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REsumE. — Nous prouvons I’existence d’orbites de non-collision avec
grand period pour une classe de systémes dynamiques de type keplerien.

0. INTRODUCTION

In this paper we study the existence of T-periodic solutions for a system
of ordinary differential equations of the form

—y=V'(y), M

where V is a Keplerian-like potential, i. e. V(x) behaves like — |x|™® for
x close to 0, o being any real number greater than 0. We prove that, for
large T, such a system has a non-collision T-periodic solution (i. e. a
solution which does not cross the origin) under the only assumption that
V attains its maximum on the boundary of an open set which contains
the origin.

A potential of such kind arises, for example, if at x=0 there are
z positive charges sorrounded by z-+k (k>0) negative ones uniformly
distributed on a shell containing x=0. Then V(x)=—z/|x| inside the
shell, while V(x)=k/|x| at infinity.

The existence of periodic solutions of (1) when V'~ — |x|™® and a2
(or, more precisely, the case of strong forces —see [6] for a definition) has
been studied in [1], [3], [6], [8], see also [2] for a review of the results in
this and related fields. We notice that in such a case all the periodic
solutions are non-collision orbits.

The situation is much more complicated when a <2. For some partial
results for a>1 we refer to [5] (see also [4] for a somewhat different class
of potentials). In particular, the results of [S] do not cover the case
a=1 (%, which is known to be quite degenerate. For example, if

(®) Some results are found also when o=1 but under other symmetry conditions.
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V(x)=—|x|™%, then the T-periodic solutions belong to one parameter
families containing collision solutions and all the orbits of each family
have the same value of the energy and the same value of the action
functional [7].

Actually, in the present paper, we show that Kepler’s potential is very
sensitive to perturbation, at least in the sense that even a very small
perturbation far from the singular set (if it goes in the “right” direction)
can assure the existence of non-collision orbits.

The results proved here have been announced in the C.R. Acad. Sci.
Paris note [0].

1. ASSUMPTIONS AND MAIN EXISTENCE RESULTS

We consider a potential Ve C!(RN\ {0}, R) satisfying

(V1) V(x) > —o0 as |x| > 0;

(V2) there exists an open, bounded set Q — RN, with smooth boundary
I' such that

(i) 0eQ and Q is star-shaped with respect to 0;

(i) letting b=max { V (x): xe RN\ {0} }, one has that b=V (£), VEeT;

(V3) lim sup V(x)=B<b.

x| - +o
Given T>0 we look for solutions of

—y=V',  yO@=y(M, O=y(T) (Py)

where V' denotes the gradient of V.
We say that a solution y(t) of (P) is a non-collision orbit if y(£)#0,
vt

Let S'=[0, 1],/{0, 1}, H=H'(S%; RY), and A= {yeH:y () %0, V1}.
We denote by ||u]|?= j]u'|2+ f|u|2 (*) the norm in H.

Define fi: H— R U { + 0 } by setting

fr(w)= %JId(t)lzdt—Tsz(u(t))dt.

(*) From now on we will assume that each integral is taken from 0 to 1.
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[where V (0) = — o0].
Then freC'(A; R) and, if ueA and f%(u)=0 then y@)=u/T) is a
non-collision solution of (Py).

THEOREM 1. ~ Suppose VeC'(RN\ {0}; R) satisfies (V1), (V2) and
(V3). Then 3T* such that ¥V T2T* problem (P) has at least one non-collision
solution x such that {x(t)} ¢ I

2. ESTIMATES FOR THE MINIMUM OF f. ON COLLISION
ORBITS

It is easy to show that it exists a function y:R* - R of class C!
such that: (i) ¥ (s) > —o0 as s —»0%; (i) maxy=b; (iii) V(x)§\lj(]x]),
VxeRY\ {0}; (iv) ¥ is not decreasing. Let g;:H'(0, 1; R*) > R be
defined by

gr(n)= %jl (0> dt—T? J\j/(r (1)) dr.

Consider now ueH. Setting r(f)=|u(t)|, one has re H!(0, 1; R*) and

Jirie= fici wiul>es flap.

Then

JAURS. J 72— T? fV(u)g : j T J V() =82 (1)

Moreover, if ueH\ A there exists a 0€[0, 1] such that
|u(t+6)|eHE(0, 1; RT). Hence

LEMMA 2. — me=inf{ fr(u):ueH\ A} 2inf {g;(r):
reH}(0, 1; RN }. O

LEMMA 3. — gy attains its minimum on HL (0, 1; R™).

Proof. — Trivial since g; is coercive and weakly lower semi
continuous. []
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Lemma 4. — 3¢, 1>0 such that YT>1
min {gr(r):reH§(0, 1; R*)} 2¢T—HT2

Proof. — Let rp be such that gi(rp)=min{g;(r):reH(0, 1; R*)}.
Then set

T?E,= %Ir;(t) 2 T2 (rr (1),

From the conservation of energy it follows that T2 E; is a constant of the
motion. Fix now T, and correspondingly ro=rr, and E,=E; . We claim
that E,<b. In fact, since 3¢, such that r'(t,)=0 [we recall that
ro(0)=ro(T) =0}, then T Eo=TZ Y (r, (t,)) <T2b, hence E,<b. If E,=b,
then V(7o (t,))=0 and r, (t)=r,(t,)>0, V¢, contradiction which proves
the claim.

Take now any T>T,. Distinguish between: (i) E;<E, and (ii) E; > E,,.
If (i) holds, from T2y (ry) <T?E; and E. < E, it follows that

gr(rpz -T2 f‘ll(rT) 2 —T?E,. e

Suppose now that (ii) holds. Let ¢ be such that r;(t;)=0 and 7, (f)>0
Vte[0, 1. Set pr=r;(ty). From E;>E, and the monotonicity of y it
follows that pr>po=ry(t,). Since r1(t)>0, Vtel0, t;[, we can solve
re()=pin [0, t;] to get t=11(p) such that r(1.(p)) =p, V p€[O0, pql- From
the conservation of energy we get, since E;>E,

QT (e (P)?>Q2TY) Lro (o (p))? Y pel0, pol.

We can now evaluate

11 1
EJ r-’r(t)lzdthL I 0) [P dt

0

1 [er 1 T [r
=3 f rr(tn(pdpz S | 7o (To(p))dp )

0 0Jo
Set

P

1 0
c=—— ro (T dp.
2T, ), o (To(P)) dp
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Then ¢>0 and from (3) and Y (r) <b it follows
gr(r)=cT—bT? VT>T, (4)

(2) and E,<b jointly with (4) prove the Lemma. [

3. PROOF OF THE THEOREM

We start by showing
LemMa 5. — Ve>0, f; satisfies the PS condition in the set
(xeA: fr(w)Sar—e),
where ap=min{my, _g*}.
Proof. — Let (u,) = A be such that

frlu)Sar—e,  fr(u,) -0
Then %JI u,|* <Const., hence, setting w,=u,— ju,,, w, = win C°(S!; RV).

Suppose, by contradiction, that & = J‘u,,—> +o0. Then |u,(t)| > + o0

uniformly and using (V3)
fr(u)=—BT*—¢/2  for nsufficientlylarge,

contradiction which proves the boundedness of ||u,||;. We immediately
deduce that u, —u strongly in C°(S'; RY) and weakly in H'(S'; RM).
Moreover, from the weakly lower semi-continuity of f;, we deduce

Sr(w) £ lim inf f7(u,) Sar—e<my,

n—- +ow

hence ueA. Usual arguments then prove that u, — u in H. []

Proof of Theorem 1. — Consider the set of functions
Y= {xeHsuchthatx(t)=Ecos(2nt)+nsin(2nt) +x,,

é,n’XOERN’ IEJ:‘T}lél,
CEMY> =<8 x> =<M, x> =0, |xo2=1—|E]2—|n[?}.
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Then, Vx€Z, |x(1)| =1, Vt.
If ®:S¥"' 5T is the radial projection [which is a diffeomorphism by
(V2)], set

Y= {®(x)suchthatxeX}.

We have that:
Sr(w= %JI @ @@ [u@®]*-T*b

<o [lEOF-T  @= s lowh  ©

xesN™
<4n?c,—T?b.
By Lemmas 2, 3 and 4

my=c¢T—bT?, VT>r1. 6)

From (5) and (6) it follows: 31, such that
[E)<mg,  VT2r, (N
Moreover, since B <b, one has
f(E)<-BT?
and hence
fr(E)<or=min{m;, —BT*}. ®)

One can now proceed as in the proof of the theorem by Lyusternik and
Fet on the existence of one closed geodesic on a compact Riemannian
manifold (see [9], Theorem A.1.5). In fact, letting £>0 be such that
JS1(¥) <ap—e, we can work in the set { u f;(u)<o;—e}, where the PS
condition holds according to Lemma 5. Since the minimum on such a set
is achieved on { xeR™ V(x)=b }, set which is homeomorphic (through
@) to SN7, the existence of a critical point u such that — T2 b<f; (u) <o
follows. Lastly, if such a critical point is such that u(¢f)eT, V¢, then for
the corresponding solution y (t)=u(t/T) one would find y (t)=y,. Hence
one finds f;(u) = —T?b, a contradiction. This completes the proof. []

Vol. 5, n° 3-1988.



294 A. AMBROSETTI AND V. COTI ZELATI

4. FINAL REMARKS

ProPosITION 6. — Let N=2 and VeC(RN\ {0}, R) satisfy (V1-2).
Then

(i) IT* such that ¥ T>T*, (Py) has a non constant solution y (t) which is
a non-collision orbit;
(ii) if Q is convex, then y (t)eQ, Vt.

Proof. — The only point where (V3) has been used is in proving
Lemma 5. If N=2, this can be avoided using Lemmas 2-4 jointly with the
arguments of [6]. We will be sketchy here. Let Ag={ueA: u is non-
contractible to a constant in A }. It is possible to show that f; is (bounded
from below on H and) coercive on A,. Since X < A,, (7) implies that
inf { fr(u): ueAy} <my for T large. Then it follows that
Juge Ay fr(up)=min { f3(u): ue Ay }. This proves (i).

As for (ii), consider

V (%), VxeQ

U(x)={
b, VxeR2\ Q.

U is of class C. Applying (i) above we find a T-periodic solution of
—y=U"(»)

with yeA,. It follows easily that such a solution must be contained in Q
for every ¢ (in fact, if it hits the boundary it must be a straight line in the
past or in the future, so that it cannot be periodic). O

Remark 7. — By a suitable modification of Lemma 5, it would be
possible to show that Proposition 6 (ii) holds even if N> 2.

PROPOSITION 8. — Let the assumptions of Theorem 5 be satisfied. Then
for every compact set K = Q, 3T, VT=T,, (Pr) has a solution y; with
{yr(®} €K

Proof. — From the proof of Theorem 5 we know that for T large
enough f; has a critical point u; such that

fo(up)<4m?c, —bT2 9

If there is a compact set K « Q such that u;(t)eK, V¢, one would have

fr(up) 2 —T? jV(uT) > —T?max V.

K
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Since max V < b, this is in contradiction with (9) for T large. []
K
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