s) =

a(.):W > X, 0Zs<5,5 >0, is said
to be a deformationifa € C(W x [0,

], X) and ¢, = idyw (the identity on W).

2.3. PrOPOSITION. — Suppose that [ satisfies (H) and (PS). Let N be a
neighbourhood of K, and ¢ a positive number. Then there exists an ¢€(0, g)
such that for each compact subset A of X — N with

cZsuplw=c+e
ueA
we can find a closed set W containing A in its interior and a deformation
a: W — X, 0 <s <5, having the following properties:

) Tu— o)l <5 Vue W,
©) Tow) — () < 2s VueW,
(10) o) — () < — 265 VYue W with Iu) = ¢ — ¢
and
(11) sup I(a(u)) — sup I(u) = — 2es.
ucA ueA

Furthermore, if W, is a closed set and Wy " K = ¢, W and o, can be
constructed so that

(12) I(o(w)) — I(u) = 0 Vue W nW,.

Proof. — Choose ¢ € (0, €) so that Lemma 2.2 can be applied. For each
ug € A, let Ug be the set constructed in that lemma. If 4y € K, we may assume
Uy is so small that Uy n Wy = ¢. The sets Uy cover A. Let (U;),y be a
finite subcovering. Denote by u; and ¢; the points corresponding to U; in
the same way as uo and v, correspond to U,. We may assume that the
subcovering has the property that if i; € J and u;, € K, then the distance
from u;, to each U; with i # i, is positive. Indeed, if this is not the case
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86 A. SZULKIN

for some u;,, we choose a closed neighbourhood D of u;, such that D < U,
u; ¢ D for i # i, and obtain a new covering by deleting D from all U,
with i # iy (strictly speaking, we obtain a refinement of the subcovering
(Ui)iel)'

Let p; be a continuous function such that p;(1) > 0 Yue U; and p;(u) =0

otherwise. Let a;(u) = p;(u)/ Z piu) YueV = UUi' Define the map-

ie]

Jjel
pings «, as follows. If u;; e A~ K and ue U, —U U,

(13 ‘{uﬂ(ui"—u)/””“_”” for 0% < ilu, - ul
) as(u) - uio for S 2 H uio —u ”

For all other ue'V,

(14) agu) = u + SZGi(u)(vi —uw)/llv; — ull.
iel
It is immediately seen that oy = id and (8) is satisfied. Note that if
ue Uy, —|_J Ui and u # u,, then for all s < || u — ug, |}, () will be the
i#ig

same regardless which one of the formulas (13) and (14) we use. Conse-
quently, o, is well defined and continuous for sufficiently small positive s.

Suppose that ay(u) is given by (14) and set au) = u + sw. By Taylor’s
formula,
(15) I(adw) = lu + sw) = Ou) + s< P'(w), w) + r(s) + Y(u + sw),
where

Ir(s)| = s sup |[D'(u + tw) — D) .

0=<t<s
Let & be a given number such that
0<36<min{1,¢d;}

(6; correspond to Uj; in (5%)). Since A is compact, there exists a closed set W
containing A in its interior and an § > 0 such that

tr(s)] = ds Vs < S, ueWand we X with [jw]|| £ 1.
By (14),

afu) =u + sw = <1 — sZai(u) lvi —u []_1>u + sZai(u) o, — ull™ ;.

i€l iel
If s is sufficiently small, 0 < sZai(u) fv; — ul]”* < 1 for all u such that
iel
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MINIMAX PRINCIPLES 87
au) is given by (14). Using convexity of ¢ and (15) it follows that

I(au)) = O(u) + Szo’i(u) o —ull™' ('), v; —u) + s

ie)

+ (1 - sZo—,-(u) i —u ll_l)d’(u) + Sztfi(u) o — ull” (v

iel ie]
=I(w) + szaiu) o —ull 7R @), v — u) + Ylo) — Y(w) + Ss.
ie]
By (5), each term under the last summation sign is less than or equal to o;(u).
Hence

(16) o) < L(u) + s + Ss.

So (9) is satisfied for all small s. In the same way we see from (6) and (5')
that

17 I(o()) < I(u) — 3es + Os YueW with Iu) > ¢ — ¢
and
(18) [(o(u) < (u) — 30s + Os Yue W n'W,

(recall that U; n Wy = ¢ whenever u; € K). This gives (10) and (12).
Suppose now that oy(u) is given by (13). Then

o) = u+ sw=(1—slluy —ull D+ sllu, — ull uy,

whenever s < [Ju;; — u || = so. So for such s (9) and (10) follow as in the
preceding case. If s=sq, I(o(u))=I(or; (1)) SI(w)+ 5o+ dso <I(u)+2s and
I(o(w)) = L(u;,) < ¢ — & So (9) and (10) are satisfied for small s. (Note
that not only (9) and (10) but also (16) and (17) hold ; this will be us&ful in
the proof of Corollary 2.4.) To verify (12) recall that if a(u) is given by (13),
then ue U;, with u;;€ K. Hence U,y " W, = ¢ and ué¢ W n W,

1
It remains to prove (11). If sup I{ayw) < ¢ — Eg, (11) 1s satisfied for all
ueA

1
s < 1/4 because sup I(u) = ¢. Suppose that sup I(au) > ¢ — 58. Set
ucA ucA

B={ucA:Iw>c—¢}.
By (9), sup I(xu)) = sup I(aj(u)) whenever s is small (s < ¢/4). Using this
ue A ucB
and (10) it follows that
(19)  sup I(ay(w)) — sup I(u) = sup I(o(w)) — sup I(u)
ucA ueA ueB ucB
< sup (I(x(w) — I(w)) = — 2es. a
ueB
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88 A. SZULKIN

2.4. CoroOLLARY. — Assume that @ and  are even. If A is symmetric
(i.e, — A = A), o, may be chosen to be odd.

Proof. — We may assume that W is symmetric. Let
1

ﬁs(u) = E(as(u) - as(_ u)) -

Then f, is odd and satisfies (8). Write a(u) = u + hy(u). By Taylor’s formula,

1
1(Aw) = ) + 7 <), ) = b= u) > + 1ils)

+ l/f(% (u + hyu) + %(u — h(— u)))-
Since ® is even and ¥ even and convex,
1(B(w) = %@(u) + (W), hy(w) > + Y(u + hw)

+ %(CD(— u) + {O(—u), h{— u)> + Y(— u + h{— u)) + Js.
Hence by Taylor’s formula again,
() < 3 1) + 3 Mo = ) + 255,

Using this and (16), 1(fw) < I(w) + s + 365 < I(u) + 2s for s small
So B, satisfies (9). In the same way one sees that (17) and (18) imply (10)
and (12). Finally, (11) follows upon observing that (19) remains true when-
ever (9) and (10) hold. O

3. MOUNTAIN PASS THEOREM

Let Z be a topological space and X a real Banach space. A mapping
f:Z — X is said to be bounded if the set f(Z) is bounded in X. Denote
by C(Z, X) the set of all continuous bounded mappings from Z to X, metrized
by

A/, ) =sup |l f2) — &) ]I

It is well known that C(Z, X) is a Banach space. Let I : X — (— oc, + o]
be a given function and define a new function IT : C(Z, X) - (— oo, + o]
by setting

H(f) = sup I(f(2)) .

zeZ
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3.1. LeMMA. — Suppose that 1:X — (— oc, + ¢] is Ls.c. Then
also the function IT is L s.c.

Proof. — Suppose that f, — f Since I is L s. ¢, I(f(2)) < lim inf I( f.(2))
Vze Z. Hence
II(f) = sup I(f(2)) < lim inf sup I(f,(z))=1im inf TI(f,). !
zel zeZ
Denote by B,(u) the open ball of radius p centered at u, by dB,(u) the
boundary of B,(u) and let B, = B,(0), 6B, = JB,(0).

3.2. THEOREM (Mountain Pass Theorem). — Suppose that
I:X - (— ¢, + 2] is a function satisfying (H), (PS) and
i) 1(0) = 0 and there exist @, p > 0 such that I, = o,
ii) I(e) = 0 for some e¢¢ B,
Then I has a critical value ¢ 2 « which may be characterized by
¢ = inf sup I{(f(2)),

Jer te[0,1]
where ' = { feC([0,1],X): f(0)=0, f(1) =e}.

Proof. — Since f([0,1])ndB, # ¢ Vf eI, ¢ = «. Suppose that c is
not a critical value of I. Then N = ¢ is a neighbourhood of K. We may
therefore use Proposition 2.3, with N = ¢ and & = ¢, to obtain a number
e € (0, €). By the definition of ¢, I, -, is not path connected and 0 and e lie
in different path components, Wy and W,.

We shall need an auxiliary family of mappings from [0, 1] to X (I is not
suitable for our purposes because o, o f may not be in I when f is). Let

I={/eC([0,11X): fO)eWon Iy, f()EW, NI }

¢, = inf sup I{f(1).

Jelly te[0,1]

and

Since FT'cTl,, ¢, <c. If ¢, <c there exists an feI; such that
sup I(f(r)) < ¢. Since f(0) can be joined to O and f(1) to e by paths

te{0.1]
lying in I._,,, there is a g e I" such that sup I(g(?)) < ¢, contradicting the
definition of ¢. Hence ¢ = c;.

We claim that T’} is a closed subset of C([0, 1], X) (and in particular,
I'1 is a complete metric space). To prove this, let {f,) be a sequence in
Iy such that f, - f. Denote f(0)=u, f{0)=u, By lLs.c. of I
I(u) < lim inf I(u,) < ¢ — €/2. Since ¥ is convex and ® continuous, there
exist positive numbers 8, — 0 such that Vre [0, 1],

Yleu, + (1 — ) = tdlu,) + (1 — 0Y(u)
Otu, + (1 — ) = D) + 6, < 1D(u,) + (1 — HD(u) + 25,.
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Therefore,
(200  I(tu,+(1—tw)<tlu,)+ (1 -0+ 20, c—&/2+26,<c—¢/4

for all large n. So for such n the segment joining u, to u lies in Wy. In par-
ticular, ueW,. Since also I(u) <c— &2, ueWynIl._,5 Likewise,
feW.n1_,, Hence fel.
Since T’y is a complete metric space and II(f) = sup I(f(2)) is Ls.c.
t

{according to Lemma 3.1), we may use Proposition 1.6 with Z = I,
8 =¢and A = 1 in order to obtain an f €T such that II(f) = ¢ + ¢ and

(20 M(g) — I(f) = —ed(f,g) Vgel,.

Let A= f([0, 1]) and let & be the deformation given by Proposition 2.3 (note
that TI(f) = ¢, = ¢). Set g = a0 f. For sufficiently small s, a,0 feT}.
Indeed, if I(f(O)e(c — & c — ¢2], then I(ase f(0) < I(f(0) < c—¢2
by (10) and if I(f(0)) < ¢ — &, (g0 f(0)) < I(f(0)) + 25 = ¢ — ¢&/2 accord-
ing to (9). Hence o0 f(0)e Wy 1., Likewise, a0 f(1)eW, N1 _,,.
Soa,o feTy. Since d(f, g) < saccording to (8),it follows from (11) and (21)
that
—2es21(g) —T(f) 2 —ed(f,g) 2 — 5.

This contradiction shows that K. # ¢. O

3.3. CoroLLARY. — Suppose that 1: X — (— 0, + oo] satisfies (H)
and (PS). If 0 is a local minimum of I and if I{¢) < I(0) for some e #0, then [ has
a critical point different from 0 and e. In particular, if I has two local
minima, then it has at least three critical points.

Proof. — We may assume without loss of generality that I(0) = 0. If
one can find «, p > 0 such that p < |[e|[ and I |5, = , the existence of a
critical point different from 0 and e follows from Theorem 3.2. Suppose
that such a, p do not exist. Let r < [|e|| be a positive number such that
I|, = 0 and let 0 < p < r. We shall use Proposition 1.6 with Z = B,
I=1j5, 6 =1/n* and A = n. Since i%f I(u) = O, there exist w,e (B,
u, € B, such that e

0 é I(un) é I(Wn) é 1/n2, “ Up — Wy H é l/n
and

(22) I(z) — Iu,) =2 (— Un)|lz — u,|]  VzeB,.
Choosing n large enough we may assume that u,eB,. Let veX and
z = (1 — t)u, + tv. If t is small positive, z € B,. By (22) and the fact that i is
convex,
(= ntily — u, [l < I(1 — Du, + tv) — Luy,)
< Du, + 1o — uy)) — Vuy) + t(Y(v) — Ylu,))
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Dividing by t and letting t — 0 we obtain

<CD,(U,,), v — un> + l//(U) - lp(un) g (— l/n) ” v — un“-

Since ¢ is arbitrary, it follows from (PS) that after passing to a subsequence,
u, > u€dB,. So u is a critical point and 0 # u # e. A similar argument
using Proposition 1.6 can be found in [/4, Proposition 5 and 19, Theo-
rem 4].

If I has two local minima, u, and u,, we may assume without loss of
generality that u, = 0 and I(u,) =< I(uy) = 0. By the first part of the corol-
lary, there exists a critical point u different from uy and u,. Since also u,
and u, are critical (by Proposition 1.1), the proof is complete. O

3.4. THeorREM (Generalized Mountain Pass Theorem). — Suppose
that 1:X — (— o0, + o] satisfies (H) and (PS). Let X =X, @ X;,
where dim X; < oo, and suppose that

i) there are constants o, p > 0 such that Ilsp,~x, = %,

ii) there is a constant R > p and an eeX,, |le|| = 1, such that the
restriction of I to the boundary dQ of Q = B n X)) @ {re:0<r <R}
is nonpositive. Then I has a critical value ¢ = « which may be characterized
by

¢ = inf sup I(f(x)),
fel xeQ

where T' = { f e C(Q, X) : f |og = idag }-

Proof. — Assume for the moment that ¢ = «. Suppose ¢ is not a critical
value and apply Proposition 2.3 with N = ¢ and & = ¢ to obtain an
£€(0, ). Denote by =~ the homotopy relation and le!

I ={feCQ.X): flo~idiginL—s I:flq=c—22}

and

c; = inf sup I(f(x)).
fel'y xeQ

SinceI’ = Ty, ¢, < c.If¢; < ¢,wefindan f el such that sup I( f(x)) < ¢
xeQ
Since f |aq = idsq in I,_,4 and Q is homeomorphic to a closed finite
dimensional Euclidean ball, ids, can be extended to a mappingg : Q — X
such that sup I{(g(x)) < ¢ (the existence of such an extension follows from
xeQ

general results in homotopy theory [/6, Proposition 1.9.2]; one can also
construct g explicitly—see the proof of Lemma 4.5). This contradicts the
definition of ¢ because geI. So ¢; = c.

We claim that I'; is a closed subset of C(Q, X). Let (f,) be a sequence
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in I'; such that f, — f. Since I'is L.s.c, Io f |oq < ¢ — /2. Using the
argument of the proof of Theorem 3.2 (cf. (20)) and the fact that f(6Q)is
compact, one shows that for n large,

Itfix) + 1~ f(x) L c— ¢/ VxeoQ, te[0,1].

Hence fl:q = fuleq ® idsq In I._, 4. So fel,.

The remaining part of the proof follows the last paragraph of the proof
of Theorem 3.2 (with some obvious changes: we set A = f(Q) instead of
([0, 1]) and observe that o o f eI, because a,o f ~ f in Le—e2)

We still have to show that ¢ = o. The argument can be found in [24, proof
of Theorem 4.1] but for the sake of completeness we include it here. Since
lsB,~x, = o it suffices to prove that for each feT, f(Q) " dB, n X, # ¢.
In other words, we must find an x € Q such that f(x)e dB, n X,. Denote
by P, and P, the projections from X to X; and X, associated with the
decomposition X=X;@®X,. For xeY=X,®span{e} write x=x +re
with x; € X, and re€ R. Define a mapping h: Y — Y by the formula

h(x; +1e) = Py f(xi+re) + || Py f(x, + 1e)]| €.

Since h|aq = idyqg, it follows from the properties of Brouwer’s degree [25]
that i

deg (h, Q, pe) = deg(id, Q, pe) = 1
(é denotes the interior of Q in Y). Consequently, there exists an xeQ

such that P, f(x) = 0 and || P, f(x) || = p. So f(x)e 6B, " X, as required.
U

3.5. THEOREM (Saddle Point Theorem). — Suppose that
I:X - (=20, + ]

satisfies (H) and (PS). Let X = X; @ X,, dim X, < 0, and suppose that

i} there exist constants p > 0 and «, such that Ieg,nx, < ay,
ii) there is a constant o, > a; such that 1|y, = a,.

Then I has a critical point ¢ > «, which may be characterized by

¢ = inf sup I( f(x)),
feI' xeD
where D=B,nX, and ' = { fe C(D, X) : f |sp = idsp }.

Proof (outline). — It follows from a degree-theoretic argument [22, proof
of Theorem 1.2 ; 24, proof of Theorem 3.1] that f(D)nX,#¢. So c=2,.
By repeating the reasoning used in the proof of Theorem 3.4 (with D and éD
replacing Q and ¢Q) it can be shown that K, # ¢. O
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4. CRITICAL POINTS OF EVEN FUNCTIONS

Let X be a real Banach space and X the collection of all symmetric subsets
of X — {0} which are closed in X. A nonempty set A € X is said to have
genus k (denoted y(A) = k) if k is the smallest integer with the property
that there exists an odd continuous mapping h: A —» R* — {0}. If such
an integer does not exist, y(A) = sc. For the empty set ¢ we define y(¢) = 0.
Properties of genus are summarized below. Denote by d(u, A) the distance
from u to the set A and let

NyA) = {ueX:du,A)<d}.

4.1. PrROPOSITION. — Let A, Be X.

iy If there exists an odd continuous mapping f :A — B, then
+(A) < 5(B).

ify If A < B, then y(A) < y(B).

ii) YA v B) = %(A) + y(B).

iv) If y(B) < oo, y(A — B) = p(A) — »(B).

t) If A is homeomorphic to S~ ! by an odd homeomorphism, y(A) = k.

vi) If A is compact, then y(A) < oc and p(N4A)) = »(A) for all suffi-
ciently small 6 > 0.

vif) If U = R* is an open, bounded and symmetric neighbourhood of 0,
then y(cU) = k.
Proofs and a more detailed discussion of the notion of genus can be found
e.g. in [21] [24].

Let & be the collection of all nonempty closed and bounded subsets
of X. In & we introduce the Hausdorff metric dist [I8, § 15, VII], given by

dist (A, B) = max { sup d(a, B), sup d(b, A) } .
acA beB

The space (&, dist) is complete [/8,§ 29,1V ]. Denote by I the subcollection
of & consisting of all nonempty compact symmetric subsets of X and let

[=cl{Ael :0¢A,yA) =/}
(cl is the closure in I). It is easy to verify that I is closed in %, so (I, dist)
and (I';, dist) are complete metric spaces.
4.2. LemmMa. — If Ael; and 0¢ A, y(A) = J.

Proof. — Let (A,) be a sequence in I; such that A, —» A, 0¢ A, and
7A,)Zj. By (vi) of Proposition 4. 1, there is a §>>0 such that #(A)=7(NA)).
Since A, - A, A, < N,A) for almost all n. So j<y(A,)Z7(Ns(A)=7(A).

O
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Observe that if I = ® +  satisfies (H) and @, ¥ are even, then @'(0) =0
and (0) is a (global) minimum of . So u = 0 is necessarily a critical point
of I.

4.3. THEOREM. — Suppose that 1:X — (— oo, + oc] satisfies (H)
and (PS), I(0) = 0 and ®,  are even. Define
¢; = inf sup I(u).
Ael; ueA
If —o0o<c;j<O0forj=1,...,k then I has at least k distinct pairs of
nontrivial critical points.

Proof. — Given j, 1 £j <k, suppose that ¢;= ... =¢j.,=c for
some p = 0. Note that 0¢ K. because ¢ < 0. We shall show that
YK, = p + 1. Arguing indirectly, assume y(K.) < p. Let p > 0 be such
that p(N,,(KJ) = y(K,). Define

II(A) = sup I(u).
ueA

Then IT is a function on I'; and IT is L. s. c. by an argument similar to that
of Lemma 3.1 (note that Yu e A there is a sequence u, — u with u, € A,).
Let N = N,K,) and & = min {1 p, — ¢ }. Apply Proposition 2.3 to
obtain an ¢ <z Choose A;elj,, such that II(A;) < ¢ + &% Since
c+el<c+e<0, , 0¢A; and it follows from Lemma 4.2 that y(A)Z/+p.
Let A, = A, — N, ,(K,). Then [1(A,) < ¢ + &2 and, according to (iv) of
Proposition 4.1, 7(Az) 2 (A1) — y(N2,(K.) =+ p — p = j. By Propo-
sition 1.6 with 6 = ¢* and 2 = 1/, there is an Ae [ with

IA) < c+ &%, dist(A,A)<c¢
and

(23) I(B) — TI(A) = — ¢ dist (A, B)  VBel,.

Sincee < pand Ael; A N(K,) = ¢and II(A) = c. A satisfies therefore
the hypotheses of Proposmon 2.3 and Corollary 2.4 and we obtain an
odd deformation a,: A — X. Since ¢ + &2 <0, 0¢ A and y(A) = ;. Let
B = aJA) with s small. Then y(B) = ¥(A) = j according to (i) of Propo-
sition 4.1. So BeI'.. By (8), dist (A, B) < s. It follows therefore from (23)
and (11) that

— 2es 2 TI(B) — TI(A) = — edist (A, B) = — ¢s.

This is the desired contradiction.

We have shown that y(K,.) = p + 1. In particular, y(K,) = 1, so each K,
has at least two points, u; and — u; This gives the requ1red number of
critical points if all ¢; are distinct. If they are not, p > 0 for some j. Hence
7(K,,) = 2 and K, is an infinite set. O
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4.4. THEOREM. — Suppose that I:X — (— oo, + o] satisfies (H)
and (PS), I{0) = 0 and @, ¥ are even. Assume also that

i) there exists a subspace X, of X of finite codimension and numbers «,
p > 0 such that 1| ~x, Z o,

ii) there is a finite dimensional subspace X, of X, dim X, > codim X,
such that i(u) - — o0 as [Juf] —» o0, ueX,.
Then [ has at least dim X, — codim X, distinct pairs of nontrivial critical
points.

Proof. — Assume that I has no critical points in I_, for some d > 0
(otherwise there are infinitely many critical points and there is nothing to
prove). Set m = codim X, k = dim X,, Q = Bgn X,, where R > p is
chosen so that I|sq < — d. Define for 1 < ;< k
F={feC(Q,X): fisodd and f|s=xidsx in I, by an odd homotopy },
ANj={f(Q—=V): fe#, Visopenin Q and symmetric, VN 0Q = ¢

and foreach Y « Vsuch that Ye X, p(Y) < k —j},
A;={A < X:A is compact, symmetric and for each open set U > A
there is an Ao € A} such that A, < U}

and
¢; = inf sup I(u).
AcAj ueA
Since idge #, Qe A;and A; # ¢ for j =1, ..., k. It is easy to see that

A;is a closed subset of & (and therefore a complete metric space). Indeed,
suppose A, € A;and A, — A. Let U be an arbitrary open sct containing A.
Then U o A, for almost all n and, since A, A}, there exists an Ay e A}
such that Ay = U. Hence A€ A,

In order to continue the proof we need two results which we state sepa-
rately.

4.5. LemMa. — Form+ 1 =<k ¢; 2 o

Proof. — Suppose ¢; < a. Then AnX; néB, = ¢ for some AeA;
Since X — (X; n¢B,) is an open set containing A, we can first find an
Ag = f(Q — V)e A’ which does not intersect X; N éB, and thena Y = V
such that Ye Z, W(Y) < k —jand f(Q — Y)n X, n¢B, = ¢. Let F(y, 1),
1y€¢Q,0 <t < 1, be an odd homotopy joining f lag to idsg in I, Define

1
Y1 :;Y and

f(y,2s) for 0
fl(y: S) = 1
2

1A

s<

b

R
F(v,2s/R — 1) for —R=<s<R,

MIA
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where (y, s) € 6Q x [0, R]are polar coordinates of x € Q. Since f,(y, s)el_,

1 —— A
for s = ER and Ijeg,nx, = >0, fi(Q — Yy N X1 N 0B, = ¢. Now we

use a standard argument (see e.g. [24, Proposition 6.11]). Let W be the
component of f;”!(B,) containing the origin. For x€0Q, fi(x) = x¢B,
So W n 0Q = ¢ and consequently, W is open and bounded in X,,. According
to (vii) of Proposition 4. 1, p(0W)=k. Set C= f;” "(6B,). Then C = ¢W and
»(C) = k. Furthermore, by (iv) of Proposition 4.1,

WC=Y) 27O —yY)zk—(k—))=].
Let X = X, @ X, and denote by P the projection from X to X, along X,.
Since f,(Q — Y;)nX; ndB, = ¢ and f,(C —Y,) = B,

Z=PfC—Y)cX, —{0}.
Hence Z € X and by (i) of Proposition 4.1, (Z) =z (C — Y;)= j. On the
other hand, dim X, = m < j, so y(Z) <. O
Denote by N4(Z) the interior of NyZ) in X.

4.6. LemMa. — The sets A; have the following properties:

i) Ajrqc A

ii) If Ae A;, Wis a closed and symmetric set containing A in its interior
and « : W — X an odd mapping such that o jw1_,~idw~;_,inI_,byan odd
homotopy, then a(A)e A}

iiiy If Ze X 1s compact, y(Z) < p and oI |z > — d, then there exists a
0 > 0 such that for each Ae A, A — NyZ)e A,

Proof. — i) Let Ae A;,, and choose an open set U > A. There exists
an Ag = f(Q — V)e Aj4 such that Ay = U. For each Y < V such that
YeZ, yY)=k—(+1)<k—j SoApeAjand AcA,

ii) Let U o a(A) be open. Let W; be an open set such that A =« W, c W
and «(W;) « U. Since A € A;, there is an Ag = f(Q — V)€ A} such that
Ao = W,. Extend o« to an odd mapping @ : f(Q)u W — X. Since
f(EQ) = WmI w2 fleg = flog ¥ 1dsoinI_, Consequently, 3o f€F
Furthermore, a = f(Q — V) = a+ f(Q — V) = a(Ag) € «(W,) < U, s0

*(Ap)e A} and a( YEA,

iiiy By wvi) of Proposition 4.1, we may Choose a 6> 0 such that
WN,(Z)) = y(Z). Denote Zo = Ny(Z) and Zo = Na(Z) Let U A - ZO
be open and set Uy = U v ZO Then A = U,y. Since Ac A
Ay = f(Q — V)eAj+p Ay = U, Note that

24) Ag—Zo=fQ—-V)—Zo = f(Q = V) (Q — £ H(Zo))
—fQ-(Vu f!

Since I|,> —dand X—1_,isan open set, I|z,> —d provided ¢ is sufficiently

j+p» there is an
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small. It follows that f~ 1(20) N 6Q=¢ because I |{;:q < —d. Consequently,
the set V.U f~1(Z,) is open in Q, symmetric and does not intersect ¢éQ.
Furthermore, if Y =« Vu f“(io) and YeZX, there exist Y;, Y,eX
suchthat Y=Y, uY,and Y, =V, Y, f}(Zo) (e. 2, Y, = {xeY:
d(x,Q—V)=d(x,Q— f~(Z,)) } and Y, is obtained by reversing the inequa-
lity). Since Ag€ Ay, (Y1) £k —(j+ p). By i)iii) of Proposition 4.1,
) ST HZ)Z2Y(Zo)Sp and YY) =p(Y)+y(Yo)Sk—(+p)+p=k—j.
Now it follows from (24) thato Ao — ZOGA}. Since Ag — Zo = U and
U was chosen arbitrarily, A — Zo € A O

Proof of Theorem 4.4 continued.— By Lemma 4.5 and i) of Lemma 4.6,

lIA

=c

= (k.

o4 é Cm+1

Suppose that ¢; = ... =c¢;,,=cforsomej,m+1<j<k and p = 0.
Since ¢ >0, 0¢K, We complete the proof by demonstrating that
“KJ) = p+ 1. To obtain a contradiction, assume (K, < p. Choose
p > 0 so that y(N,,(K,) = yXK,). Let N =N, K, and e=min {1, p}.
Let ¢ < £ be the number given by Proposition 2.3. Recall that A; is a

complete metric space and I1(A) = suf I(u). There exists an A; € A;, , such

that TI(A,) < ¢ + &% Let A, = A; — N, (K)). If p is sufficiently small, it
follows from iii) of Lemma 4.6 that A, € A;. According to Proposition 1.6
(with 6 = ¢* and 4 = 1/¢), we can find an A € A; such that

II(A) £ ¢ + &%, dist (A, A;) < ¢
and

(25) TI(B) — TI(A) = — e dist(A,B)  VBeA,.

Since ¢ < p, AN, (K,) = ¢. Moreover, c S TIA) £ ¢ + 2 < ¢+ ¢ So
according to Proposition 2.3 and Corollary 2.4, there exists an odd defor-
mation «,: W — X satisfying (8)-(12). Let B = a(A) with s small. It
follows from (12) (with W, = I_,) that «, satisfies the hypotheses of ii)
of Lemma 4.6. Hence B e A;. Using (8), (11) and (25) we obtain

— 2es 2 II(B) — II(A) = — e dist(A, B) = — es,
a contradiction. O

4.7. REMARK. — The minimax characterization of critical values
obtained in the proof of Theorem 4.4 is not fully satisfactory because it
depends on the a priori assumption that the function I does not have
critical values below a certain level.
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4.8. COROLLARY. — Suppose that the hypotheses of Theorem 4.4 are
satlsﬁed with ii) replaced by
ii") for any positive integer k there is a k—d1mens1ona1 subspace X, of X
such that I{u) - — oo as [Jul| —» oc, ueX,.
Then 1 has infinitely many distinct pairs of nontrivial critical points.

Proof. — Obvious. O

5. APPLICATIONS

Throughout this section we assume that Q = RN is a bounded domain
with smooth boundary I'. HYQ) = H™ and H{(Q) = Hf are the usual
Sobolev spaces of real-valued functions in Q. In H™ we shall use the inner

product (u, v) = J (V™. V™ + uv)dx, and in HF, (4, v) = JV’"u.V"‘vdx.
Q Q
The corresponding norm will be denoted by || . Standard results in

Sobolev spaces, in a form suitable for our purposes, can be found in [27] [24]
and in references given there. Let p* be the critical exponent for the Sobolev
embedding H™ < L?. Recall that

B 2N/(N — 2m) if 2m <N
|l +w otherwise

and the embedding is compact if p < p*.

We shall employ some results from the theory of maximal monotone
operators [3] [4]. A mapping A from X to X* is said to be a multivalued
operator if it maps each u e X onto an element Aue 2X*. The domain of A
is defined by D(A) = {ue X :Au # ¢ }. A is called monotone if

vy — U4y — Uy > 20 Yuy, up € D(A), vy € Auy, v € Au,

and maximal monotone if it admits no proper monotone extension, i.¢.,
if there is no monotone operator B such the graph of B properly contains
the graph of A. The subdifferential 0y of a proper convex L s. ¢. function
Y :X — (— o0, + o0 ] is maximal monotone [3, Theorem I11.2.1].
Below we shall show in a number of examples how the results of Sec-
tions 3 and 4 can be applied to boundary value problems for semilinear
elliptic operators. For simplicity, we choose the linear part of the operator
to be — A + const. or (— A)™ + const. It will, however, be clear from the
proofs that other uniformly elliptic operators which induce symmetric
bilinear forms and have reasonably smooth coefficients could be chosen
as well. We also prefer to work with nonlinearities not explicitly depending
on x € Q, although more general results could easily be obtained. In Theo-
rems 5.1, 5.8 and Corollaries 5.9, 5.10 we could also replace |u [P~ %u
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by a more general odd function satisfying suitable superlinearity conditions
at 0 and = [/, (p3) — (ps) on p. 362-363, see also 21, 24].

Our first example is concerned with a variational inequality on a convex
set I = H}.

5.1. THEOREM. — Let AeR, gel? g<0a.e. in Q, 2 < p < p* and
K={ueHj:u=0aeinQ}.

Then the variational inequality
uel :fVu.V(v — wdx — }.ju(v — wdx — ju"_l(v — u)dx
Q Q Q
> J glv — u)dx VvelK
Q

has a nontrivial solution (in addition to the trivial one u = 0).

Proof. — Let I = @ + ¢ with

1 1
D(u) = §|| ull — Eijuzdx —p_lfu”dx - Jgudx
Q Q Q

and  the indicator function of [K. It is easy to verify that ® e C* with @
given by

(D' (u), v) = (u, v) — /IJ uvdx — ju"_lvdx - ngdx.
Q Q Q
So I satisfies (H) and u is a solution of the variational inequality if and
only if u is a critical point of I, i.e., if ue K and
@@, v—w=0 Voek.
1

We shall show that I satisfies (PS). Choose a constant d e (p'l, 5) Let
(u,) be a sequence in I such that ™u,) — ceR, ¢, - 0 and
(26) ((D,(un)a v — un) g — &p ” v — U, ” Voe K.

Set ¢ = 2u,. Then (®’(u,), u,) = — ¢, |l u,|l. Since d(u,) < ¢ + 1 for almost
all n,

c+ 1+ ” U, ” g (I)(un) - d(q),(un)a un)

1 1
= (; - d)llu,.llz + f {(d —p~up + z(d - —)uf +d~ l)gun}dX~
“~ Q 2
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Sinced > p~*, p>2and (d — 1)gu, = 0 a.e. in Q, there exists an R > 0
such that the integrand is positive for u, > R. Hence

ch 1+ Ilunllze—d>ilunl|2 -

where C is a constant. So the sequence (u,) is bounded. Denote
1
DO, (u) = B(u) — 5 [l u |]?. Using standard results in Sobolev spaces we see

that after passing to a subsequence, u, — u weakly, |ju,|| » a and
D) (u,) — Dy(a) strongly (because @ is compact as p < p*). It follows
from (26) with v = u that
(um u-— un) + (‘Dll(un)aa - un) g — &y “a — Uy “ .

Passing to the limit we obtain || u|]> — a* = 0,1. e, lim || u, || < || u}. Thus
u, — u strongly.

In order to obtain a nontrivial critical point we shall use Theorem 3.2
Letue < — {0 }. It is easy to see that I(tu) > — oo ast — oo. So hypo-
thesis ii) is satisfied. To verify i), suppose that no «, p > 0 with I|;, 2«

exist. This implies that we can find a sequence (u,) in [ such that u, - 0
and ®(u,) < || u,||*/n. Let z, = u,/ || u,|l. Then

1 1
fI)(un)Hu,.H”:A—-AJ zadx—p~ Hlu,[IP” 2szx—ilunlt“jgzndxg/n
2 2 Q Q Q

Assume after passing to a subsequence that z, — z weakly in H} and
1
strongly in L2. If z =0, lim inf ®(u,) |ju,||"2 = > So z # 0. But then
gzdx < 0 and consequently, ®(u,)Jlu, |2 — + oco. This contradiction
Q

shows that i) is satisfied for some «, p > 0. [
Consider now a functional I = ® + ¢ : H} — (— o0, + oc] with

Dd(u) =——)J 2dx,

Y(u) = j|Vu[2dx+j|Vuldx=—||ul J]Vuldx

Observe that D(y) = H{. Denote by 4; the j-th eigenvalue of — A in Hj
(counted accordlng to its multiplicity) and by e; a corresponding eigen-
function chosen so that (e;, e;) = J;; (Kronecker’s o).

5.2. THEOREM. — Suppose that 4, < A < A, +;. Then I has at least
distinct pairs of nontrivial critical points.
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Proof. — It is easy to see that | satisfies (H). To verify (PS), let I(»,) — ¢,
&, — 0and

Q7 (P(un)y vt — un) + Y(v) — Plu) = — sl — u, | Ve He.

First we show that the sequence (u,) i1s bounded. Suppose ||u,l| — =,
let -, = u,/|| u, || and assume after passing to a subsequence that z, — Z
weakly in H{ and strongly in L2 Since

I(un)H“»”_2=%+ [Iunll—lj |VZ,.|dx—%).szdx - 0,
o o

Z# 0. Take v = u, + ¢ in (27). Then

1 ) .

5”@“2 + (“m@) + Jv(lv(un + @)' - lVU,,l)dX - /“J‘un@dx 2 - 8,.”@0”-
Q Q

After dividing by || u,{| and taking limits we obtain

J Vz.Vepdx — /j zpdx =2 0.
[} Q

Since ¢ was chosen arbitrarily, the left-hand side is equal to zero for all
¢ € H}. This contradicts the fact that z # 0 and £ is not an eigenvalue. So
the sequence (u,) is bounded. We may therefore assume that u, — u
weakly in Hj, strongly in L? and {ju,|| — a. Set ¢ = u in (27). Then

SR = S+ J Vil - j tVuntdx—;f i )dx 2 —el|T— .
2 2 Q Q Q

Letting n — 20 and using the fact that lim inff ]Vu,,|dxgj [Vildx, we
Q Q

obtain a = lim || u, || < ||%|]. Hence u, — u strongly in H{.

We shall show that i) and ii) of Theorem 4.4 are satisfied. Suppose that
no x, p > 0 such that I'|;p, = « exist. We may then find a sequence (u,)
such that u, — 0 and Ku,) < [|u,||*/n. Let z, = u,/|| u, |l. It follows that

1
() ua |12 —1. I u..l!_lj lenIdx—).jzﬁdx < lUn.
2 O 2 Q

After passing to a subsequence, z, — Z weakly in Hj, strongly in L2
1

Now it is easy to see that lim inf l{u,) | u,||"2 ;5 if z=0 and

Hm Ww,) u, il 2 = + = if T # 0. So i) is satisfied with X, = Hj.
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To verify ii), let X, =span{e;,...,e} and u=oe; + ... + e

Since J etdx = /”.,-‘lf | Ve, Pdx = A 1,
Q

Q
k
I(u) = % Z(l — AA)od + f [ Viyes + ... + oger) | dx
Q
i=1
g%u—;./;.k)(ozpr ) (B od)i= %(l—i,/ik)llqu—i-C]]uH,

where C is a constant. Since i > A, (1) - — oo as ||ul] — o, ueX,.
Now it follows from Theorem 4.4 that [ has at least dim X, —codim X; =k
pairs of nontrivial critical points. O

5.3. CorROLLARY. — If 4, < A < Ay, there exist at least k distinct pairs
of nontrivial solutions of the inequality

Q

(28) ueHané:f(—Au)(v—u)dx—%j IVvldx—f | Vu|dx
o o

giju(v—u)dx VYveH}.
o

Proof. — Extend y to a functional : L? — (— oo, + oo] by setting

W(u) = Y(u) for ue HY and Y(u) = + oo otherwise. Since D) = D),
ue H} is a critical point of I if and only if

Y(v) — (u) = ),J u(v — u)dx Yoel?,
[
or equivalently, if iue afb(u). On the other hand, according to {5, Theo-
rem 15], ‘ue éfb(u) if and only if u satisfies (28). So the result follows from
Theorem 5.2. dJ

Let F and G be two functions satisfying the following assumptions.
F:R - [0, + o] is even, l.s.c, convex and F(0) =0; G:R — R is
even, of class C!, G(0) = 0, G'(t) = g(t) and | g(t) | < ¢, + ¢, | tIP7! VieR,
where 2 < p < p* and ¢, ¢, are positive constants. Let [ be a functional
on HY such that I = ® + ¥ and

D(u) = —j Glu)dx,
Q

W) = ;Liv’"ulzdﬂ LF(u)dx if Fuel!

+ o otherwise .
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Denote by /; the j-th eigenvalue of (— Ay in H? (counted according to
its multiplicity) and by e; a corresponding eigenfunction satisfying
(e;, e;) = 5ij~

1
5.4. THEOREM. — Suppose that lllrﬂn inf (F(t) — G(t))/t?* > — Ell and

1
lim sup (F(t) — G(1))/t* < — Eik. Then I has at least k distinct pairs of
t—=0
nontrivial critical points.

Proof.— We employ Theorem 4. 3. It follows from the growth restriction
on g that @ is of class C* and from [3, Proposition I1.2.8] that  is L. s. c.
and convex. So (H) is satisfied. Now we proceed to verify (PS). Choose

1
R >0 and 4 < 4, such that (F(t) — G(1))/t* = — 5,1 for |t| > R. Then

w) = %H ull® + JH (F(u) — Glw)dx + j (F(u) — Gu))dx
u| >R u

[=R

>1HuH2—1}t uzdx—c>1(1—)/x)||uuz—c
=2 27l =2 7 '

Since 4 < Ay, (u) > 4+ oo as [Ju|] — oo. It follows that if I(y,) — ce R,
(u,) is a bounded sequence. We may therefore assume that u, — u weakly,
a.e. in Q, ®'(u,) —» ¥'(u) strongly and [Ju,|| - a. Set v = u in (2). Then

lHﬁllz— lllun112+ J F(u)dx — J F(up)dx + (' (u,), 8 —ty) Z — &[0 — thsl.
2 2 Q Q

Passing to the limit and using Fatou’s lemma, we see as in the proof of
Theorem 5.2 that u, — u strongly.
We complete the proof by demonstrating that

c; = inf sup I(u)
Ael; ueA

satisfles — o0 < ¢; <0 for 1 <j < k. Since ® is weakly continuous,
Y =2 0andI(uy) - + ocas|lul| - oo,lisbounded below. Thusc; > — 0.
Let

A={u=oe + ... +og;:lulP=ol+ ... + & =p*}.

Then A eT; because y(A) = j according to v) of Proposition 4.1. Choose

1
r>0and /> 4 so that (F(t) — G(t))/12 £ — 5;' as |t] < r. Let p in the

Vol. 3, n° 2-1986.



104 A. SZULKIN
definition of A be so small that || u |[.«~ < r whenever uc A. Then

() = %n ul? + L (F(u) — Glu)dx < %n i - ,1) L 2d

J

-2 Zu — fa S

i=1

(1~ yapful? <.

By | =

It follows that ¢; < 0. O
5.5. CoroLLARY . — Let F be as above and let m = 1. Denote the sub-
differential of F by f and let 4 € R. Suppose that liﬁ’l_»icglf F@)/1? > %(l —4y)
and gl_{% F(t)/t> = 0. If 4 > A, the boundary value problem
{ —Au+ fwsiu inQ
ueH}

has at least k distinct pairs of nontrivial solutions u e H? n Hg.

1 .
Proof. — Let G(t) = Eitz‘ Then F and G satisfy the hypotheses of

Theorem 5.4, so that I has k pairs of nontrivial critical points. Extend y to
a functional ¥ : L2 — (— o0, + oo] by setting y(u) = y(u) if ue D)
@(u) = + oo otherwise. Then u is a critical point of I if and only if ),ue@t}(u).
Since iu € Oy(u) is equivalent to ue H> n H} and Aue — Au + f(u) a.e.
in Q [3, Proposition I1.3.8], the result follows. [

5.6. COROLLARY. — Let f(7) and g(z) be two odd C' functions on R
such that f(0) = g(0) = 0, f is nondecreasing. | g()| < ¢, + ¢, | t[P7! for
‘some pe [2, p*) and li]x;fxlaijrolf(f"(t)—g’(z))> —2 If f0)—g'(0)< — 44, the

boundary value problem
(— AY"u + f(u) = g(u) in Q
ue HY

has at least k distinct pairs of nontrivial solutions u such that uf(u)e L%

t T
Proof. — Setting F(t) = J f(s)ds and G(r) = Jg(s)ds it is easy to see

0] 0]
that F and G satisfy the hypotheses of Theorem 5.4. So I has k distinct
pairs of nontrivial critical poinNts. Lety : L? — (— o0, + o] be given by
Y(u) = Y(u) if ue D) and Y(u) = + oo otherwise. Set g = p/(p — 1).
Since g(u)e1.? whenever ueL” u is a critical point of I if and only if
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g(u)eEL/D(u). Define an operator A : D(A)c L? — L7 by Au=(—A)"u+ f(u)
with
DA) = {ueHF :(— A"u + fwelLuf(wel!}.

It is easy to see from the definitions that A is monotone (cf. the proof of
Corollary IV.3in [7]) and A < 617/ (in the sense of graph inclusion). We
complete the proof by showing that A is maximal monotone. It will then
follow that A = 617/, so for each critical point u, g(u) = Au and, since u € D(A),
uf(wel’.

The equation Au + u = h has a solution u € D(A) for each he L7 [7, Pro-
position IV.2 and Remark IV.1]. Note that L? < L7 because p = 2. We
shall use an argument similar to that of [4, Proposition 2.2]. If A< B
with B monotone and if he By, then Av + v = h + u for some ve D(A)
(because h + ueL9). Consequently, h + u — v = Ave By and by mono-
tonocity of B, {(h+u —v) — h,v —u)> =0, where { , > denotes the
duality pairing between 12 and L. Hence {u —v,u —v)> <0,s0 u = v
and h = Au. Since u was chosen arbitrarily, A = B and A is maximal
monotone. O

5.7. REMARK. — If m = 1, the conclusion of Corollary 5.6 is essentially
contained in [2/, Theorem 3.4 and 24, Theorem 5.23]. The proof given
there uses a truncation argument based on the maximum principle, so
it does not extend to the case of m > 1.

Let B:R — [0, + oc] be an even, l.s.c. and convex function with
subdifferential 6B = § and let pe(2, p*). Suppose that B(0) =0 and
and B satisfy the following growth restrictions: there is a constant ¢ > 0
such that

29) B(2t) £ ¢B(1) Vie R,
and for some g e(2, p),

(30) st < gB() Vsep), teR.

Consider the functional I = @ + ¢ : H' — (— 2, + «c] with

1
Du) = — = (4 + I)Juzdx - p“lj | ulPdx,
2 Q

Q

lj(qu]2+u2)dx+JB(u)daElHuHZ%—jB(u)da if Bw)eLY()
Yw=1 2 Jo r 2 r
+ < otherwise.

It follows from (29) that D(B) = R and if u € D(¥), then also ku € D(y) for
any ke R. Note that B(t) = r 1| ¢|", | < r < p, satisfies the restrictions (29)
and (30).
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5.8. TueoreM. — The functional I has infinitely many distinct pairs
of nontrivial critical points.

Proof. — It is easy to see that I satisfies (H) (cf. [3, p. 63]). Let (4,) bea
sequence such that I(u,) — ¢ and (O'(u,), v—u,) +Y(0) =Y (un) 2 — &l v 1,
Vove H. Set v = u, + tu,, t > 0, divide by ¢ and let ¢ — 0. This gives

”unnz +11_I:%J‘ B(u,,+tu,,)—B(u,,))t_1da—/1J uidX‘J‘ | Un ]pde &y H Up H
r Q Q

By Lebesgue’s monotone convergence theorem, we can take the limit
under the integral sign. It follows that

Gl ual? +J wl,do — /”j uzdx —j lun [Pdx = — &5 || u, 1,

T Q Q
where w,(x) € B(u,(x)) a. €. on I. Multiplying (31) by — ¢~ and adding it
to the inequality I(u,) < ¢ + 1 (which holds for almost all n) gives

c+1+1lulz (—; - q“)l]un I+ j(B(un) = q" 'wau,)do

1
+ J {(q‘1 —p Dlu, P+ 2(61‘1 — 5>u3}dx.

Note that the first integral is nonnegative according to (30). Since
g~! > p ! and p > 2, the second integrand is positive for large |u,|. We
can therefore find a constant C such that

c+1+ Hmlié(i—q_l)llunllz—c-

It follows that the sequence (u,) is bounded. Using Fatou’s lemma in the
same way we did before we deduce that (u,) possesses a convergent sub-
sequence. Hence I satisfies (PS).

We complete the proof by showing that the hypotheses i) and i’} of
Corollary 4.8 are satisfied. Suppose 41 <4,, and let X, =span {e;, ..., e, "

1 1

If ueX,, 5” ull> — 5)_ju2dx = oy llul]® for some constant a; > 0. It
Q

follows from a well known argument [I, proof of Lemma 3.3; 21, proof of

Theorem 3.19] that | |u{Pdx = o(||u{|*) as u —» 0. Hence we can find
Q

%, p > 0 such that i, ~x, Z 2 Finally, let k be an arbitrary positive

integer, @i, ..., ¢, linearly independent functions in Cg(Q) and

X, = span { ¢y, ..., @i }. Note that jB(u)da = 0 Yue X,. Since éB; nX;

r
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is compact, there is a constant x, > 0 such that p‘lj jvPdx = a,
Q

VreéB; n X,. Let u = rv, where t > 0 and ve ¢B; n X,. Then

1 _ 1
Iw =< llull*~-p 1Jlull’dxg—tz—azztl’.
2 o 2
Hence I(u) - — oo as [Ju]] —» oo, ueX,. O

Denote by ¢/¢n the outward normal derivative.

5.9. COROLLARY. — In addition to the above hypotheses, suppose that
2<p=(2N =2)/(N —2)if N> 2 and 2 < p < oo otherwise. Then the
boundary value problem

{ —Au—Jju—|ulf?u=0 inQ
— Ou/on € B(u) onT

has infinitely many distinct pairs of nontrivial solutions u e H?.

Proof. — Let l/NJ be the extension of  to L2 defined by n/NJ(u) = Y(u) if
ue D(y), Y(u) = + oo otherwise. By Sobolev’s embedding theorem, each
element of H' isin L?". So ifue H!, |u|P " 2ue LP"®~1 Since p— 1 < N/(N—2),
p*/(p — 1) 2 2. Hence |ulP 2ue L2 It follows that u is a critical point
ofIifand onlyif iu + |u [P ?ue &y(u). By [3, Proposition I1.2.9 or 5, Theo-
rem 12}, éY(u) = — Au with D(@Y) = {ue H?: — du/one fu)a.e.on T }.
So each critical point of I is a solution of the boundary value problem.
Now the result follows from Theorem 5.8. O

Observe that the growth restrictions (29) and (30) were used only in
order to verify (PS). So if one removes them, the conclusions of Theo-
rem 5.8 and Corollary 5.9 remain true as long as (PS) is satisfied.

5.10. CoroLLARY. — Suppose that the hypotheses of Theorem 5.8 and
Corollary 5.9, with possible exception of (29) and (30), are satisfied. If
the domain of B, D(B), is a proper subset of R, the conclusions remain
true.

Proof. — As we have already observed, we need only verify (PS). An
argument similar to that of [15, p. 75] shows that if

D={veH': - Av+ v =0 in Q in the sense of distributions },

then H' = Hj @ D and D is orthogonal to HJ. (Given u e H', let v be the
minimizer of ||w||*> on the closed convex set {weH! :u—weH} }. Then
(t,9) =0 VoeHj. Thus veD, u—veH} and (v,u — v) = 0.) Since
D(B) is properly contained in R and B is even, there exists a constant
such that || u{lL<r) < @ whenever ue D(y). Let u = v’ + u” with u’ e H},
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u” € D. It follows from the maximum principle {/7, Theorem I11.5.5] that
(32) " e £ T4 llLea = flu ”Lw(r) =a
(we have used the fact that sup |u| = || u|lL=ay for I' smooth).
T
Let now (u,) be a sequence satisfying the hypotheses of (PS). Write
u, = u, +u? with w,eH}. v/eD and set v =u, + ruj, t > 0. Then
1@ (u,), wl) + Wy, + tul) — Yluy) = — et || uy || Divide by rand letr — 0.

Since | B(u, + tul)de = | B(u,)do and (u;, u;) = 0,
r r

unll* — ijunuédx - J lun P~ 2uptdx = — e, |y ||
Q Q

1
Let de(p‘l, 5), multiply the above inequality by —d and add

to I{u,) < ¢ + 1. Then

1) 'n><1—d>n PR+ Sl P
c Uy |l 2 ) Uy 7 Uy

1
+ f {dlu,, P 2u(u, — dp tu,) + iu,,(du; - 5u,,>}dx.
o .

Since |u, — u,| £ « according to (32) and d”'p~! < 1, the integrand is
positive if |u,| = R and R is sufficiently large. Hence

c+1 +Hu§,Hz(%—d>]luﬁllz+%liu${|l2—C-

So the sequence (u,) is bounded and a familiar argument shows that it
possesses a strongly convergent subsequence. O

Note that Corollaries 5.9 and 5. 10 partially generalize a result of Ambro-
setti and Rabinowitz [/, Theorem 3.32, see also 27, 24].
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