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ABSTRACT. — We describe singularities of C* vector fields, mainly
in R, in the neighbourhood of a given « generalized » direction (this is:
the image of a C* germ y:(R*,0) - (R3, 0) with y’(0) # 0). It is a local
study. One of the major results is: if X is a germ in 0 e R* of a C* vector
field and if X is not infinitely flat along a direction D then there exists a
cone of finite contact around D in which four specific situations can occur.
In three of these situations D is formally invariant under X (with formally
we mean: up to the level of formal Taylor series) and there exists a C*®
one-dimensional invariant manifold having infinite contact with D. In
particular, we obtain that the existence of a formally invariant direction D
always implies the existence of a « real life » invariant direction having
infinite contact with D, provided that X is not infinitely flat along D.
Using the blowing up method for singularities of vector fields we reduce
a singularity always to either a « flow box » or to a singularity with nonzero
1-jet and with a formally invariant direction. Finally we give topological
models for the obtained situations.

I would like to thank Freddy Dumortier for suggesting me the problem
and for his valuable help.

REsuME. — Nous décrivons les singularités de champs de vecteurs C*
dans R* au voisinage d’une « direction » donnée, c’est-a-dire de I'image
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112 P. BONCKAERT

d'un germe y:(R*,0) = (R3,0), avec y(0) # 0. Cest une étude locale.
Nous montrons en particulier que si X est le germe 4 I’origine d’un champ C*
et si X n’est pas plat dans une direction D, alors il existe un cdne de contact
d’ordre fini autour de D ol quatre situations distinctes peuvent se produire.
Dans trois d’entre elles, D est formellement invariant par X et il existe
une courbe invariante C* présentant un contact d’ordre infini avec D.
En utilisant la méthode de blow-up pour les singularités de champs de
vecteurs, nous réduisons toutes les singularités soit 4 un « flow box »,
soit a une singularité au 1-jet non trivial possédant une direction for-
mellement invariante. Enfin, nous fournissons des modéles topologiques
pour les diverses situations obtenues.

Je remercie Freddy Dumortier pour m’avoir suggéré ce probléme et
pour son aide.

I. INTRODUCTION, PRELIMINARIES AND STATEMENT
OF THE MAIN RESULT

§ 1. Elementary definitions and useful theorems.

(1.1) DeriNiTION. — Let X be a vector field on R". We say that X
has a singularity in pe R" if X(p) = 0.

If we only investigate local properties of a singularity in p, it is no res-
triction to put p in O, the origin.

(1.2) DerFINITION. — Two vector fields X and Y on R" are called germ-
equivalent in 0 if there is a neighbourhood U of 0 on which they coincide,
that is: Xy = Y |-

(1.3) DerINITION. — The set of all vector fields on R” which are germ-
equivalent with X (in 0) is called the germ of X (in 0). In the same way we
can define germs in 0 of functions, diffeomorphism,...

The germ in 0 of a set A = R" is the germ in 0 of its characteristic func-
tion ya. A germ will often be confused with a representative of it if this
is without danger.

(1.4) NortaTioN. — G" denotes the set of all germs in 0 of C* vector
fields X on R* with X(0) = 0.

(1.5) DeriniTION. — Let X, Ye G", keN. X and Y are called k-jet
equivalent if their derivatives in 0 up to, and including, order k are equal:
DX(0) = D'Y(0), Vi, 0 < i < k.
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VECTOR FIELDS ON R? 113

(1.6) DeriniTiON. — The set of all Y € G which are k-jet equivalent
with X € G" is called the k-jet of X and denoted j, X(0). It is important to
observe that the k-th order Taylor approximation of X in 0 belongs to
JiX(0); we often will make no distinction between these two objects. In
fact there is a 1 — 1 correspondence between k-jets and vector fields X
on R" with X(0)=0 and with polynomial component functions of degree <k.

(1.7) NotatioN Jj = { ij(O)}XeG"}. — We can take the inverse
limit of the sets J{ for the mappings =, : Jf — Ji : jX(0) — jiX(0) (I = k).

(1.8) DeFiNITION. — This inverse limit is denoted I, ; its elements
are called co-jets ; the co-jet corresponding to X e G" is denoted ;. X(0).
Elements of J%, can be regarded as n-tupels of formal power series in n
variables; also jX(0) represents the Taylor series of X at 0.

In the same way we define jets of functions, diffeomorphisms...

(1.9) DErINITION. — X e G" is said to have flatness k if jX(0)=0
and ji ., X(0) # 0.

(1.10) DermviTION. — Let X, Ye G”. X and Y are said to be C" conju-
gate (reN U {oc,w},r = 1) if for some (and hence for all) represen-
tatives X and Y of X resp. Y there are open neighbourhoods U and V
of 0 in R" and a C" diffeomorphism ¢ : U — V such that Vxe U:
Do(x). X(x) = Y((x)).

We also write: ¢,X =Y in this case.

(1.11) DeriNiTiON. — Let X, Ye G" X and Y are said to be C" equi-
valent (re N u { o0, w }) if for some (and hence for all) representatives X
and Y of X resp. Y there are open neighbourhoods U and V of 0 in R”
and a C" diffeomorphism h:U — V which maps integral curves of X
to integral curves of Y preserving the « sense » but not necessarily the para-
metrization; more precisely: if pe U and ¢x(p, [0,t]) < U, ¢t > 0, then
there is some ¢ > 0 such that ¢5(h(p), [0,¢']) = h($x(p, [0,t]). (% and ¢35
denote the flow of X resp. ?). Time preserving C'-equivalence is called C"
conjugacy and coincides with definition 1.10 for r > 1.

With C° diffeomorphism we mean a homeomorphism.

{(1.12) TueoreM (Borel) [Di, Na]. — For all TeJ% there exists an XeG"
such that T = ;,X(0). (Or: j, :G" — Ji is surjective.). O

(1.13) DEFINITION. — A generalized direction in 0, or shortly a direction,
is a C”-diffeomorphic image of the germ in 0 € R” of a halftine with end-
point 0. The diffeomorphism is assumed to preserve 0.

Vol. 3. n° 2-1986.



114 P. BONCKAERT

(1.14) DEFINITION. — A germ in 0 of a set K = R™*1 is called a C'
(solid) cone of contact k, ke N, I> k, if there exists a germ of a C! function h:

([0, 0[,0) - (R,0) with jh0) =0, ji+.h(0)# 0 and a germ of a C*
diffeomorphism ¢: (R™**,0) - (R™*%,0) such that

K =¢({(x,2)eR" x [0,00[||x] < h(z)}).

K is called a cone of contact k around the direction D = ¢({ 0}™ x [0, 00}
The intersection of a C" diffeomorphic image of a hyperplane, passing
through D, with K is called a C'm-~dimensional subcone of K (0 < r <)

(1.15) ProPERTY. — If D is a direction in R", then there exists a germ
of a C* map 7:([0, 00 [,0) — (R"0) with y'(0) # O such that the image
of y is D. Conversely, if y:([0,00[,0) — (R 0) is C* and if y'(0) # 0,
then the image of y is a direction.

Proof. — Easy. g

(1.16) DeriNITION. — For XeG" and D a direction we say that X is non-
flat along D if for some (and hence for all) C* germ 7 : ([0, o0 [0) — (R", ()
with 9’(0) # 0 and image D we have j, (X y)(0) # 0. In the other case
we say that X is flat along D.

(1.17) DeriNiTION. — We say that X e G” satisfies a Eojasiewicz ine-
quality if there exist ke N and C, d ¢ [0, oo [ such that

VxeR* with |x|<d:|X(x)]=C|xl*.

(1.18) PropErTY. — If X e G" satisfies a Kojasiewicz inequality then X
is non-flat along every direction.

(1.19) ConvenTION. — We write (x, z) for an element of R™ x R;
for a vector field X on R™ x R we write X = (X,, X,).

(1.20) DEFINITION. — We say that Xe G™*! leaves the z-axis { 0 }" xR
k

Sformally invariant if for all ke N : ‘aTx (0) = 0. This is the same as saying
Z

that j X,(0) does not contain pure z-terms.
A direction D = ¢( {0 }™ x [0, oo [) is formally invariant under Xe G™*!
if ¢, X leaves the z-axis formally invariant.

(1.21) THEOREM (Normal Form Theorem, Poincaré and Dulac). — Let
X e G" and let X, be the linear vector field on R" such that j;X;(0)=/;X(0).
Let, for he N, H" denote the vector space of those vector fields on R"
whose coefficient functions are homogeneous polynomials of degree h.
Denote {X;, — J,: H* - H":Y — [X,,Y]and let B" = Im ([X;, — )
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VECTOR FIELDS ON R3 115

Choose for each h > 2 an arbitrary supplementary space G" for B* in H*
(that is: H" = B" ® G").

Then there exists a germ of a C* diffeomorphism ¢ : (R”,0) — (R",0)
such that ¢,X has an oo jet of the form

J (@ X)) =Xy + g2 + 23+ ...

where g,e G" h=2,3,....
Application (to be used later on).
0
Let Xe G? with j; X(0)=ax prek # 0.If the z-axis { 0 }? x R is formally
x

invariant under X, then there exists a C* diffeomorphism ¢ : (R3,0) — (R3,0)
such that ¢, X = X’ has an » jet of the form

’

. wr d jka
JoX'(0) = axa— + LpXylz F

X
k=1
.. 0 .0
+ E wyiZt — + E ayIz*
Bjky ay ‘))Jky 62
jtk=2 jtk=2
jz1

Proof [Ta].— Suppose, by induction, that forie N, i > 1, one can write
X=X, +g,+ ... +g_: + R,_; withthe g, e G"and withj;_R;_,(0)=0.
We can write R;,_; = g; + b; with g;eG’, b;e B, jR(0) = 0. Take an
Y eH! with [X,,Y] = b,.

Taking ¢; = ¢y(., — 1) (the time — 1 mapping of Y) one can check that
(0)X) =X, + g2+ ... + &+ Ry

Since ji—;¢{0) = j;-, 1d (0) we can apply the theorem of Borel (for
diffeomorphisms) to obtain the desired diffeomorphism ¢.

é
Proof of the application. — For X, = ax—— it follows from a straight-
x

forward calculation that for all p, ¢, re N:

i ] ¢
X1, xPyz" — | =a(p — D)xPyiz" —
g Ox | Ox
i ] 0
Xy, xPylzl — | = apxPyiz" —
L ay_ oy
i ¢ ] ¢
X1, xPyiz" P apx?yz’ 2

Vol. 3, n° 2-1986.



116 P. BONCKAERT

We see that for each h = 2 the linear map [X;, — ], has a diagonal
matrix with respect to the basis

0 0 é
{x"yqz’a,x"yqz’a—y,x“yqz’glp,q,reN and p+q+r:h}

Hence Im [X,, — ], ® Ker [X,, — ], = H"
A basis for Ker [X;, —], is obviously

0 5}

ox Oy
U{y‘lz'ilqw:h}.

0z

So, applying the normal form theorem, we have for ¢, X = X’ an oo jet
of the form

[ X'(0) = 0 + \ z* g
= — o z5
JX1 X ox #XY Ox

jtk=1
Y 8\ 9
+ ) yzE— + Pay'zt—.
Z Bjky ay z /jky 62
jtE=2 jrE=2

It suffices to prove that ¢ can be chosen in such a way that it formally
preserves the z-axis. Because then X’ also leaves the z-axis formally inva-

0

riant, and hence the — component of j,X’(0) cannot contain pure z-terms.
oy

Take any Y’ e H' with [X,,Y’] = b,. If we separate the pure z' terms of

0 0

the ™ and — components of Y’, we can write it in the form:
be dy

Y =Y + A7 0 + BZ i

= zh— zt—

Ox Jdy

: . . 0
where Y € H' has no pure z* terms in its — and ™ components. We have
x y

by = [X,Y] + <— Az"i)‘
Ox

But as b; and [X,, Y] don’t contain pure z* terms in their i component,
necessarily A = 0. So b; = [X;, Y] ox
As ¢; = Py -1, (the time —1 mapping of Y) we obtain the result. O
In chapter IV we will make extensively use of the following result.

(1.22) THeoreM (Brouwer, Leray-Schauder-Tychonoff fixed point theo-
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VECTOR FIELDS ON R? 117

rem) [Sm]. — Let E be a locally convex topological vector space, K a
nonvoid compact convex subset of E, f any continuous map of K into K.

Then f admits at least one fixed point in K, that is: a point x € K with
flx)=x

§ 2. The main result.

One can pose the following question: suppose that a (generalized)
direction D is formally invariant under a germ X e G? (by formally we
mean: up to the level of oo jets, or equivalently: up to the level of formal
Taylor series); does there exist a C® invariant one-dimensional manifold
having > contact with D ? The answer is yes, provided X is non-flat along D.
This is one of the major ingredients of the following theorem.

Let us emphasize that the results of this theorem are stated in terms
of germs in 0 e R3.

(2.1) TueoreEM. — Let X e G*® and let D be a direction. If X is non-flat
along D, then there exists a C* cone K of finite contact around D such that
one of the following situations occurs:

I. all the orbits of X hitting K enter K and leave K, except (of course)
{{0.0.0) } ;
1 I

II. D is formally invariant under X; there exists a direction D’ in K,
having oc contact with D, which is invariant under X; if we arrange (by

changing the sign of X if necessary) that the orbit of X in D’ tends to 0
then either

A. the only orbit of X in K tending to O is contained in D’; all the other
orbits of X starting in K leave K;

B. all the orbits of X in K tend to 0; if we add O to such an orbit, we
obtain a direction which has oo contact with D;

C. there exists a unique C° 2-dimensional subcone S of K such that

i) Sisinvariant under X;

ii) all the orbits starting in S tend to 0; if we add O to such an orbit,
we obtain a direction which has oo contact with D;

iii) all the orbits of X starting in K\S leave K.

Always assuming that along the invariant directions the orbits tend to 0
fort — o, we find in cases II. A and II.C a unique model up to C° equi-
valence and in case I1.B even up to C° conjugacy.

The proof of this theorem will be given in chapters IV and V.

(2.2) PicTurses of the situations occuring in the theorem.

Vol. 3. n° 2-1986.



118 P. BONCKAERT

FiG. 1.

(2.3) REMARK. — Perhaps in some cases the claimed results in (2.1)
are not evident at first sight. 1 8

0
Take for example the linear vector field X=x - +y— + —z— and
Ox dy 2 ¢z

D = z-axis. All the orbits tend to 0 in negative time and have parabolic
contact with the z-axis. Nevertheless one can find a cone of finite contact
(two in this case) such that alle the orbits leave it, except of course the
one contained in the z-axis. This example indicates in which way the main
theorem must be considered: once an orbit leaves the cone, we have no
further information about its future, which may be for example to tend
to zero or even to re-enter the cone.

(2.4) REMARK. — One can formulate and prove an analogon of theo-
rem (2.1) in dimension 2, this time of course without situation IT.C. On
the other hand it is not yet clear to me how to generalize the theorem
to arbitrary dimensions; more specifically one could ask: does a formally
invariant direction always hide a « real life » invariant direction? The
same question can be posed for diffeomorphisms.

Annales de I'Institur Henri Poincaré - Analyse non linéaire



VECTOR FIELDS ON R? 119

II. PREPARATORY CALCULATIONS
CONCERNING BLOWING UP OF VECTOR FIELDS

Although the blowing up method for singularities of vector fields is
a known technique [Ta, Dul, Du2, D.R.R., Go] we recall it here because
it is of fundamental importance in the sequel. Especially for blowing up
in a direction some specific calculations will be elaborated in full detail.

Roughly spoken, blowing up a vector field is: write it down in spherical
coordinates and divide the result as much as possible by a power of r
(= Euclidean norm of x) such that one can take the limit forr — 0.

§ 1. One spherical blowing up.

(1.1) Norations. — We denote, for me N :
m+1
SMZ{(XI,...,xm+1)ERm+1 lezzl}
i=1
and ©:S" x R - R™':(x, 1) — rx.
(1.2) PROPERTIES. — i) ®lg «j0.0; is @ C® diffeomorphism onto
Rm+1\{0} -
ii) S™x {0} =®7({0}). O

So in fact with ® we introduced on R”**\ {0} a sort of spherical coor-
dinates.

(1.3) PropoOsITION [Ta].— Let X be a CP vector field on R™*}(pe NuU { oc })
with X(0) = 0.

Then there is a cr-1 ﬁelg X on 8™ x R such that in each geS™ x R:
?,(X(q) = X(¥(g)) (or: ®,X =X). [

If X has flatness k, that is, j;X(0) = 0 and j,+,X(0) # 0, then for the
following vector field
1
k

X==X

~

we can take the limit for r — 0 and we obtain a vector field of class Crk-1
on S™ x R which we still denote X.

(1.4) DERINITION. — X is called the vector field obtained by blowing
up X (once) and dividing bij r*.

Vol. 3, n° 2-1986.



120 P. BONCKAERT

X restricted to S™ x {0} is a vector field tangent to S™ x {0}. The
study of this vector field sometimes gives information on the asymptotic
behavior of the orbits when they tend to 0 [Gol.

§2. One directional blowing up.

In high dimensions the explicit calculations for spherical blowing up
quickly become complicated. If we restrict our attention to one open half-
sphere of S™ we use the better computable directional blowing-up. We can
assume that the half-sphere has (0, 0, . .., 0, 1) as « north-pole ».

Let us replace R” x R by E x R where E is an arbitrary normed vector-
space. We do this because later on we shall use this form and after all the
construction remains the same.

(2.1) CONSTRUCTION.

A point of E x R will be denoted (x, z). With « the z-axis » we mean
{0} x R. Let, for ne N, " be the following map: ¥": E x R — E x R:
(x,z) — (xz" 2). Similarly to proposition (1.3) one proves

(2.1.1) ProposITION. — Let X be a CP vector field on E x R (peN U {0 })
with X(0) = 0. Then there is a C?~! vector field X' on E x R such that

in each g€ E x R:WL(X!(g))=X(¥(g)) (or: ¥LX! = X). Again if j,X(0)=0

and j,+ 1 X(0)#0, we devide X* by z*; we denote the resulting vector field

_ 1~

X! = - X" and again we can take the limit for z — 0 to obtain a C?~*~!
z

vectorfield on E x R still denoted X'

(2.1.2) DeriNITION. — X! is called the vectorfield obtained by blowing
up X (once) in the z-direction and dividing by z*. Like in §1, E x {0} is
invariant under X', so we can consider the restriction of X! to E x {0]}.

(2.2) RELATION BETWEEN DIRECTIONAL AND SPHERICAL BLOWING UP IN THE
R™"! CASE.
Let ST denote the « upper hemisphere », that is:
T={(x, . xm 2)eS" 2> 0}
Consider the bijection F:87 x R — R™*!:
X1 Xm
(X1 e s Xms 2,7) > | —, ..., —, zr .
z zZ
One immediately checks that ® = P! - F.
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VECTOR FIELDS ON R3 121

Hence X [sz g and X! are C® conjugated: F,X = X%

If we denote F(xy,. . ., X, 2, )= x‘; . %" rz)z(Xl,...,X,,,, 7) then,
N\, L g

using Exi +z*=1, we get Z:(1+X§+ S and r =;‘
Hel;c:el FX = ! Xt

k

(1+Xi+ ...+ X2

1 . .. . .
As - 1s an everywhere positive function, the orbits
(1+X3+ ... +X2)?

of X! and F,X coincide. They also have the same orientation.

(2.3) CALCULATIONS CONCERNING ONE DIRECTIONAL BLOWING UP.
(2.3.1) GENERAL FORMULAS. — If X is a vector field on E x R we
write X = (X,, X,).
It is an easy calculation to see that WiX*' = X if only if

v1 _ l 1 _f 1 1
X =|-X:¥) (X.oWh), X, o ¥
z z

and thus X! = (% lil X, o Pl — ;(Xz o \Pl)}%(xz o '{'1))

z
From now on we assume X to be C*.

(2.3.2) THEoo JET OF X' IN O (CasE R™*1), — Let us indicate here
some (usual) multiindex abbreviations.

m

For a=(ay,...,0)0eN™ we write |o|= Zai; if x={x, ..., xn)eR™

m ta] ol m
x ~la
0 I |
then we denote x* = xi;also ——=-———— ——and a! = (1.
ox*  Oxy ... éxyr

i=1 i=1
We write the o¢ jet of X in 0 down as

a P n a
]xX(O) = Z z 2 a'i"zxzzn—lal — + Z Z C:xazn—[a[ —
ox; Cz

i=1 n=k+1 {a]=0 n=k+1 |z|]=0

if X has flatness k in O.

Vol. 3, n° 2-1986.
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For the cc jet of X! in 0 we write

X

. m aC n 8 n 6
0x; 0z

i=1 n=0 la[=0 n=0 la|=0
Using (2.3.1) and calculating straightforward we find:
Dan, =a e e T for T <i<m 1<

Il <]a]<n
) @ gyt 0uin sy = Qi ¥ 17 for 1 <i<m 0<jal<n
iii) ¢ = %14 for 0 < |a| < n;

in i), i), iii) we may take the right hand side zero whenever it is undefined.

(2.3.3) REMARK. — In particular in (iii) we see that for each neN
and for each o with | a| = n:¢ = 0. This expresses the fact that the z =0

. = . 0
hyperplane is invariant under X!, or equivalently that the P component
of X! does not contain pure x* terms. z

§ 3. Successive directional blowing ups.

(3.1) Construction.

Let X! be obtained by blowing up X in the z-direction and dividing by z*.

Suppose that X! has again a singularity say in (a,0)e E x {0} and that
7oXNa,0) =0, j,+ 1 XYa, 0) # 0.

Then we can blow up X! in (g, 0) in the z-direction in the following
natural sense. Denote T:E x R - E x R:(x,z) - (x — a, z);sincel,zt
has a singularity of fiatness p in 0, we can consider the vector field T, X
obtained by blowing up T, X" in the z-direction and dividing by z*.

(3.1.1) DeriniTION. — T, X! is called the vector field obtained by
blowing up X twice in the z-direction first in (0, 0) then in (g, 0) and dividing
first by z* then by z?; we denote it X2.

Of course X? depends on the choice of the singularity of X*'. In this way,
we can of course go on with the construction and define successively X"
by blowing up X"~! in some singularity. Obviously X" depends on the
choice of the singularities in which we blow up. Let us formalize the idea
giving a prescribed sequence of singularities in which must be blown up.

(3.1.2) DeFiNiTION. — Let X be a C* vector field on E x R with
X(0) = 0. A directed sequence of successive blowing ups of X is a sequence
of triples (X", (X, 0), kn)o<n<n(NEN U { 00 }) such that

i) X° = X and (x,, 0) = (0, 0);
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VECTOR FIELDS ON R3 123

i) ¥n,0 < n < N:X" has a singularity of flatness k, in (x,, 0) and Xn+1
is obtained by blowing up X" in (x,, 0) and dividing by z*~.

(3.1.3) DerFiNITION. — A directed sequence of successive blowing ups
of X where ¥n,0 <n < N:(x,0) =(0,0) will for brevity be called a
sequence of blowing ups in 0 of X (in the z-direction). Such a sequence is
henceforth denoted by (X", 0, ky)o <n<n-

(3.1.4) REMARK. — Further on we will show that there exists a 1—1
correspondence between directed sequences of successive blowing ups
(X", (X, 0), ko <n<n and N — 1 jets of directions (N = oo included).

(3.2) Calculations concerning successive directional blowing-ups.

We will give explicit formulas only for a sequence of blowing ups in 0.
As we have already announced this is, at least for our purposes, no restric-
tion. In this case we can define X" in one step:

(3.2.1) LeMMa. — Let X" be obtained by a sequence of blowing ups v
in 0 of X as defined in (3.1).

— 1 ~ ~
Then X" = e - X" where X" has the property Wi (X"(p)) = X(¥"(p)),
VpeE x R.

Proof. — Straightforward. O

(3.2.2) ReMARK. — We see that properties of X" in a cylinder-shaped
neighbourhood of {0g} x [0, o[ are transformed, by ¥”, to simular
proporties of X in a cone of contact n—1 around {Og} x [0,00[. It is
in this sense that we will obtain the results in the main theorem (I.2.1).

(3.2.3) ForMuLas. — Just like in (2.3.1) for X = (X,, X,) we have
~ ~ 1 )
P2 X"=X if and only if X"= (; (X, o¥P")— n—)f(Xz o), X, o‘P"> and thus
z

Yn 1 1 n nx n n
X T Tkovkit.o ka1 ?(XXOT)—7(X20T),XZ°‘F .

z

Further on we will need the following result.

(3.2.4) Lemma. — Let X be a C™ vector field on E x R. If X is non-flat
along {Og } x [0,90[ and if {0z} x R is formally invariant, then there
existsa Qe N and a C® function y: E x R — R with %(0, 0) # 0 such that
the R-component of X2+ 1 is of the form z2 2(x, 2). (X1 is the vector field

obtained by blowing up X Q + 1 times in 0 in the z-direction without
dividing by a power of z.)
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Proof. — Put X.=(Xx, X.). As, by our assumptions, the map z — X.(0, z)
has a nonzero o jet, there exists a Qe N and C* maps Ay, A, ..., Aq:
E - RwithAy0) =A,0)= ... = Ag-1(0) = 0 and Aq(0) # 0 such that
we can write

Xa(x, 2) = Ao(X) + 2A1(x) + ... + 22 1A (%) + 2%0(x) + 0(z2*Y).

The R-component of XQ+1 is X, o WQrt,
More explicitely:

Xz o P NYx, 2) = Ao(zQ% 1x) + zA (2971 X) + ...
+ 2971 A, (2% 1x) + 2%Ag(2°7 1)
+ 0(z2*Y
= z%YAy(z%" %) + 0(2)).
Put y(x, 2) = Aq(z%"'x) + 0(z). [

1. REDUCTION OF A SINGULARITY
TO A SINGULARITY WITH NONZERO 1-JET
BY SUCCESSIVE DIRECTIONAL BLOWING UPS

When blowing up a singularity of flatness k one might hope that the
flatness of the resulting vector field in a singularity is not strictly bigger
than k. Up to one type of singularities, this will in fact be the case.

If we consider a sequence of blowing ups (X", 0, k,)o<n<n, We will sce,
also for that exceptional type of singularities, that after at most one step
the flatness k, becomes decreasing (perhaps constant). In fact, a vector
field which is the « blown up » of another one cannot be of that exceptional
type (mentioned above).

Next we will prove that if the sequence k, does not decrease to zero, then
the vector field is flat along the z-axis.

Let us start by showing that, up to a C* change of coordinates, it is
no restriction to assume that a directed sequence consists of blowing ups
along the z-axis.

§ 1. Definitions and properties of directed sequences.

(1.1) ProposiTiON. — Let NeN U { o0 } and suppose that (X", (x,, 0),
kn)o<n<n is a directed sequence of successive blowing ups of XeGm"*l
Then there exists a C* change of coordinates ¢ : (R™*!,0) — (R™**,0)
such that in the new coordinates this sequence is (¢.(X)" (0, 0), kn)o <n<n-

Proof. — We define inductively some transformations (%);<s<ns
(Dn)1<n<n~ and (T,}; ey~ o0 R™*1 as follows.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



VECTOR FIELDS ON R? 125

Put

ot R™TL 5 R™:(x,2) » (X — zxy, 2)

b = oy

T,:R™*! 5 R™1:(x,2) = (x — xq, 2).

Suppose that a;, ¢;, T; are defined for 1 <i<n with n+ 1 <N. We
denote (a,+1,0)e R* x R the singularity of (¢,)4(X)"*! corresponding
10 (x,+1, 0) in the new coordinates induced by ¢,. Put

An+1 : Rm+1 - Rm+1:(xaz) - (x—zn+1an+laz)

¢)n+1 = an+lo¢n

Top i R™L » R™ 1 (x,2) = (X — @n41,2)

fe":R™! - R™*1:(x,z) - (2", z) denotes the « blowing up map »,
observe that "o T, = o, o ¥", 1 < n < N.

If YeG™*! can be blown up n + 1 times in (0,0) and if Y"*! must be
blown up in a singularity (a,+ 1, 0) then:

WIIETTY = Y = (s ) P IYE = (@ 0), Y
= lP:fl((TmL 1)*Y"+1) = (“n+1)*Y
= (Tn+1)*Yn+1 — (an+1)*Y"+1

= (Tn+1)*_Y'n+1 = (an+ 1)*Yn+1

(the z component is not altered by T, | nor by %,+1) S0 (%,+1), Y™ must
be blown up in (0, 0).

Applying the foregoing observation to Y=(¢,)X, we obtain that
(s 1)s(Dn) X1 (which is (¢4 1) X"t 1) must be blown up in (0,0). For
1> 1, jutas1(0) = /1A (0) 50

]n¢)n+1(0) :]n¢)n(0) (1)

For finite N, ¢p5_, is the desired ¢.

For N = 20 we can, by (1), consider the inverse limit of the ¢,, and theo-
rem (I.1.12) of Borel together with the inverse function theorem [Di] gives
the desired ¢. O

(1.2) CoroLLARY. — For each directed sequence (X", (X, 0), kn)o <n<n
there exists a C* change of coordinates (x, z) = ¢(x’, z’) and a direction
D = ¢! (z-axis) such that if we blow up ¢ !X successively in O then points
corresponding to (x, z) = (0, 0) like in the proof of (1.1), are precisely
(x', 'y = (x,,0). Conversely, given a direction D = ¢~ ! (z-axis), there
exists a sequence x, as above. Moreover, D is unique up to N — 1-jet equi-
valence. In other words: there is a 1 — 1 correspondence between directed
sequences and N—1 jets of directions. So we can speak of a sequence of
blowing ups along a direction.
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If we blow up X successively along the z-axis it is of course possible
that after some finite time there is no singularity any more in (0, 0). Let us
formalize this as follows.

(1.3) DerINITION. — (X, 0, k)0 < n< v is called a maximal directed sequence
of blowing ups along the z-axis if either

i) N=oo

ii) NeN and XN"1(0) # 0.

Property. — Such a sequence always exists.

(1.4) ProposITION. — If(X", 0, k,)o < < n is @ maximal directed sequence
with N e N, then there exists a cone K of contact N—2 around the z-axis
such that all orbits inside K enter K and leave K after a finite time.

Proof. — As XN~1(0) # 0, we can construct a cylinder shaped neigh-
bourhood of 0 in R™ x [0, co [ of the form C={(x,z)eR™ x R| | x| <R,
ze [0,6[ } such that all orbits of XN~ inside C enter C and leave C after
a finite time. Then

PO = {2V %, D) [l x| <R, ze [0,5] }
= {,29|Ix| <zN"'R,ze [0,8[}.
Let K be the germ in O of this set. O
So from now on we will consider infinite sequences of blowing ups.

Let us indicate what it means for X that a maximal directed sequence of
blowing ups of it along the z-axis is infinite.

(1.5) ProposiTioN. — Let (X", 0, k,)o<n<n be a maximal directed
sequence of blowing ups of X along the z-axis. The following statements
are equivalent:

i) N=oo
ii) the z-axis is formally invariant under X (see definition (I.1.20))

Proof. — i) = ii). Let us write down the oo jets as follows

m x o) K
JGCX(O) = a],‘(’aXaZK_‘a‘ - =+ c;(x“ZK_lai i

0X; 6:
i=1 K=ko+1 [2]=0 K=ko+1 |af=0
m x K o K
; Xn — n=K L« K-—laf d n-K. a2 K-—|a] ¢
J<X"0) = a;,x"z a—i— X"z Fo
i=1 K=kn,+1 |2]=0 ' K=k,+1 Ja|]=0

We must prove that afo = 0 for all K > ko + 1 and i€ {1, ...,m}. With
the formula in (I1.2.3.2) ii) we find that for all K > ky + 1 and
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ie{l,...,m}:'ako* 1 = = af, and further by induction on n we get,
using the same formula for all ne N: KO ko~ mhn-imn = gK oL

Suppose, by contradiction, that afy # 0. Then 'af, %~ !%0 so
k, + 1 < K — ko — 1 (remember the choise of k, in definition (II.3.1.2))
or0<K —k,—k; — 2;further by induction we find "akg *o %17 "kn-1=n£(
with always, as it should be,0 <K —kog— ... — k,, 1 — A

Certainly sooner or later 0 =K — kg — ... — k,_; — n for some n.

- . 2 -
But then X"(0) = Z"E?,O o # 0, contradicting N = co.
x
i=1

ii) = ). Let us use the same notations. We have af, = 0, for all
K>ko+1 and ie{1,...,m}. The formula (II.2.3.2) gives imme-
diately "a)y = Oforallne N and ie {1, ...,m } whence X"(0) = 0, Vn and
the result. J

§ 2. Reduction to a singularity with nonzero 1-jet.
The main purpose of this section is to prove the following:

(2.1) TueoreM. — If (X", 0, k,)o <, is @ maximal directed sequence
of blowing ups of Xe G™*! along the z-axis {0}™ x [0, o[ and if X is
non-flat along the z-axis then there exists a Ne N such that XN*" has
flatness zero ¥n e N.

The proof of this theorem will be a consequence of the following pro-
positions (2.2), (2.3), (2.4), (2.6), (2.7) and (2.8). ]

(2.2) PrOPOSITION. — Let X e G™*! have flatness k. If X! has flatness
0
>k + 1 then ji+1(X)0) = iyt —
0z
la]=k+1

Proof. — As jiX(0) = 0 we only have to look at the a¥f! and the c&*!,
O0<|xi<k+1,1<i<m Out of (I.2.3.2) iii) we obtain for each n
withl <n < kandawith|a|=n—1:0=ci=ci"* " l=ck*150 k"1 =0,
for each x with 0 <|a| < k. 2

From (II.2.3.2) i) we get for each n with 1 <n <k + 1 and « with
|[x]=nand 1 < a;:

_ n+k+l n n+tk+1—n
0= a11 a;, T Clayyenn @i 1,2 1, % 4 15eees Zm)
— gkt _ K+l
= Yia (@i 1,8 — 1, %+ 14eees Im) *

But by (2) above those ¢’s are zero. Consequently a*}* = 0 for each « with
O<ja|<k+1landl < ;.
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In the same way, using (I1.2.3.2) ii), we obtain that all the coefficients
in j,4+;X(0) vanish except possibly ¢**! with |a| =k + 1. O

(2.3) PropoSITION. — If X e G™*+1 and if X* has flatness k, then X’
has flatness < k.

Proof. — Suppose that j,,;X*0) = 0. Then proposition (2.2) would
imply that
- )
Jr+1XH0) = chrixe — |
0z

laf=k+1

By our assumptions one of the ¢¢*!,|a| = k + 1, must be different
from zero. But this is impossible because of the remark (II.2.3.3) (inva-
riance of the z=0 hyperplane). O

(2.4) ProposiTION. — If Xe G™*! has flatness k and j,.X'(0) =0
then X! has flatness k+ 1.

Proof. — We must show that j, , ,X!(0) # 0. From proposition (2.2)
and from j.+,X'(0) =0 we get

. 5,
Jes 1 X(0) = riya
0z
la|=k+1
Because X has flatness k, there exists an « with |a| = k + 1 and c&*! # 0.
Using (I1.2.3.2) iii) we observe that

—k+ +2+k—k—
Ch¥2 = kF2rkokol o kbl

S0 ji+2X'(0) # 0. J

(2.5) CoroLLARY. — If XeG™*Y, if (X0, k,)o<n<n is a directed
sequence of blowing ups in 0 of X in the z-direction (Ne N U { oc }) and
if X has flatness k then either.

i) X" has flatness smaller than or equal to k and for all n with0 < n<N-1
the flatness of X"*! is smaller than or equal to the flatness of X";

ii) X' has flatness k+1 and for all n with 1 < n < N — 1 the flatness
of X"*! is smaller than or equal to the flatness of X".

(2.6) ProPOSITION. — Let XeG™"!. Suppose that there exists an
integer k > 1 and an infinite directed sequence (X", 0, k), Of blowing
ups in 0 of X in the z direction such that Vn e N : X" has flatness k and at each
step we divide by z*.

Denote i: R - R™" 'z -» (0,...,0, z).

Then (- 1(X) = 1)0) = 0.
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Proof. — Let us write again X for its formal part. Then j, _ ;(X)0,. .., 0, 2)
is formally determined by

MX
W(O, .. .,O,Z) O<M<k—1 -

0<|gl<M
We use the notations as in (II.2.3.2) and obtain

MX . ]
T X n 2 Xm D) = Mg, T

n=k+1 {a]=0

d d ol B n—1la)! e
n _ a—p la] —M+18]
+a"‘“axm+cax>(a—ﬁ)' (n—laI—M+Iﬂl)!zn

MX S
W(O,...,O,Z): a1361+

. O Bin—1B1)! _
+am,ﬂ§m+ B5>_—_(H—M)! "M,

Hence the terms of j,X(0) playing a role in j,(jx—1(X)  iX0) are
[es) k—1
0 0 d

aAp—+ ... +an —+cN—>szN'“’[.
( Y8 ox, P ox,  F ooz
N=k+1 |B|=0
We look at what these terms give when blowing up as in the proposition.

We use P":R™! o R™1:(xy, ..., %Xm 2) = (X127 ..., Xm2"% 2z) and
the formula in (II.3.2) which becomes here

Z( (X0 ‘P")—f’ﬁ(x ‘P"))—+(X ‘1'")—]

For the — component we obtain
ox;
k—1 o k-1

11 1 nx; -
S AN BBl N8~ NxPz1 812N 18
Zn LB "z

N=k+1 |8|=0 N=k+1 |B]|=0

0 k=1

_ ag‘fﬂxﬂZN—lB[""(k’rl-[ﬂl)

N=k+1 |B|=0
- k-1
—n clzxﬂZN-[ﬂl—l—n(k—lﬂI) (3)
N=k+1 [B|=0
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0
and for the P component we have
z «© k—1
CEJXBZN—[Bl—"(k—IﬂI) (4)
N=k+1 {§]=0
First look at (4). If this construction is possible for each ne N then ¢j =0
forall N>k +1,0< (Bl <k—1.
Thus the second =X in (3) vanishes. For the same reasons as just men-
tioned we must have ay, = OforallN > k + 1,0 < i< m,0 <| | < k-1
This means that j, (ji— 1(X) = i)(0) = 0. O

(2.7) ProposITION. — Let XeG™"!' be non-flat along the z-axis.
Let X" be obtained from X by n successive biowing ups in 0 in the z direction.
Then X" is non-flat along the z-axis.

Proof. — Let ¥":R™""" - R™ 1 i(x(, .oy Xms 2) = (X127, .. ., XnZ', 2)
be the blowing up mapping leading to X".

Then for some analytic function G, we have X"—= G, X"and XoP"=¥" oX"
Denote i: [0,0[ - R™*1:z - (0,...,0,2).

Suppose that Joo(X" 0 i)(0) = 0.

Then j(X"-i)0) = 0 and hence j (X o¥"0i)0) = 0.

But W"oi =i This would imply that j.(Xoi)0)= 0, contradicting
our assumptions. O

(2.8) PropOSITION. — Suppose that Xe G™*! is non-flat along the
z-axis. Then it impossible that there exists an infinite directed sequence
(X", 0, k,)nen Of blowing ups in 0 of X in the z-direction with Vn>1:k,> 1.

Proof. — Suppose that there exists such a sequence. Then there exist
integers k > 1 and N > 1 such that Vn > 0: XN*» has flatness k.

Hence proposition (2.6) gives j.(jr— (XN o i)(0) = 0 contradicting pro-
position (2.7). O

This completes the proof of theorem (2. 1).

IV. TREATMENT OF ALL THE FLATNESS ZERO CASES
AND PROOF OF THE MAIN THEOREM,
WITH EXCEPTION OF THE C° RESULTS

We study germs in 0 of vectorfields which

i) leave the R™ x {0} hyperplane invariant
ii) leave the z-axis { 0 } x R formally invariant
iii) have a nonzero 1-jet.

(Sometimes we will only consider the case m = 2.)
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The 1-jet of such a vector field has a matrix of the form

A 0
0 cf
with A e R™*™ and where ¢} has the same meaning as in (I1.2.3.2).

Such vector fields appear as a result of the reduction by successive blowing
up in part III. Even if the 1-jet is nonzero, we will sometimes blow up
the vector field some more times in order to obtain situations like in the
main theorem (I.2. 1); also in some cases the proof of the existence of the C*
1-dimensional invariant manifold is made easier by making extra blowing
ups.

We must show that all possibilities for ¢§ and A (both not simultaneously
zero) lead to a situation as in the main theorem (I.2.1).

We first distinguish in § 1 the case ¢§ # 0. This turns out to be fairly easy.
If c§ = 0, (§ 2) we restrict ourselves to the case m = 2. The possibilities are:

i) A is hyperbolic: see (2.1)

ii) A has eigenvalues i4, —ii, Ae R\{0} ( « the rotation case » ):
see (2.2)

iii) A has eigenvalues a, 0, ae R\ {0 }: see (2.3)
iv) both eigenvalues of A are zero: see (2.4).

§ 1. The eigenvalues in the z-direction is nonzero.

(1.1) ProPOSITION. — Suppose that X e G™*! satisfies:

i) the z-axis { 0 }™ x R is formally invariant under X
if) ¢t # 0 (see the notations of (I11.2.3.2) or above).

Then

a) there exists a C* germ h: ({0, 0 [,0) - (R™ 0) whose graph (germ)
{(M(z),2)eR™ x R|ze [0, c0 [} is invariant under X and with j h(0) = 0;

b) supposing c§ < 0—change the sign of X if necessary—there exists a cone
K of finite contact around the z-direction {0}™ x [0, oo[ such that the only
orbit of X in K tending to 0 is contained in {(h(z), z2)eR™ x R{ze [0, 0 [};
all the other orbits starting in K leave K after a finite amount of time.

Proof — 1If we use the formulas in (II.3.2.3) (with of course
ko =k = ... = k,_, = 0) we find that for all n > 1 the 1-jet of X" has

a matrix of the form
[A—ncé 1d,,x m 0:|
0 cs

Notice that 4 is an eigenvalue of A if and only if i-nc§ is an eigenvalue
of A—ncd 1d,, .
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Hence for large n, X" is a hyperbolic saddle for which we can apply
the (un-) stable manifold theorem (see for example [H.P.S., Ke]) to obtain
the results. O

(1.2) REMARK. — The methods we develop further on for the more
delicate situations would also work here; the calculations would even
be much simpler here.

(1.3) ReMark. — In (1.1) we may replace R™ by any Banach space.
§ 2. The eigenvalue in the z-direction is zero.
From now on we work in R?, thus: m = 2.

(2.1) THE HYPERBOLIC CASE.

(2.1.1) ProrosITION. — Suppose X € G? satisfies
i) the z-axis is formally invariant under X

¢ %]
ii) jiX(0)=ax——-by — a,b>0

0x oy

iii} X is non-flat along the z-axis.

Then there exists a cone K of finite contact around the z-axis, a unique
C%2-dimensional subcone S of K and a C* germ h: ([0, o [,0) — (R? 0)
such that j h(0) = O and:

a) S is invariant under X
b) the graph of h, { (A(2), z)| z € [0, oo [ }, is invariant under X and lies in S
¢) in K we have situation II.C of the main theorem (I.2.1).

0
Proof. — By lemma (11.3.2.4) we may assume that the % component
zZ

of X is of the form z%(x, y, z) with $(0,0,0) # 0 and Q > 2.

We may, and do, assume that (0,0, 0) > 0, because if not, replace X
by — X which is of the same type.

If we use the center manifold theory such as in [H.P.S,, Ke] we obtain
the existence of a unique center-unstable-manifold.

Although it is general not necessarily C*, here we can use the uniqueness
of the center-unstable manifold as well as the fact that X is non flat along
the z-axis to obtain that the center-unstable manifold is C* in this case,
as follows.

For each me N there exists a C™ center-unstable manifold W,, defined
on some neighbourhood U,, of 0; we can take care that U, ,+; = U, for all
me N. By uniqueness of the center-unstable manifold we have
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W, Upst = W,aq. If we take U; small enough then the following
holds for fixed m.
Since ¥(0,0,0) > 0 and since a > 0 there is a T > 0 such that

px(— T, W, nU) =W nU,=W,nU,

(¢px denotes the flow of X). So U; n W, is a C™ manifold.

But as m is arbitrary, we obtain that U; »n W, is C*.

The behavior of X restricted to this center-unstable manifold can be
found in full detail in [D.R.R.]. ]

(2.1.2) Remarx. — The methods to obtain invariant manifolds, deve-
lopped further on for the more delicate cases, could also be applied here.

(2.1.3) ProposiTION. — Let E be a Banach space, X a C* vector field
defined on a neighbourhood U of 0 E x R with X(0) = 0. Suppose that

i) the z-axis is formally invariant under X;

it) E x {0} isinvariant for X and D(X | «0;)(0) is a hyperbolic contrac-
tion or expansion, that is: the spectrum of this linear operator is contained
in a subset of C of the form {zeC|Rez< — i} or {zeC|Rez > 4}
for some 2 eR, 2 > 0;

iif) X is non flat along the z-axis.

iv) X is bounded on U together with all its derivatives.

Then there exists a cone K of finite contact around the z-axis and a C®
germ h: ([0,00[,0) — (E,0) with

a) the graph of h, { (h(z), z)| z€ [0, ¢ [ }, is invariant under X

b) in K we have situation II.A or II.B of the main theorem (I.2.1).

Proof. — Let us write X = (X, X,).
By lemma (I1.3.2.4) we may assume that X, is of the form:

Xi(x, 2) = 2%(x, 2)
with 7(0,0) # Oand Q = 2.

There exist AeLE, E) and B:(E x R, 0) - (L(E, E),0) and R:
(E x R, 0) — (E, 0) such that

X (x,2z) = (A + B(x, 2)).x + R (x, 2)
and such that (up to changing the sign of X).

i} the spectrum of A liesin { zeC|Rez < /i < 0]
ii) B and R, are C* germs; especially B(0,0) = 0
iii} j.R.(0,0)=0.

This because the z-axis is formally invariant. We also may assume that R .
is « flat along E x {0} because if not, blow up once.
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The existence of the invariant graph follows from the center manifold
theory. Its smoothness follows from the fact that y(0, 0) # 0. If y(0,0) > 0
then we have situation IT. A and if ¥(0, 0) < O then we have situation II.B,;
this can be proved by standard techniques like in [D.R.R.] or like further
on in the more delicate cases. O

(2.2) THE ROTATION CASE.

We study germs in 0 of vector fields on R? which leave the z-axis R? x {0}
formally invariant and for which the 1-jet has eigenvalues i, — i4, O
(eR\{0}). Such a vector field is completely non-hyperbolic, so here
the « classical » theorems about invariant manifolds as in [Ke, H.P.S.] are
not applicable. First of all, such a vector field has, up to a linear change of
coordinates preserving R? x {0} and {0}* x R, a 1-jet of the form

1 X(0) = g g i #0
=My——x—), A .
J1 Vo™ %5

In [B.D.] we obtained the following result:

(2.2.1) PROPOSITION. — Suppose X e G? satisfies

i) the z-axis {0}? x R is formally invariant under X

o 0 0
i) j1X0)=ily— —x—1, AeR\{0}
ox ay

iii) X is non flat along the z-axis
then

a) there exists a C* germ h:([0,0[,0) — (R2,0) whose graph (germ)
{(h(z),z)|€ [0,%0[} is invariant under X and with j_ h(0) = 0

b) there exists a cone K of finite contact around { 0 }* x [0, oo [ such that
in K we have situation II. A or II.B of the main theorem (I.2.1).

(2.3) ONLY ONE NONZERO EIGENVALUE.

Here we will meet all situations II. A, II.B, II.C of the main theorem.
In situation II.C we will have to construct invariant surfaces. Sometimes
we could make use of the classical center manifold theory, but for other cases,
where the requested invariant manifold is not a stable, center-stable, center,
center-unstable or unstable manifold, we will have to apply our own
methods. But if we set up the whole machinery anyway it can effortlessly
be applied to the « classical » cases.

The methods to obtain smooth invariant manifolds developped in this
section, can also be used to obtain the results in (2.1) and (2.2).
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Uptoalinear change of coordinates preserving R? x {0}and {0}? x R,
we may assume that the 1-jet is of the form

0
J1X(0) = ax —, a#0
Ox

(2.3.1) PropOSITION. — Suppose X € G satisfies
i) the z-axis is formally invariant under X
0
ii) jiX0)=ax—,a#0
Ox
iii) X is non-flat along the z-axis

then there exists a cone K of finite contact around the z-axis and a C®
germ h: ([0, 0 [,0) — (R?,0) with j h{0) = 0 such that

a) the graph (germ) { (h(z),z)|z€ [0, 00 [} is invariant under X
b) in K we have situation II. A or II. B or I1. C of the main theorem (1.2.1).

Proof. — We may assume that jX(0) has the form as in (I.1.21).
Because X is non-flat along the z-axis, we can apply lemma (I1.3.2.4)

. 0
and hence we assume that there exists a Q € N such that the — component
of X is of the form oz

2%(x, y,2) —
0z
with %0, 0, 0) # 0.
So X can be written as follows:

0 0
X(x, y,2) = (@ + fuly, D)x = + fol2)y =
X dy

0 0
+ f3(y, 2)y? Faia z2%(x, y,2) = + Slx, ¥, 2)
y 0z

where

i) £10,0)=/(0)=0
ii) 7(0,0,0)#0
iit) S, is a vector field which is oo flat along the z = 0 plane and with

{
zero —-component (we absorbed it in y; we also assumed at least one
-

blowing up)
i) Q > 2.

We only pay attention to the upper half space R? x [0, oo [ If we blow

Vol. 3, n° 2-1986.



136 P. BONCKAERT

up X n times, without dividing by a power of z of course since the 1-jet
is nonzero, then we get

- ' ¢
X"(x, y,2) = [a + fi(yz", 2) — nzQ" y(xz", yz", 2) ]x —
cX

-

- 4
+ [fa(2) = 2@ Ty, y2n, Z)]yé}

2 c
+f3(yzna Z)y Zn»\‘
cy
0 ~
+ z2%(xz2", y2", 2) P Selx, ¥, 2)
zZ

for some §gc which is oo flat along the z = 0 plane.
Because (0, 0, 0) # 0 we can assume that X", denoted again X, has the
following expression (new f1, 7, . . .) provided that n is big enough:

A

0 0
X(x, y, 2) = (a + fi(x, y, 2)x Ees P f(x, y, 2)y —
X Oy

¢
+ 2906 y,2) o+ Sl 3, 2)
zZ
where

l) fI(O, 05 0) = 0
i) £(0,0,0)=b#0
i) Pe{l,...,Q—1} P
iv) S, is oo flat along the z = 0 plane and has zero — component.
p) %(0,0,0) = ¢ # 0. 0z

Furthermore, in order to make the calculations a bit simpler, we divide X

1
by 1 + — f;. The resulting vector field, again denoted X, is of the form
a

(new f, ...):
¢ b é 0
X(x, y,2) = ax—= + ' f(x, y, 2)y — + z2%(x, y,2) —
Ox Oy oz

+ S.(x, v, 2)

where f, 7, S, satisfy the same properties (ii) to (v) as above. The foregoing
manipulation is not essential. B

If we look back to the expression for X" hereabove, we see that in case
P = Q — 1 we may assume that b.¢ < 0 provided n is chosen big enough.
So up to a change of the sign of X the four following situations can occur:

. P<Q-1,a<0,b<0,¢<0

IL Pe{l,...,Q—-1}La<0,b<0,c>0

L P<Q—-1,a<0,b>0,c>0

IV. Pe{1,...,Q -1}, a>0,b<0,c>0.
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Here we already announce that I will lead to situation I1.B of the main
theorem, II to situation II.A, III to situation II.C and IV to II1.C. We
treat each case separately. We will refer to some lemmas which will be
proved after this proposition.

Case I:P<Q—1,a<0,b<0,¢c<0O.

In order to detect invariant graphs for X we consider the graph trans-
formation defined by the time one mapping of X (precise definitions will
follow). Roughly spoken this is: take a graph of a map (x, y) = h(z) and
transform it by the time one mapping of X.

First we modify X, without modifying its germ in (0, 0,0), with a C*

1
« bump » function z: [0, o [ — [0, 1], where 1(x) = 1 on I:O, —:l and t(u) = 0
on [1, «c[ as follows. 2

For all £ > 0 we define

X%, y, 2) = X(x, . 2) — Sal, y, 2) + r(f)sw(x, 3.2).
£

Then X, has the same germ in 0 as X can be defined on a neighbourhood
of the form B(0,x) x [0, c[, with B(O, m)={(x, ) e R? ||| (x, M|l < u}.
Moreover the set {(0, 0, z)|z > ¢} is invariant under —X,. We can modify X
to X, in such a way that the (new) f, y satisfy satisfy inequalities like

4 <fx, 320 < a, <0
El < Y(xa ,V,Z) < Ez <0

on some neighbourhood B(0, ) x [0, 50 [, where @, &, by, b, can be
chosen independent of ¢ (for this reason we don’t attach an index ¢ to f or ).

z
Let us show that the « flatness condition » of the termr()Sx(x, Vs 2)
3

is independent of ¢, that is: for all r, se N ther_e exist > 0 and G,; > 0
such that for all ¢ > 0 and for all (x, y, z)e B(0, u) x [0,d]:

c* z
(oo e

Let in fact r, se N. We have:

SS (r(f)sx(x, ¥, Z)> = E C) ?1 (T(f>> ai_j§3.c (x, ¥, 2)
e cz’! £ cz® ™/
j=0

™

|

(93]
]
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Thereexistsa 6 > Osuch thatforall pe {0, ...,r + s}andallie{0,...,s}
there exists a constant L;, > 0 such that on B(0, u) x [0, ]:

JBS

po (e, v, 2)| < L; pzP.

Furthermore for all j e N there exists a K; > 0 such that for all ue [0, oo [:

| 7u)| < K;. Hence for all z < &:
aS
Py (X, ¥, 2) K Leejrrjz ™
S
Sy
ji=0

) = 0 so the problem is trivial there.

and for all z > ¢: ‘C(i
€

The time one mapping of X, can be written down as:
Fy(x, 5, 2) = (¢°x, (1 + 2Pu(x, y, 2))y, z + 2%(x, 3, 2) + R, 3, 2)
where

i) R, . is co-flat along R? x {0} and the flatness condition is indepen-
dent of ¢
if) Ry, has zero z-component (we absorbed its z-component in g);
iii) there exist constants a,,a,, by, b, and a neighbourhood
V =B, x [0,],
independent of ¢, such that on V:
a, <ax, y,7)<a, <0
by <g(x,y,2) < b, <0.
We write F, = (F. ., F, ., F,,). We will show in lemma (2.3.5) that there
exist §; > 0 and 6 € ]0, &, [ such that if h: [0,6] — R? satisfies h0)=0
and for all ze [0,8]: | ()|l <1 then Z: [0,6] - R:z —> F, (h(z),2)
is a diffeomorphism onto (at least) [0, 6, ].
Let z(Z) denote the inverse. We define, for 0 < ¢ < §,, the following
function spaces:
Fg.={h1h:10,6] > R*is C™ K([0,8]) = BO, u), [ W(z)|| < 1, h(0)=0
and for all ze [¢,8]: h(z) = 0}
B ={hlh:[0,6] - R* is C™, h(0)=0 andforall ze [¢,8]: h(z)=0}
F? = {hlheF5, [h)] <P*D"D forallie{0,...,m}}.
Define H = I,k as H(Z) = (F, (W(2(2)), 2(2)), F,, (h(z(Z)), 22))) if Ze[0, 5,]
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and H(Z) =0 if Z€ 16,,0]. I, is a well defined map from Fg, into B
provided ¢ is small and T, is continuous for the C™ topology.

From lemma (2.3.6) we will obtain that for all m > 1 there exists an
¢ > 0 such that T (FT) < F.

Let F™ be the closure of FI" in B! for the C™~! topology. Each D'k
for heF™ and 0 <i <m — 1 is a Lipschitz function with a Lipschitz
constant independent of k; this is still true for he F".

The space F™ is hence compact for the C™~! topology, as a consequence
of a theorem of Ascoli-Arzela [Di}].

F™ is also convex.

As T is continuous on F%;! > F" for the C"" ! topology, we still have
I(Fr) < Fr

Hence it follows from the Leray-Schauder-Tychonov fixed point theo-
rem (I.1.22) that I has at least one fixed point in F™.

We hence obtain foreachme Naneg, > 0OandaC™"maph,,: [0,5] - R?
with jmh.(0) = 0 whose graph is invariant under F, .

Because h,{z) =0 on [s,, ] and because r}}l_{r:{) FY(0,0,2) = (0,0,0)

uniformly in z (see the estimates on g) we obtain that h,, is C* outside 0.

In lemma (2.3.7) we will prove that if h: [0,6] — B(O0, ) is C* on [0, 5]
and C* on 10,4] and if the graph of 4 is invariant under F,_, then h is C*
on [0,0] and j h(0) = 0.

Hence h,, will be C*. So we can consider for example F,, and h;. As a
matter of fact we want h; to be invariant under X, . To see this, observe
that for all te [0,1]: ¢x,,((0,0), t) lies on the z-axis (¢x,, denotes the
flow of X,,) since &; < d,;forall ¢ > O we write t’ = n + t where t € [0, 1]
and ne N ; we have

¢x.,(0,9), t') = ¢, (¢x,,(0, 0), t)n)

hence the graph of h, is invariant under ¢x, (., t') for all ¢’ > 0.

Finally in lemma (2. 3.8) we show that in some neighbourhood of (0, 0, 0)
all orbits tend to (0,0,0) and that those outside R? x {0} (in the blown
up situation) are graphs of maps h satisfying the hypothesis of lemma
(2.3.7).

Hence we are in situation II.B of the main theorem (I.2.1).

Em?

Case I1 :Pe{l,...,Q—-1},a<0,b<0,¢c>0.

Here the graph transformation can be defined as follows. The time one
mapping of X is again of the form

F(x, y,2) = (€x, (1 + z%a(x, v, 2))y, z + 2%(x, ¥, 2)) + R (x, y,2)

where R is o flat along the z = 0 plane and has a zero z-component.
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This time there exist constants a,, a,, by, b, and a neighbourhood V of
(0, 0, 0) such that on V we have
a; <ox, y,z)<a, <0
0< b, <glx,y,2) < b,.
Here we take the function spaces
B"={h|h:[0,e] > R* is C™ and h(0)=0}
F'={h|h:[0,e] > R? is C™ and [[hOz)| < XD
for 0<i<m}.
Denote F = (F, F,, F,).
If ¢ > 0 is sufficiently small and if h e F" then the map
Z:[0,¢] - R
z - E(hz), 2)

is a diffeomorphism onto (at least) [0, ¢]. To prove this, remark first that
for small z:

Z(2) + Qz°7g(h(2), 2) + 0(z%)

> 1
> 1
because we can estimate the first order derivatives of g and h by constants
independent of he FJ". Second observe that for small ¢:

Z(8)28+8Qb1
> E.

Denote z the inverse of Z; put H = I h where H(Z) = (F.(h(2), z), F,(h(2), 2)).

Again:

i) I':FI' —» B7 is well defined if ¢ is small and I is continuous for
the C™ topology

it) for all m > 1 there exists an ¢ > 0 such that I'(F}") < FI*; proof see
lemma (2.3.9) hereafter

iii) T has a fixed point in F" (the closure of F for the C™~! topology).

In order to prove that hq i1s C* we will show in lemma (2.3.10) that
there exist &, 4 > 0 such that if (x;, y;, z;)ien i @ sequence in B(0, i) x [0, ¢]
with lim (x;, y;, z;) = (0,0, 0) and F(x;, yi, zi) = (xi-1, i1, zi-1) fori > 1
then this sequence must lie on the graph on hq.

This implies that for all m > Q there exists an e}, > 0 with g, < min { &, £q }
such that h,, and hq coincide on [0, &, ]. As a consequence of the movement
of F in the z-direction (see the estimates on g above) we see that hq is C™
on [0.&q] and that j,ho(0) = 0. Hence hg is C* and j, h(0) = 0.

Because of the unicity of hq. in the sense of lemma (2.3.10), we see as
follows that the graph of hq is also invariant under X. Let ge N\ {0 }.
Then, by similar arguments as above, we find an € € ]0, &g [ and a C* map h:
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~ 1
[0,2] — R? with j.h(0) = 0 whose graph is invariant under ¢>x<a,.>

the time lmapping of X). Take ze [0, ¢]. Then the sequence
q

¢x(— L (hz), z))
q e

must. by lemma (2.3.10), lie on the graph of hq,.

So h lt0.31 = hq ljo,3)- Hence the graph of hq is invariant under ¢>X<1,.),
for each ¢. Thus under X. g

Finally from lemma (2.3.11) it will follow that we are in situation II. A
of the main theorem.

Case III':P<Q—1,a<0,b>0,c>0.

Let us first search for an invariant surface tangent to the yz-plane.
This will be a so-called center manifold. If we would apply the « classical »
center manifold theorem, we would obtain for each r e N the existence of
a C” center manifold: see for example [Car, Gu, H.P.S., Ke, M.M.]. But
we will show that in this particular case the center manifold is C®, at least
in a blown up situation. Further we will show that the orbits starting in
some neighbourhood of 0, but starting outside the invariant surface,
will leave the neighbourhood. The behavior of X restricted to this invariant
2-dimensional manifold tangent to the yz-plane is well known and is as
follows: there exists an invariant direction D’ having oo contact with
the z-axis; all the orbits starting in the invariant surface tend to 0 in negative
time and have co contact with D’

So we will be in situation II.C of the main theorem.

But let us now come to the proof of all this. First we prove the existence
of the invariant C* surface.

For reasons which will become clear later in the lemmas we first perform
a rescaling of the z-axis as follows. We want in fact that P > 2,

Let R: R? x 10,0 — R? x 10, < [: (x, y,u) - (x, y.u?).

We have that R, X’ = X if and only if for

0 ) ¢ ¢ ¢ ¢
X=X, —+X; —+X5— and X=X} — +X) — + X5 —:
ox Oy oz 0x cy Cu
Xix, y,u) = Xy(x, y, u?)
X,Z(xs ¥, u) = XZ(x9 ¥, u2)

1
X5(x, y,u) = — Xi(x, y, u?).
2u
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Here in particular:

2Q-1

1
X’3(X, Vs u) = 5 u '})(X, ¥, uZ) -

Let us write again z instead of u, X instead of X’.
We obtain again a vector field of the form (new P, Q, f, . . .).

o é F
X(x, y,z)=ax — +2° f(x, y, 2)y — +2z%(x, y,2) — +Sx(x, ¥, 2)
ax dy oz

with this time P > 2 and still P < Q — 1.

Let us already remark here that such a rescaling will have no influence
on our result, since it is our aim to construct an invariant graph of a C®
function x="h(v, z) with for all y: j, h(y, 0)=0: it is easy to show that then
x=h(y, \/;) is also a C* function of (x, u) co-flat along the y-axis. Also
all the other results we shall obtain are preserved by this rescaling.

The time one mapping of X can be written as

where «(0, 0, 0) > 0,g(0,0,0) > 0,R_, is co flat along the z = Oplaneand R,

has zero z-component.
There exist constants a,, a,, b;, b, and a neighbourhood V of (0,0, 0)

such that on V:
O<a, <ax,y,2)<a,

0<b <glx,y,2) < b,.
We look for a C® invariant graph of the form
{(h(y, 2, y,2) | (y,2)e [ p ] x [0, €]}

with in particular h(y, 0) = 0 for all ye [— u, u]
The u > 0 will be rechosen some times for our purposes. If y, 6 > 0
are small then V; = [— p, u] x [—pp] x [0,6] =V and F(V;,) = V.
Let us define some function spaces for ¢ < o:
F(l),E = {hlh [_ u’u]x [0’8] - Ris Cls h([— /l,/l]x [0,8])C [_ﬂ,/l],
forall ye[— mul:h(30)=0 and [[Dh(y,2)| <1}
B;n = {h]h [_luSu] x [038] - R
isCmand forall ye [— p, ] : h(y,0) =0}
Fz)n,e: F(l),sm B:'
FI' ={hlh:[—ppu]l x [0,e] > R is C”
and [|Dh(y,2)ll <z"7" for O0<i<m}.
Let us write F = (F,, F,, F,) and F, = F,, F, = (F,, F,). We would like
that the surface determined by (y, z) — F(h(y, 2), y, 2) is again the graph
of some function. For that purpose we shall prove in lemma (2.3.12)
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that for small g, ¢ > 0 and h€ F}, the map (Y, Z): [—u, ] x [0,¢] - R®:
(y,2) = Fy(h(y, z), y, z) is a diffeomorphism onto (at least) [— 4, u] x [0, €]
In that case we can take the inverse of (Y, Z), and denote it (y, 2). So (y,2)
is defined on (at least) [— u, u] x [0, €].

We put H = I'h where

H(Ya Z) = Fl(h(y7 Z)a Vs Z) .

H is defined on (at least) [— u, u] x [0, ¢]. So, for ¢ small, I is a map
defined on Iy, and takes values in BT

Moreover I' is continuous for the C™ topology.

As F' < F§, for small ¢, I is defined and continuous on F". In lemma
(2.3.13) we shall prove that there exists a (fixed) £ > 0 such that for each
meN, m > 1, there exists an ¢ > 0 such that F(F;") < F

From this fact, from the theorem of Ascoli-Arzela and from the Leray-
Schauder-Tychonoff fixed point theorem (I.1.22) we derive, in an ana-
loguous way as in case I, that for all me N there exists an ¢,,> 0 and a C" map
B [— 1, 1] % [0, &n] — Rwithj,h,(y,0)=0forall ye [— u, u] whose graph
isinvariant under F. In lemma (2.3.14) we shall show that there existsane> 0
such that if (x;, yi, z.)ien 1S @ sequence in [—p, pu] X [—u, pu] x [0, €] with
hm (>;,2z) =(0,0) and F(x;, yi, z:) = (xi—1, Yi—1, z;—1)(i = 1) then this
seduence must lie on the graph of hq. Again this uniqueness of the inva-
riant graph and the movement in the z-direction (see the estimates on g)
imply that hg is in fact C® and that its graph is invariant under the vector
field X. Also johg(y,0) =0 for all ye [— u, u].

Next we consider the restriction of X to this invariant C* 2-dimensional
manifold obtained above (always restricted to the upper half space).

This 2-dimensional situation is treated in full detail in [D.R.R.], and
is hence omitted.

Finally, from the expression of X we can now easily show that we are
in situation II. C of the main theorem (1.2.1).

Cuse IV:Pe{l,...,Q—-1},a>0,b<0,¢c>0.

Here we also look first for an invariant surface, this time tangent to
the xz-plane and passing through the x-axis.

In contrast with case I1I this surface is not a center manifold. But never-
theless we will prove that we are in situation II.C of the main theorem,
that is: the orbits starting outside the invariant surface and starting in
some small neighbourhood of 0 leave this neighbourhood, on the other
hand the orbits in the invariant surface just mentioned tend to 0 in negative
time and have oo contact with the z-axis.

One can observe in the sequel that in this case it is crucial that the xz-plane
is formally invariant, thanks to the normal form.

If this were not the case, our method wouldn’t work.

Vol. 3, n° 2-1986.



144 P. BONCKAERT

The time one mapping F of X has the same form as in case III with this
time (0, 0, 0) < 0 and g(0, 0, 0) > 0.
Hence there exists constants a,, @», by, b, and a neighbourhood V such
that on V:
a; < ax, y,z)<a, <0

0< b <gx y,2) <b,.

If 4, 6 > 0 are small then V,;:=[— & #] X [— @, u] x [0,6] =V and
F(V;,) < V.
We define for ¢ < §:

Foo={hlh: [—pulx[0,e] > R is C', h([—p pulx[0,e]) <= [—p u]
and forallxe [—p. u]:h(x,0) =0 and | Dh(x,z)[|<1}.

B = {h|h:[—up]x[0,e] > RisC"andforallxe [—pu, u]: h(x,0)=0}

Fe. = Fo.nBY

Fr = {h|h:[—u,u]lx[0,e] > R is C" and ||D'i(x,z) || < zFFDm=D
for 0<i<mj}.

Again:

i) for small ¢ we can define the graph transformation I on F§,: see
lemma (2.3.15) here after.

ii) I':F§, — BT is continuous for the C™ topology;

iii) there exists a (fixed) u > 0 such that for each me N, m > 1, there
exists an ¢ > 0 such that I'(F7") < F": see lemma (2.3.16);

iv) applying the theorems of Ascoli-Arzela and of Leray-Schauder-
Tychonoff yields for all me N the existence of an ¢, and a C™ map h,,:
[—u,u] x [0,6,] — R with j,h,(x,0)=0 for all xe [—pu, 4] whose
graph is invariant under F;

v) the uniqueness in the sense of lemma (2.3.17), and the movement
of F in the z-direction (see the estimates on g) imply that hq is in fact C*
and invariant under the vector field X. Also j hgo(x, 0) = 0,forall xe [ — u, ul;

vi) the results of [D.R.R.] concerning the behavior of X restricted to
the invariant surface together with lemma (2.3.18) hereafter imply that
we are in situation II.C of the main theorem. O

Lemmas used in the proof of proposition (2.3.1), case I.

(2.3.5) Lemma. — There exist 4 > 0 and J, € 10, 5[ such that if h:
[0,8] — B(0. w) satisfies h(0) = 0 and || k'(z)|| <1 on [0, 5] then for all¢ > 0
the map

Z:[0,0] » R:z —» F._(h(2), 2)

is a diffeomorphism onto at least [0, §,]
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_—1
Proof. — Choose § < (— b;)? ! then
F, (h(5), 0) = 6 + 6%(h(d), 5)
>86+6%, >0

Put 6, = 6 + 6%W,. Further Z'(z) > 1 + Qz°%7 b, + 0z > ! for small §
(independent of h). O 2

(2.3.6) LeMmma. — For each me N, m > 1, there exists an g€ 10,5, [
such that I'(F) = F7~.

Proof. — Let heF[" and put H = I';h. For z = z(Z) and (x, y) = h(z)
we have
FH@) || = ll(e"x, (1 + 2flx, y, 2Dy || + 0(z)
< (1 + Zfa)) || (x, ) || + O(z*) for small z
< (1 + ZPa)ZF Y"1 — (P + Dmb,z " + 0(z9)
< Z®*Dm  for small z

since a; <0Oand P<Q —1and a< 0.

Suppose, by induction on i, that |[|HYZ)| < Z®*Pm~0) for all
je{0,1,...,i — 1}. Let us abbreviate h(z):= (h(z),z) and F,:=(F, . F,,)
and F,:=F, .

We differentiate the equality Ho F, o h = F, o hi times and obtain for
the left hand side, using the higher order chain rule [A.R, Ya]:

Di(H » (F; ° h))(2)= Z Z D*H(F,(R(2))).(D/(F; © h)(z),. . ., D™(F; o h)2))
k=1 (%
where (*) is some « universal » summation over the j;, ...,J; with the

properties j; + ... +jy =1 and j,>1 for all pe{1,...,k}. Let us
isolate the term with k =i in the summation:

Di(H = (F; » h)(2) = D'H(F,(h(z))).(D(F; < h)(2), . . ., D(F; = h)(2))
i—1
- D*H(F;(h(2))).(D7(F; = h)(z), . . ., D™(F; < h)z2).

k=1 ()
There exist C* functions A, ke {0,1, ...,i — 1}, such that we can write
D{H = (F, © h))(2) = DiH(Fz(E(Z)))-(D(Fz s h)(2), . . ., D(F; = h)(2))
+ Z D*H(F,(h(2))). A(h(z), Dh(2), . . ., D'h(z), z) .
k=1
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For the right hand side we get

DY(F, « i)z) = Z ZD"FI(E(Z)).(DJ%(Z), ..., Dih(z))

k=1 ()

= DF,(h(z)). D'(z)

+ Z Z D*F,(A(z)).(D7*h(2), . . ., D*h(2)) .

k=2 (*)

Intermezzo:

SuBLEmMMA. — If E is a normed space, if L:E — E is an invertible
continuous linear map and if B: E' — E is a continuous i-linear map then

IBI<|Be(L,...L)[. IL7'
where Bo (L, ..., L) is the i-linear map defined by
Bo(L,...,L))wy, ...,w) =B(Lw,,...,Lw;).

Proof. — Obvious./.
If we apply this in the equality

D'H(F,(h(z))) -.(D(Fz o h)2), ..., D(F, o h)(2))
+ Z D*H(F,(1(2)). Ah(z), . . ., 2)=DF;(h(z)). D'h(z)

k=1

+ Z Z D*F,(h(2)).(D*h(z), . . ., D**k(z))

k=2 ™
to L = D(F, - h)(z) and B = D'H(F,(h(z))) we get (replacing F,(h(z)) by Z):
ID'H(Z) || < [ || DF,(h(2)).D'h(z) |

+ H Z z D*F,(h(z)).(D’*A(2), . . ., D*R(z))

k=2

|

i—1
+ |l Z D*H(F,(h(2))). Alh(z), . . ., D'h(z), 2)

Il (D(F; = h)z)) ™ II".

Let us make an estimate for each term or factor separately

a) ||(D(F; = hYz) " |
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As we already saw in lemma (2.3.5):
ID(F; e h)2) |7 < 1 —iQz% by + 0(z9Y).

Remark that this 0 symbol, as well as the ones following, are independent
of he FT.

b) H z D*H(F,(A(2)). Adh(z), . . ., D'h(z), 2)

= ((Z®*+Dim~i* 1y because of the induction hypothesis; this 0-symbol is
independent of h since we can bound the || Ay(h(z), ..., Dh(z),z)|| by a
constant independent of he F[".

9 Z Z D*F,(R(z)). (D' h(z), . . ., D’*h(z))

k=2 (%

In each term of this summation we have j; + ... + jry =iand k > 2.
So there must be a pe{1,2,...,k} with j, <i— 1. Hence, except for
the case that j, = j, = ... =j; =1 and k =i, each term contains a
factor D*i(z) with ke {0,1,...,i — 1 }; such a term is Q2P+ Dm—ir 1y

Suppose that j, = j, = ... = j, = 1 and k = i. We can write

DF,(A(z)).(DA(z), . . ., Dh(z))
as a sum of terms containing Dh(z) as a factor, except the terms of the form
6‘F1
oz
which is 0(z%* ™) if we replace (x, y) by h(z)
d) || DF,(h(z)). hz) ||

— (h(z)) = <0 yi(l + 2, y, Z))>+0(Z°°)

We have:
DF = D(F;.., F. -1 ; 0]
)%, ¥, 2) = D(Fx., y’s)ﬁx’ YAD=10 1 4 ax, y,2) 0
0 0 0

+ 0 0 0
Y=z (1 +2Pa(x’ Vs Z)) y-(l + ZPd(x, Vs Z)) ) A (1 +2Pa(xa Vs Z))
0x Oy 0z

+0(z%).
So if we write h=(h,, h,) we get, since (x, y) must be replaced by h(z):

| DFy(h(z). K(2) || = || (e*h(z), (1 + ZPalx, y, 2))h(2))
+ 0PI || < (1 + 2Fay) | h92) || + Oz®* V™) for small z
< (1 4 Zay)Z®+m=H 4 gF+Dmy
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e) Finally
We end at:

I H(i)(z) <@+ ZPaz)Z(P+ Dem=1) 4 O(Z(P+ 1)}m—i+ 1})(1 —_ iQZQ'lbz + O(ZQ))
1+ ZPaz)Z(P+1)(m—i)+ O(Z(P+1)(m—i+1))

(1 4 zPa, + O(zF 1))z P+ Dm=D

< (14 ZPa, + 0(ZP1)ZE+ Vm=d(1 — (P + 1)(m — i)Qflbz + 0(z9)
< Z(P+ 1Ym—1i)

<
<

because P < Q — 1 and a, < 0. O

(2.3.7) LemMa. — If h:[0,6] — B(0, ) is invariant under F, , if
h(0) = 0, if sup ||K(z)}]| < + oo and if A is C* on 10,6] then h is C*
z€]0,8]

on [0, ] and j, k(0) = O.

Proof. — For all ze ]0,8] we consider the sequence (F; (h(z), 2))ien-

The invariance of the graph of h implies that we can write
F.,(h(z), 2) = (W(z{2)), z2))

for all i e N, with in particular zy(z) = z.

If z,€10,6] and z, = z,(z,) then each z€10,z,] is of the form z{z)
for some z € ]z, z,].

In order to prove the lemma it hence suffices to show the following:
forall j, s € N there exist z, € ]0, 6] and K; ; > 0 such that for all zy € [z, z,]

and allie N: :
H h“)(Z;(Zo)) “ < ths(Zi(Zo))s;

we can abbreviate this by writing hY(z{(z.)) = 0((z{z))*). Let us write
shortly z; = z(zy). Let j,seN.
From the recurrence formula
Wz;) = Fyp,(h(zi-1), zi- 1)
forall i > 1 and from the estimates on F, we derive the existence of z, > 0
and B, > Osuch thatifz, < z,thenforalli> 1:

Lh(z) || < max { €% 1 + zFa, } || h(z;—y) || + Bz’
< (1 + ZFay) | Az ) 1] + Bz
for small z, since a < 0.
Applying this successively we get
i—1
[ h(z) ]l < H(l + zia;) |l h(zo) ||

k=0
i-1 i—-1

+ B, 2 ﬂ 1+ z,'zaz)z?“.
J=0 k=¥ 1
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On the other hand

for0<j<i—1. S0

I h(Z ) _1 h(Zo) Il n (1 + zia,)
1+ ZkQ lb )s

1 (1+ zkaz) 1
+ B Qs
Pra Z H (1+2271h,) (1 + 25ay) ki

j=0 k=j

If

1
P-Q-1
(2)
Sbl
1 —+ Zgaz
(1+ 227~

(remember: P < Q — 1).
Thus in that case

LRI _ 1)l BIE%Z?-
z z (a1 + zja

then for all ke N :

Choosing

we have for all je N:

—s— <2
1+ z%a,
)|
We can find a constant L, such that for all ze [z, 2,]: — <
forallie N: z

i—1

h(z;
Iy o, ZQ
Zi

j=0

From z;,, <z;(1 + b,z97') we derive —b,2% < z; —z;4; s0

2(— b)) <zp —z: < 2, forall i>1.
i=0

Vol. 3. n® 2-1986.
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We obtain:

Ihz) ) _ ) 2Bz,

z; —b,

for alli e N. Thus the case j = 0 is done.
Now by induction on j we prove that h(z;) = 0(z) for all se N. We
differentiate the equality

h(z;) = Fx,zm(z(zi—l))

j times (where h(z) = (h(z), z)). Proceeding for that like in the proof of
lemma (2.3.6) we find for the left hand side:

h9z,). [(F: o by (z;- )

; Z Zth(z,-).(Dfl(Fz Bz 1), o DHE o Bz )
k=1

= K9z [(F; o B)(z:- 1))
i—1

+ Z h®(z,). Agh(zi—y), - . ., K9z~ y), zi— 1)
k=1

where A; 1s some C® function; it is important to observe that A, is linear
with respect to the variable h(z;_ ). For the right hand side we get:

DFx,Em(E(Zi— 1) E(j)(zi— 1)+ Z ZDkFx,am(z(Zi— ). (E(jl)(zi- Drees E(jk)(zi— 1)
k=2 (%

where the terms in the last summation never contain h(z;_,). Since
sup || (2)]| < + oo we see that

2¢10,8] B .
[(Foh)(z:iy) 177 < 1+ 0(z27").

For the other terms we proceed exactly like in the proof of lemma (2.3.6)
but collect the terms containing hYXz;_,), which a priori might be unbounded;
those terms contain a factor which is, by the induction hypothesis, an
0(z;L,) for any Ne N.

Also

| D, ., (A(zi-1)). hA9(zi1) || < (1 +20-1a) || B9zi 1) || + O( 1| (zi—y) | )
So we find that for all Ne N:
1B || < (1 + z-qa; + Oz21) | Az ) || + Ofzi2).
Choose N = Q + s;then we can find constants a; < Oand B; > 0 such that
1Rz ]| < (1 + 22-1a)) || B9zi- ) || + B;2275.
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This estimate is of identical type as the one we started from when solving
the case j = 0. Now we may go on exactly in the same way in order to
obtain the desired result. dJ

(2.3.8). LeMMa. — There exists a neighbourhood V of (0, 0, 0) such that
all orbits in V tend to (0,0,0) and those outside R* x {0} are graphs
of maps h satisfying the hypothesis of lemma (2.3.7).

Proof.— By means of the obtained C* invariant graph { (h(z), z) | ze [0, 6] }
we define the C® coordinate change

G {(X,?) (x, y) — h(z)
VA VA

Put X = G, X and write X = (Xxs X, ) Since X leaves the z-axis inva-
riant we observe that

X X% 7, 2) = 01| & D) )

From the expression of X we calculate that, for the standard inner product
on R?:
X X)), 35 2), (%, ) > = ax? + 2P f(x, y, 2)y* + 0(z%)

R = ax?® + z°(£(0,0,0) + higher order)y* + 0(z%) .
Because G does not alter oo jets in (0, 0, 0) we can write for X:

+ 0(z=)0( | (x, ) 1)

Let us write again (x, y, z) instead of (x,7, z). Since f(0,0,00=b<0
and since a < 0, we can find a neighbourhood V of (0, 0, 0) and a constant
"¢ > 0 such that on V:

(XKoo X061, 2, (6 9) > < — e2P Il (x, W12

From this the result is easily derived. O

Lemmas used in the proof of propositigy (2.3.1), case 11
(2.3.9) Lemma. — For each mQN:m > 1, there exists an ¢ > 0 such
that I'(F7") < F7".
Proof. — The differences wit1_1 the proof of lemma (2.3.6) are:
IH@Z) || < (1 + 20a,)2% 79" + 0(z)
< (1 + 2fa,)Z®" V™ + 0(z®)

< Z®*Um  for small z;
for b):

[(F.oh)y(2)] 7" <1

Vol. 3, n° 2-1986.



152 P. BONCKAERT

for e):
“ H(i)(z) ” < (1 + Zpaz)Z(P+1)(m_i) + O(Z(P+1)(m—i+l))
< (1 + ZFay + 0P ))ZE+ V=D
< Z®* e for small z. O

(2.3.10) LemMA. — There exist ¢ p > 0 such that if (x;, y;, Zi)ien Is @
sequence in B, u) x [0,&] with 1im (>, v 2;) = (0, 0,0) and

Flx;, i, 2:) = (-1, Yie1, zim) (2 1)

then this sequence must lie on the graph of hq.

Proof. — With the C? coordinate change

G- { (i?, V) = (x%¥) — hol2)

z =2
we obtain for F = (I:“x, I:“},, I:“,) = GF that
HFF)E 7D <+ Za) & DI

for some @, < 0 on some neighbourhood of (0, 0, 0).

Denote the transformed sequence (X;, Vi, Ziien-

We have |[(X;, 7)1l < (Xie1, Vix1) || if € is small. So then for all i:
HGe W < Give Vs D < o <1 (Kigms Vi)l = 0 for n - oo,
Thus X; = y; = 0, that is: the sequence lies on the z-axis, which is the
transformed of the graph of hq by G. ]

(2.3.11) Lemma. — There exists a neighbourhood V of (0,0,0) on
which all orbits of X starting outside the invariant graph leave V for
{ - — C.

Proof. — Precisely like in lerzlma (2.3.8) we obtain for some B >0
and on some neighbourhood V:

XKoo X)0x, 1, 2), 06 ) > < = 2P 11 (s, W) 112

From this we see that the~ function V:R® - R: (x, y, z) — ||(x, »)
is a Lyapunov function for X in the region z > 0, whence the result. O

i

Lemma used in the proof of proposition (2.3.1), case 111.

(2.3.12) LemMa. — For small y,¢ > 0 and heF}, the map (Y, Z):
[—u p] x [0,e] - R%:(y,2) = Fy(h(y, 2), y, z) is a diffeomorphism onto
(at least) [—u, u] x [0, €].
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Proof. — We have
F(h(y, 2), y, 2)=((1 + by, 2), ¥, 2))y, z+ 2%(A( ¥, 2), ¥, 2)) + R o (H( ¥, 2), ¥, 2)

where R, is oo flat along the z-plane and has zero z-component.
So, in a short notation:
1+ Pa+27(0,a.0,h+8,0)y (P28 o+ 2P0 2. 0,h+ 2530
D(Y, Z(y. 2)=| 4 ot o
z%0,8.0:h+0,8) 1+Qz% g+ 20, 8. 0:h+ 05 8)
+ [0:R4.0:h+3:R, 0:{R, .02 + 3R 1.

We have: D(Y, Z)(0,0) = Identity. Because of the inverse function theo-
rem and because for all he F§,: || Dh(y, z)|| < 1 there exist u,&¢ > 0 such
that for all h e F§ , the map (Y, Z) is a diffeomorphism on [—yu, u] % [0, ¢].
Put R, = (R, 0). If ¢ is small enough we have for all ye [—p, u]:
e+ e%%(h(y, ¢), v,€) > ¢
and for all ze [0, ¢]:

(1+zPa(h( s, 2), 1, D))+ R (1, 2), 1, 2) = p
(1+2%a(h(—p, 2), —p, DN — )+ R J(H(— 1 2), —p,2) < — .

As (Y,Z)[—w 1] x [0, €]) is simply connected, this implies that
(Y, ZY([— 1, ] x [0,€]) = [— u, 1] x [0, ¢]

(2.3.13) Lemma. — There exists a u > O such that forallme N, m > 1
there exists an ¢ > 0 such that I'(F7) = FJ".
Proof. — We choose p such that lemma (2.3.12) holds.
Let he F, H = Th. For i = 0 and (y, z) = (y, zY, Z) we have:
1H(Y, Z) || = [ e*R(y, 2 || + 0(z™)
< ez + z™)
<z"
<Z"
for small e.
Suppose, by induction on i, that

I DH(Y, Z) || < Z"7/

for all je{O0,1,...,i— 1} and all (Y,Z)e [—u u] x [0,¢], i = 1. For
brevity put B
h: [_ Auﬂu] X [0’8] - R3
(¥, 2) = (h(y,2), ¥, 2)
and put also F, = F,, F, = (F,, F,). If we differentiate the equality
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HoF,oh =F,oh i times then we obtain in the same way as in lemma
(2.3.6) that

I D'H(Y, Z)|| < [DF@( v,2))-D'h(y, 2)

+ Z Z D*Fy(R(y, 2)).(D*R(y, 2), . . ., D*h(y, 2))

k=2 )
i—1

+ Z D*H(Y, Z). Au(h(y, 2), . . ., D'h(y, 2), y, z))]
=1

x | (D(Fa o h)(y, 2) 7.

We estimate as follows:

a) From the expression for D(F, o h)y, z) = D(Y, Z)(y, z) obtained
lemma (2.3.12) we see that we can write

D(F; o h)(y, z) = Identity 4+ zMy(y, z)

where My(y, z) is some matrix with M,(0, 0) = 0; thisbecause Q —1>P > 2:
see the rescaling construction.

Moreover we can choose p, ¢ > 0 such that for all meN, m > 1, all
heF? and all (y,z)e[— u, u] x [0,¢]:

IMi(y, 2) Il < 1.
Then ~
HDF, e h)y, 2) '] <1+ 0z)
i-1
b) i Z D*H(Y, Z). Ah(, 2), .. -, Dih(y, 2), y, 2) || = OZ"#*Y)
k=1

because of the induction hypothesis and because of the uniform bounds
on the [[ Auh(y, 2), .. ., y, 2) I

D*Fy(h(y, 2)).(D7h(y, 2), . . ., D’*h(y, 2))

k=2 ()
because here the same reasoning as in lemma (2.3.6) applies and because
here in particular

¢)

l — O(Zm—i+1)

W (h(y, 2), y, z) = 0(z*®)

foreachqe{0, ...,i}
d) From
DFi(x,y,z) = [e* 0 0]+ 0(z™)
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we obtain
| DF(h(y, 2). D'(y, 2) || = [| “D'h(y, z) + 0(z) |
<ez" 4+ z™).
e) Finally:
| D'H(Y, Z) || < (¢ + 0(2))2" (1 + 0(2))';
If ¢ is small we have forallie {0, ...,m}:

(€ +0)1 + 0@2)) < 1.

Hence _
| D'H(Y, 2) || < z"7'
< Zm—i‘ D
(2.3.14) LemMa. — If ¢ is small and if (x;, y;, z;) is a sequence in

[—ppl x [—p ] x [0,e] with lim (x;, z;) = (0,0) and
F(xi, yi» 2i) = (xi—15 yi—1, zi-1) (1 2 1)
then this sequence must lie on the graph of hq.

Proof. — Similar to the proof of lemma (2.3 .10) with this time the coor-
dinate change

Il

- hQ(y’ Z)
G:

X
y
z.

nl <l x|
fi

a

Lemmas used in the proof of proposition (2.3. 1), case IV.
(2.3.15) LemMAa. — For sufficiently small ¢ > 0 and for h e F§, the map
X,2): [—mpu] x [0,6] - R?
(x,2) = (Fudx, h(x, 2), 2), E.(x, h)(x, 2), 2))
is a diffeomorphism onto at least [ — u, u} x [0, €].

Proof. — We have (X, Z)(x, z)=(ex, z+ z%(x, h(x, z), 2)) + R o (x, h(x, 2), z)
so, in a short notation:

et 0
DX, Z)(x, z)= _ . .
X, Z2)(x, 2) [ZQ(61g+82g.61h) 1+Qz° 1g%—zQ((ng.ozh+63g)j|
8. R.+6,R,.0,h 0,R..0,h+3:R,,
+ 0 0 '

As || Dh(x, z)|| < 1 for he F}, remark that the last matrix is an 0(z*)
independent of h.
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a

We have: D(X, Z)0,0) = [eo

and the inverse function theorem there exist small ¢, ¢ > 0 independent
on he F§, such that (X, Z) | [ ux0,, is @ diffeomorphism.

For all xe [— u ul:e + e%(x, h(x, ¢),¢) = ¢ if ¢ is small because of
the estimates on g on V.

Also for all ze [0,¢] and & small ey + Ro(u h(y, 2),z) = ¢ and
ea(_ Au) + Roc(—_ Hs h(— Hs Z)> Z) < - W

Hence, since (X, Z)([— t #] % [0,¢]) is simply connected,

X Z)([— wpl x [0.e) > [—pulx [0,e) O

(2.3.16) Lemma. — There exists a x> 0 such that for each meN,
m > 1, there exists an ¢ > 0 such that T(F/") < F{".

0
J. Because of the foregoing remark

Proof. — Copying the scheme of lemma (2.3.6) this time one has:
THX Z2)|| < (1 + az25)z8 D" 4+ 0(z®)
< Z(P+ 1)m
We put F = (F_,F,F,), F, = F,F, =(F, F,).

a) We can write:

D(E, - B)(x, z) = [‘; P

/3

hence

| (D(E © h)(x, 2)) "' ]I = ll[ 1—Q Q-1 }+ 0(z9)
1 — Qz% by + 0(z9)

IA

b) and ¢): the same
d) here:

DF(x, y,2) = [0 1+ 2%x 0]

~

0 é 0
+ 14+ Zf0) —(1 Py P
y|:6x( o) 3 (1 + o) p 1+z a)j'

y z
50 +0z)
| DF,(h(x. 2)). D'h(x, 2) || < (14 Fay)zt 7 Dm0 0z )
e IIDHX, Z)1f < (1 + azh)z®* Dm=d 4 oz Dem=i+ 1)
x (1 — Qz% tp,)
< Z®+ Dm=i)
for small z since ¢, < 0 and b, > 0. |
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(2.3.17) Lemma. — If ¢ is small and if (x;, y;, 2;)iey 1S @ Sequence in
[~ p1] x [0, e] with llm (¥i> ) = (0, 0y and F(x;, y;, z:)=(Xi~1, Vi1, 2-1)
(i = 1) then this sequence must lie on the graph of hg.
Proof. — Analogous to the proof of lemma (2.3.10). O
(2.3.18) LEMMAa. — There exists a neighbourhood V of (0,0,0) on

which all orbits of X starting outside the invariant surface leave V for
t - — C.

Proof. — After the coordinate change

G:

=|
Il

(x, z)

X
z

ST

Il

we obtain a vector field X = G, X whose y and z components are of the
form (write again x, y, z instead of X, y, z):

X,(x, v.2) = 2 f(x, y, 2)y

X%, y, 2) = 299(x, ¥, 2)
where f(0,0,0) < 0 and (0, 0,0) > 0.

Take a bounded neighbourhood V of (0, 0, 0) and constants a,, Bl, b 2>0
such that on V:

iy(-xj, ¥, Z) < — aZZPy
0< by < ¥x,y,2<b,.

Now the lemma easily follows. O
This completes the proof of proposition (2.3.1).
(2.4) ALL THE EIGENVALUES ARE ZERO.

Here we will meet all situations I1. A, II.B, II. C of the main theorem.
Since we work with germs X of flatness zero, that is: j; X(0) = 0, and
since the z-axis must be formally invariant under X, we can assume, up
to a linear change of coordinates preserving R* x {0} and {0}* x R,

é
that the 1-jet is y —; equivalently: the matrix A introduced in the first
Ex

1o o]

lines of this chapter IV is:

and ¢} = 0.
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We will try to reduce, in some sense, this case to one of the previous
cases in propositions (1.1), (2.1.1), (2.1.3), (2.2.1) and (2.3.1). With
« reducing » we mean: to deform the vector field by means of (sometimes
degenerate) coordinate changes which do not alter the nature of results
such as for example « having co contact », « being a cone of finite contact »,
etc. In fact all the cited cases will occur.

(2.4.1) PROPOSITION. — Suppose X e G? satisfies
i) the z-axis {0 }* x R is formally invariant under X
¢
i) 1X(0) =y
Ox
iii) X is non-flat along the z-axis
then
a) there exists a C® germ h:([0,0[,0) - R> whose graph (germ)
{(hz),2)|z€ [0, c [} is invariant under X and with j h(0) =0
b) there exists a cone K of finite contact around { 0 }* x [0, oo [ such that
in K we have situation I1. A, II. B or 11. C of the main theorem.

Proof. — Applying lemma (11.3.2.4) we may assume that the z-compo-
nent of X is of the form
XAx, y, 2) = 2%(x, 3, 2)

. 0
with (0, 0, 0) # 0.Since j; X(0) = y I we can write X in the following form :
X

0 0
X(x, y,2) = [h(@x + (A +(2)y] o= + [81(2)x +g2(2)y] 3y

-~

G, G,
+h1(xs ¥, Z)_ +h2(x: Vs Z)"_ +ZQ’Y(X7 Vs Z)i
Ox dy 0z
+S.(x, y, 2)

where f1, f2, €1, &2, h1, ha, v and S, are C* germs and
i) f10) = f5(00) = g,(0) = g,(0) =0
”) hl(oa 09 Z) = hZ(Oa 09 Z) =0
ch ch
ox dy

0,0,2) = %(0,0, z) = %(O, 0,2) =0
Ox dy

iv) 7(0,0,0) # 0

v) Q=2 N

vi) S, is a germ of a vector field with zero 9 -component and which
is oo flat along R* x {0}. 0z

Let me explain this a little bit. First we collected all terms linear in x
and y; property ii) together with vi) reflects that the z-axis is formally
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invariant; property iii) simply means that h; and h, don’t contain terms
linear in x and y; property vi) indicates that we « absorbed » the 0(z)

é
terms of the — component of X in y.
0z

Allthough it is not crucial, we can spare some ink and calculations if
we observe that we may assume that f(z) = 0. Because if not, we replace X by

L
1 + f5(2)

this germ is C® equivalent with X by means of the identity map. We want
to put the matrix
z 1
M) [fl( ) ]
g1(z) g2(2)

in a more handy form by means of a coordinate change.
Let T = f; + g, denote the trace of this matrix. This trace will play an
important role in the sequel.

If we put
1 0
L=}1
~(fi—g) 1
> (f1—&2)
then one easily checks that
1
=T 1
B 2
LML =
(fi-gPtg AT
3 U1 g2 &1 2

1 .1 S
Note, by the way, that 7 (fi —g2)* +g1is 2 times the discriminant of

the characteristic equation of M. All this suggests the following coordinate
change:

1
¢:(R%0) - (R 0): (x, y,2) - (x,i(fl(z) — 8202)x + y, Z>-

As
1 0 0

(f1(2)—g22)) 1 (f1(2) —g2(2)x

0 0 1

Do(x, y, z) =

N =
N =
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we obtain from a straight forward calculation that the new vector field
in a point (x, y', z) = ¢(x, y, z) can be written in the following from:
d)*x(x’ yla Z) = Dd)(xa y: Z)'X(x’ )’7 Z)

1 0 1 R 1 b0
= [— T(z)x + y’] o + [— (fil2) —g202)* +g1(2x+ 5 T(Z)y } 5

+3 (fl(z) 82(2) )Xz(x,y——(fl(Z) g2(2)x,

- d - o
+ hy(x, ', 2) o + hax, Y Z),\—j +2%9(x, ¥, 2)
Ox Oy 0z

+ S.(x ¥, 2)

where 711, 712, 7, §x satisfy analogous properties as i), iii), iv) and vi) above.
For brevity we write

g(z) = _(fl(z) g2 +g:(29)+ 5 (f —g52(2)X.(0,0, 2).

Then we can write down ¢,X in the form (new 712):

1 d 1 e
¢4 X(x, ¥, 2) = l:i T(z)x + y’}a—x + |:g(2)x +5 Ty ] 3y

- 0 ~
+ hl(x: y,: Z) — + h2(x: yla
Ox
- d ~
+ z2%(x, ¥, 2) % + S,(x, V', 2)-
z

For reasons which will become clear in a moment we perform a rescaling
z = u? of the z-axis, just like in the proof of proposition (2.3.1) case I,
by means of the map

R:R? x ]0,0[— R? x J0,0[:(x,y,u) = (x ,u?).
Remember that we always restrict our attention to the upper halfspace.
Calculating straightforward we find that R, X’ = ¢,X if and only if

1 ) 1 0
X'(x,y,u) = I:E Tu?)x + y’:lé; + l:g(uz)x + ET(uz)y'] 3y

-

~ 2 (ol ~
+ hy(x, y,u*)—+ h
Cx
1 2Q-17, 2 ¢ Q
+-u }‘(xa _V', u )_ + Soo(-x: y,a u2) -
2 ou
Let us simplify the notations by writing again X, y, z, by, h,, Q, 7, S, instead
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- ~ 1. -
of respectively X', y', u, hy e R, h o R, 2Q — 1, 5 7 e R, S = R; let us also

put V(u) = T(«?). Then we obtain something of the form:

1 ¢ 2 1 ¢
X(x, y,2) = EV(Z)X +y = + | g(z%)x + EV(z)y 5

) b
+ hl(xs Y, Z) a_ + hZ(xa Y, Z) A
x ay
0
+ z%(x, ¥, 2) — + S(x, ¥, 2)
0z

where, for the sake of clearness, the following properties hold:
i) V() =g0)=0
ii) hy(0,0,2) = hy(0,0,2) =0

oh oh oh oh
iii) —2(0, 0, 2) = —(0,0,2) = — (0,0, 2) = 20,0,2) =0
Cx Jy Ox oy

i) 9(0,0,0)#0
v) Q=2 s
vi) S, is a vector field with zero —-component and which is oo flat
along R? x {0}. oz
Let me explain why it is no restriction to assume that
Jg-1V(0) # 0.

We can perform a blowing up idea similar to the one in the proof of pro-
position (1.1) as follows. Blowing up X n times gives a vector field of the
form

~ _ 1 1 0
X'(x, y,2) = | | = V(2)x — nz® " y(xz", y2", 2)x + y |
2 ox

1 N c

+ | g(z%x + | = V(2) — nz27 y(x2" y2", 2) |y | 5=

2 cy

~ ) ~ c ¢
+ hy(x, 3, 2) = + halx, v, 2) — + 297(xZ, y7 2) =
cx cy

N

+ §I(x7 )"’ :)

for some h,, ;12, §x satisfying similar properties as ii), iii) and vi) above.
The fact that (0, 0, 0) # O should explain our assumption jo-;V(0) # 0,
which we take for granted from now on. So there exist P, € {1,...,Q—1}
and a; # 0 such that

V(z) = a; 2% + 07 Y).
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) 0
The « strongest » term in the expression of X is of course yé——. We want
X

to « weaken » it with respect to the other entries in the matrix

1V 1
E (2)

&) %V(z)

This situation is comparable with the problem: diminish the entries « 1 »
emerging in the Jordan normal form of a square matrix. Inspiring ourselves
on this, we consider for each P e N the coordinate change

Up: R? x ]O,OO[_) R? x ]0500[3(9%)’,2) - <x’—)_}§’ Z)'
z

P will be chosen in a moment, according to the occuring cases. In fact ap
is a sort of partial blowing up. -
é 5} 0
If X =X,—+ X, -+ X,— then in a point (x, ', 2) = %(x, ¥, 2)
Ox oy 0z
we have

apeX(x, V', z) = Dap(x,y, 2). X(x, ¥, z)

0
= Xux, V=5 2) —
X

1 ' é
+ [:? Xy(xa y’:Pa Z) -P y; Xz(x9 yIZP, Z):l ay,

0
+ X3(x’ y’ZP: Z) A
0z

For our vector field here this gives:

’ 1 ’ P a
apeX(x, ¥, 2) = EV(z)x +y'z £

1 1 )
+ [—p gz%)x + (— V(z) — Pz 'y(x, y'2°, Z)>y']*
z 2 oy

Lo 1 L@
+ hl(xa )”Z s Z)a_ + —th(x, y,Z 5 Z)a_
ox  z Oy
0 ~
+ ZQ?’(xa }./:P, :) - + Sac(xs y’a Z)
Ccz

for some §m satisfying property vi) above.
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Intermezzo.

Let me indicate here why it was necessary to rescale the z-axis. Take the

example:
01
2l

Since the only allowed choices for P are here P = 0 and P = 1, we cannot
weaken the entry « 1 » without creating a similar problem. However after

the rescaling we have
0 1
22 0

and by taking P = 1 we are lead to the matrix

2
z 0]
End of the intermezzo.
We distinguish the cases jp,g(0) = 0 and jp,g(0) # 0.

Case jp,2(0) = 0.

Choose P = P,. We distinguish P, < Q —land P, = Q — 1.

Subcase Py < Q — 1.

Here we have (write again x,}, z instead of x, y’, 2)
1 P+ a
apX(x, y,2) = [ | =a;25 + O+ Y Jx + 2y | —
2 Ox
1 1 0
+ [? g(z¥)x + (5 a,zP + 0(2*’“))y]5
7 1 0
+ hl(x> )’ZP> Z) a + Z—P h2(x> yZP’ Z} 5.;
0~
+ z(x, yzF, z)a— + Selx, ¥, 2).
0z

Since jpg(0) = 0 we may write that

g(ZZ) — (x22P+ 1) .
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We devide the vector field «p.X by zF. We can write:
1 1 0
?apX(x, »,z) = §a1+0(z) x+y e

0 ! 0 :la
+ [ (z) + <2a1 + (z))y >

1 0 1 0
+ ?hl(x, }’ZP: Z) é; + ;z_PhZ(xa }’ZP, Z)a_y

0 1~
+ z297(x, y2°, 2) — + = Sulx, ¥, 2).
0z z

1
In order to get rid of the possible unboundedness of the terms — hy(x, yzF, 2)
1 z
and —5 hy(x, y2°, z) it suffices to blow up the latter vector field 2P times
z

(without dividing of course); indeed: thanks to the property iii) above we

have
hl(x7 yZP’ Z) = O( “ X5 y) HZ)
hZ(xs yZP’ Z) = 0( ” (X, y) ”2) 5

if we blow up 2P times, the formulas in (I1. 3.2. 3) imply that there appears
a factor z2F, 1
This blowing up construction does not alter the 1-jet in 0 of HapX.
z

This 1-jet is:
1 N é +1 5}
—a{Xx —_— —da -
2TV ) T2 gy

Since a; # 0, we clearly have a vector field satisfying the assumptions
of proposition (2.1.3). The conclusions of proposition (2.1.3) remain
valid for our original vector field because of the following reasons:

a) op "({(Mz),2)|z€]0,0[})u{(0,0,0)} is the germ of the graph
of a C* map oo tangent to the z-axis in 0, as well as

R({(hz),2){ze 10,0c[})U{(0,0,0)} since ;. h(0)=0;
b) if we have a cone K of the form
K ={(x,52€eR* x [0,0[|x*+ y* < (h(z))* }

then ap ! transforms it into

. , X2 32
{("’ YR x [0’ x[ ' H2? P = 1} ‘

This set contains the cone

K’ = {(x,5,2)eR2 x [0, [| x* + )2 < ((z)")?)
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in which we have situation II.A or I1.B of the main theorem according
to the case;
finally the rescaling R transforms this last cone into

R(K') = {(x, 3, 2)eR? x [0, [|x* + y? < (h(\/2)?2" },
which contains a C* cone of finite contact.
Subcase P, = Q — 1.

With a same construction as in the subcase above we obtain a vector

-~

1 3
field — 2p.X(x, y, z) with this time a —-component zy(x, yzF, 2). After
z cz

blowing up 2P times (in order to get rid of unbounded terms) we obtain
a vector field satisfying the assumptions of proposition (1. 1).
We can conclude just like in the subcase above.

Case jp,g(0) # 0.
There exist P,e{1,...,P; } and a, # 0 such that
g(z?) = a,z%% + 0(z°727?).,

Choose P = P,. We distinguish three subcases: P, < P, < Q — 1,
P,=P,<Q-1lorP,=P,=Q—~1

Subcase P, < P, < Q — 1.
We have
d
apsX(x, y,2) = [0(zF")x + zPy]a—
X

+ [(azzP + 0(z"*2)x + 0(z"* )y ]

’ & \3)1 Y}

o} 1
+ hl(xa ,VZP, Z) ~ + P h2(x7 ,VZP, Z)
ox zZ

Q0
\?4

~

+ z¥(x, y2© z)i + S.(x, 1, 2)
s b az ke o) 3 >

We devide this vector field by zF and obtain:

1
o X(x, 3, 2) = [0@)x + y]— + [(@s + 0@)x + 0()y] =
z Cx Cy

-

P oy p oy C
+ 3 hl(x9 yz-, Z) — + hl(x’ yz, :) -
2 éx %% Cy

-

c 1 <
+ ZQ‘P?‘(X, ,VZP, z) E + ? S,(x, ¥, 2).

Again we can get rid of the unboundedness of some terms by blowing up
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2P times, just like above. Denote the resuit of this blowing up construction
by Y.
The 1-jet of Y is 3 5
y P + ax 3y .

If a, < 0, then the eigenvalues are i\/[ al; — i\/lazl and 0. Hence
we can apply proposition (2.2.1) to obtain the situations II.A or II.B
of the main theorem. The same remarks a) and b) in « case jp,g(0) =0 »
hold.

If a, > 0, then the eigenvalues are \/Z , — \/(z , 0. So up to a linear
change of coordinates preserving R* x {0} and {0}* x R, Y satisfies
the assumptions of proposition (2.1.1). Blowing down this situation,
we still have a C* cone K of finite contact and a 2-dimensional C° subcone S
like in situation 11.C of the main theorem. Next op (K) contains g C*
cone K’ of finite contact just like in the foregoing case ; observe also that «; !
preserves the property « having oo contact with the z-axis »; S” :== ap }(S)nK’
is a C° 2-dimensional subcone of K’; the rescaling R also preserves the
property « having ¢ contact with the z-axis in 0 »; R(K') contains a C*
cone of finite contact and R(S’) is a C° 2-dimensional subcone of R(K").
All this shows that, for our original vector field, we are in situation I1.C
of the main theorem.

Subcase P, = P; < Q — 1.
We have

1 )
apX(x, y,2) = | | a1 2" + 0(z"“)>x + z"y}—
2 Ox

1
4 [(azz*’ + 0 x + (—alz*’ + 0(z‘°“)>y] 2
2 oy

L0 1 , 0
+ hy(x, yz', Z)b; + ?hZ(xa yz-, 2)5}‘;
0 ~
+ ZQ'}’(X, yZP, Z) a_ + S::o(x’ ¥, Z)
z

Dividing this vector field by z¥ we obtain:

1 1 5}
7 apX(x, y,z) = [(5 a, + O(Z))x + y} o

1 A
+ [(az +0@)x + <5a1 + O(z))y}aiy

1 o 1 %,
+ = hy(x, 2%, 2) — + —== ha(x, yzF, 2) —
ZP l(x y )ax 22}) 2( y )Uy

o
+ ZQ_PV(X: }’ZP, Z) + P Soc(x5 ¥, Z) -
0z z

Annales de I'Institur Henri Poincaré - Analyse non linéaire



VECTOR FIELDS ON R? 167

Blow this up 2P times to get rid of the unbounded terms. The resulting
vector field has a 1-jet

RN +( Ll )a
— —_— d, X —d —_—.
2 NE TV e T\ T NG

Since the trace of the matrix

1

—ay 1

1

as 5 a,
is a; (# 0) we have at least one nonzero eigenvalue. Hence we can apply,
according to the case, propositions (2.1.1), (2.1.3), (2.2.1) or (2.3.1).
Next we can conclude just like in the previous subcase.

Subcase P, = P, = Q — 1.

. . . 1
With a same construction as above we obtain a vector field — ap.X
zZ

-~

i G
with a —-component zy(x, yzF, z).
iz

So we can apply proposition (1.1). O

§ 3. Proof of the main theorem (1.2.1) with exception
of the C° result.

This is merely a summary of all the foregoing.

Take a maximal directed sequence of blowing ups of X along D (defi-
nition III.1.3). If this sequence is finite, then apply proposition (III.1.4)
to obtain situation I. If this sequence is infinite, then, using proposition
(II1.1.5), D is formally invariant under X. Theorem (II1.2.1) implies that,
after a finite number of blowing ups, we are led to a vector field (germ) of
flatness zero. Now the theorem follows from propositions (1.1), (2.1.1),
(2.1.3),(2.2.1), (2.3.1) and (2.4.1), since these contain all the possible
cases of flatness zero and since we assume that X is non-flat along D. O

V. PROOF OF THE C° RESULT
IN THE MAIN THEOREM (1.2.1)

§ 1. Definitions and notations.

We want to provide « universal models » for the situations II. A, I1.B
and II.C obtained in the main theorem (I.2.1). For that purpose we
introduce:
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(1.1) DeFiNiTION. — The following germs of vector fields

0 é é
Sat=x—+y——z—
A éx y Cy 0z

6 - A

SB:=_x__yi—Zzi

Ox dy 0z

0 e 0

Scr=—x—+y——2"—

¢ ox T ¢y 0z

are called the standard models for situation II. A resp. I1.B resp. I1.C of
the main theorem (I.2.1).

(1.2) DermviTION. — The germ of the set
Ks={(op2|x*+y* <2220}

is called the standard cone around the z-axis.

§2. The C° result.

Let us state here in a more precise way the assertation announced in
the main theorem (I.2.1).

(2.1) PropOSITION. — Let Xe G?, let D be a direction such that X
leaves D formally invariant and such that X is non-flat along D.

Then there exists a C* cone K of finite contact around D, a C° cone K’
containing K such that the germ X | K’ is C° equivalent with either S, | Kg
orSg| Kgor S¢ | Kg,according to the fact that X is in situation I1. A resp. [I. B
resp. II. C of the main theorem (I.2.1).

Moreover in situation II.B we have C° conjugacy.

Proof. — We may assume that D is the z-axis (see part III for comments
on this).

From part IV we know that, after a finite number of blowing ups, after
possibly a rescaling of the z-axis, after possibly a partial blowing up and
after putting in normal form, we are always lead to a vector field Y of one
of the following types: (change the sign of X if necessary; with « flat terms »
we mean terms oc flat along the z = 0 plane)

1) the eigenvalue of Y along the z-axis is < 0 and the restriction of Y
to the z = 0 plane is a hyperbolic expansion;
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é ¢
2) Y=(_a_Jf-.fl(-xayaz))x-\__Jf-(b_Jf-.fZ(-xyyaz))y’\_v
oX cy

é
+ z%(x, y, z) — + flat terms
oz

with a>0, b>0, f1(0,0,0)=15(0,0,0)=0, 7(0,0,0)<0;
3) the restriction of Y to the z = 0 plane is a hyperbolic expansion
and the z-component of Y is z%(x, y, z) with 30,0, 0) < 0, Q > 2;
4) the restriction of Y to the z = 0 plane is a hyperbolic contraction
and the z-component of Y is z%(x, y, z) with (0,0,0) < 0,Q > 2;
5 Y =+ f(x*+ ¥4 z))<yi — xi>
Ox dy

-

17 0
+ 2fg(x, y, Z)<x Eeia —) + z2%(x, y, 2)

+ flat terms
oy

a)‘b)

with f(0,0) =0, g(0,0,0) > 0, ¥(0,0,0) < 0;
6) Y has the same form as in 5 but with this time g(0, 0,0) < 0;

0 0 0
NY =ax—+ 2 f(x, y, 2y — + z9(x, y,z) — + flatterms witha > 0,
Ox dy 0z

f(0,0,0) > 0, ¥(0,0,0) < 0;

8) Y has the same form as in 7 with this time a < 0, f(0,0,0) < O,
%0,0,0) < 0;

9) Y has the same form as in 7 with this time a < 0, f(0, 0, 0) > O,
20,0,0) < 0;

-

é 0 e
100 Y =2 f(x, 3, 2)x — + ay— + zY(x, y,z) — + flat terms with
Ox ay 0z

f(0,0,0) < 0, a > 0, y0,0,0) < 0 (nota bene: we have interchanged the
role of x and y compared with the situation in proposition (IV.2.3.1)).

One has the following table:

Type Situation in the main theorem
1, 3,5 7 ILA
4,6, 8 II.B
2,9, 10 ILC
1

Note that the operations (blowing up, rescaling, etc.) are homeomor-
phisms of R? x ]0, oc [ with the property that a sequence tending to the
- = 0 plane is transformed into a sequence tending to the z = 0 plane.

Vol. 3. n° 2-1986.



170 P. BONCKAERT

Roughly spoken, the idea is to construct in the origin a local C° equi-
valence of Y |gzxj0,; With the corresponding standard model blown up
once. Moreover we take care that the homeomorphism, realizing the C° equi-
valence, transforms sequences tending to the z = 0 plane into sequences
tending to the z = 0 plane. When returning back the whole way this will
assure the continuity in (0, 0, 0) of the desired C° equivalence for our ori-
ginal vector field X. We assume that for each considered situation there
has been blown up at least once.

Situation 11 . A.

We blow up once the standard model S, and get

5 5 ] 5 0 0
A = 2x a + 2y a—y z a—z
This blowing up transforms the standard cone Kg\{ 0} into the (full)
cylinder {(x, y,2)|x* + y* <1,z>0}.
- By flattening out just like in lemmas (IV.2.3.8), (IV.2.3.10) we can
assume that the z-axis is invariant under Y.
We can find a small cylinder V, 5:= B(0, &) x ]0, 5] around the z-axis
" such that { (x, y)| x*> + y? = pu?} x 0, 8] is transversal to the orbits of Y:
for types 1 and 3 this is clear from the hyperbolicity (provided decent
coordinates are chosen); for types 5 and 7 we consider the function
G(x, y, z) = x* + y? and observe that for type 5:
(VG(x, v, 2), Y(x, y, z) >=2(x*> + v})zPg(x. v, z) + flat terms and for type 7:
(VG(x, y,2), Y(x, y,2) > = 2ax* + 2zPf(x, ¥, z)y? + flat terms ;
in both cases we have { VG{x, y,z), Y(x, y,z) > > 0 on V,; provided p
and § are small; hence the orbits of Y are transversal to the level surfaces
of Gin V, ;.
Moreover, if § is small, then the orbits in V, ; are also transversal to
the planes z = 25,0 < zo < . Now it is easy to construct a C° equivalence

between Y |v, , and Sulix2+y2<1 ana 0<z<s 3 the homeomorphism # can be
chosen such that

B{(x,y,2Ix*+y*=¢*> and 0<z<6})
={y2)|x*+y*=1,0<z<d}.

To see this we proceed as follows. Take the homeomorphism

h:{(x,y2)|x*+y*=p* and 0<z<4}
S {(op2|x*+y* =1 and 0<z<3}

1 1
(x,y,2) — (~ X, — ¥, z>.
T
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Extend h to V,; as follows: if (xo, Yo, 2o) € Vyu6\ z-axis then its positive
orbit for Y intersects {(x, y,2)[x*> + y? =, 0 <z < é} a first time in
a point, say, (xy, y1, z;); define h(~xo, Yo, Zo) to be the intersection of the
negative orbit of h(xy, yy, z;) for S, with the plane z = z,; finally define
K0, 0, zo) = (0,0, zg) for 0 < z5 < 4.

Situation 11.B.

We blow up the standard model Sg and get
0

. 8 2
Sp=—x(1 —2)— — y1 — 2)— — 2% —.
B x( Z)ax by Z)é’y 2* =

This vector field is transversal to the halfsphere.
Hy={(y2|x*+y*+2z2=4 and z> 0}
On the other hand we can find a small halfsphere
Hi = {(x,»,2Ix*+ )y +2*=6* and z>0}
transversal to the orbits of Y: for type 4 this clear from the hyperbolicity
‘and from ¥(0,0,0) < 0 (provided decent coordinates are chosen); for

types 6 and 8 we consider the function G(x, y, z) = x> + y> + z% and
observe that for type 6:

(VG(x, y,2), Y(x, 3, 2) > = 225(x% + y2)g(x, y, 2) + 2z2% 1o(x, y, 2)

+ flat terms and for type 8:
(VG(x, y,2), Y(x, y, 2) > = 2ax® + 22" f(x, y, 2)y* + 229" 'y(x, y, 2)

+ flat terms;
in both cases < VG(x, y, z), Y(x, y,z) > < 0 on a small set
Vs={(x,y,2)|x* +y* +22<8* and z>0};
hence the orbits are transversal to the level surfaces of G in Vj.
Consider the homeomorphism

2
h:H; -» Hy:(x,y,2) - S(X,y,z).

Extend h to V; as follows. Let ¢y and ¢35, denote the flows of Y resp. §B.
For each (x, y, z) € V; there exists a t > 0 such that ¢y(—1¢, (x, y, z))e H,.
We force the conjugacy to be true on V, by defining

h(x, y, 2) = ¢35t hH(Pv(t, (x, ¥, 2))) -

We check the required property for h. Let (x;, y;, 2i)ien be @ sequence in V
tending to the z = Oplane (thatis: hm z; = 0). Let (¢;);en denote the sequence

of « times » such that ¢y{(—1;, (x;, yi, z;)) € Hy. Suppose by contradiction
that the z-components of a subsequence (h(x;,, Vi, Zi ey Would stay
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> M > 0 for some constant M. This implies that sup t;, < + 2c. Hence
keN

the z-components of ¢y(— ty,, (Xi, Vi,» 2;,)) tend to zero. A contradiction.
So we have a decent conjugacy h between Y |y, and
SB I{(x,y.z)lx2+y2+z7-g4 and z> 0} -

The preimage h™'({(x, y,2)|x* + y* <1 and z> 0}) still contains a
cylinder around the z-axis in V;. Returning this situation the whole way
back to our original vector field X this gives us the desired cones and
conjugacy.

Situation 11.C.

We blow up the standard model S and get

o i) 0 0
Sc=—x(1 —2)—+y1+ 2z)— — 22 —.
dx dy oz
Let G:R® - R:(x,y,2z) - —x*> + y?> — z2. We have:
(VG(x, y,2), Selx, 1, 2) > = 2x%(1 = 2) + 21 + 2) + 22°.
Hence in _the region z < I the level surfaces of g are transversal to the
orbits of Sc.
Take 0 < 6, < 1. Take a, > 0 so small that the intersections of the
level surface G~ !(— §,) with the planes y = «, and y = — «, are circles C,
resp. D, inside the region z < 1. See figure 2 from now on.

G 0)
1

/s,

.................. )

FiG. 2. — Sketch of the first octant.
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We also consider the level surface G~ !(1); this is a two-leaved hyper-
boloid. Next we consider the surface obtained by letting flow all the points
of the circle C, until they hit the level surface G™'(1). We do the same
thing for the circle D,. In this way we enclosed in R? x 10, oc{ a region R ,.

By flattening out we may assume that the y = O plane is invariant under Y.

We want to make an analogous construction as above for Y. We have
for type 2:

< VG(X, Vs 2)9 Y(X, Vs Z) >: 2(a _fl(xa ¥, Z))xz + 2(b +f2(xa ¥, Z))yz
—2z%% tu(x, y, z) + flat terms
and for type 9:
(VG(x, v, 2), Y(x, v, 2) > = — 2ax? + 22° f(x, y, 2)y?

— 229 9(x, y, z) + flat terms

and for type 10:
{VG(x, y,2), Y(x, y,2) ) = — 2x°2° f(x, y, 2) + 2ay?
— 2z 19(x, v, z) + flat terms .

So for all three types we can find a neighbourhood W of (0, 0, 0) such that
inVs=Wn(R? x 10, <[):

{VG(x, y,2), Y(x, y,2) > > 0.

Hence on V the orbits of Y are transversal to the level surfaces of G. In V
we want to make a miniature version of the construction for §c-

For small 4; > 0 we can make the following construction inside V.
Counsider the level surface G™!(— &,). The intersections of it with the planes

é é
y = 5,1“2 and y = — 6—1052 are circles C; resp. D;. Consider also the
2 2
surface obtained by letting flow all the points of the circle C, until they

é
hit the level surface G”(é—l) We do the same thing for the circle D;.

2
In this way we enclosed a region R, in V.

Now we try to make an equivalence between Y [z, and §C [r,- First we
define the homeomorphism

o o
h:G™Y(~ 51)0{(36, ¥, 2| —5—‘a2 <y sé—‘az}

2 2

S G (=) n{npdl—m<y<an):

P
(X, Vs Z) - < (X, Vs Z) .
1

Second we extend h to R, as follows. Require that a level surface G~ (a,)
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o o
(al € [— o1, 5—1) is mapped onto the level surface G"1<6—2 a1>; for
2 1
(x, y, z) € R, lying in a level surface G~ }(a,) we consider the point (x!, y!, z%)
where the negative integral curve of Y through (x, y, z) hits for the first
time the level surface G~ (- §,); we define h(x, y, z) to be the intersection

o ~

of G_1<5—2 a1> with the positive integral curve of S¢ through h(x?, y!, z*).
1

We check the required property for h. Suppose that (x;, Vi, Zi)ien 1S @

sequence in R; with lim z; = 0.

Let(x{, y{, z{) be the point where the negative integral curve of Y through
(x;, ¥i» z;) hits for the first time the level surface G~ *(— &;). Since the
sequence (x!, y!, z}!) tends to the y = 0 plane, we get that (h(xi, Vi, Z:))ien
tends to the z = 0 plane. O

(2.2) REMARK. — We have used some ideas comparable to those in
[Cam].

VI. SOME EXAMPLES, COUNTEREXAMPLES
AND SOME QUESTIONS

§ 1. A counterexample and some questions.

One might pose the question whether every germ in 0 R® of a C*
vector field satisfying a Xojasiewicz inequality (see definition 1.1.17)
possesses a C* one-dimensional invariant manifold, or equivalently,
whether it possesses an integral curve tending to 0 (in positive or negative
time) in a C* way (by tending to 0 in a C" way we mean: if we add the origin
to the integral curve, we obtain a C" invariant manifold). The answer is no.
We give an example of a germ for which no integral curve can tend to zero
in a C? way; the germ has nonzero 1-jet.

-~

5, 5 0
(1.1) ExampPLE. — Let X = y — + z— + x? —. Observe that X satis-
Ox dy oz

fies a Kojasiewicz inequality. No orbit of X can tend to 0 in a C? way.

Proof. — a) Blow up X in the x-direction:

~ ¢ 5, 0
Xf=xy —+(—-y) =+ (x—zy)—.
Ox Jy 0z
Observe that
~ 0 0
X |oeo = (2 — 1?) — — zp—
lx=0=1(z — %) 3 2y
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has just one singularity in (0, 0). Blow up X* in the x-direction:

oyt -2 TR
o= P Z — LX - - -
xyax Y oy Y oz

Observe that

has no singularities.
by Blow up X in the y-direction:

R = x2) by L ety - ) L
=(1— x2)— z— + (x*y — z%) —.
ax Yoy TV oz
Observe that
- 0 7}
X o =01 — x2) — — 22—
X oz
has no singularities.

¢) Blow up X in the z-direction:

~ 0 0
XE=(y— x3z)a +(1 - xzyz)a—y + xzzzg.
Observe that
Repgmy 110
iz=0 =Yy Ox + ay
has no singularities. N

Now we are able to describe the vector field X on S? x R obtained
by blowing up X spherically (see for example 11.§ 1 or [Ta, Du2] for defi-
nition and construction).

The only singularities of X |s2 (0 are (1, 0,0) and (— 1, 0, 0). If an orbit 8,
of X tends to 0 in a C? way, then X must have an orbit 8, which tends in
a C! way to (1,0,0) or (—1,0,0) since these are the only singularities on
S2 x {0}. If we blow up X in (1,0, 0) or (— 1,0,0) we don’t have a sin-
gularities any more, except in the « corner »: see figure 3.

This contradicts the fact that 8, tends C! to (1,0,0) or (—1, 0, 0). 0

(1.2) REMARK. — The vector field X in example (1.1) must have an
orbit in the first octant { (x, 1,2)eR*}x >0, y >0, z > 0} tending to 0
in a C® way. One can see this as follows.

Denote V; = {(x, y,z)eR*|[(x =0 or y=0or z=0) and x > 0 and
y=0and z>0 and x+y+z<1} and V,={(x,y,20eR*[x >0
and y>0andz>0andx+y+z=1}and V3 = {(x, 5, 20eR*|x >0
and y > Oand z > 0 }. V; is the first octant. See figure 4.
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FiG. 4.

Each point of V;\ {0} enters the first octant V5 and never leaves it for
t —» + oo. This follows immediately from the expression of X. Consider
the function G(x, y,z) = x + y + z. Since

{VGx, y,2), X(x, y,2) ) =y + 2z + x°
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we see that G is a Lyapunov function for X in the region V;\ { 0 }. Hence
the positive orbit of a point of V,\ {0} intersects V, once. Conversely,
consider the negative orbit { ¢x(t,v)|t < 0} of a point ¢ € V,. Put

T(w) = inf {1 < 0| dx(t. v)e V3 }.
For each t = T(v) there exists exactly one 2,(f)e [0, 1] such that

dx(t, vYe GT1Ur)): for T)= — » take s (— x)=0.
The function 4, : [T(»),0] — [0, 1] s strictly increasing and continuous.
If T(z) = — oo, then necessarily lim ¢x(t,v) =0. If T(v) > — oo then

ox(t, v) leaves V; in negative time in some point, say,
h(r)e (VIN{0}) 0 G {2(T(v)).
In this way we have constructed a continuous map h:V, — V, sending

a point v € V, to the point of V, where the negative orbit through v hits V,
or to 0 if tlix_n ¢ x(t, v) = 0. Certainly h(V,) o Vi\ {0} since the positive

orbit of each point of V;\ { 0 } hits V,. Since V, is compact and since V,;\ {0 }
is not compact, necessarily h(V,) = V,. Hence there must be a point in V,
tending to 0 for t - — oc.

(1.3) QuesTiONs . — I don’t know whether this vector field X possesses
an orbit tending in a C* way to 0.

I generalize this question: does there exist a germ in 0e R® of a C*
vector field satisfying a Kojasiewicz inequality without an orbit tending
to 0 in a C° way? in a C! way? (in positive or negative time).

§ 2. Examples of vector fields having a C®
one dimensional invariant manifold.

A very general observation from the chapters III and IV is:

(2.1) CONSEQUENCE OF THE PROOF OF THE MAIN THEOREM. — If X e G?
leaves a direction D formally invariant (that is: invariant by the oo jet)
and if X is non-flat along D then there exists a C* one-dimensional invariant
manifold » tangent to D. O

If we consider germs in 0 e R® of vector fields satisfying a Xojasiewicz
inequality, it hence suffices to look for conditions which guarentee the
existence of a formally invariant direction. In general it may be a difficult
task to investigate whether a given vector field has a formally invariant
direction. Some tools for this can be: apply the normal form theorem (which
we will do in some examples hereafter); or: try to blow up the vector field
until you find a singularity having a formally invariant direction by the
normal form theorem. An important result in this sense is:

(2.2) TrEOREM [B. D.]. — If X € G? satisfies a Kojasiewicz inequality
and if A := DX(0) has cigenvalues 0, i.. — i/ {~e Ry {0})then X hasa C*
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one-dimensional invariant manifold D tangent in 0 to the rotation axis
of e, t # 0. Moreover there exists a cone of finite contact around D in
which we have situation II. A or II.B of the main theorem (I1.2.1).

In the same spirit we can apply the normal form theorem to other types
of singularities with nonzero 1-jet. For many cases the result is well known,
but let us list them for the sake of completeness:

(2.3) MORE ExaMPLES. — Let X e G2, X; = DX(0).

Jordan form . . There exists a C*
or. of the matrix Co?d}non gs;xfﬁm;:nt) one dimensional invariant
of X, I is an integer manifold tangent to:
v # 0 and
1 (Vr=2:ur — A#0and
= p#0) z-axis
5 2 #0.u#0,v=0and
Lojasiewicz
u # 0 and
3 /0 0 (\{r22:ur——}.¢0and
0 u O pr—v#0) y-axis
4 0 0 v A#0,u=0v#0
and £ ojasiewicz
A # 0 and
5 VMr=2:Jr—u+#0and
ir —v#0) x-axis
6 .=0.14#0,v+#0and
K ojasiewicz
7 v # 0 and
(Vr=2:vr — 2 #0)
210 z-axis
3 i 0 7 #0,v=0and
i Lojasiewicz
0 v
7 # 0 and .
J Vr>2:ir—v#0) x-axis
A#0
.10 4
10 0 2 1 x-axis
0 0 -
v#0 and
1 kB Vr=2:vr—u+#0)
-8 u 0 z-axis
B # 0and v = 0 and
2
12 00w Eojasiewicz ’
j
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Proof. — Denote

-~ -~

. 1% c
XD:/.,X“—'*‘ﬂy;—‘*‘VZ—«—
x dy oz
15 0
Xg =y —— Bx—
ox dy
0
Xsl—_—)’a
X 5}
:Z_
Sz 2y
1%} 1%}
XS3=y—+Z—;~
Ox oy

where 4, y, v, § are real constants (zero is allowed). Put

= Oh
I

>

7Y
|

2 = [ = In
§1 = [Xsp —lu
§2 = [sta =1
S; = [Xs3, = In

where h > 2 (see formulation of normal form theorem (I.1.21)). Let us
also denote, for h > 2, 0<j<h 0<i<j:

A
. . 0
in,j—i h—
el_}l — xy.l IZ Ja_
X
i j—ih—j a
eijz =Xy 4 a—
y
— yiyJTih—]j 4
€ij3 = Xy z (‘:—,
z

This is a basis for H".
After a trivial calculation one finds that

D(ein) = cipein
where
cijp = Mi— 1)+ u(G— )+ vh —))
Cipp=A+uj—i—1)+vh—})
cin=A+puj—i)+vh—j—1).

So D has a diagonal matrix with respect to this basis.
On H" we put the standard inner product with respect to this basis.
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For example 1 we see that coo; # 0, ooz # 0, SO €gp1, €002 € IEn D. Take
as complementary space (Im D)*; an element Za;ze;5 of (Im D) cannot

0

contain the terms ego; = z" — NOr €gg, = 2" — since
Ox oy

0 = { Za;peéipn, €vo1 > = doo1 and 0 = { Za;x€ijxs €002 > = Ggoz -

Hence in the normal form the z-axis is formally invariant.

For example 2 the same reasoning applies; for example 5 we see that
em2, ez €Im D and we can follow an analoguous reasoning. A similar
method works for examples 3, 4, 6.

Next we calculate that

Si(eij1) = i€i—1, 5421
Sileij) = —eij1 +iei—q,j42
Si(eijz) = iei-1 12,3

so §1 has a matrix of the form

A —-Id O
0 A 0
0 0 A

where A is an upper triangle matrix with zero diagonal elements (so A
is nilpotent). Then one easily calculates that S; must be nilpotent.
So for examples 7, 8, 9 we can write

[Xl’_]h=6+§1

where D is semi—simgle and §1 is nilpotent.

The fact that Im D < Im [X; — ], implies, in the same way as above,
the results claimed in examples 7, 8 and 9. N

Concerning example 10 we find that the matrix of S, is of the form

B 0 O
0 B -Id
0 0 B

where B is an upper triangle matrix with zero diagonal elements. So S5

has a matrix
A+B —Id 0

0 A+B -—-Id
0 0 A+B

and one easily calculates that S, must be nilpotent.
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As Xy, — = D+S; again ImD < Im [Xi, —]» and the same
reasoning as above can be made.
For examples 11 and 12 we find that

1
D+R|{— + =e
(D + )(—y+vh €001 ﬂeooz> 001

(f) + ﬁ)(_ Beoor + eooz) = €002

—pu+vh
SO €001, €002 € Im [X;, — ], and we can reason like before. d
(2.4) REMarRk. — In case j;X(0) = O there is, as far as I know, very

little known on normal forms. But as already said, blowing up may sometimes
help. This is the case for a C* gradient vector field X = grad f: F. Takens
showed me, using a blowing up argument, that if j f(0) # 0 then X has
a C* invariant manifold, in all (finite) dimensions.

In example (1.1) 0 was not an isolated zero of the first nonvanishing jet.
Even the assumption that 0 is an isolated zero of the first nonvanishing jet
(which implies that the radial eigenvalue in a singularity of Ylszx{o} is
nonzero) is not enough to have an invariant direction:

(2.5) ExampPLE. — Let

~ A ~

0 é 0
X=@x?—y*"—2)—+ 2xy + X°) — + 2xz —.
Ox ¢ iz

Observe that 0 is an isolated zero of j,X(0). No orbit of X can tend to 0
in a C? way
Proof. — a) Blow up X in the x-direction:

. 12 ¢ 0 0
X'= - X*=(x—y’x—2°%) — +(y+x+ 3’ +yz5) —+(z+zy* + 23
x Ox cy C

cz

Observe that

-

. c é
Xeo = (v + 13 + yzz)g; +(z+ 23?2 + 23—

~
B

has just one singularity in (0, 0).
Blow up X* in the x-direction:

- -

T ¢ c ¢
X (x—y2x® —22x%) - +(142)° 2 +2x%v2%) — +(2x23y2z 4+ 2x22%) —
Cx cy éz

and observe that

-

—_ ¢
X 'x=0 =1 P
cy

has no singularities.
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b) Blow up X in the y-direction:

- 2

— 0 ¢
X = (—x?—1-22—x*)) — +2xy+x°y?) — —xX’yz —
0x ay cz
and observe that
Yy 2 2 a
X?|yoo = (= x* — 1 = 2%) —
Ox
has no singularities.
¢) Blow up X in the z-direction:
- 5 , 0 ; 0 0
Xe=(—x*—y" - 1)—+ xz— 4+ 2xz—
Cx dy 0z
and observe that
— , ) 0
Xilmo=(—x"—y" = )—
ox
has no singularities.
Now we can conclude just like in example (1.1). O
(2.6) REMARK. — This example has orbits tending to 0 in a C' way.

This can be seen from the expression of X*: j,X(0) is a hyperbolic expansion.

(2.7) SOME FINAL REMARKS. — @) Concerning the main theorem (I.2.1):
when X is analytic, it 1S not necessary that (one of) the obtained invariant
manifold(s) is also analytic, as was pointed out to me by the referee: for

A

5 0 ¢ . . L
X =x—+(y — z2)— + z2 — all the invariant directions tangent to
ox dy 0z

the z-axis have an oo jet in O of the form

x=0 and y = nlz"*t
n>0

b) Concerning proposition (V.2.1) about C° equivalence with standard
models: I presume (but cannot prove) that « C° equivalence » can be
replaced by « C° conjugacy ».

REFERENCES

[Ar] V. ArRNOLD, Equations différentielles ordinaires, Editions Mir, Moscou, 1974.
[A. M.] R. ABraHAM and J. E. MaRSDEN, Foundations of Mechanics. Benjamin, London.
[A. R.] R. ABraHAM and J. RoBBIN, Transversal Mappings and Flows. Appendix by

Kelley, Benjamin, New York, 1967.
[B. D.] P. BonCKAERT and F. DUMORTIER, Smooth Invariant Curves for Germs of
Vector Fields in R® whose Linear Part Generates a Rotation, to appear in
Journal of Differential Equations.
[Be] G. R. Berrrski, Equivalence and Normal Forms of Germs of Smooth Map-
pings. Russian Math. Surveys, t. 33, 1978, p. 107-177.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



VECTOR FIELDS ON R? 183

[Br] H. W. BROER, Formal Normal Form Theorems for Vector Fields and some
Consequences in the Volume Preserving Case, in: Dynamical Systems and
Turbulence. Warwick 1980. Lecture Notes in Math.. t. 898. 1981.

[Cam] M. I. T. CAMACHO, A contribution to the Topological Classification of Hono-
geneous Vector Fields in R® (preprint).

[Car] J. CARR, Applications of Centre Manifold Theory, Springer Verlag, New York,
1981.

[Di] J. DIEUDONNE, Foundations of Modern Analysis, Academic Press, New York,
1969.

[Du,] F. DUMORTIER, Singularities of Vector Fields on the Plane. Journal of Diff. Eq.,
t. 23, 1977, p. 53-106. .
[Du.] F. DUMORTIER, Singularities of Vector Fields. Monografias de Matematica,
t. 32, IMPA, Rio de Janeiro, 1978.
[D. R. R.] F. DUMORTIER, P. R. RODRIGUES and R. ROUssSARIE, Germs of Diffemorphisms
in the Plane. Lecrure Notes in Math., t. 902, 1981,
[Go] R. E. GOoMORY, Trajectories tending to a Critical Point in 3-space. Annals
of Math., t. 61, 1955, p. 140-153.
[Gu] J. GuckeNHEIMER and P. HoLMES, Nonlinear oscillations, Dynamical Systems
and Bifurcations, Springer-Verlag, New York, 1983.
[Ha] P. HARTMAN, Ordinary Differential Equations. Wiley and Sons, New York.
[H.P.S.] M. W. HirscH, C. C. PUGH and M. SHUB, Invariant Manifolds. Lecture Notes
in Math., t. 583, 1977.
[Ir] M. C. IRwWIN, Smooth Dynamical Systems, Academic Press, New York, 1980.
[Ke} A. KELLEY, The Stable, Center-Stable, Center, Center-Unstable, Unstable
Manifolds. Journal of Diff. Eq., t. 3, 1967, p. 546-570.
[M. M.] J. E. MaRsDEN and M. McCRACKEN, The Hopf Bifurcation and Its Applications,
Springer-Verlag, New York, 1976.
[Na] N. NARASIMHAM, Analysis on Real and Complex Manifolds, North-Holland,
Amsterdam. 1968.
[N.S.1 V. V. NemyTsky and V. V. STEPANOV, Qualitative theory of Differential Equa-
tions. Princeton, Princeton University Press, 1960.
[P. M.] J. PaLis and W. DE MELO, Geometric Theory of Dynamical Systems, Springer-
Verlag, New York, 1982.

[Sh] D. S. SHAFER, Singularities of Gradient Vectorfields in R>. Journal of Diff. Eq.,
t. 47, 1983, p. 317-326.

[Sm] D. SMART, Fixed point theorems. Cambridge University Press, 1974.

[Ta}] F. TAkeNs, Singularities of Vector Fields. Publ. Math. IHES, t. 43, 1974,
p. 47-100.

[We] J. C. WELLs, Invariant Manifolds of Non-Linear Operators. Pacific Journal
of Math., t. 62, 1976, p. 285-293.
[Ya] S. YaMaMuRro, Differential calculus in topological linear spaces. Lecture
Notes in Math., t. 374, 1974. .
{ Manuscrit regu le 11 octobre 1984)

Vol. 3, n°® 2-1986.



	Smooth invariant curves of singularities of vector fields on R3



