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ABSTRACT. — We consider a class of functionals of the strain (or of
the gradient), whose main feature is that they are not coercive when the
forces are zero, while they are coercive under suitable assumptions for
the load. The main application is to the problem of static equilibrium
for a class of elastic materials in which the stress is constrained to be nega-
tive semi-definite. Functions of bounded deformation and measure theory
are a basic technical tool in the paper.

REsuME. — Nous considérons une classe de fonctionnelles de la ten-
sion (ou du gradient) dont la caractéristique principale est qu’elles ne sont
pas coercives lorsque les forces sont nulles, alors qu’elles le sont sous des
hypothéses convenables pour la charge. On applique principalement ces
résultats au probléme de ’équilibre statique pour une classe de matériaux
élastiques lorsque la tension est supposée semi-définie négative. Les fonc-
tions de déformation bornée et la théorie de 1a mesure sont les outils tech-
niques de base dans cet article.
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1. Introduction.

In this paper we consider the problem of minimizing functionals of the
type

©.1) E(u)zj | Pye(u) |Pdx — J fOu(x)dx — J’ F(x)u(x)d#" 1
o o 20

where Qisanopenset in R, u:Q - R";f:Q - R'and F:0Q —» R"
are given;

170 ou
) = { & hij=rm ) =S|+ 5= )
(9= Lo Jajrms ouf0) 2(an 8xi>
K isaclosed convex cone in the space V of the n x nsymmetric real matrices;
Py :V —» K is the orthogonal projection on K, with respect to a given
scalar product {, ) in V, whose associated norm is denoted | ||

The main motivation for this work is that it provides the existence of
a solution to the following problem 0.1, compare [/4] [I0]

PROBLEM 0.1. — Given a bounded open set Q < R® and functions
0 - R F:8Q - R, find functionsv: Q — R®

= {Uij }i,j:1,2,3, o5 =05 0;5:Q > R
such that (0.2) and (0.3) below hold :
o(x) is a negative semi-definite matrix, for all xeQ
©.2) gv)x) = A lo(x) + A(x)

Aifx)(oi{x) — 1;;) = 0 for all negative semi-definite matrices 1,
for all xe Q
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A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 263

where A is a symmetric positive definite linear operator from the space of
symmetric matrices to itself, and we have used the convention of summa-
tion over repeated indices;

0
(0 3) 5; O'ij(x) —}-f,(x) =0 in Q

oi{xvix) = F; on 0Q

where v(x) is the outward unit normal to 0Q at x.
If we set
K, = { 6 €V |0 is negative semi-definite }

the last line in (0.2) means that

< = 0 if o(x) is in the interior of K, i. e. if o(x) is negative definite
is a normal vector to the convex set K at a(x) if o(x) € 9K,

In particular, if o(x) = 0, A(x) can be any positive semidefinite matrix.

The mechanical interpretation of the objects involved in problem 0.1
is as follows: Q is the portion of space occupied by a body in its underformed
state; the vector field v(x) is a displacement field which describes a (infini-
tesimal) deformation of the body, in the sense that x + v(x) is the position
in the deformed state of that particle of the body that was in x before the
deformation; the function f is a density of body force and F is a density
of force at the boundary; the matrix o(x) is the stress tensor at the point x;
the matrix &(v)(x) is the strain tensor at x, associated to the displacement v.

The mechanical interpretation of conditions (0.2) and (0. 3) is as follows:
condition (0.3) states that the stress ¢ balances the load f, F, i. e. that the
body is in static equilibrium; condition (0.2), which relates the stress
to the strain, is the constitutive law of the body. Condition (0.2) has a
few distinctive features. First, it says that the stress can only be negative
semi-definite; this means that for each point x€Q and for each surface
element S, having normal a, through x, the tension F = o(x).a through S
is directed against S, because F.a = o,{x)a;a; < 0; in other words, the
material is incapable of sustaining tensile stress. Second, the strain is the
sum of two parts: one part A, which is positive semi-definite and orthogonal
to the stress, and another « elastic » part which is proportional to the stress
through the operator A~!

Condition (0.2) is a possible mathematical model of the behaviour
exibited by rock, concrete, walls, and we shall refer to it as to the constitutive
law for masonry-like materials, compare [10] [14] [I8; chapter 4]. Actually
condition (0.2), in two dimensions, is exactly equivalent to (2.13), (2.14)
n [/4], however our formulation has the advantage of making clearer
the role played by the convexity of K. In fact it is clear that (0.2) is a special
case of the constitutive law V, 6.1 in [/]], which is usually called Hencky’s
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264 G. ANZELLOTTI

law. We remind to the reader that Hencky’s law was introduced as a possible
model for perfect plasticity, in which case the convex set K of the admissible
stresses is a cylinder that contains 0 in its interior. For some recent work
on Hencky plasticity we refer to [26] {61 [7] [3] [28] [/7]. In our problem 0
is not an interior point of the cone K, of the admissible stresses, and this
fact is precisely the source of the lack of coerciveness of the deformation
energy.

To our knowledge, the first general treatment of the existence problem
for the constitutive law (0.2) is given by M. Giaquinta and E. Giusti [/4],
in the isotropic case in two dimensions. In the paper [/4], the existence
of a displacement field v is proved by minimizing a suitable energy func-
tional, and ¢ is then recovered from ». This method is similar to the one
adopted in [7] [2], for other problems, and it will be followed here, too.
On the other hand, in our opinion, the particular case considered in [/4]
hinders the structure of the problem, so that the extension of the results,
for instance to the three dimensional case, seems to be at least rather
complicated. The larger class of problems considered in the present paper
seems to have interesting and simple properties on its own and includes
in particular non isotropic masonry-like materials in two or three dimen-
sions.

The energy functional that we shall consider to solve problem 0.1 is
functional (0.1), with the following particular choices:

(0.4) K={A"alaeKo}, {0 f) = (A, f)
where (o, f) = a;;;; = tr (oo ') is the standard scalar product in V.

1
The term 3 | Pxe(u) ||2dx is the stored deformation energy and one
Q

of its main features is that it is not coercive on any resonable normed space
of admissible competing displacement fields. On the other hand, if one
considers also the contribution of the virtual work of the forces, under
suitable safety conditions for the load, for all the functions ue C{(Q, R%),

one has
E(u) =z ¢ {J || Pxe(u) szx + J | &(u) |} —Cy
Q K

where ¢, > 0, ¢; = 0. This suggests to minimize E(u) on the space
Q) = { ue LY(Q, R3] &(u)
is a measure of bounded total variation in Q, Pye(u)e L*(Q, V) }

where Pge(u) is the « projection on K » (see section 2) of the measure g(u).
Using the compactness and the other known [23] [/9] properties of the
space BD(Q) = {ue L*Q, R*) | &u) is a measure of bounded total varia-
tion } one can obtain the existence of a minimum point for E(u) in %(Q)
by the direct method of Calculus of Variation, as soon as one has suitable
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A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 265

semicontinuity and coerciveness properties for E(u). Sufficient conditions
on the load for the existence of a minimum of functional E(u) are given
in section 8.

Once a minimum point v of E(u) is found, one sets

(0.5) g = APxe(v)

and uses the first variation formula for E(u) at v to get the equilibrium
condition (0. 3) satisfied, at least in the sense of distributions, while condi-
tions (0.2) are satisfied automatically.

We do not have the uniqueness of v.

The stress field defined in (0.4) is proved to be (section 7) a minimum
point for the complementary energy functional

among a suitable class of competing admissible stress fields. Since the
functional I(r) is strictly convex, it follows that one gets the same stress o,
no matters which minimum point v of E(u) one starts with.

Problem (0.1) is a problem with Neumann boundary conditions. One
might like to consider instead a problem where the displacement at the
boundary is prescribed, and it is, for instance, zero. Actually, one finds
that Dirichlet boundary conditions are not natural for our energy func-
tional (compare with the situation in minimal surfaces [I/6] [20] or in
Hencky plasticity [6] [26]); what one actually obtains, when trying to
prescribe a zero displacement on 09, is a solution pair { v, ¢ } that satisfies
a unilateral condition at the boundary of the type

u(x) = — t{x)v(x), (x) =0
(e(x(x)). v(x) = 0
a(x)v(x) =0 if tx) >0

We remark that the whole theory that we have described applies to the
case of general convex cones K and general operators A in n dimensions,
though some restrictions on the choice of Q have to be made in the existence
theorems, because of the need of a certain approximation result which
is available (section 10) for all Lipschitz domains in R2, but, so far, only
for star shaped Lipschitz domains in R". The general theory is developed
in parts I and II, while in part III we prove some special results which are
particular to the choice of K made in (0.4).

The problem of regularity of v and ¢ seems to be open. Actually, it seems
reasonable to expect the displacement v to be possibly singular, and the
measure 4 not to be absolutely continuous. In the case of masonry-like
materials, a possible typical singularity is given by a normal discontinuity
of v across a C! surface. I am inclined to hope for some more regularity
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266 G. ANZELLOTTI

for ¢ than for v. A first conjecture might be that ¢ has in some sense a
trace on the singular set of the measure 4 and that this trace is zero. This
behaviour would resemble the one described in [3] for Hencky plasticity.

The theory developed in part II, under suitable assumptions, should
extend to the case of non-homogeneous materials, i.e. to the case of an
operator A which depends on the point x € Q. This way, keeping the cone K
fixed, one would have a variable cone K. The case of a constant operator A
and a variable cone K may also be considered. The work done in [2] deals
precisely with such a case, where the cone K is the whole space V or a half-
space in V, depending on the given instantaneous stress state ¢. The parti-
cularity of the problem considered in [2] hindered, at that time, the under-
standing of the underlying structure.

A final special mention can be made to the fact that one may consider
functionals of the type

0.6) J || PxDu ||2dx — J Sfudx
Q Q

where u: Q — R and K is a convex closed cone in R". Using the results
in part I, a parallel theory to the one developed in part II can be made
also for functionals (0.6), but I do not know of any physical phenomenon
in which such functionals of the gradient arise naturally.

I would like to thank S. Luckhaus for some useful hints about the coer-
civeness in the case of prescribed displacement at the boundary. I am also
grateful to S. Di Pasquale and P. Villaggio for some useful conversations
and I am especially grateful to M. Giaquinta and E. Giusti for drawing
my attention to the problem here considered.

PART 1

GENERAL RESULTS

2. Vector measures with values in a convex cone

Let Q be an open set in R" and let V be a N-dimensional vector space.
We shall denote by M(Q, V) the space of the V-valued (Radon) measures
in Q and we shall denote by M*(Q) the space of the positive (Radon)
measures in Q. If e e M(Q, V) and ue M*(Q), we denote by

do . aB,(x)
— (x) = lim
du 20" (B (x))
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A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 267

the density function of the measure o with respect to u, where
Bx)={yeR" |x—-yl<p}.
Let ( ., . > be a given scalar product in V. If x € M(Q), V), we denote by

|l (B) = sup {Z le(B;) |l
i=1

the absolute variation measure associated to «. The measure « is absolutely
continuous with respect to |jo|| (which fact is denoted o « |ja|]) and
do,
one has «(B) =
=], i
Throughout this section, K will be a closed convex cone in V.

\_JB.icB, BnB,=0 if i;éj}
i=1

(x)d || « || for all Borel sets B in Q.

DEFINITION 2.1. — We say that a measure «e M(Q, V) is a K-valued
measure, and we write o € M(Q, K), if one has
do

2.1 (x)eK Jor || al]-almost all xeQ

dife]l

We have to remark that, though the measure || o || depends on the scalar
product given in V, condition (2.1) does not, because K is a cone and the

density (x) 1s determined up to a positive multiplicative factor

o
dfof]
depending on x. In fact, if u is any positive measure such that || || < pu,
by (1.7) and by the standard results on the differentiation of measures,
one has

do, dot dijell

@(X)=dHaH(X) i )l —ae

Clearly, the set M(Q, K) of the K-valued measures in Q is a convex
cone in M(Q, V). Later we shall see (lemma 2.5) that M(Q, K) is closed
with respect to the weak convergence of measures.

We shall consider the map Pg : M(Q, V) — M(Q, K) defined as

Py dot )
KOC—PK(m(X) ol

where px : V — K is the orthogonal projection on K with respect to
the scalar product {, >.

Obviously, if ae M(Q, V), then o is a K-valued measure if and only
if pxo = o, which in turn is true if and only if Pxro = O where

K= {BeV|{a,f><0 forall aecK}
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268 G. ANZELLOTTI

is again a closed convex cone, which is called the orthogonal cone to K
with respect to the scalar product <, >.
If x4 is any positive measure such that |« || « u one has

dot
Pxa = px d—(x) H
u
Now we collect a few results that will be used later.

LEMMA 2.2, — Let ueM*(Q) be a bounded positive measure and let
f:Q = K be a p-measurable function. Then, for all ¢ > 0, there exists
a function ge CHQ, K) such that

(2.2) w{xeQflx)#gx)})<e

If in addition one has that if || f(x)|| £ M for u-almost all xeQ, then
one can find the function g such that || g(x) || £ M p-almost everywhere in Q.

Proof. — Let f:Q — K be pu-measurable and take a number ¢ > 0.
By Lusin and Tietze theorems there exists a function g; € C3(Q, V) such that

w{xeQlg ) #f(x)})<e

If we set
g(x) = px(g1(x))
we have immediately
geCYQ, K)
g1(x) = f(x) = glx) = f(x)
and (2.2) follows.
If in addition one assumes that || fix)|| £ M p-a.e. in Q, one can find

the function g; so that || g;|lcc = M and it follows that

gl < |l g | <M forall x. Q.E.D.
LEMMA 2.3. — Let ue M*(Q) be a bounded positive measure and let
f:Q = K be a u-measurable function such that
J | flldpy < + <
Q
then for any number ¢ > O there exists a function ge C3(Q, X) such that
J f—glidu <e
Q
Proof. — Take a number ¢ > 0 and let M > 0 be such that
g
du < —
LMHf Il dp >

Annales de ["Institut Henri Poincaré - Analyse non linéaire



A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 269

where By = { xe Q| || f(x) || > M }. Consider then the functionf; : Q@ — K
defined as
fx), i [/l =M

fl(“‘c) f(‘-i)
VI N f

By lemma 2.2 one can find a function ge C§(Q, K) such that
&
{xeQ|gx) # filx) }) < v
lgx)|| =M forall x

and one has

J Il f—glldu = J Ilfl—glldthJ ILf=fi H=J I —glldu
o Q ) (xeQ|f 1(x) % g(x))
+J if-fil=e Q.E.D.

LEMMA 2.4, -— Assume that ae M(Q, V), then one has ae M(Q, K) if
and only if

(2.3) j gdoa <0
Q
forall ge CYQ, K.
Proof. — If e M(Q, K) and g e C3(Q, K*) one has

do
Jvngdoc?— jﬂ<g(x),m(x)>d|l“|| =0

On the other hand, consider the function ¢(x) = pyx: ﬁ(x)) which 1is
o

|l |[-summable in Q. By lemma 2.3 there exists a sequence of functions
g;€ CY(Q, K*) such that g; — ¢ in LY(Q, [[a]]), hence one has

do do
> 3T 11 d - s T 1
L<g,{X)d“a”(X)> ol L<¢(X)d”a”(X)>dllaH
=)
= KJ_ — X
ol P \dllw]

and it is clear that if (2.3) holds for all g; then one must have

2
dflafl

do .
pp( (x)) =0 J|ajl—a.e. iIn Q. Q.E.D.
dlfal|

LemMA 2.5, — If a;e M(€, K), a e M(Q, V) and one has
2.4 o; = o weakly in M(Q, V)
then one has also o € M{(Q, K).
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270 G. ANZELLOTTI

Proof. — For any ge Cy(Q: K*) and for all j, by lemma 2.4, one has

j gdoa; <0
Q
then, by (2.4), one gets
j gda £0
Q
and, again by lemma 2.4, one has that « € M(Q, K). Q.E.D.

The next lemma states that « = Pga + Py is the « smallest » decompo-
sition of the measure « in a pair of K and K*-valued measures.

LEMMA 2.6. — Assume that o M(Q, V), oy e M(Q, K), o, e M(Q, K*)
and assume also that oy + o, = o. Then one has
2.5) oy |} = || Pgef]
2.6) oz [l =2 || Prae ]

as measures. Moreover, if the equality (as measures) holds in either one of
(2.5), (2.6) one has that

2.7 oy = Pga, o, = Pyrax
Progf. — Consider the positive measure pu = fjo || + ]| oy ||. Clearly
one has
do doty - do,
=—dy=—+—"1,
Tt (d# d#) #
where '
d d
al( e ﬁ(x)eKi p-a.e. in Q
du
By the properties of minimum distance of the projections px and pg. one
has that
doty
Px —(X) —(X)
d docz
o <||=2
Px ( i (X)) t i (x)

for p-almost all x € Q. On the other hand, recalling also that py(t ) =tpi(f)
forallt = 0, eV, one has that

dPga  dPgax  da]] du d|a]
T AT “( n()) du

B (da diall ) (_())
B VTIPS x
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A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 271

hence it follows that

l dPga H
x)
and one gets

j“PKaH:J dﬂ§Jv dli:J‘”OH”
B B B B

for all Borel sets B, which is equivalent to (2.5). Similarly one gets (2.6).
Now, to prove the second part of the lemma, assume for instance that

d PKoc
du

d
e
U

(x)

ey || = | Pxet]] as measures
Then one has
d dP d
% x) H - d;“ ®| = pK<d—z (x)> pae in Q

Recalling the properties of the projections it follows that

doy do _ dllell do
d,u ( )—pK<d,u( )) = dis (x) Pl((m (x))

and similarly for a,, from which (2.7) follows. Q.E.D.

LEMME 2.7. — Assume that «;, o€ M(Q, V) and that
(2.8) o; — o

(2.9) j il = J el
Q Q

then one has

(210) PKOC —_ PKO(
(2.10) J Il Pxa;ll — J Il Pgor |
Proof. — The function g — || px(B)|] is continuous and positively

homogeneous and by theorem 3 of [22] one obtains (2. 11). To prove (2. 10),

we shall see that for any sequence j, — oo there exists a subsequence j,,
such that

PKajh'_ — PKOC

In fact if j, — oo, as the measure || Pxo;||, || Pxua;|| are equibounded,
there exists a subsequence j;, such that

PKa ;

Jre Wy

Prray, — wy
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272 G. ANZELLOTTI

where, using also lemma 2.5, w; e M(Q, K) and w, e M(Q, K*) and

o =w; + w,
Now, by (2.11) and the lower-semicontinuity of the total variation with
respect to the weak convergence, one has

(2.12) LH wi |l = lim LH Pxa, 1l = LII Pgo ||

On the other hand, by lemma 2.6, the measure
A=1lw|| — || Pgal]

is a positive measure and by (2.12) one must have

jllwlll—f | Pxclf = 0

In conclusion, one has || w; || = || Pxx|| as measures and by the second
part of lemma 2.6 one obtains w; = Pxo. Q.E.D.

3. The functionalsJ‘ || Px(o)(x) ||*dx and their lower-semicontinuity
Q

Let V be a N-dimensional vector space with a scalar product <., . >,
let K be a closed convex cone in V and let us denote by #" the n-dimen-
sional Lebesgue measure. We shall use the notation introduced in section 2.

For any measure o« e M(£2, V) we shall denote by

o =0’ + o =a’(x)dx + &

the Lebesgue decomposition of « in an absolutely continuous and a sin-
gular part with respect to .#" = dx.
We shall consider the space

Ly(Q V) = {a e M(Q, V)| Pxa « ¥ and J Il Pxo(x) ||2dx < + }
Q

. dPK(X
where, for brevity, we have set Pgoa(x) = —dc—?;(x).

Clearly, one has ac Lg(Q, V) if and only if ae M(Q, V), (Px®)* = 0 and
(Pxa)(x) = Pxa(x) e LHQ, V).

Lemma 3.1. — One has Pxa « £" if and only if
do . .
(3.1 Pxl—(x)] =0 ya.e in Q
du
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A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 273

for any positive measure y such that || a|| « p. Moreover, if aeLg(Q, V),
one has

(3.2) Pxa(x) = pg(a‘(x))

d
Proof. — If || « || « p then one has (Pxa)’= pK<d—a (x)> 18 so that (Pga)*=0
I

if and only if (3.1) holds. Moreover, if a e Lg(Q, V), using also (3.1) for
i = |||, one has

do do
Pya = Px<d e (x)) lall = PK(M (x)) o]

do do® do® dllel -1
(x) (x) (x) ( (x)) [ o]l-a. e.
dlloff

where

Tdar ) T dg A7

and (3.2) follows. Q.E.D.
For later use, we list here a few simple properties of the projection Pg.

Fact 3.2. — For any a, feLg(Q, V) and t > 0, one has

(3.3) tee Lg(Q, V)

3.4 Py(to)(x) = tPga(x)

(3.5) o+ feLli(Q,V)

(3.6) P(a + B)x) = pla(x) + B*(x))
3.7 | Pela + B)) || = || Prodx) || + 1| PxBx) |

We have the following semicontinuity result.

THEOREM 3.3. — Assume that a; € Lg(Q, V), a e M(Q, V) and that
(3.8) o; - a weakly in M(Q, V)

(3.9) j [l Prafx)||*dx < ¢ forallj
Q
where C is some positive number. Then one has a € Lg(Q, V) and
(3.10) j | Pgo(x) ||2dx < m}r_{ limj (| Pga(x) ||2dx
K * Q

Proof. — It is sufficient to show that for any subsequence y, = «;, there
exists a further subsequence f; = y, such that

(3.11) min limj | Pg Bi(x) [1Pdx = J | Pgodx) [|2dx
1o Q Q -
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Let y, be a subsequence of a;. By (3.9) there is a subsequence f; = Yp, sSuch
that
Py — g in L*Q,V)

for some function g e L%, V), and one has
(3.12) j Il g(x)lI?dx < min 1im‘[ I Px Bi(x) |12dx
o i2> Q

On the other hand, one has the decompositions f;=Pgf;+Px: f; and
o = glx)dx + (o — g(x)dx), where

Py — o — g(x)dx in M(Q,V)

By lemma 2.5, it follows that g(x)dx € M(€, K) and (o —g(x)dx)eM(Q, K*)
and, by lemma 2.6, one has in particular

|| g(x)|ldx = || Pxe|| as measures

It follows that Pxa = ¢(x)dx for some function ¢ € LY, V), which satisfies
also || ¢(x) || = || g(x) ]| ¥"-a.e. In conclusion we have

{ | gx) [I?dx = j Il o(x) IPdx
Q Q

and, recalling (3.12), one has (3. 11) and the proof is completed. Q.E.D.

LEMMA 3.4, — Assume that oeLg(Q, V), 1eCYR", >0 j =1,

and let A be an open set in R” such that A + spt y = Q. If we consider the
measure o * € M(A, V) defined as

(3.13) Caxnmg)=C anxg) forall geCYA, R"
then we have a xn e Lg(A, V) and

f Il Prlo % m)(x) [[Pdx < J Il Peodx) [[2dx
A Q

Proof. — Clearly, we have a x5 = (Pxat) % 7 + (Pxra) ¥ and we claim
that

(3.14) (Pxar) * e M(Q, K)

(3.15) (Pye o) %77 M(Q, K)

In fact, for all ge C§(A, K*) one has

(3.16) (Pr)xm,g> = Pro,nxg > <0
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because (1 * g)(x) = J n(x—y)g(y)dy e K* for all xe Q, and (3.14) follows
Q

from lemma 2.4. Similarly one gets (3.15).
Now, by lemma 2.6 one has that

(3.17) | Ploxm) || < || (Pxo) * 7]

as measures, and also #"-almost everywhere, if we think of their densities.
Finally, using Jensen’s inequality and the standard properties of convolu-

tions, one has
J | (Pxar) % 7[> < J || Pgoc |2

and the proof is concluded by (3.17). Q.E.D.

4. Directional derivatives of the functionalj | Peox []2.
Q

We use the notation introduced in section 3.

THEOREM 4.1. — Assume that e Lg(Q, V), g L3Q, V), and consider
the measure = g(x)dx; then, for all te R, one has a+tfeLg(Q, V) and

d
4.1) o f I Px(or + tB) [1*i=0 = 2J { Prodx), g(x) > dx
t Jo Q
Proof. — Both B and —f belong to Lg(Q, V), hence, by 3.2, we have

o+ tfelg(Q, V)forallteR.
To prove (4.1) we use (3.6) and the fact that

d
7 I Pl + )| =2<pxw) vy  VuveV

which is in turn clear because || px(u) || = dist (u, K*). Q.E.D.

PART I

FUNCTIONALS OF THE STRAIN

5. General notation for part IL

In this part of the paper we assume that Q is a Lipschitz domain in R,
ie. Q is a bounded connected open set with Lipschitz boundary. We
denote by v(x) the outward unit normal vector to dQ at x.
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We shall consider the vector space
V={a= { o bij=1.... al 0 ER, oy =y}

of the n x »n symmetric matrices with real entries, endowed with the stan-
dard scalar product of matrices (we use the convention of summation over
repeated indices):
(o, B) = aij.Bij = trace (x o f)
and the associated norm
la| = (o, )t/

Moreover, we consider a symmetric linear operator A : V — V such that
the quadratic form a +— (Ae«, o) is positive definite, and the scalar product
and the norm

(o, B = (A, f)

lloll = (o>

We consider also a fixed closed convex cone K in V and we denote
by K* the orthogonal cone to K with respect to ¢ ., . >. We denote by
Px»> PxL> Px» Pxe: the projections (with respect to the scalar product ., . »)
introduced in sections 1 and 2.

We define the space

U(Q) = { ue BD(Q) | Pxa(u) e LAQ, V) }

where BD(Q) = { ue LY(Q, R") | &(u) is a measure of finite total variation
in Q} is the space of the vector fields of bounded deformation in Q [24]
[23] [19] [6]
We consider also the set
Ko ={Aa|aeK}

which is clearly a closed convex cone in V. We notice that, by definition,
one has fe K+ ifand only if ( o, 8> < Ofor all e K ; that is, if (A, f) < 0
for all 2 e K ; that is, if (7, f) < 0 for all T € K,. In conclusion, if we denote
by K¥ the orthogonal cone to K, with respect to the standard scalar pro-
duct in V, we have

(5.1) £ = K+

We shall consider functionals of the type

1
(5.2) EW)=3 L [| Pr(e())(x) [[*dx — L S ()u(x)dx — j Fxyu(x)d A"~

2Q
where #"~! is the (n—1)-dimensional Hausdorff measure and

(5.3) feLnQ,R",  Fel=(3Q, R
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A pair (f, F) as in (5.1) will be called a load. We notice that the functional

E(u) is defined for all the functions u € #(Q), because BD(Q) = Lﬁ(Q, R
and u|x 1s a well defined summable function on dQ for all ue BD(Q).

6. The Neumann problem. Equilibrium and constitutive equations.

We shall consider the following

PrROBLEM 6.1. — Given a load (f, F), find a minimum point v for the
functional E(u) in the space U(<).

In this and the next sections we shall derive the properties of the minima
of the functional E(u). The existence of solutions to problem 6.1 will be
proved in section 8, under suitable conditions for the load.

It is convenient to give the following

DEFINITION 6.2. — Assume that 6 € LY(Q, V), fe LY(Q, R"), FeL'(6Q,
R". We shall say that
dive +f=0 in Q
c.v=F on 0Q

in the sense of distributions in Q, if one has

L Tifx)ei{ P)xX)dx — f S(x)p(x)dx — f

0!

Fx)p(x)d #"* 1 = 0
Q

for all ¢ e CLQ, R").
Using the notation introduced in section 5 we have:

THEOREM 6.3. — Let v € %(Q) be a minimum point for the functional E(u)
in #(Q) and consider the function o:Q — V defined as

o(x) = APx(e(v))(x)
then one has

6.1,1) ceL3(Q, Ky)
(6.1,1ii) gvy=A 1o+ 1
(6.1, iii) A = Pyguieg(v) e M(Q, K¥)
and

6.2) dive +f=0 in Q

cv=F on 0Q
in the sense of distribution in Q (definition 6.2).
Proof. — Let ve #(Q) be a minimum point for E(u) in %(Q). Then, in
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view of theorem 4.1, for any function ¢ € CY(Q, R") and for any t e R one
has that v + t¢ € %(QY), and

d
(6.3 0= LR o= | PN, 0100 x| o
— J Foda"!
Q
that is J (APge(v)(x), e(p)Xx)dx — j fdx — J
Q Q

0!

Fopd A"~ =0
Q

and the equilibrium conditions (6.2) follow. On the other hand one has
&v) = Pxe(v) + Prsg(v) = A o + A
where A = Prie(v) e M(Q, K*) = M(Q, K3). Q.E.D.

The constitutive law (6. 1) is the general kind of law that one can have
satisfied by minimizing functionals of the type (5.2).

We want to remark that conditions (6.1) are equivalent to (0.2) if A
is an absolutely continuous measure; on the other hand if A has a non zero
singular part, we have the somewhat unpleasant fact that the stress field o,
which is a priori defined just £"-a. e. in Q, need not be defined in the set X
where the measure A° is concentrated. However it seems not unreaso-
nable to expect the stress to have a trace on X, and this trace to be zero
(compare [3]).

In part III, we shall see that in the case of masonry-like materials, if £
is a C* surface, then the discontinuity of the displacement has to be normal
to the surface. The problem of the structure of the set X seems to be open.
For a first study of the structure of the singular set of general functions in
BD(Q), we refer to [19]. For functions in BV(Q), the structure of the set
where the (n—1)-dimensional part of the measure (Du)® is concentrated
is known [15; theorem 4.5.9].

The following proposition will be needed in proving the principle of
the minimum complementary energy for the stress.

PROPOSITION 6.4. — If v € %(Q) is a minimum point for E, then one has
(6.4) J | Pre(®)(x) 12dx — f fodx — j Fod "' = 0
o o o

Proof. — Clearly, the function h(t) = E(v + tv) has a minimum in t = 0
and (6.4) is just ’(0) = 0.

7. Admissible stress fields. Complementary energy.
Uniqueness of the stress.

The main result in this section is theorem 7.7, from which the uniqueness
of the stress follows. We have to start with a bunch of definitions.
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DerINITION 7.1. — Given a load (f, F) as in (5.3) and a stress field
1e LA(Q, V), we shall say that t is (f, F)-admissible for problem 6.1, or,
shortly, admissible, if one has

wx)e Ko for F"almost all xeQ
and
divt+ =0 in Q
t.v=F on 0Q

in the sense of distributions in Q.

REMARK 7.2. — By theorem 6.3, if v is a minimum point for E(u) then
the function o(x) = APg(e(v))(x) is a (f, F)-admissible stress field. In other
words, the existence of an admissible stress field is a necessary condition
in order for problem 6.1 to have a solution.

DEFINITION 7.3. — Assume that u, u;e %(Q). We shall say that the
sequence u; is strongly convergent to u in %) if

(7.1) in LY YQ, RY)

(7.2) j|£ [—>J|£

(7.3) Pee(u;) — Pxe(w) in LYQ, V)

REMARK 7.4. — If u; — u as in (7.1), (7.2), then one has [5] [27]
ujlan = Uz in Ll(aQ’ R")

Moreover, in view of lemma 2.7, one has also

j | Pee(w;) || — f || Pye(u)|
0 Q

DEFINITION 7.5. — We shall say that an open set Q@ = R" is K-admissible
or, shortly, admissible if, for any function u € U(Q), there exists a sequence
u;e CHQ, R") such that u; — u strongly in %(Q).

We shall see in section 10 that all the Lipschitz domains in R? are admis-
sible and that all the strictly star shaped Lipschitz domains in R" are admis-
sible. Most of the results that we are going to give will make use of admissible
Lipschitz domains. It would be nice to know whether or not Lipschitz
domains in R" are admissible, also for n > 3.

The main property, at least for our purposes, of the admissible Lipschitz
domains is the following one:

LEMMA 7.6. — Let Q be an admissible Lipschitz domain in R" and let
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(f, F) be a load. For any (f, F)-admissible stress field © and for any u e U(L2),
one has

(7.4) J‘ (Pxe(u), T)dx — J fudx — J Fud#" 1 >0
Q Q o0

Proof. — Let u;e CY(Q, R" be a sequence of functions such that u ;o u
strongly in %(£2). For each j, one has

(7.5) J (Pxelu;), r)dx—J fujdx—J Fujd.}f"‘lz—j (Px &u;), 1) =0
Q Q 2 Q

where the last inequality follows because K* = K¥, so that (Pgue(u;)(x),
1(x)) € 0 for #"-almost all xe Q. Taking the limit for j — oo in for-
mula (7.5), by definition 7.3 and remark 7.4, one obtains (7.4). Q.E.D.

THEOREM 7.7. — Let Q be an admissible Lipschitz domain in R* and let
v € U(Q) be a minimum point for the functional E(u) in %(€)); then the stress
field 6 = APge(v) is a minimum point for the complementary energy functional

I(r) = % L(A‘ 1, t)dx

among all the (f, F)-admissible stress fields.

Proof. — Let 1 be an (f, F)-admissible stress field. Taking into account
the convexity and homogeneity of the function « —~ ¢ A”'a, @) one has

I(t) — I(¢) > J (A7, 1 — o)dx = J (Pxev),t — )= 0
o Q

where the last inequality follows from lemma 7.4 and proposition 6.4.

Q.E.D.
We remark that theorem 7.7 above is a rephrasing in our situation,

where ¢(v) may be a measure, of a well known result by J. J. Moreau, compare
also section V, 6 in [11].

An important consequence of theorem 7.7 is that, if v, and v, are any
two minimum points for E(u), the corresponding stress fields

oy = APxe(vy), 6, = APge(v,)
must coincide; in fact, both ¢, and ¢, minimize the complementary energy,

which is a strictly convex functional.

8. The Neumann problem: coerciveness, semicontinuity, existence.

In this section we shall prove the existence of a solution to problem 6.1,
under suitable assumptions for the load.
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First we introduce suitable notions of weak convergence and coerciveness
in the space #(€), then we use the direct method of the Calculus of Varia-
tions, the properties of BD(Q2) [23] [/9] and theorem 3. 3 to get the existence
theorem 8.5. We remark that theorem 8.5 is easy, the difficulty having
been moved to the question of deciding whether the functional is coercive
and lower semicontinuous. Further in the section we are able to give better
sufficient conditions on the load for the existence of a minimum of E. These
conditions basically reduce to the existence of a safe (f, F)-admissible
stress. However, really simple sufficient conditions, at least for special
configurations, are still lacking. A few better results in two dimensions
have been obtained in [74].

DerINITION 8.1. — The functional E(u) is said to be coercive on U(£2)
if there exist numbers ¢; > 0 and ¢, = 0 such that

Ew) = ¢ {LII Pye(u) [|*dx + LIS(u) I} — ¢

for all ue U(Q).

A condition on the load, which is sufficient for the coerciveness of E(u),
will be given in theorem §.8.

Because of the Sobolev-Poincaré type inequality for BD(Q) and the
compact immersion BD(Q) < LY(Q) [33] [/9], when the functional E(u)
is coercive on %((), from any sequence u; € %(£2) such that

E(u;) + J lu;|dx < constant < + oo Vj
Q

one can extract a subsequence, let us call it again u;, such that, for some
ueL""~14Q, R") one has

(8.1,1) u; - u in LYQ R
(8.1, if) w, = u in L YQRY
(8.1, iii) J leu)| <M for all j
Q
8.1, iv) J || Pyeu) |Pdx <M forall j
Q

where M is some positive number.

DEFINITION 8.2. — When a sequence u;€ U(Q) converges to a function
ue L'~ 1(Q, R" asin (8. 1) we shall say that u; converges to u weakly in %(Q).

PROPOSITION 8.3. — The space #(Q) is a closed subspace of L™~ HQ, R™),
with respect to the weak convergence in U(2).
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Proof. — By =8.1,1) and (8.1, iii) one has u € BD(Q) and &(u;) — &(u)
weakly as measures, then, by theorem 3.3 one has u e %(€Q) and

(8.2) j | Pee(w) |2 < m}_n liva Il Pge(u;) ||2 Q.E.D.
Q —® Q
DEFINITION 8.4, — We say that the functional E(u) is (sequentially,

weakly) lower-semicontinuous (in U(Q)) if, for any sequence u;e #(Q) and
for any ue U(Q) such that u; — u weakly in %(Q), one has

min lim E(u;) = E(u)

J—= oo

A sufficient condition for the lower-semicontinuity of E(u) will be given
in theorem §.10.
Here is the existence theorem:

THEOREM 8.5. — Let Q be a Lipschitz domain and let (f, F) be a load
such that there exists an (f, F)-admissible stress field . If the functional E(u)
is coercive on U(Q) and lower-semicontinuous with respect to the weak conver-
gence in U(Q), then there exists a solution to problem 6.1.

Proof. — Clearly one has

—oco < inf E(u) < + o
ue % ()

Let u;e %(Q) be a sequence such that
(8.3) lim E(u;}) = inf E(u)
Fimdee]

ueU{QY)
Consider the space .# of the infinitesimal rigid motions in R"
J={w:R" > R"egw)=0} < {affine maps: R" - R"}
and take some fixed continuous linear map
T:BDQ) - &

such that Tw = w for all we .# compare for instance [/9]. We remark
that for all we .# we have

J‘fw+f Fw= J T.e(w) =0

because t is (f, F)-admissible, and it follows that
(8.4) E(u) = E(u — Tu)

Now we set
v; = u; — Tu; e %(Q)
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By (8.3) and (8.4) and by the coerciveness of E(u), for all j, we have
J || Pxe(v;) |I* + f | &(v;)] < constant < + co
Q Q

and by the Sobolev-Poincaré type inequality for BD(Q) functions [23] [19]
we have also

J fo; " tdx < constant < + oo for all j
Q

Because of the compact immersion BD(Q) — L1(Q) and proposition 8.3,
we may find a subsequence v;, that converges weakly in #(Q) to some
function v € %(£2) and, by the semicontinuity of E(u), we get

E@) = uegl(sf) ) E(u) = Jlirg E(v;) = E()

hence v is the required solution to problem 6.1. Q.E.D.

We notice that the minimum v that we have found in the preceding
theorem satisfies Tv = 0.

We remark again that the proof of theorem 8. 5 is just a straight forward
consequence of the known properties of the space BD(Q).

Now we shall consider the more difficult problem of finding reasonable
conditions on the load for the coerciveness and the semicontinuity of the
functional E(u).

DEFINITION 8.6. — We shall say that a stress field e L*(Q, V) is safe
(with respect to the cone K,) if there exists a number ¢ > 0 such that
— (t(x), ) Z ¢co | ]
for P"-almost all xeQ and for all aeK§ = K"
Clearly, a safe stress field belongs to K, almost everywhere.

REmark 8.7. — A sufficient condition in order for = to be safe is that
there exists a number ¢; > 0 such that, for #"-almost all xQ one has
—ﬂZC3 for all e K§

[ () | fe]
[7(x)] = c3

In fact, in such a case, for almost all x e Q one has
— (t(x). ) = %]« for all ae K}

The above condition may be rephrased as follows: let K, be a closed cone
strictly contained in Ko and let B a neighborhood of the origin, if 1(x)eKy-B
Jor L-almost all x € Q, then 1 is safe.
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THEOREM 8.8. — Let Q be an admissible Lipschitz domain in R" and let

(f, F) be a load in Q. If there exists a safe (f, F)-admissible stress field T then
the functional E(u) is coercive on #U(Q).

Proof. — Let ue%(Q) and let ujeCl(ﬁ) be such that u; — u strongly
in %(Q). For each j one has

E(uj):J! [| Pge(u;) HZ—J fuj_J\ Fuj:J Il PKS(uj)HZ_J (T, elu;))
Q Q 20 Q o

= j Il Pre()) 1> — J (7, Pee(uy)) — J (7, Proe(u;)) =
Q Q Q

112 172
Zj | Pra(uy) I* — {J Iflz} {f IPKS(uj)‘Z} +Coj | Proeu) |
Q Q Q Q

and, as | a| < | Pxa| + | Pxe ¢}, one has also

(8.5) E(u)) = Cx{j | Pre(u;) 1> + J IS(uj)l} — ¢

Q Q
where ¢; and ¢, depend on A, Q, 1, ¢,. Taking the limit in (8.5)forj — o0
the proof is concluded. Q.E.D.

The sufficient condition given in theorem 8.7 reminds one of analogous
conditions given in many different problems [73] [15] [Z] [25] [2] [8]
where L! estimates for the gradient or for the strain are needed. This condi-
tion seems to be interesting from a theoretical point of view, but it may
be difficult to check for a particular given load. For practical purposes it
would be important to have also simple and easy-to check sufficient condi-
tions for the coerciveness of E(u), at least for special configurations of interest.

Now we turn to the problem of semicontinuity. First we give an obvious
remark.

REMaRK 8.9. — If F = 0, then for any f e LNQ, R") the functional E(u)
is lower-semicontinuous with respect to the weak convergence in U(Q).

THEOREM 8.10. — Assume that Q is an admissible Lipschitz domain,
let (f, F) be a given load, and assume that there exist a function g e L), R")
and a stress field e L*(Q, Kg) such that

(8.6) te L*(Q, RY)
and

8.7 {divr+g=0 in Q

t.v=F on 0Q

in the sense of definition 6. 2. Then the functional E(u) is lower-semicontinuous
with respect to the weak convergence in U(Q).
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Proof. — Let u;, u € %(Q) be such that u; — u weakly in #(£) and let us
prove that

(8.8) min lim E(4;) = E(u)

jm o

For any number 6 > 0 set

Q; = { xeQ|dist (x,0Q) > 6 }
we have

(8.9) E(w) — B(u;) = J (g — iy — u;dx +

Q

+ {j | Pxew) ||%dx — J Il Preu;) [I°dx — J glu — uj)dX} +
Qs Qs Qs

+ U IIPxe(u)HZd%J HPKS(uj)szx_J glu—u;)dx—
O\Qs O\Qs Qs

— J Flu—u;)d #"! }
50

max lim {J Il Pge(u) szx——J | Pxe(u;) [[2dx—j g(u—uj)dx} <0
Jme Qs Qs Qs

If we call G the second term in parentheses on the right of (8.9) we have

(8.10) G=J ”PKS(u)HZ_J HPxﬁ(u,-)szx—J (e(u—u;), 7)
295 Qs Q\Qs

—f [r.vé].(u——uj)d%"_l
25

where, as in remark 8.9, one has

where v; is the outward normal to 0Q;, [t.v;] is defined as the unique
function in L%(0Q;, R") such that

- L (z(x), 8(¢))dx+J ¢ div rdx+f [t.vs].0d #" 1 =0

Qs

for all ¢ € C}(Q;, R", see for instance [7, theorem 5.3], and the pairing
(e(u — u;), 7) has to be considered as a measure (compare [28] and [4)).
Now, arguing as in lemma 7.6, one gets

@.11) j (e(u;), ©) — J (Pye(uy), 1) = 0
Qs Qs
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and, adding and subtracting the term — J (Pxe(u;), v) to 8.10, one gets
O\Qs

(8.12) G<= j I Pxe(w) ||2dx + || flle Le(w) |
O\Q,

0,
+c6j ]‘clzdx—f [t.vs]-(u — up)d "}
Q\Qs Qs

At this point, we take a number n > 0 and we choose Q; such that one has

J | Pe(w) [IPdx + || T“ocj le(u) | + ch lT%dx <1
O\Qs Q\Q5 Qs

and ) L
Ui lan, — Ulao, in LY0Q;)

Taking the limit for j — oo in formula (8.12), we obtain G £ #, where 5
18 arbitrary, and it follows that G < 0. Recalling (8.9) we have then
max lim { E(u)—E(u;) } < 0 and (8.8) follows.
e Q.E.D.
While assumption (8.7) in theorem 8.10 is natural, assumption (8.6)
is not. In two dimensions we are able to relax slightly assumption 8.6, as
it is shown in proposition 8.11 and remark 8.12 below.

PROPOSITION 8.11. — Let Q be any Lipschitz domain in R" and let (f, F)
be a given load in Q. If there exists a (f, F)-admissible stress field 1o such
that 1o € L*(Q\Q;3, Ko) for some neighborhood Q\Q5 of 0Q, then there exists
another stress field 1, e L®(Q, Ky) and a function g e L"(Q, R") such that
{divrlﬁ-g:O in Q

8.13
( ) 7,.v=F on 0Q

Proof. — 1t is sufficient to consider a function ¢, € C§(Q) such that

s

A~ on

o
0= dix) 21, ¢y(x) = 11if dist (x, 0Q) > —, ¢d1(x) = 0 if dist (x, Q) <
and to take 2

(8.14) 71 = To(1 — ¢y)

Infactitis clear that 7, € L*(Q, K)and that the divergence of 7, in the sense
of distributions is a function in L%, R"); moreover, one has 7,(x) = 14(x)

o1 0 . e
if dist (x, Q) < 2 and this easily implies (8.13). In fact set g = div 1, and

let us prove that

(8.15) Jg‘cl e Pydx — J ghdx — j FpdH" ' =0
Q 20
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for all ¢ € CY(Q, R"). To do that, consider a newﬁfunction ¥, € CHQ) such

K]
that 0 < ¥i(x) = 1, Yi{x) = 1 if dist(x, 6Q) > 3 and notice that for all
¢ € CH€, R" one has

J 1,8(¢)dx —J gpdx _J FodH" ! =

= Lrle(d)(l — Y1)dx — L go(l — Yry)dx — Lﬂ Fo(l — ¢ )dH"! =
= L(n — T0)e(¢(1 — Y1) — L(g — el — ) =0 Q.E.D.

Summing up theorems 8.5, 8.8, 8.10, proposition 8.11 and theorem 10. 5,
we have the following result.

THEOREM 8.12. — Assume that Q is a Lipschitz domain in R* and that
(f, F) is a load such that there exists a safe (f, F)-admissible stress field 7
which is bounded in a neighbourhood of ¢Q, if n = 3 assume also that Q
is K-admissible; then there exists a solution to problem 6.1.

9. Case of prescribed displacement at the boundary.

In this section we shall consider a particular minimum problem, pro-
blem (9.1) below, which is natural for our functionals and which is the
closest we can go towards prescribing the displacement at the boundary.
The boundary conditions satisfied by the solutions to problem (9.1) are
of a unilateral type, and their meaning is especially clear in the case of the
masonry-like materials, that we shall study in part TIIL

Let Q be a Lipschitz domain in R" and take an open ball Q, such that
Qc Q.

Consider a fixed function g e H*%(Q,), which is going to be our prescribed
displacement at the boundary of Q, and the space

UfQ) = { ue BD(Q,) | Pe(u) e L*(Q4, V), u=g on Q,\Q}

For any given load fe L*(Q, R") we consider the functional

1
Ew) =5 L [l Pce(w) 11> — L Judx

and the problem

©.1) { BE(u) — min
ue U(Q,)
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First we shall study the equilibrium and constitutive relations, with
particular regard to the boundary conditions, which are satisfied by a
solution to problem (9.1); then we shall give sufficient conditions for the
existence of a solution to the problem.

If v is a solution to problem (9.1) and we set

o = APxe(u)
arguing as in theorem 6.3, we get

oeL3Q, Ky)
9.2) fv)=A"lo + 4
A = Prug(v) e M(Q, K¥)

and, using the Euler equation for test functions ¢ € C§(€, R") we get also
9.3) dive+f=0 in Q

in the sense of distributions.
Now we study the conditions satisfied by v and ¢ at the boundary. For
a general function v e BD(Q,), if we get

v =trace of yg on 9Q
v" = trace of vg,q oOn 9Q

we have [6; theorem 1.5, formula (i) (where the minus sign is wrong)]

©-4 so)an = (07 (%) = v () © WA jag

i,j=1,..., n

product of a, b € R® If v e %(Q,), then one has v* = g; moreover, as
Pye(v) e LA(Q,, V), it follows that the measure Pge(v) is identically zero
on dQ, 1. e. for all Borel sets BD(£2,), if we get

1
where we denote a O b = {2(aib ;i + ajb,-)} the symmetric tensor

L Pge(v) = L px(gx) — v (x) O vx)d#" ' =0

so that
rxl(gx) —v" (X)) Ovx)) =0  #" lae on O

and this is equivalent to saying that

0.5 (g0 —vx) Ovix)eK' =K§  #" lae on 00
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where we have written just v(x) for the inner trace of v on 9Q, as we shall
do from now on.
" Formula (9.5) is the boundary condition satisfied by the displacement v:
one does not have that g — v is zero on dQ, but just that the difference g — v
is such that (g(x) — v(x)) ©® v(x) belongs to a certain cone. The meaning
of this condition is particularly clear and simple in the case of the masonry-
like materials, which we discuss in part II1. At this point, the reader may
find it useful to start reading part III and to keep on reading it and this
section in parallel.

For each unit vector a € R" and for each closed convex cone K, we consider
the set

9.6) K),={beR"|bOacK}

Asthe map b +> b © ais linear, the set (K), is a closed convex cone in R™.
Formula (9.5) can be written also as g(x)—v(x) € (Kp)uw) #" '-a. €. on 0.

We have also a boundary condition satisfied by the stress. In fact, let
Y e CHQ, R" be such that

(= ¥(x) Ov(x) =0 forall xeadQ

9.7 —Y(x) © v(x)e K+t = K3 for all xedQ

— Y(x) € (K¥)yx for all xedQ
and consider the function ¢ : Q; — R" defined as
W(x) if xeQ
¢(x) = { .
0 if xeQ\Q

Clearly, we have ¢ € BD(Q,) and for all t > 0 we have v + t¢ € BD(Q)),
v+1¢ =g in Q;\Q. Moreover, for all ¢t > 0 by lemma 3.2 and (9.4)

Px(ev)+te(@)dx m Q
Py(e(v)+te(@)) = 3 pxl(g(x) — v(x) — t(x)) © v(x))d A on 9Q
pxe(g) in Q\Q

where px((g(x) — 0(x)) © Wx)+t{ = (x) O v(x))=02#""'-a.e. on JQ for all
t > 0, because of (9.5) and (9.7). In conclusion, for all ¢ > 0 we have
v+tp e U, (Q,) and it follows that (compare theorem 4.1)

+

©.8) os‘;—E(vms)[,:o:f a.e(w)dx—f o
t Q Q

for all e CY(Q, R™) such that (9.7) holds.
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Formula (9.8) is the boundary condition satisfied by the stress, and it
is to be thought of as being part of the constitutive laws. If the stress is
a regular function up to the boundary, one can integrate by parts in (9.8),
and one gets

(9.9) J (@.v).(— Y)d A" 1 <0
o0

for all Y e C(Q, R") such that — y(x) e (K¥),u on 0Q
This means that the vincolar reaction ¢.v of the boundary satisfies
(o(x).v(x)).b <0

for #"~1-almost all x € dQ and for all b e (K§),.). In other words, if one
denotes C* the orthogonal cone, with respect to the standard scalar pro-
duct in R”, to the cone C = R", one has

(9.10) o(x) v(x) € (Kdw)* A" 'a.e. on 0Q

In fact, if we denote z(x) the projection of o(x).v(x) on the cone (K§),).
we can prove that condition (9.10) is equivalent to

(9.11) J | z(x) [ do#" ™t =0
xQ

Now, essentially by lemma 2.3, we can find a sequence of functions
z

6;e CH0Q, (K¥),x) such that 8; — ﬁjf"‘l-a. e. on 0Q, [6;] <1 and
z

we take a sequence ;¢ CY(Q, R") such that 0; = 8;0on 0Q. By (9.9) we have

OZJ‘ z.9j+J [(o.v) — z].6; for all j
o a0
taking the limit for j —» oo, by the dominated convergence theorem,
we get
0> j |z]d,yf"—1+J ((a‘v)—z).i.dff"_lzj |z dam
o0 o0 lz] oQ
and (9.11) follows.

The boundary condition (9.8) for the stress is a weak formulation of
(9.10). Again, this condition is especially simple in the case of masonry-
like materials (section 12).

Summing up, we have proved the following:

THeoREM 9.1. — Ifvisasolution to problem (9. 1) and we set 0 = APge(v),
then the constitutive equations (9.2) and (9.8) are satisfied, moreover one
has the equilibrium condition (9.3) and the boundary condition (9.5) for the
displacement.
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Remark. — By mechanical considerations one expects the vincolar reac-
tion to be zero where g # v. In section 12 we shall prove this result for the
case of masonry, under some regularity assumptions.

Now we state our existence theorem for problem (9.1).

THEOREM 9.3. — Let Q be a K-admissible Lipschitz domain in R,
and assume that the interior of K is not empty. Then for all feL"(Q, R"
there exists a solution to problem (9.1).

To prove theorem 9.2 we need the following

LemMa 9.3. — If K is a convex cone and a’is an interior point of K,
la|| = 1, then there is a number c¢; > 0 such that, for all B K* one has
9.12) il < (B —ad

Proof. — We set
cp=min{{f, —a)y|feK:, || Bll=1}
As o is an interior point of K we have ¢; > 0and (9.12) follows immediately.

Proof of theorem 9.2. — First we shall prove the coerciveness of E(u),
more precisely, we shall prove that for any function u e %,(€2;) one has

(9.13) E(u)ZCz{J llPxﬁ(u)llzdx+f Iﬁ(u)|+j
Q Q

1%

fu—gld,}f_l}—cg
Q

where ¢, > 0 and ¢3 > O depend on ¢y, n, A, Q, g, fbut not on u. Let a e K
be such that [[a || = 1, let u e (Q;) and let w;e C(Q, R") be a sequence
that converges strongly to u—g in %(Q). For each je N, by lemma 9.3 we
have

J | Pgee(w;) ]| dx < i J (Pyee(w;), — oy dx
Q 1 Ja

where

J {Pgag(w;), — a > dx = J {e(wy), —aydx — <J Pye(w;)dx, — oc> <

< J (w; O v, —ayd#"' + f || Pxe(w;) || dx
7] Q
Hence we get

(9.14) J HPKla(wj)lld)c—i—i w; O v, >d#m !
Q

C1 Jea

< — | [ Peelw)){ldx

1JQ
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and taking the limit in (9.14) for j — oc, by remark 7.4, we obtain

1
(9.15) JHPKLS(u—g)IIvL—J (u~g)Ovuydx"!
Q C1 Joo
<— | [ Pxe(u — g)ljdx

¢ Ja

Now, by (9.5) and by lemma (9. 3) we have

e = 00 © 00— o) 2 g = ) © 9| 15 — )|
#"1.a e on Q, for some number y — y(n, A), and we conclude that
©.16) me—@|+LJg—uw%Wlsuﬁﬂpww—@n

where ¢, depends on ¢;, y and A. On the other hand, by the Sobolev-
Poincaré type inequality in BD(Q) [19] [23], we have

J Sfudx

where ¢ depends on Q and g, and by (9. 16) we have

qudx < 1 f llenes {uj I Pee(u — g) |l + J IE(g)l} <
Q Q Q

1
< —J I| Pe(u) |1> + co
4 Ja
where ¢ depends on ¢, y, A, Q, g, f but not on u.
By (9.17) we have immediately

< IS llenlfulipnm-r < Hf“ans{J‘ lﬁ(u)1+f ju —gld.}f"'l}
Q Q

2

(9.17)

1
(9.18) E(u) > 3 jﬂ | Pge) I1* — cq forall ue,(Q;)
and by (9.16) it follows also

9.19) HMZa{J|wn+fzg—uM%Wﬂ}-%
Q a0

for suitable ¢; > 0 and c¢g > 0. Finally (9.18) and (9.19) imply (9.13).
Now we set

| =inf { B(u]ue#%,(Q,)}

By the coerciveness (9.13) we have — oo <l < + o0. Let u;e%,(Q,)
be a sequence of functions such that

lim E(u)) = |
J7
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By the properties of BD(Q) functions and again by the coerciveness of E(u).
for all j we have, for some number M < + oo,

JIIPKE )12 = JIIPKE )P+ j | Pe(@) I <M
Q1/Q

Jlﬁ J)I—Jls I+j (u—g)GVlde_l+J le@)| <M
2, /Q2

and the Sobolev-Poincaré inequality, possibly changing the constant M.
we have also

J fu; """ ldx <M < + for all j
Q .

Hence, possibly taking a subsequence, one has u; —» v weakly in #(Q,)
for some v e %(£2;). Now one has necessarily that v = g in Q,/Q, that is
ve¥,(Q,), and by the semicontinuity theorem 3.3 one has E(v) = I.

Q.E.D.

10. Approximation theorems.

In this section we are going to prove various approximation results
that we have used in the paper.
If E < R* and p > 0 we set

PE = { px|x€E}

DEFINITION 10.1. — We say that an open set A < R" is strictly star
shaped if, for all numbers p > 1 one has A — pA.
If A is strictly star shaped, also pA is strictly star shaped, for any p > 0.

THEOREM 10.2. — Let Q be a strictly star shaped Lipschitz domain in R".
Let K be a convex closed cone in the space V of the (n X n)-symmetric matrices
with real entries, and let uc BD(Q) be such that Pg(e(w)) e L3(Q, V). Then
there exists a sequence of functions u;e C*(Q, R") such that u; converge
to u strongly in U(Q) (definition 7.3).

Before proving theorem 10.2, we have to give two lemmas.

For any function f defined in Q and for any positive number r we consider
the function f, defined in (1 + r)Q as
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LemMa 10.3. — Assume that ue BD(Q). Then one has u, € BD((1+r)Q)
and, for all Borel E < Q, one has

(10.1) j ew)=01+rr"! J &(u)
(1+nE E
(10.2) J le(u)| = (1 + r)"_IJ | &) |
(1+n1Q Q
Moreover, for all | e(u) |-measurable function f: Q — R one has
(10.3) J Jelx) L elu,) | = (1 + r)"_lf J(x) ] &) |
(L+n1Q Q
and for | e(u) |-almost all x € Q one has
de(u,) _ de(u)
(10.4) m((l + r)x) = aew] (%)

Finally, if Pxe(u)e L*(Q) then one has also Pge(u,)e LA(1 + rQ) and

(10.5) Pye(w,)(1+r)x) = 11

n Pxe(u)(x) for L -almost all xeQ
,

Proof. — Obviously, one has u, € L'((1 + #)Q). Formula (10.1) énd the
fact that &(u,) is a bounded measure both follow because for all functions
geCHQ) and for all i, j = 1, ..., n one has

(10.6) Ceiflur), g > = (L + 1)1 Cau), g )

which in turn comes from
J D; g (xui(x)dx = (1 + r)"_lj D; g(x)w/(x)dx
(1+rQ Q

Formula (10.2) follows immediately from (10.1); (10.3) is equivalent to
(10.2); and formula (10.4) follows from (10.1) (10.2) because

[
Bs(x)

) () = fim P

dle(u)| 507 j
(
- | (1) |

elu,
JB(1~»>)5~((1+")X)( ) . da(ur)
d| e(u,)]

= lmn

s—=0t
| &(u,) |
Bt +rs((1 +r)x)
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Finally, as faras (10.5) is concerned, recalling the definition of Px&(u), one has

J‘ Pxe(u,) j ( dels) ( ))ld( |
r) = au,)| =
(1+rE « (1+r)EpK d|eu,)! Y )

L+t px &) )d|e@w) |=(1+r"1 | Pe(u)
g \d]eu)] E

In particular, it follows that if Pxe(u) € L*(Q) then also Pye(u,) € I2((1 +r)Q)

and formula (10.5) holds. Q.E.D.
LemMMA 10.4. — Let Q be a strictly star shaped open set in R" and assume
that ue LP(Q), 1 < p < + oo. Then one has
(10.7) J |u,|"<(1+r)"f lul?
Q Q
(10.8) lim J Ju—u, |Pdx =0
=0t Q .

Proof. — Formula (10.7) is an obvious consequence of the change of
variables formula, while the proof of (10.8) is completely similar to the
proof of the continuity of the translations. Q.E.D.

Proof of theorem 10.2.— For all r > 0 we consider the function u, defined
in the set (1 + r)Q. As Qs strictly star shaped, we have l(r)=dist (3((1 + r)Q),
Q) > 0. Consider a function € C¥(R") such that »(x)=0 if |x|> 1,

0<nx) <1, j n = 1; then, for any & > 0, consider the function

[Rn
no(x) = 6"n<§>

We claim that for any sequence ;1 0 one can choose a sequence §;, with
0; < Kr;), such that the functions

Uj = Uy, * 1,
satisfy (7.1), (7.2), (7.3).

In fact, consider a sequence r;{0. By lemma 10.4 we have
hm “ ur_,- —u Hn/n*l =0
jo o
For each j we may choose a number §; < l(r;) such that

H urj * ;76_,- — Uy, ”n/n— 1 < 1/]
and (7.1) follows.

By the properties of the convolution and by lemma (10.3) one has

j | e(u,, *15,) | < J [e(u,,) | = (1 + rj)"‘lf L e(w) |
Q (1+n1Q Q

Vol. 2, n° 4-1985.



296 G. ANZELLOTTI

and it follows that

(10.9) max limJ le(u;) | < j | &(u) |
Q Q

Jr©

Now, (7.2) follows from (10.9) and (7.1), taking into account the lower-
semicontinuity of J | &(u) | with respect to the weak convergence of &u).
Q

Finally, for all j one has e(u,, * n5,) = &(u,,) ¥ 5,, and, recalling lemma 3.4
and (10.5), one obtains

J || Pee(uy) I*(x)dx = J [l Pre(u,,) * 115,) [[(x)dx
Q Q

< J | Pe(uy) [IP(x)dx < (1+r,-)"1j I| Pe(w) 1% (x)dx
(1+r)Q Q
so that
max lim J || Pel(u;) [[2dx < J' [| Pxe(u) |2dx
Jmo Q Q

but, by (7.1),(7.2) and lemma 2.7 one has
Pxe(u;) — Pge(u) weakly in L23(Q, V)
and (7.3) follows. Q.E.D.

THEOREM 10.5. — Let Q be a Lipschitz domain in R? and let K be a
closed convex cone in the space V of the 2 x 2 symmetric matrices with real
entries; then, for all function v e U(Q), there exists a sequence of functions
v;€ C*(Q, R?) that converges to u strongly in U(Q).

Proof. — We argue as in the proof of theorem A.2 in [/7] (compare also
theorem 1 in [5]) except for step 4, which is not needed here, because n = 2.

First, we claim that for each function v € %(€2) and for each number é > 0
there exists a function w; e %(Q ) where Q is an open neighborhood of Q,
such that

(10.10) o — wsllL@rsy < O

(10.11) Jls(w&1<fle(v[+6

(10.12) J || Pee(w,) [[2dx < f || Pee(v) ||2dx + 6
Q Q

Such a function w; can be constructed as in formula (A.16) of [17], and
arguing as in [/7] one obtains (10.10) and (10.11). Now we shall
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prove (10.12). For brevity we denote w; just by w. Using the same notation
as in [/7], we have first to choose the cylinders Q; such that the condition

N
0
.13 2«
(10.13) ZfﬂhnjllPxﬁ(v) I < N

also holds. Then recalling that
N

N
&(w) = no&(v) + v © Dyy + Z nevz;) + Z 0,;,; © Dy
ji=1

j=1
by fact 3.2, we have
N

l| Pue(w) 1> < C{nﬁ(X) [ Pee(o) II” + Z 1;7(x) || Pe(va, ) 1> +

i=1

N
PK(” ©O Dno + va,j © DT?j)

j=1

+

|
for some constant C > 0. As n =2 and veL"""}Q, R?) = L2(Q, R?),
N

we have immediately that an(v)eLz(ﬁ, V); moreover, as 2 Dy; =0,

recalling (10.3), we get -
N =0
J IIPKS(W)Ilde<f ”PKE(U)”2+N5+J PK< E (v—vx,j)C)DnJ)
Q Q Q
j=1

N N
l PK(Z(U—UA,;‘)@D’M) <ZH(U—UL;‘)®D’11'”
im1

j=1
Now, for A — 0, wehave (v — v; ;) — 0in L*Q, R?)and A may be chosen
small enough that (10.12) holds.

To conclude the proof, we notice that, by taking the convolution u; = wj*
of a function w; as in (10.10), (10.11), (10.12) by a suitable mollifier i,
we get the same formulae (10. 10), (10. 11), (10. 12) satisfied by u; in place of v
and 26 in place of 4.

Finally, if we consider the sequence of functions v; = uy;; these func-
tions satisfy (7.1), moreover, by the lower semicontinuity of the total
variation they satisfy (7.2) and, by lemma 2.7 and theorem 3.3 they
satisfy also (7.3). Q.E.D.

2
dx

where
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PART I

MASONRY-LIKE MATERIALS

11. Introduction and notation for part IIL

The general theory we have developed in parts I and II applies in par-
ticular to the case when

(11.1) Ko = { n x n negative semi-definite matrices }

i.e. in the case of masonry-like materials, that we have considered in the
introduction. In particular, we recall that we have an existence theorem 8.5
for the Neumann boundary conditions, and an existence theorem 9.2
for the case of a prescribed displacement at the boundary. All of part II
can be read thinking of the particular choice (11.1), and there is no need
to restate our results in this case. On the other hand, there are a few points
of the theory where the choice (11.1) makes possible to get more precise
results. For instance, the boundary behaviour of the solution, in the situa-
tion of section 9, is especially meaningful for masonry-like materials, and
it will be discussed in section 12. Conditions on a stress field in order for
it to be safe are given in section 13. Finally, in section 14, we shall compute
an explicit formula for the number || Pxa ||> where « is a 2 x 2 symmetric
matrix, K = { A7 'a|a e K, } and A corresponds to the case of isotropic
materials. The formula that we obtain shows that, in this particular case,
our energy functional coincides to the functional considered in [I4].

Now we collect a few simple properties of the cone of the negative semi-
definite matrices.

Facr 11.1. — i) The set K, defined in (11.1) is a closed convex cone
in V.

i) If IO(O denotes the interior of K,, one has
Io(o = { e V| a is negative-definite }

iii) — Ko = {@aeV]a is positive semi-definite }

iv) Ift € Vissuch that 7" = ¢~ 1(i. e. r is unitary) then the mapm:V - V,
defined as m(e) = t~ 'at, is a linear isometry of V, which leaves invariant
the cone K (and obviously also Ky and — Ky).

v) K¢ = — K,.
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12. Boundary behaviour of the solutions
in the case of prescribed displacement.

In this section we shall use the general notation introduced in section 9
and we shall make the special choice (11.1). The results are collected in
theorem 12.2. First we have to prove a simple lemma.

Lemma 12.1. — For each vector we R" — {0 } one has
(12.1) (Koho = { — rw|r >0}
(12.2) (K§) = {rw|r =0}

where the sets (Ko).., (K§),, are defined as in (9.6).

Proof. — By fact 11.1, (iv) we may assume that w = e; = (1, 0,0, ..., 0).
In this case, for any a € R” we have

a2 an
a, — ... —
4 2 2
20 ... 0
aGOw= 2
a, :
— 0 ..... 0
2

and if a O we K, one must have in particular that

det (@@ w) =a, <0
and that

- a2
L@ow) = ?l <0

i=2

where I,(a © w) is the second invariant of the matrix, 1. e. the sum of 2 x 2
minors constructed on the principal diagonal of the matrix. This way,

(12.1) is proved and (12.2) follows immediately. Q.E.D.
THEOREM 12.2. — Letv be asolutionto problem (9.1) and set ¢ = APge(v).
Then one has
(12.3) £ = olx) = rxl) } H" lae ondQ
r(x) =0
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Assuming that dQ is of class C?, for any function h(x) e C1(6Q), h > 0, one has
(12.4) {o.v,vh)>; <0

where >, is the pairing between H™12(0Q, R"), HY*(0Q, R"). Finally,
if one assumes that r(x) is continuous and that ¢ € C(Q), one has also that
(12.5) o(x).(x)=0 H#" '-a.eintheset T ={xecdQ|r(x)> 0}

Proof. — Formula (12.3) follows immediately from (9.5) and (12.1).
Now let us prove (12.4). We have ¢ e L€, V) and, by (9.3), we have
div o e L(Q, R") < L€, R"), hence we get

oc.ve H Y200, R3)
We recall that, for any function ¥ e H/2(5Q, R"), one has

(12.5) (o, >y =J o.g(l,b)dx—i—J Y div odx

Q

where i is any function in H'2(Q, R") such that Y0 = Y.

If 8Q is of class C? then the function — v(x) is of class C' and, for any
function h(x)e C(0Q), h(x) = 0, there exists a function Yqe CHQ, R")
such that Yo(x) = — v(x)h(x) on 0Q. By (12.2) one has that (9.7) holds
for ¥y ; and (9.8) too. Recalling (12.5) one gets then (12.4).

Now we shall prove (12.5). We shall argue as in the proof of (9.8), with
some improvements. Let € C}(Q), R") be such that

(12.6) Y(x) =0 for all xe(6Y\T
(12.7) [ ¥(x)] < r(x) forall xeT
Consider the function ¢ € BD(Q)) defined as
Y(x) in Q
o) = { 0 in Q\Q
then there is a number ¢, > 0 such that, if | t| < 1y, one has
(12.8) Pge(v + t¢)sn = pxl(g(x) — v(x) — tP(x)) © W(X)H" 10 =0
In fact, one has
(g(x) — v(x) — tY(x)) © v(x) = r(x)V(x) O v(x) — t(x) O v(x)

where .
dist (r(x)v(x) © v(x), 0K¥) = ¢ r(x) forall x

[ tY(x) © Wx)| < |t|r(x)cy for all x

for suitable numbers ¢,, ¢, > 0. By (12.8) (recall the proof of (9.8)) we get
that v + t¢ € %,(Q,) for | t| < t, and we have

(12.9) Osz(uﬁ—td))]t:o:J‘ o.s(l,b)dx—J fy =0
dt 0 Q
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As o is assumed to be smooth, we can integrate by parts and we get
(12.10) J o(x) v (x)d A1 =0
o

for all Y e C1(Q, R") that satisfy (12.6), (12.7). As we assume that r(x) is
continuous, if x, €T there is a neighborhood #(x,) of x, on dQ where

1
rx) > 5 7(xo) > 0 and (12.9) (12.10) hold for any y with support in U(x,)

(times possibly a constant, that does not matter, however). It follows then
that a(xy).v(xe) = 0. Q.E.D.

13. Safe stress fields.

Here we use the notation of section 8 and we assume that Ky isasin (11.1).
ProposITION 13.1. — A stress field © of the type
t=H -4l
where H e LA(Q, K,), and 8 is a positive number, is safe.
Proof. — For all x and for all e K = — K, we have
— (t(x), 0) = — (H(x), &) + dtr ()

where (H(x), ) < 0. If we call g, ..., 4, the eigenvalues of o, which are
all non negative numbers, we have

- 1/2
lof = (Zﬂj) < /ntr(a)

i=1

and it follows that

é
—(t(x),00) =2 —= ] a|

Jn Q.E.D.

14. An explicit formula for || Pge(w) ||

in two dimensions.

for isotropic materials

In this section we take n = 2 and K as in (11.1). For any matrix

011 g2
o = ( eV
O12 Q22
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we consider the matrices

A1y + %33 0
1
s __ 2 — )
o = . Uy + ooy —2(troz)I
2
Ay — %22 o
—_— s 12
D _ 2 _ S
o = =0 — 0
Opp — %11
012 —2——

which are called the spherical and deviatoric part of a. If we set V= {tI|teR ],
Vp={aeV|tra =0} we have that V; and Vy, are orthogonal spaces in V
with respect to the standard scalar product, and o, a” are just the ortho-
gonal projection of & on Vg and Vp with respect to the standard scalar pro-
duct in V.

In what follows we shall compute an explicit formula for || pxo||* in
the case that the operator A is of the type

(14.1) Ao = pof + pyoP

that is (Aa)® = u.0°, (Ax)® = p,aP, where uy, p, are positive constants.
In classical elasticity, the choice (14.1) of the operator A corresponds to
an isotropic (and homogeneous, of course) material, and py, p, are pro-
portional to the bulk modulus and to the shear modulus, respectively.

Our starting point is the fact that, by the properties of the projections
and by (5.1), one has

(14.2) [lpxall?® = lla — pxa|i* = min || — BII? = min ||« — B

where K¥, in this case, is the cone of the positive semi-definite matrices

in V. We shall compute the minimum in (14.2) in theorem 14.2, but we

have first to set some notation and to make a few preliminary remarks.
For any matrix « € V we set

(14.3) I =o', I, =|aP]
We have
202 = T?
14.4
( ) 212 =T? — 4D
where T =troa = oy + 03,, D =deta = o055 — 02,

With the choice (14.1), one has

(o B = (Ao, f) = ua(0, B) + pale®, B°)

(14.5)
lodl? = mli + pol3

Annales de I’ Institut Henri Poincaré-Analyse non linéaire



A CLASS OF CONVEX NON-COERCIVE FUNCTIONALS 303

LemMa 14.1. — If A is as in (14.1) then one has
(14.6) Ko={aeV[T<0, -1,20}
(14.7) K={aeV|T<0,ul; —wl, >0}
Proof. — Formula (14.6) follows from the simple remark that
2deta =13 — 13 = (I; — L)1, + I,).
Then we have that Ax € K, if and only if
 T(Ad) = gy tra < 0
Li(Ao) — Ix(Ao) = uy1y () — ppla(@) = 0
and (14.7) follows. Q.E.D.

Now we can state and prove our result.

THEOREM 14.2. — If A is as in (14.2) one has

0 if aeK¥
P 2 1 1 2 2 .
| Pgat ||2 = #_+#_ (T?-2D—T./T?—4D) if aeV — {K UK%)}
1 2
Hy +
LY R S % if aeK

Proof. — Clearly, if xe K¥ = K* one has Pxa = 0, while, if 2 € K one
has Pxa = a, and, by (14.5) (14.4) we get our result in these cases.

We are left to prove the middle case. Given a matrix «, we have to find
the minimum value of the function

1
F(ﬁ)=§||at—l3ll2
in the set
§={peVIT(P=0,det f >0}

Certainly, a minimum point B exists, because K¥ is convex and closed;
moreover, if «¢ K then § # 0 and B is a stationary point of F(f) on the

surface det § = 0. Finally, f is the unique stationary point of F(f) on the
surface

OKE — {0} ={f|detf=0,Tf>0}

In conclusion: if we find a stationary point § for F on { det f = 0} and we
have that T(f) > 0, then we have
| Pear [|> = llo — B I

Vol. 2, n° 4-1985.



304 G. ANZELLOTTI

Actually, it is convenient to consider the enlarged problem:

(14.8) find a critical point for F(5) on the surface
’ {det p =0, B # 0, B non necessarily symmetric }

For any given a € V, we shall find a solution f to problem (14.8) such that
is symmetric and tr > 0, and it will be also a solution of our starting pro-
blem.

It is clear that the solutions to problem (14.8) satisfy the system

{ VF(f) + tV(detf) =0

(14-9) det f=0

for some Lagrange multiplier ¢ € R, and we may rewrite (14.9) as

(e = By + pale — B + t(B° — (BP)) =0

(14.10) { detF = 0

where (B°Y is the transposed matrix of B°. Now, let us just look for a
solution f which is symmetric, so that (fP)* = B°. By the mutual ortho-
gonality of spherical and deviatoric parts, (14.10) is equivalent to

pie® + B — ) =0
(14.11) Hz“i_BD(t + p2) =0
det =0
Now we consider two different cases, namely

(14.11, @) =0

(14.12, b) of # 0

First we consider case (14.12, b). In this case we have I, > 0 and we must

have also I, > 0, otherwise, by lemma 14.1 we would have a € — K, K%

or a € K, which is assumed not to hold. It follows by (14.11) that one has
t—pu #0 t—pu, #0

By (14.11) we get then

U
Bi1 + Baz = (211 + 33) -
U — 1
(14.12) Bir — B2 = (B11 — B22) P
N o
12 12112 i
det f =0
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Computing the f;; and substituting in det § = 0 we obtain

(14.13) ("2 + t>2 _ By
My —t I ui

Again we consider two cases:

(14.11, a) T(e) > 0

(14.14, b) T() < 0

In case (14.14, a) we take t such that

p2+t  Lrp,
S+t Ly

that is .
_ Haia(Iz — 1)
. Lipgy + Lp,
By (14.11) we obtain
= 1ol + ol

BS = as
Lo g+
B> = ocDi wly + pol,
L, u+p

and we notice that tr f > 0. _ 3
Finally, we may compute o® — ° and «® — B° and by (14.5) we get

Hilla

e —B? = I, — Ly =
Hi T U
11
=(-+—>(T2—2D—T T2 — 4D )
By H2

Now we go back to case (14.14, b). In that case we choose

Pa tt Ly,
b+t Ly

that is
‘= uipa(ly + 1)
ol — Iy

where I, — pyl; > 0, otherwise, by 14:7, we would have « € K. It follows
that

Bs s U2l — paly
Li(ps + u2)
BP — oP paly — pqly
L(ps + p2)
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and we have again that tr § > 0 and

la—B|2 = f‘%aﬁlzf:(i + —1—>(T2 —2D - T/T2 - 4D).

KT H2 K1 H2
This concludes the proof for case (14. 14, b) and for the whole case (14.11, b).

We‘still have to consider case (14.11, a): if one has ¢°=0, then, by (14. 10),
as f§ cannot be zero, we have t=pu; and

/D _ K2 oP
M1+ Ha2
and, recalling (14.4):
[tr 12 =2] B2 + 4 det B

As det f = 0, it follows that 5

o y K2 D2

o= |2=ll3D|2=< )lal
B p M1+ U

and, computing as before, one obtains

o= BI? = oo — B 12+ pp [P — P2 = 12 2 _op iz
My + pa My + Yy
Q.E.D.
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