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ABSTRACT. — If A = R3 is a convex body we prove the existence of an
embedded minimal disk M = A meeting dA orthogonally.

RESUME. — Si A = R? est un ensemble convexe, nous prouvons I'exis-
tence d’une sous-variété minimale M < A du type disque, intersectant A
orthogonalement.

INTRODUCTION

Let A be a bounded open strictly convex subset of R*® with boundary 0A
of class C*.

In the present paper, we consider the free boundary value problem for
minimal surfaces in A. This means that we seek a minimal surface M < A
whose interior is contained in A and whose boundary dM is contained
in JA which is stationary (for the area integral) with respect to all variations
preserving the inclusion dM < 0A. This implies in particular that M has
to meet JA orthogonally.

Our result is

THEOREM. — There exists an embedded minimal disk M in A solvtng the
free boundary value problem.

Liste de mots-clés : Minimal surfaces, free boundary problems, geometric measure
theory, minimaxing procedure.

Classification A. M. S. : 49 F 10, F 20, F22, 53 A 10, 58 E 12.
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346 M. GRUTER AND J. JOST

Our proof has several ingredients:

a) The minimaxing methods of Pitts [P] are used to connect two distinct
points on JA by a sequence of disks meeting JA transversally. We obtain
a minimaxing varifold which has a certain almost minimizing property
in the sense of Pitts [P] and Simon-Smith [SS].

b) The methods for minimizing among embedded surfaces of Almgren-
Simon [AS] and Meeks-Simon-Yau [MSY ] are used for local replacement
arguments.

¢) We use the (easy) extension to free boundaries of the curvature esti-
mates for stable minimal surfaces of Schoen-Simon [SRS] for some com-
pactness arguments.

d) The regularity at the free boundary depends on the companion paper
[GJ], where Allard’s regularity theorems for stationary varifolds [Al, A2]
are extended to solutions of free boundary value problems.

¢) Finally, Simon-Smith [SS] showed that any (regular) metric on S3
admits a minimal embedded two dimensional sphere. Besides using many
of their arguments in @) and b), we shall make use of their paper in an essen-
tial way to show that the almost minimizing varifold produced in a) and
shown to be an embedded minimal surface in b), d) is actually simply
connected, i. €. a disk or a collection of disks.

We remark that our arguments easily generalize to the case where the
ambient space is replaced by a three-dimensional Riemmanian manifold
of class C® and A is a strictly convex ball in this manifold provided there
are no minimal embedded spheres in A. We did not include the details,
because it was already demonstrated in [P] and [MSY ] how to generalize
such arguments to manifolds, and also because the present paper is already
long enough.

A corresponding parametric problem was recently treated by Struwe [St],
using a method of Sacks-Uhlenbeck [SU]. He showed that given an
embedded surface S in R* of class C*, diffeomorphic to the standard sphere,
there exists a parametric minimal surface f :D — R3, where D is the
unit disk with f(éD) = S and meeting S orthogonally. It is not clear,
however, whether his solution is embedded (at least if S is strictly convex)
or at least immersed. He does not assume that S is convex, but in the general
case his solution cannot be confined to lie in the interior of S. For these
reasons, we believe that our result captures the physical and geometric
essence of the problem better than his.

Finally, it was shown by Smyth [Sm] that if T is a tetrahedron
in R* (i.e. having a boundary formed by four planar pieces) then there
exist three embedded minimal disks meeting T orthogonally. The rather
explicit boundary in his problem made it possible to apply arguments
of a much more elementary nature than ours.

The present work was begun when the second author was supported
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by the SFB 72 of the University of Bonn and completed while both authors
enjoyed the hospitality of the Centre for Mathematical Analysis in Can-
berra. We thank Leon Simon for inviting us to Canberra and for acquainting
us with his unpublished work, and both institutions for their generous
support.

§1. THE EXISTENCE
OF AN ALMOST MINIMIZING VARIFOLD

Terminology.
A is a bounded open strictly convex subset of R, 0A € C*, U = R® open
KU, A):={y = {y, }, ¥, :R> > R isotopy of class C' (te [0,1}),
W, LR?® ~ K = id, for some K = = U, Y,(0A) = 0A, Y, =id }
D,={xeR*:|x|<r}
M={dD,), ¢ :D; - A injective, of class C? and of maximal rank
_ ¢(D;) meets JA transversally }
M= {N = inty 7, M e .#,  piecewise C? Jordan arc oh M }
|Z]:=area(X).

For X e.#, we define

I U A 0)={y={V:}ocic: e U,A)  |Y(Z) < |Z| + @

forall te[0,1]}.
Furthermore, for e > 0, a > 0,

S(U, A, e,y :=1Ze.#:1f yelU,A) with [Yy(X)|<|Zf+a
Let forall te[0,1], then |Y(Z)|=>|Z|—¢}.

1
%=={(U1,Uz) :U;cR¥open, U;nA#0, vol(U;nA) < ZVO]A

for i=1,2 dist(U;,U,) > min(diam U,, diam U,) }.
Furthermore, if U = R® is open, ¢ > 0,
U?:={xeU :dist (x,0U) > g }
%0:: {( CLUZ) :(U17U2)E%}
For V, We V(R") :
E(V, Wy=sup { | V()= W(/)|: feCOGR") | fI<1,Lip(f)<1].
DEFINITION. — A varifold Ve V,(A) (= { We V,(R?) :spt || W[ < A}),
V # 0, is called uniformly almost minimizing among disks relative to 4U°,
if foreache>O0thereisa>0andXe.# withF(V, (X)) <eand ZeS(U7, A, ¢, a)

for at least one i€ { 1,2} for each (U3, U3)e#°. We also say, that ( for
this i) V is almost minimizing among disks on Ujf.

Vol. 3, n® 5-1986.



348 M. GRUTER AND J. JOST

Note that for ¢, < ¢, the property of uniformly almost minimizing
among disks relative to #“* implies the same property relative to %2

We also say that Ve V,(A) is almost minimizing among disks in U
(U an open set) if for each £>0 there is >0 and Ze.# with F(V, n(Z))<e
and e S(U, A, ¢, ).

In this paragraph, we use the methods of [P, §4] together with their
modifications by [SS] in order to obtain the existence of a varifold which
is uniformly almost minimizing among disks.

Let Ae 4.

We consider the set of maps P(A)

oA > A 0<t<l1
with
(1) Po(A) =z, ¢1(A) =2y, zo,2z,€0A
2) ¢:[0,1] % A > A, (t,x) > @x)is Ct for te(0,1)
(3) ¢, is a diffeomorphism of A for each te(0,1)
(4) Al =A, where we have two families (Aj), 0<r<1, i=12,
of closed subsets of A,

uniquely defined via
Aj = {10}
Azl U Atz — K, Azl a) A,Z = @A)
IAINA = A NA  (i=12)
and )
t - A} is continuous.
Put
P(A) O<t<1

C(A)={VeV,A): V= klgg [Pk (A)), where (df(A))en is a sequence with
#*eP(A), 4e[0,1], Jim |p5(A)| =M= Jim (05111’)1 [PtA)]) }

C(A) is the set of critical varifolds. ‘
It follows from the isoperimetric inequality that M > 0. Actually

1
M > EhA vol (A)

with
L 2| ‘ .
hA—-lnf - .Ee-j[, 81USZZA,
min (vol S;, vol S,)
SlﬁSZZZ, 5slﬁA=652f\A=ZﬁA}.
LEMME 1. — There exists V € C(A) which is uniformly almost minimizing

among disks relative to #° for each ¢ > 0.
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EMBEDDED MINIMAL DISKS 349

Proof ('). — Since C is compact relative to the topology defined by F,
and since the almost minimizing property considered here is preserved
under limits in V,(A), it suffices to show that for each ¢ > 0, there is V,€C
which is uniformly almost minimizing among disks relative to #°.

We suppose that this is false, i.e. that for some ¢ > 0 no Ve C has
the required property. Then, for each ve C, there exists ey > 0 with the
property that for each « >0 and X e .# with Fu(Z), V) < ¢, there is
(Ui(Z, 0, V), Uy(Z, a, V)) e % for which T is neither in S(U{(Z, «, V)) nor
in S(U%(Z, o, V)). This means that there exist isotopies

Yy el(Ug, A)

with
5 W) | < 2]+«
(6) W) | < 12| — &y

fori=1,20<t<1.
Let Ny(U):={WeV,(A):F(V,W) <o}
Since C is compact relative to the topology defined by F,

. no
() cel N, vy
ji=1
for suitable V,, ..., V, eC.
Let £, = min &y, .

1<j<no 7

Using again a compactness argument, one easily sees that there is some
g, > 0 with the property that if { ¢, } € P(A) with

®) Ossltlgll PN <M + &
and if for some to€ [0,1]

©) | 66(A)] > M — ¢,
then for some je{1,...,n}

(10) Wb (A)eN,, (V).

Let ® be a finite covering of A by balls of radius ¢/4. Then there exists
a finite partition of unity {6,/ =1,...,L} subordinate to ® with
L

c
(11)  sup I DO(x)| < —, where c¢ is an absolute constant .
xeA ITf g

() We shall largely follow [SS].

Vol. 3, n° 5-1986.



350 M. GRUTER AND J. JOST

Let
(12) . (1 lM 1
= min (- M, — .
&= MR fe 20 T 40M + 1)
Let (¢,) be a path in P(A) with
1
(13) sup |d(A)| <M +-c.
O<t<1 4

We want to modify (¢,), using (5) and (6). to obtain a new path with
sup [B(A)| <M

0<t<1

and hence the desired contradiction.
Using (1) and (2), for some o > 0

(14 [pA)] <M — ¢ |if 0<t<dy, or 1 —-8,<t<1.
Let
K := max

0<tr<1
xeA

Z—(f (t, x)

We choose & > 0 having the following four properties

(15) 0<¢

(16) koo <er  (cf (1),
g

if t,t"e[6p,1 — o), It — 1| <4, then

(17) |peopr'(x) — x| <&’ forall x eA

and

(18) | (D)ot || <1+ &

We note that by (18), since ¢ < 1, for t, t'€ [60, 1 — do), |t — '] < )
(19) | (A | < (1 + 3e*) | (A ].

We choose a partition

50=t0<t1...<t":1—‘50
Of [50,1'—50]Withltj—tjﬁ1]<5U:1,...,n).

Fo={t;:10,0)] >M —¢}.

By (14)5 t09 tn¢ f
Since ¢ < £, (8) and (9) are satisfied for ;€ #, and thus, by (10), there
is k;je{l, ...>no } with
Ao (A) e N, (V).

Annales de I'Institut Henri Poincaré - Analyse non linéaire



EMBEDDED MINIMAL DISKS 351

Putting a = &2 in (5), for each j with t;e ¢ there is (U,;, U,;)e% and
g J J i

isotopies Yy e I(U;;, A) with
(20) | YD (A) | < | (A) ] + &2
and
(21) [ YD (A)] <1 (A)] — ¢
fori=1,20<t<1.
Let
n(#)
F = U Ck,
k=1

where each C; 1s of the form
Co={tp+si=01,..,r} = 2, Li—1 ¢ F st +1¢ 7.

For given ke {1,...,n(#)} we perform the modification of ¢, in the
interval t;, _; <t <t} 4, +1. For simplicity of notation, we shall suppress
the subscript k in the sequel. We thus want to construct (¢,) with

~ 1 .
(22) I¢I(A)ISM—58 it <<t

and asfj—l = ¢tj—1’ a)t,-”H = ¢tj+r+1 .
First of all

1
(23) ¢, = ¢2t-z,-_, for iy <t < E(tj_l +t).

. L 1
Since ;-1 ¢ #, (19) implies, in case t;_, <t < E(tj_l + t;),

3
(24) I¢2t—tj(A)| <M - Zs-
Next, let ipe{ 1,2} and
(25) e = Wiy o &y,
) 2t —t;—tj 1
with 7,(t) = ———————for —(t;_; + t;) <t < ;.
i~ -1 2

1 1
Using (20) and (24) for t= E(tj_ 1+1;), (22) also holds for E(tj_ 1 HE) <L,

Now suppose inductively that a&, has been defined for t;<r<¢ j<I<j+r
with

~ 1
(26) |d)r(A)[$M—§8 for <t<y

Vol. 3, n° 5-1986.



352 M. GRUTER AND J. JOST

and
@7 G, = Yo, for ip=1or2.

We then want to construct ¢, for t; < t < t,, 1, with (26) and (27) holding
with I + 1 instead of L

Since dist (U,, U,) > min (diam U,, diam U,) for (U, U,)e %, we can
find Uy, Uy 4, with

(28) Uan Uiy =9.
Let 0<s1<s2<%(t,+1—t1).
If i = iy in (28) and (27), we put
(29 a) d=vylod, for n<t<t+s,.
Then, by (26) and (27), (22) is satisfied for t; < t < t; + s,. If i # iy, we put
Q9b) b = Wiy, o WP o Oy, for n<t<t+s

. il igl
=Yl oW Gtss-nysa—sy°Pu fOr L+s <t <t +s,;.

Since in this case ) )
supp Y n supp Y = @,

where supp " = { x : ¥(x) # x }, (20) and (21) again imply (22) for this
interval. Moreover

(30) Puvs, = V1o -
We now recall the partition of unity satisfying (11). We put

Cij =1 - Zelé(ja l)

[

where
50’1)={1 if sptf=W,e® W, NU;#0
0 otherwise
Thus
{;| UG =0, {;]A\U? =1
(31

IDCyl <~
(e2

We choose 0 <5, < 53 <54 <S55 <147 —t. We put
ﬁzl()’) = ¢x,+§,—,(y)r1(z) ° ¢1:1 ° lplll(}’)
with Tz(r)z(tl+1_tle—tl—SZ)/(S3—Sz) for t,+SZSt$I,+S3
BHY) = Pryttatrytrs -1 © Pi b ° Wil ¥)
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EMBEDDED MINIMAL DISKS 353

with  73(t) = (t; + ss — D)/(ss — s4) for t,+ s, <t <t + 55

ﬂ?(}’) = ¢u(t) ° ¢t7 I(Y)

ttier — tr— Ss) — Ss(tier — ) + La(V e — t)tiry — 1)

vy — 0 — Ss
for L+ ss<t<t,
and

$o=Plod, for n+s,<r<t+s;
= Yl ssamsn 0 Borss o @y for i+ s3<t<t+ s,
=yttt efied, for i+ sa<t<t+ s
=yittteflog, for i+ ss<t<tyg.
The idea behind this complicated construction is quite simple. By (28),
the supports of ¥ and ¥*-'*! are disjoint. Since by (21); we can decrease
the energy by at least ¢, performing a modification on Uy, we have some

freedom for operations on Uy 4, still preserving (22), and vice versa.
We thus want to show that

1
(32) l¢?(A)lSM—§s for t;,+s,<t<ty;.

Since the estimates on the different subintervals are rather similar (and
taken from [SS] anyway), we confine ourselves here to carry out only
one (typical) example, namely t;, + s3 <t < t; + 54.
We divide
$dA) = S(A N ¢ L (U, )

U (@ A\ LU 1) n UZ) L (dA\da L (UF2 )\US)

=Tullulll
By (17)
(33) 1< UES”
(34) 11U I < A\UY D

Since {; = 1 on U¥ ffl)”, noting (28)

I= :t'—l-:-lE-\',\) (54 83) ¢11 ;(A m¢l,_ 11( i. 1+ 1)) .
Thus, by (20)
(35) 1T} < | e (A) N UFE | + &2
Next
II - ﬂt1+S3(¢n(A\¢n+ 1(U?/12+ 1)) m U(le)
= YD (AN\G, © b, 1 (UFE, 1)) N UG,

since {; = 0 on U}
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354 M. GRUTER AND J. JOST

With (21)
HI < [(@e(A\@y © 0 (U3 )) n U | — &
= l (¢rz ° ¢:7+11) ° ¢tz+1(A\¢;+11(U?'/,12+ 1)) n Ug | — &
S (1 + 382) l (¢t:+ 1(A\¢t:+11(Ug’/,12+ 1))) M ¢11+1 ° ¢t: 1( gl) l — & by (19)

= I(¢'l+1(A)\Ug/}+ 1) M ¢11+1 ° ¢t‘ 1( ;71)] + 382(M + 38) — & by (13)

Finally
I = B s D(A\D . (UFE )\UD) -

Thus putting R = (¢(A) ¢y, ¢7; (UZE+)\UZ,

67 1| < j 1 DBLL ) [PA#7().
R

Now, on R

d¢.
Dﬁllx‘f'S;(y) = a;i
“(DL(y), - > (41 — 1) + Dyis(d, (1) - Doy () -

Therefore, noting (31),(18), [t,4; — ] < 6

T=18+ 8300,y

DAL W] <x-S6+(1+ &)
(38) ¢
(37) and (38) yield
(39) ] < (1 + 26%) | ¢, (A\;, (U2 )\UT |
< (1 + 2831 + 36) | (B, (AU 1)\, , o 65, (US|
By (35), (36), (39) and (13)
| BdAY] < | bep (A | — & + (1 + 10M)

<1+2&  by(l6)

3
<l¢,., A - 2 by choice of & (cf. (12))
1
<M - ¢ by (13)

for [1+S3St$[1+54.

Handling the other subintervals in a similar way, we obtain (32). More-
over, by construction

(40) ., = l//il"Hl ° Py -
This holds for | =j — 1, ...,j + r — 1. By induction likewise

N 1
(41) [ oA <M — 3¢ for t;_y <t<tj,.
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EMBEDDED MINIMAL DISKS 355

We finally put

b = Vely " by

with Ts(t) = (e 1 + Loy = 20/(tjere1 — Liar)
1

for isr SIS E(tj+r + Livren)

and

- 1
b= bP2e—itjury, —2_(tj+r Fotirrr1) St < ljr,tr-

By the same argument as for t;_; <t < t;, we see that (41) continues
to hold for ¢;,, <t < tji,4.

Putting -
n

$o=d for t¢\ JUi— Li+r+1]

k=1

(19) then implies that (41) also holds for those t. Hence J), is defined on
[0,1] and satisfies

(42) |&mngM—%g for 0<t<1.

Since by definition of %, we only performed modification on sets with
volume less than a quarter of the volume of A, we see that (¢,) also satisfies
condition (4) (observe that we made sure that (40) holds at every step of
the construction, so (¢,) never deviated enough from (¢, to become a

path with A} = { z; }.) We then smooth out (¢,) to get a C'-path (q?),) with
= 1
l@MHSM—Zs for 0<r<1.

Thus, we have obtained the desired contradiction finishing the proof.
q.e.d.

COROLLARY 1. — a) There is at most one point x e A at which V is not
almost minimizing among disks.

b) For each x € A there is some r = r(x) > O with the property that V is
almost minimizing among disks in B(x, r)~{x }.

Proof. — a) If the almost minimizing property would fail at x; and x,
(x| # x,), we take r,, r, with

1
ry +1r; Silh‘le

1 _
vol (B(x;, r;)) < 2 vol (A)
in Lemma 1 to obtain a contradiction.
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356 M. GRUTER AND J. JOST

b) If V is not almost minimizing in ﬁ(x, r)=:U, for all r < ry(x), then

- . - . - . - 2 1
1tis almosg minimizing in U, := B(x, r,)~B(x, 4r) for all r < 2 ro by Lemma 1,
hence in B(x,ro)~{x} q.e.d

§2. MINIMIZING SEQUENCES OF SURFACES
~ AT FREE BOUNDARIES

We extend the methods of [AS] and [MSY] to free boundary value pro-
blems using the regularity theorem of [GJ].

Let U = R® be open, of class C?, and let dU N A be simply connected.

Let M e.# intersect dU transversally and

MnNnANU=0.
Let A be a component of M~ (M n U) with
MnNnANA= Q .
Then there exist F = U n A and C = AU with

1) FNA=ANndUNA
) ICAA=AUF
(3) : vol C < co #HA U F)*2,

The constant ¢, depends only on dA. This easily follows from the isoperi-
metric inequality. _
We also define for U as above and ¢t > 0,
if n:R*\NU — 0U denotes the nearest point projection,
R(t) = {xe R*\U : dist (x, Uy = t, n(x) e dU n A }

U= _J R

O<s<r

U,:=={xeU :dist(x,0U) >t }.

LemMA 1. — Let U be an open subset of R* with a convex boundary 0U
of class C2. Suppose on 0U the following isoperimetric inequality holds:

If 4is a system of Jordan curves in 80U n A dividing dU n A into two
(not necessarily connected) components E,, E,, then

min (#%E,), #%E,)) < B(length 2)?

Jor some B > 0.

Suppose
T > ¢, #%06U n A)*
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EMBEDDED MINIMAL DISKS 357

with
(=)
¢; = max T Co»
and
UM cA.
Let
6=>0

and let M e M intersect dU transversally. Suppose IM N A is not contained
in any set C satisfying (2), (3) where A is a component of M\(M n U) with
MNANA=0 and F = 0U N A satisfies (1).

Then there exists M e # with

M NnA=3dMnA
M\(M A U) =« M\(M n U)
MnAUgcMnU,
M intersects dU transversally

HAM) + #AM\M) N Uy) < #3M)
k

MmUzUNj where N;e. # .
ji=1

If in addition
HXM) < #2P)+¢  forany Ped with dPNnA=MnA
k
then there ¢4, . . ., &, = 0 with zgj < ¢ and
j=1

G=1,...,K)

Proof. — We can proceed as in [AS; p. 457 ff.] once we have demons-
trated the following claim:

If A, F and C are as above (in particular satisfying (1)-(3)) then
HUF) < #3*N).
We achieve this as follows.
Since 0U is convex, #°%(R(t)) is monotonically increasing in t, and, by

assumption
Rit) = A for 0<t<T.

If A intersects R(t) transversally (which is the case for almost all t by Sard’s
lemma), it divides R(z) into two (not necessarily connected) sets F(z), F'(z).

Vol. 3, n® 5-1986.



358 M. GRUTER AND J. JOST

We label them in such a way that they depend continuously on ¢ and

FO) =F
w.Lo. g
4) HA) < #HOU N A)
and hence

vol C < 3¢ #%(0U n A)3/2,

The coarea formula then yields

T/2
j HAE(0)dt < 3co#*(0U N A)3/2 .
T/4
. . TT| .
Hence, by assumption on T, there exists t, e 13 with

(5) HHF(to)) < %%Z(au NA) < %sz(R(to)) .

We put
E(f):=AnU().

Since dU is convex, Adist (-, U) > 0 on R*\U. Thus, from the divergence
theorem, if v denotes the unit normal vector field of A,

HAE()) — #2(F(t,) < ﬁ [<v,grad dist(-, U) > |
E(t2)\E(ty)
for0 <t <t, <T.
Therefore
(6) HAF(t,)) — A E(12) < #(E(L,) — #3(E(ty)),

and if E(z;) # E(t;), we even have strict inequality. In particular the claim

T _
follows if #*(F(t,)) = 0 for some ¢, e[—,T , noting H#%(E(t,)) < #*(A).
In general, we have at least 2
(7 H2(F) — HE() < H(F(2))

for0<t<T.
(5) implies that we can also assume

9] HF) < %fz(aUmA),

because, if not, we take U’(to) U U, F(z,) (note (5)), A(T):=A n U(T),
and A N A(T) instead of U, F, A, A resp., show that (with the arguments

below)
H2(F(to)) < #*A ~ A(T))
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and apply the divergence theorem to show that

HUF) < #H2(F(to)) + #XE(to))
< H2N),

thus demonstrating the claim.
Therefore, assuming (8), we can assume as well

1
#HHA) < EJKZ((?U N A).
Assuming this and using (5), we obtain from (6) (t; = t, t; = to)
3 3
HAF@) < 1 HIU N A) < 1 HAR())

T
forO0<t<—.
4

Hence, from the isoperimetric inequality on R(z)

2
M 2(F(1)) < 4f (length (A A R()))* = 4[3(% JfZ(E(t))>
03]
for almost all te} 0,— |
With (7)

2
HHF) — A HE(n) < 4B (%(%’ F) - A 2(E(t)))>

T . . . .
for almost all r e [O, Z} and since this expression is monotonically decreas-

ing and #%(E(0)) = 0

HUF)E — | #AF) — Jﬂ(E(I))T .
4 = 4p%
T
#F) > ;f2<E(Z>>.

T < 285 #%2U n A)E,

N

provided

This implies (noting (8))

contradicting the choice of T. Hence

)]
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T
Now either #2<F(E)) = 0 which case however was already treated

after (6), or
w(s(T) < (1)
(<(3) < (=3

T
whence the claim follows again, noting # 2(E<5)) < HHA). g.e.d

LemMma 2 (Boundary filigree).

Assumptions.
{ Y, }ie10.1) increasing family of convex sets where each Y, satisfies the
assumptions of the set U of Lemma 1.
Y, ={xeR®: f(x) < t},t>0,where [ :R> > R isC?>on R*> ~Y,,
Df #0onY, ~ Yo,
sup |[Df|<¢
Y,~Y,
Je, > 0, VI, I, C? Jordan arc in  3Y,, 0T < 0A,
Iy in 0Y, homotopic with fixed endpoints to an arc I' < 0A
JE < dY,: 0E <= I'; U (6A m 8Y)
(11) HHE) < co( #NI)?

Mc U, Me #, Vte(0,1) : 0M N A is not contained in any set C satis-
fying (2), 3)
de > 0:Vy e (U, A):

(12) H2M) < A (M) + .
Conclusion:
If to=1— 2c1\/c_2-\/%m> 0 then
(13) H*MANY,) < 2.

Proof. — By Sard’s Lemma, M intersects JY, transversally for almost
every t €(0, 1), and by assumption M < A and M meets JA transversally.
In particular, int M n §A = @. Thus, we can apply Lemma 1 and get M
with

H*M) < H#*M)

(14) M n38Y, = M A dY,
k
MGY'ZUNJ’ N;e . #
j=1
(15) HUN) < #*N) + ¢ YN = yy(N))
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(16) Zsi <e Y el(U, A)

i=1
{and not only N;e M as in [AS], p. 457).
Let T;:0N;n0Y, Take E < Y, JE = I'| u{(0A n dY,), for which
(11) holds.
By (15)
(17 HA(N;) < HE) + ¢;.
From (11) and (17)
HAN;) < (' (N; N OY))? + ;.
Using (16) B B
HMNY,) < (MY + ¢,
and using (14) 5
H MY, < cp(# M N FY))? + ¢
and using (12),

(18) H MY, < (M N OY))? + 2
w.lo.g H M NY,) > 2
ty=inf{t: #*MnY,)> 2}
g(t)= #>*M~nY,) — 2 for te[t,1].
Using the coarea formula, (18) yields
(19) g0) < clexg®))?  aatey,1].

Since g is increasing, the result easily follows from integrating (19).

THEOREM 1. — Suppose S 4, (Y*) sequence in I(U, A),
kILI?c area (y4(S)) = inf { area (¥4(S)) : y € (U, A) },
W = klljlglc o(5(9)) € Vo(R®)

exists in the varifold sense.
Then V is an integral varifold, and

(20) W LUNA x G@3,2) = (M)

where M is a stable embedded minimal surface in U n A with M n U < A,
and M meets 0OA orthogonally.

Proof. — As in [AS], p. 463, we see using the boundary filigree lemma,
that W 1s stationary, rectifiable and there is some ¢ > 0 with

(21) Ul W, x) = ¢
forall xespt]] W| nU.
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Interior regularity of W follows from [AS], §§5, 6. Also, W is integral.

Let xgespt|| Wi nUn JA.

We assume for a moment that W has a varifold tangent C at x, with
spt || C|| contained in a half plane H.

Since W is also stationary w.r.t. variations of its boundary on JA,
C has to contain the interior normal of JA at x,.

W. 1L 0.8 X0 = 0, and (0, 1, 0) is normal to H.

Let K, ,=(D, ~ dD,) x (— g,0)) N A.

By rescaling, we can assume w.l. o.g. IZM < U.

Put N, := ¢/%(S).

By definition of C,

(22) s W — C

for some sequence (r,) — o as k — oo.
Let 0,€(0, 1) be given.
(21) implies that we can find r e(r,) with

(23) Kiinsptllpy WlIcK,,,,.
W.lo. g also
(24) Hspt ||, Wl N (0Dy x R) = O

H2(sptll Wil 0 0A, = @, where A, = p(A).
By assumption

(25) HH(N) < HN) + r’e
for all Ne.# with ON N A, = du(N,) N A,.

Let A, < p(A).

Since v(u,(Ny)) — u, W, (23) and the coarea formula yield for almost
all 6 €(0g2, 1) and k —» o©

A (N N Dy x ( {—U}U{ }f'\A - 0.

3
Thus, for sufficiently large k, we can find o, € Eao, g, ) and pke(—, 1)
with 4 4

(26)  p, (NN X ({ =0} U {0k} DUEA,ND, x ({—a }u{a}))=
Furthermore, by Sard’s Lemma, we can assume that p(N,) intersects
({—ox}u{ox}) and 0D, x [— 1,1] transversally. Moreover

u,(Nk) intersects A, transversally by assumption.

We now want to apply Theorem 1 of [AS]for M = 4,(Ny)and U = ka o
(M, U as in [AS], Theorem 1).

As observed in [AS], p. 475, we don’t have to worry about the edges
of K, ... Because of (26), anyway only the edge ¢A, N (6D, X [— ok 0i])
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has to be taken into account. The N; and P from the statement of Theo-

rem 1 in [AS] are then in A instead of . ,
Anyway, we find integers 0 < R} < R? < R} and disks P, .. ., Py* with

cPy, .., 6PkR£ < 0Dy, X (= 04,00 U (CA N (D, X (= 0y, 04))) = E;
OPRETL PR D, x ({ —a}u{a})
and OP},. . ., PR are homotopically nontrivial in E, while gPR* 1 . . gPRE

bound disks in E,.
Note that because of (26), the edges

0D, x ({ —ox}uio}) and A, N(D, x ({—ar}u{o}))

are not intersected by the oP;.
Moreover,
(27 #PY<H#*P)+g,] VPed with oP=P. I=1,... R}
(for I = R¢ + 1, ...,R§, we can actually assume Py, P e .#) and
R}
&1 < rley
I=1
and using (14) and [AW1] 2.6 (2) (d),
Re
(28) ,u,#W L K%,l x G(3, 2) = k]im 22(135‘ M K%,l) .
I=1
Then, first of all, PRE*! ... PR# can be discarded as in [AS], p. 465 f,

without changing the varifold limit in (28).

We now want to delete PRE¥L . PRE
Let A,, be the intersection of the disk bounded by P; in E, with
D, x (— oo I=Ri +1,...,R})
Clearly
H A < 2npioy -

Choosing P = A;, in (17) and k sufficiently large, hence
(29) WZ(P]I\.)<2T[U—()+E‘\.'[ ([:R‘z + I,....R‘%).

Choosing o, sufficiently small and using the boundary filigree lemma
for the family of cylinders (which after suitably rescaling and slightly
perturbing satisfy the proper assumptions)

Y= {x=(x1,x3x3):/x1 + x3 < 1ok }

1 ——
fx)=—/xt + x3
Pk
e =pit
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we get ~
%Z(Pk (@) K%,l) _<_ 381(,1, l = Ri + 1, . ,Rf

and thus also these P. can be discarded without changing the varifold
limit in (28).

Thus .
Ry
(30) s W LKy, x G3,2) = lim » oPinKy).
I=1
Forl=1,...,Ri, we have
1 N
(31) Enpz(l — 8 < H*PinK,1)  (pe©p),

where 8(r) —» 0 as r — oo, since JA e C~.
Furthermore, comparing P; with either of the parts into which dPL N A,
divides (6D, x (— gy, 00)) N A,, and using (27)

1
HHPy) < Enp,f + oo + &y

We now choose k so large that g, < no, (Note that the choice of oo
leading to the deletion of P for I = R} + 1, ..., R? did not depend on k.
Thus

1
(32) #3(P}) < Enp,f + 2ro,

(30) and (31) imply that R} is bounded independent of k. After selection
of a subsequence, we find a positive integer n and

3
pkapoeliz,l:I as k- o
asforl=1,...,n

v, 1Py converges to a varifold W,

with (using (31), (32), (33))

(33) %an(1 — 8(r) < || W[ (K,.1) for each pe[0,1]

~ bid
(34) HW Ky, < 5 + 2n00p5 2
<Z420
= 2 To
(35) spt|| Wi || = Ky
(36) (Hrps W) LK, x G(3,2) = Ew, LK, x GG,2).
I=1
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Since K, _,,,, = U(0, 1), (33) and (35) imply
(37) WU, 1) = I Wil K- 000 = | Wil K1 - 0.1

YA
= (1 = 81 — oo)’.
Since U(0,1) n A = K, 4, (34) .yields
(38) W, ]1U@©,1) < g + 200, .

Since we can make ¢, and §(r) as small as we want by choosing r suffi-
ciently large (satisfying (23)), we obtain, using the monotonicity at the
free boundary of [GJ]

(39) Ol W I, x0) = g

We now apply the first part of the proof of (u,-:(Pi)) instead of (Ny)
(I =1, ..., n). This, together with the interior regularity of [AS, § 5] implies
that each W, is a stationary integral varifold with density 1 || W, ||-almost
éverywhere. Taking o, in (38) sufficiently small, the free boundary regularity

of [GJ] implies
Wi LKy, x G3,2)=uM), I=1,...,n
where M, is a minimal surface which can be represented as a graph over
D;nA,,;
M, = { (x1> X2, X3) 1 X3 = Xy, X;), Xx€ Dy n er(;* }
By (39) (remembering x, = 0) and (36),
w(0) =0 (I=1...,n).

Since for ,me {1, ...,n} either u; < u, or u; > u, in Dy N A, -1 by

construction of W, and since we can apply the strong maximum principle

to the difference of two solutions of the minimal surface equation also at
boundary points, ¥; = u,, on Dy n A, ,-+. Hence

#,p—x#W L K%,l X G(3> 2) = ng(Ml)‘

(o]

In order to finish the proof, we have to show that at each
xo€CA N U nspt|| W, there is a varifold tangent C of V of the form
ny(H) with H a half plane and ne N.

W.lo.g x¢ = 0 again.

Let C e Var Tan (W, x,)

C= klirn Loos W for some sequence (1).
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We choose a sequence (N,) in .# with

Ny = pn ¥x(S))
(N — C as k - o0
AN < HHN) + % YN = ,(S) Yy el(UA)
e — 0 as k - o0.

It follows that C is stationary. We reflect C across Tan (A, x,) and obtain
astationary C (cf. [GT;4.11]). We apply the interior arguments of [AS;§6]
to C and deduce that it is contained in a plane. From the two remaining
possibilities, the first one, namely that C is a halfplane (containing the
interior normal of A at x,) was already treated above. Therefore we only
have to exclude the second possibility, namely

C =Tan(A, xp).

Let B, = B(xo,r) N A and assume w.1. 0. g. B, < U. By the usual repla-
cement argument, we can assume that each N, intersects B, in a number

3
of disks PL, ..., P®x for a suitable r, e(Z, 1:|.

Using the coarea formula, for given ¢ > 0 we can also assume that for
all sufficiently large k

H' N, n B, n{x:dist(x,C)>e}) <e.

It follows that if one of the disks P, ie { 1, ..., R, } has part of its boun-
dary on ¢A, i.e. Pin3A # @, we can replace it by a region Al < dB(x, )N A
with )

HHAL) < ce
where ¢ is a fixed constant. Lemma 2 (again after rescaling and perturbing
so that the proper assumptions are satisfied) implies that those P{ do not
contribute to the limit and can hence be discarded.

Therefore, we may assume

Nkﬁ(}\Aﬁ B3‘,4 = Q
We let
A= {xeA:dist(x,Tan(A, x)) > ¢} .
Since A is strictly convex, we may assume if ¢ is small
A\As o B3/4 .

By smoothing out the corner A N { x :dist (x, Tan (A, x0)) = ¢ } we can
obtain a convex A, < A with boundary of class C*. We can also assume

that EAE is intersected transversally by all N;. Thus, we can apply Thm. 1
of [AS] and produce a minimizing sequence

(ﬁk) < Ae
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with I:Ik s Aze =Ny n ;&28 and
HHN) < #2(N) — ANy ~ Ny nAy).
TheNrefore, by inEerior regularity g(ltlk) converges to a stationary vari-
fold W with spt || W|| < A, and
W LAZ: X G-(3:2) =W LAZE X G-(3>2]5
and 5 5
spt|| Wl =M

where M is an embedded minimal surface in the interior of 115. On the
other hand, by interior regularity as well, also spt|| W || is represented
by an embedded minimal surface M in the interior of A. Of course
Mn Ag =Mn Ae.
Therefore, by unique continuation, M and M also coincide in the interior
of A. It follows
spt|WIInA\A, =0
and in particular x, ¢ spt || W || which is a contradiction and excludes the
possibility
C = Tan (A, xp).
Since Var Tan (W, x,) # @, this completes the proof.

THEOREM 2. — Let U be an open 3-cell in R®, S an embedded surface
in A which intersects dU and 0A transversally. Suppose S N 0A is connected.
() a sequence in 1(U, A) with

(40) lllg area (S/) = inf { area (y/,(S) : y e I(U, A) } (87 == yi(9)).

Suppose
41 W= Jlf»nolc oS
exists in V,(R3).
Then
42) W LUNA x G2 3)elV,(R?)
43) sptIWlnUnNnA=M
where M is a stable embedded min. surface in U N A meeting 0A orthogonall Vs
(44) MnNnUNA=90

(M is not necessarily connected).

Proof. — Since S n U neither is necessarily connected nor a disk we
first have to perform some reductions as in [MSY], §3.
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Suppose y > 0 is given. N
Assume that there is some S = ¥4(S), Y e (U, A) with

area (§AS) <

and some curve £ on S which (possibly together with a curve in dA) bounds
a disk A in U n A with

AnANS =1
and
arealA <7y,

while none of the two parts into which 4 divides its component of SAU
is a disk. N

We then cut S along A, insert A into each part, smooth out the corners
and move the two inserted disks a bit apart so that we get an embedded
surface S; with

S, "R3NU =S R~U
45) area (S;AS) < 3y

while S; n U has one more connected component than S n U.

We then perform a similar reduction with S; and so on until we obtain
a surface S, which allows no further such reduction. We note that the
number k of possible such reductions is bounded independent of y by the
number of components of S n U and their topological complexity. By (45)

(46) area (S,AS) < 3k

Hence, we can find as in [MSY, §3] subsequences g; and (§j) with (after
selection of a subsequence of (S))

~. 3K
47 area (S¥AS’) < —
J

where K is independent of j and S/ allows no more such reduction for
some fixed y > 0.

(47) implies
(48) lim »(8%) = lim »(S").

Thus, we can assume w.l o.g that already our original sequence (S/)
allowed no such reductions for some fixed 7.

The proof is then completed by simple modifications of the arguments
of [MSY, Th. 2 and § 5] involving Th. 1 (actually in the present context
where the ambient space is R* instead of a general three dimensional
manifold, the proof can even be simplified compared to [MSY]).
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§3. CURVATURE ESTIMATES
FOR STABLE MINIMAL SURFACES AT FREE BOUNDARIES
AND AN ABSTRACT REGULARITY THEOREM

We want to extend the interior curvature estimates for stable minimal
hypersurfaces of [SRS] to such hypersurfaces which solve a free boundary
problem.

Let S be a hypersurface in R**!, 0e S, and X be a hypersurface in
B*TY(0, po) for some p, > 0, with §X " B* (0, pg) = S A" X n B**1(0, po)
and X lies entirely on one side of S m B(0, po). Suppose X is embedded
and is stationary and stable w. r. t. the area integrand. This implies in par-
ticular that X meets S orthogonally.

Suppose Sis of class C*, and S n B(0, p,) is diffeomorphic to the n-dimen-
sional disk.

We now perform a C*-transformation f of coordinates with the following
properties

i) FBH0, po)) = B0, p0),  f(0)=0
ii) f8 AB™ 0, po) = ({0} x R) " B""(0, po).

ie. SNAB"" Y0, po) is mapped into the hyperplane orthogonal to the
first coordinate axis.

iii) The area integrand is transformed into a C? integrand F satisfying
properties (1.2)«(1.6) of [SRS].

iv) Normal vectors to S are mapped onto normal vectors to f(S).
" Let M = f(X). Assume M e C2.

Let ¢; be a moving orthonormal frame on M.

Let ¢ be a vector field on B**!(0, po) with compact support.

Let v be the normal vector field, xeM, a, e T, M, and A the second
fundamental form of M, i.e.

A(a:ﬂ) = —<Dﬂv:a>>

where D is covariant differentiation on M,
The first variation of F at M w.r.t. £ is given by

(1) SF(M, &) = f divy EdA#" + R(2),

where "

(2) }R(é)lsclﬂlj(lfl-klﬂIVél)d%”",
M

where x € M, V is the derivative in R"*? and ¢,, y, are the constants of
[SRS, (1.9)].
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Similarly, the second variation is given by

3) O’FM, {) = JM(Z | (D, &) P+ (divm &)

— Z { e Dejé >< e De.-é > )d]f" + li(f)

with
4) lli(f)lSszL(#dilzﬁL[fllVf]+1x|lVf|2)d%"

as in [SRS, (1.10), (1.12)], where * denotes orthogonal projection onto
the v-direction ([v(x)] ® T.M = T,R**1),
We now use a normal vector field & = {v in (3) to obtain

(%) ¥F®L0%=JUVCF—IAPf+JmexM+§@m
M

where H is the mean curvature of M, cf. [SRS, (1.14)].

We now assume that M is stationary w.r. t. all variations ¢ with
Ex)e{0} x R" for xe {0} x R" i e variations which are tangent to
the supporting hyperplane, i.e.

(6) OFM, &) =0  for such vector fields .
This implies
) vx)e{0} x R* for xe{0} x R"nM.
(Note {0} x R = f(S)).
Furthermore, we assume that M is also stable w.r.t. such variations,
1. e. (using (7))

(8) 8*FM, {v) > 0

for all compactly supported (.
Note that this equivalent with the original assumption that X = f~ (M)
was stationary and stable w.r.t. variations which are tangential to S.

As in [SRS, (1.17)] we deduce

(9)f IAIZCZd#"SJ IVCIZd%"+03#1L{#1C2+CIVCI+CZIAI
M M

+ 1 x]IVEP + N CTAP + puy [ x P AP pdoA™

where ¢ depends only on n, u; is as in [SRS, (1.4)] and hence depends
on the C*-norm of S, and { is any Lipschitz function on M vanishing

near M n éB"*1(0, po).
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The crucial step now is to use (9) in order to extend Lemma 1 of [SRS]
to the present situation. The constants ¢, ¢4, Cs, ... in the sequel will
depend only on n, u, py1po (i, #; as in [SRS, (1.3)-(1.6)]).

LEMMA 1. — Let M as before be a C2-surface in B"T(0- py) with
M A B0, po) = f(S) "M n B0, po) which is stationary and stable
w.r.t. F.

There exists &g > 0, depending only on n, u, pu;po, with the property
that if p p < &, vo€S" NI, f(S), ¢ is a bounded locally Lipschitz function
vanishing in a neighbourhood of dM ~ C(0, p), where C(0, p) = B0, p) x R,
then

(10) JIAI%Zd%”SQJ (1—v=vo)))| V¢ lzd%’"+03#?J QAT
M M M

Remark. — We have tacitly assumed that M is complete. As in [SRS]
one can also handle singularities, i.e. points where M is not locally an
embedded hypersurface as long as the (n — 2) dimensional Hausdorff
measure of the singular set vanishes.

Proof. — We use { = ¢ (1 — v — vo)*)* as a test function in (9). It is
standard to estimate
V1 = (v I <AL,

and hence { is locally Lipschitz.
W.lo.g 2p < po.
Then (9) gives (cf. [SRS, (2.1)))
JA

(11) L (1 = v-vo)*)p2d "
< L{C4(1 — (V) IVOE + 2¢(1 — (v- o))V
V(L — (- vel)t + ¢* V(A = (v — vo)2)F | ™
- uL(ulplAlz + 1AL+ g2
We now choose an orthonormal frame ey, ..., e, on M with the pro-

perty that on S"M, e, ..., e, are tangential to S and e, is normal.
We look at the second term on the right hand side of (11) which equals

1
(12) —j V2 V(1 — v+ vp)2)d#"
2 M

- lj $AW - v 2dH" — J $*(v-vo) { grad (v- vo), e, > d#" !
2 M S~M

iritegrating by parts, since ¢ vanishes near M n ¢C(0, p).
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But
< grad (V ) VO)a en> = < Ve ej> < ej, Vo > < €, en>

since { ve,v) = 0, employing the standard summation convention. Now

{e,e,>=0 if i#n,
{envoy=0 by assumption

< Ve,.> ej> = 0
= Vepeyy =0 for j+#n,
since v, e, . . ., e, ; are always tangent to the hyperplane f(S) = {0} x R",
whereas e, is normal to it.

Hence
<grad(""’o)s€n> = 07

and there is no boundary contribution in (12).
Hence we can calculate as in [SRS, (2.8)]

a3 - L A 292"
< f (1 = (v v0)D) | Vb 2™ + J $2Ho (e; vo)(v - vo)d 7"
M M

2 n
+c4j (#lpIAi2+#1IAI+#f)¢2df"+zj ¢ 1A |- |H|d#
M M

We examine the second term on the right hand side of (13):

diviy (Hp?(e; vo)(v- vo)es) = He,d?(ei* vo)(v-vo) + 2He - de (€; - vo)(v - Vo)
— Hp? - H(v - vo)* + Hp*(e; - vo)hyj(e; - vo) -

If we integrate over M we obtain

j divy (H¢2(ei' vo)(v:vole)= J‘ H¢2(€i' vol(v-vo) < ey €,y dATT 1=0,
M MnS

since (e, " vo) = 0, since v, is tangential to f(S). Hence the boundary con-
tribution vanishes again, and we conclude as in [SRS, p. 751]

f]A]quZdyf" < CSJ (1 = (v-vo)) | V? |

+ C(’f {mp AP + ui A+ @3} $*d7™,
M

and if u,p is small, we can absorb the terms with [ A] and | A | into the
left hand side. g.e.d.
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It is now fairly straightforward to extend Theorems 1-3 of [SRS] to
the present context to obtain.

LEMMA 2. — Suppose S is a surface of class C* in R?,0€8S, S intersecting
B30, po) in a disk.

Suppose M is a complete surface of class C? with boundary
oM N B3(0, po) = SN M ~ B30, po) which is stationary and stable with
respect to the area integral and variations tangent to S.

Suppose

H*M " B0, po)) < upd -

Then there exists 0o > 0, depending only on u, p,po (if the transformation f
introduced above leads to an integrand satisfying (1.2)-(1.6) of [SRS]

>

1
with constants u, u;) with the property that if xeMmB3<O,1po>

1
0<p< 2P0 M’ is the connected component of

MnC(x, p) (= {y:(,\’b)’z, Y3)€R3 :le—y112+ IXZ‘YZIZSPZ}),
and

sup | y3 — x3| < dop
yeM’

H1p < O
1
then M’ n C(x,§p> consists of a disjoint union of graphs of functions

1 2
Uy <up< ... <uy defined on {()’1,)’2)3])’1“)‘1[2=[,Vz—leZS(EP) }
satisfying -

sup (IDu;| + p| D?u;]) < 400

{(r1.y2):ly1 —x1 ]2
+ly2—x212<($0)?}

(i=1,...,k), where ¢, depends only on u, u po.
Using the techniques of [SRS] it is not too difficult to show

LeMMA 3. — Suppose (S,) is a sequence of surfaces in R>, for which
S, " B3(0, po) is a disk with uniformly (i.e. independently of n) bounded
C*-norm (in the sense that the corresponding transformations f,, mapping S,
onto a disk and satisfying i)-iv) above, have uniformly bounded C*-norms).
Suppose (M,) is a sequence of complete orientable surfaces with boundary
in B3(0, po), with

0eM, NS,

aMu a B3(0, pO) = Sn a Mn a B3(03 pO)

which are stationary and stable w.r.t. the area integrand and variations
tangent to S,.
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Suppose moreover

lim sup # %M, n B3(0, po)) < oo .

n—+wx

Then after selection of a subsequence, we can find a varifold

1
V= 'll‘l;lglM"ﬂB:;(O,ip())

1 1
spt{| V| mB3<0a5Po) =M mB3<0,§Po>,

with

1
where M is a complete orientable surface with boundary in B3<O,5 p0>,

1
R
1 1
oM N B3<O,§p0> =SAMn B3<O,§po),

where S is a surface of class C*.

LEMMA 4. — Suppose S and M are as in Lemma 2, in particular

#*(M n B30, po)) < ppd.

Then there is some constant cg, depending only on p, pypy with

-1
sup |A] < cgpo
MnB3(0,p0,2

where A is the second fundamental form of M.

We indicate the modifications of the arguments of [SRS] required to
prove the preceding lemmata.

We look at the point x = 0 and try to represent a surface M satisfying
the assumptions of Theorem 1 [SRS] (in the modified form for our free
boundary problem) as a graph over the plane which is orthogonal to the
normal vector v(0) of M (v(0) = e, in the notations of [SRS]). Note
that %0) is tangent to f(S).

In the definition of the excess E, on p. 757, we can allow only vectors v;
which are tangent to the plane f(S), since we had to make that restriction
in Lemma 1.

Lemma 1 then has to be applied with v, = v(0) (p. 753 and p. 763) and
with v, = v;, where v; realizes the infimum in the definition of E, (cf. p. 760,
p. 763).

For the harmonic comparison function »; on p. 766 we then have to
require that the normal derivative vanishes at the free boundary.
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(In order to fix the notation, assume
fS)={xeR?®:x, =0}, w0) = (0,0, 1), Mc{x;>20}.

Then v; = v{X1X3) (x120)
Av; =0 for x; >0, x}+ x3<(g/2)?
— if k4 = (o2
avi
=0 for x;, =0)
0x,

v; then can be reflected as a harmonic function across { x; = 0}, and the
estimates (4.8) pertain.
Since the graphs u; also meet f(S) orthogonally,

au,-

=0 for x;, =0,
0x,

and hence as on p. 767 for { a compactly on Q@ supported Lipschitz
function

J Dui . DCd.x
Bg/2n{x1>0}

1
= 1— ————— |Du;- Dldx — J () H(x, ui(x))dx
La/zm{x1>0}( 1+ [Dui|2)2> Bo/2nix1> 0}

(x = (x4, x,) here).
Finally, we note that the vector

vo = (= Duy(0), 1)- (1 + | Du;(0) |*)~*

on p. 770 again is tangential to f(S) and hence admissible.

Moreover, when one performs blowing ups, then in the limit S becomes
a plane, i.e. F becomes the area functional, and we can reflect M, since
stationary w.r. t. F, across S = f(S) to apply interior arguments (cf. 4.11
in [{GJ])).

Detailed arguments in a similar situation were carried out in [GJ].

We note that also the arguments of chapter 6 of [P] can be carried over
to free boundaries without essential difficulties. The arguments of chapter 5
of [P], which are taken from [SSY], however, are not readily generalizable
for several reasons. Therefore, we had to take recourse to [SRS] for the
curvature estimates.

Let A be a bounded open strictly convex subset of R? with dA e C*.

Let xeA, 0,0,,0, > 0

Ux,0)={XxeA:|x —x| <o}
Alx,01,0))={xeA:0,<|X —x|<a,}.
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We fix xo€A and ¢ > 0 and put
U = U(xo, 0)>{ X0 }-

Let o := o(xo,0) be a nonempty set of varifolds V in V,(R3) with
support contained in A which are stationary for the area integral w.r.t.
variations tangent to JA and which enjoy the following property

forall peA. 0<p, <p,<g for which A(p, p1, p2) < U

there is some V¥ e A with _
i) V¥ LG,(R> ~ A(p, p1, 02)) = V L G,(R® ~ A(p, p1, p2))
i) V* L G,(A(p, p1, 2)) € IVo(R?) (1. e. an integral varifold)

and .
spti| V¥ IInA(p, pr,p2) = M
where M is a not necessarily connected embedded minimal surface with

boundary
M N A(p, pl;pZ) =0AnMn A(p;ﬂla Pz)

which is stable w.r.t. variations tangent to JA.

It is now easy, using the arguments of chapter 7 of [P] (cf. also [SRS],
chapter 7and [SS]) in conjunction with Lemmata 2-4 to prove the following
abstract regularity theorem (cf. [SS]).

LEMMA 5. — Let xo€ A and o > 0 so small that 0B(x,, 0) N A is empty
or a circle.

Let V e (x, 0).

Then V is regular in U(xy, 0) in the sense that

V L Go(U(xo, 9)) € IV,(R?)
sptlI VI N Ulxo,0) = M
where M is a (not necessarily connected) minimal surfuce with boundary

M n U(xy, 6) = M N 0A n U(xo, 0)

which is stable w.r.t. variations tangent to ¢A. In particular, M meets 0A
orthogonally.
Finally, if V* is constructed fromV as inthe definition of o/, thenV* = V.

The idea of the proof is first to show that by comparison with a suitable
sequence of replacements, every tangent cone of V is a plane with integer
multiplicity. Then one selects spheres which are intersected transversally
by spt|| V|| (using Sard’s Lemma) to make suitable replacements which
by definition of &/ again lead to stationary surfaces so that one can apply
a unique continuation result for elliptic equations, taking the decomposi-
tion result of Lemma 2 into account. This gives regularity on annuli
A(p, p1, p2) for any 0 < p; < p, < o, and regularity at p then is obtained
asin [P, 7.12].
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§4. REGULARITY OF ALMOST MINIMIZING VARIFOLDS
AT FREE BOUNDARIES

Besides considerations of free boundaries, we also use arguments of [SS].
LEMMA 1. — X e, a > 0, U open in R, (¢') sequence in 1(Z, U, A, o),
= ${(T)
(1 lim area (X/) = inf { area Y, (Z), y € I(Z, U, A, o) } .

J= o

Then for each xe U, there exists g€ (0, dist (x, dU)) with
(2) lim area £/ = inf { area ¥/ (Z) : Yy eI(B(x, 0), A) }.
jo o

Proof. — We assume w.l.0.g. x € 0A since the interior case is similar

and already treated in [SS].
After selection of a subsequence

(3) V = lim p(X’) exists and is stationary .

jvw =

Given o € (0, dist (x, 6U)), using (3) and the monotonicity formula at
the free boundary of [GJ] for V,

4 area (T’ n B(x, 0)) < ¢,0%
if j is greater than some j(gy), where ¢; = ¢ (x, dist (x, dU)), and x is the
curvature of JA.

Using the coarea formula, and Sard’s Lemma, for each j, we can choose
o € (002, 00) for which X7 intersects dB(x, o) transversally and

(5) length (X7 N 6B(x, 0)) < 8c¢,0.
Let now Y/ e I(B(x, o), A) be given with
(6) area (Y4(Z7) N B(x, 0)) < ¢,0§ < 4c,07.
We want to show that there is an isotopy
Y* e I(B(x, 0), A)

with

(7 area (Y XZ’) n B(x, 0)) < c,0°
and

® YiE) = YA

where ¢, depends only on ¢, and x.
Employing a diffeomorphism which changes areas only by some fixed
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factor (controlled from above and below by x and an upper bound for o),
we can assume that J0A € B(x, g¢) is plane.
Since Y’ e I(B(x, 6), A) there is some a; € (0, g) with

Y/ R3\B(x, 6,) = id | R*~B(x, 7,).
By (5), we can find 65, g3, 0, < 6, < 03 < 0, with the property that ¥’
intersects 0B(x, 7) transversally for all te [0,, 03] and
) length (X7 A 8B(x, 1)) < ¢30

with ¢35 = 16¢,, if 6, < 1 < 05 (6, and o5 of course depend on ).
We introduce polar coordinates re [0,6] and 0 & S? on B(x, o). Let

ldyi| <K
1
O<6<min(1,——>
K
1+1t6—1), 0<r<o,
o3 — )0 —1
ﬁ(t,r):: 1+t(—3i ), 6, <r <oy
03 — 0,
1, 63<r<go

71, 0) == (B, r)r, 0)
(7: | R*B(x, 03) = id | R*B(x, 73))

1

V3 Ogtsg

. 1 2

Y=< yroh gﬁtﬁg
. 2

Ya-3co Y ggtsl

\

. 1 —
Using (9) and 0 < < it is easy to check that y* (after approximation

by differentiable isotopies) satisfies (7) and (8).
We now choose
o

60 < [—.
Hence from (7), since ¢ < o, “
area (Y }(Z’) N B(x, 0)) < 05 < «.
So far, we have chosen a different o, 64,2 < 0 < gy, for each j, but since
I(B(x, t1), A) = I(B(x, 1,), A)
if 7, < 15, (2) holds with ¢ = ag¢,.
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LeMMA 2. — Let U < R? open UnA+#@ YXed,n> 0, (¢") sequence
in (=, U, A, o) with, abbreviating =¥ = ¢'(X),

(10 lim | = =inf {|¢(E) | Y elZ, U, A, 0) }
and
1n W = ,1-1!2 E(Zi)

exists in V,(R3). -
Thus W L G,(U n A) is an integral varifold and

sptiiW|nUnA=M,
where M is a (not necessarily connected) minimal surface in U n A with
MnAnU=MniANnU
which is stable w.r. t. variations tangent to JA.
A similar statement holds, if X' is any union of components of ' n U and
(12) W = Jim o(%)
exists in V,(U).

Proof.— By Lemma 1, for any xe U n A, there exists ¢ e (0, dist (x, dU))
with

(13) lim | 2*| = inf { | §,(Z) | : Y e I(B(x, 0), A) } .

By Sard’s lemma, we can assume that each =’ meets B(x, ¢) transversally.

We also note that W is stationary in U n A and stable in B(x, o) n A
by (13), e. g.

We now use the idea of Pitts [P, 3.10, 3.11] to construct suitable regular
stationary comparison surfaces, in order to apply Lemma 5 of §3.
Let xespt||Wi{{nUnA.

Let (%) be a sequence in I(B(x, o), A) with, putting Z#* = ¥*(Z%)
(14) klgg [Z*] = inf { | §,(Z) | : ¥ € I(B(x, 6),A) }
and for which
Vi= lim p(Z*) exists in V,(R?).
By Theorem 2 of §2, VI L G4(B(x, 0)) is an integral varifold with
(15) spt]| VIl nB{x.o) n A = M!

where M! is a stable embedded minimal surface (w. r. t. variations tangent
to CA),

M N B(x, 0) = M' n 6A n B(x, g).
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Selecting a subsequence, we can assume that
W* = lim V¢ exists in V,(R3),

and by Lemma 3, § 3, it is an integral varifold with
spt| W* || n B(x, 0/2) n A = M*
where M* is a stable embedded minimal surface with
oM N B(x,0) = M n 0A n B(x, 0).
The argument of Pitts ([P, 3.10, 3.11]) then implies that
— { W* in B(x, O'_)_ﬁ A
w in (UnA)NB(x, o)

is stationary.
Moreover, by the same argument, we can also perform replacements

on annuli.
Hence, Lemma 2 follows from Lemma 5, § 3.

THEOREM. — xo€A, ¢ > 0 so small that 6A N B(x,, ) is empty or a

circle.
'V is almost minimizing (uniformly among disks in the sense of §1) in

U = U(xg, 0)~{ x0 }.
Then V is an integral varifold, and

(13) sptiiVIINnB(xg,0) nA =M,

where M is a (not necessarily connected) embedded minimal surface with
(14) OM N B(xy, 0) = M n A N B(x,, 0)

which is stable w.r. t. variations tangent to JA.

Proof. — By the argument of Pitts [P, 3.3], V is stationary (w.r.t.
variations tangent to JA in our case).
Let T be any annulus in B(x,, o) { xo }. Then V is almost minimizing

(in the above sense) in T N A.
Hence, if &, — 0, there is a sequence «, — 0 and a sequence of disks

X"e # with

(15) E(V,u(Z) <,
(16) Z,eS(T, A, &, ).

We choose a sequence (¥™);.y in K(Z,, T, A, ¢,) with, putting Zi=y1(Z,)e 4,
(17) lim |2, | = inf { |y1(Z.) | : ¥ e (2, T, A, ) } .
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After selection of subsequences, we get varifold limits

(18) Vi=lmyZ) @n=12...)
and
(19) V¥ = lim V3

n—wc

Applying Lemma 2 with U =T, W = V¥ LG,(T nA), T = ZI, we
infer that V¥ is an integral varifold with

spt|| V¥ AT A =M

where M} satisfies the conclusions of the Theorem.
By Lemma 3 of §3, the same conclusion holds for V*
As in the proof of Lemma 2, we then conclude the desired regularity of V.

§5. CONTROL OF THE TOPOLOGICAL TYPE
OF THE ALMOST MINIMIZING VARIFOLD

In this paragraph, we rather closely follow the corresponding argument
of [SS].
From the preceding paragraphs, we infer that there exists a varifold of

the form
N

(1) V= ang(M,-)

i=1

where each M; is an embedded compact minimal surface with boundary
dM; = M; n 0A which intersects 0A orthogonally, n;e N,forj=1,...,N.

(Since A is strictly convex, no interior point of M can touch JA in par-
ticular.)

M; "M, # ¢ for i # k.

Each M; is uniformly almost minimizing among disks with respect to
some collection of open subsets of A.

We now want to show that each M; is simply connected, i.e. a disk.
W.l o.g., we shall do this for M =M.

We again put for xeA, 0,0,,0, > 0

Ux,0):={yeA:lx —y| <o}
A(x,01,0,)={yeA:o, <|x—y|<a,}.
Let 6 > 0 be so small that for any x € A, ¢U(x, d) » €A is a single circle.
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(M) then is uniformly almost minimizing among disks w. r. t. the collection
of pairs of annuli

1 1 1 _
{(A(x,?’—zp,—gp),A(x,Zp,p)):0< p < 6,xeA}.

We can also require that é > 0 is so small that for each xe M, B(x, ) n M
is topologically a disk.
For each xe A, we can select

A(x&p(x), p(x)), SEFEEE

with the property that y(M) is uniformly almost minimizing among disks
w. r. t. the collection of these annuli.
The balls U(x, p(x)) cover A, and hence (cf. [F; 2.8.11, 2.8.13]) we

can choose a finite number of points x;€ A, j =1, ...,J with

& =\ UG, o)

— 1 — 1
U (xb g p(xi)> M U<Xk, g p(xk)) =0
if i # k.

If 7, is any simple closed curve in M, we can isotope it in M to a curve
y < M n A with

T
e 7o UU<XJ’§/J(X;’)> -0

We need some notation:

and

To={xeA dist(x,y) < 0} for >0

ATy >y nearest point projection
Y,:={xeA :dist(x, M) < 5} for 6>0
n:Y, - M nearest point projection .

We choose ¢ > 0 so small that

1 J
3) 0 <o <> min (dist <7, L U<x 5 % ol ,))), dist (7, 0A))

j=1
and that
/‘: :Tza - 7
and
T :Y20' g M
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are continuous, that for any y e T,,, A(y) and n(y) are so close on M that

they can be joined by a unique shortest geodesic arc on M, and that T,

intersects no other connected component of spt{| V|| besides M = M.
In particular, T, " A = & and

! 1
@) T, <) A(x < P, p(xj)> :
i=1

By the almost minimizing property of y(M) w.r. t. the collection of these

annuli, for any sequence (g), &, — 0, there is a sequence (o) and sequence
(X)) = A with

® FM), v(Zy) < &
and
1
(6) 2. eS (A <xj, 3 px;), p(xj)>, A, g, ozk)

(keN,j=1,...,0.
From (4) and (6), for xevy

(7 e S(Ulx, 0), A, &, o) -

We select yy, ...,yn€7y and 0 < 7 < ¢ with

y <\ UBGs 1),
i=1

where the boundaries dB(y;, 7) all intersect transversally, and for each
yey

1
®) B(y,47) = A<xj,59(xj), plx ,-)>,

for some je{1,...,J}.
W= JB(y;,7). The components Wi,...,W, of Wx|_JéB(y, 1)

i=1 i=1

are then topological balls. By making a further subdivision, if necessary,

we can also assume that M n W, is connected for j = 1, ..., g (without

increasing M n u dW)).

i

q
We choose sequences (") = U KX, W, A, &) with, putting Zi=y4(Z)
i=1
q
® lim [Zk] = inf{ ly(Z |y = UI(Zk, Wi A, &) }
i=1
W.lLo.g ’
[P E A W) | < 1 Zn Wy for each j, k, I,
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and hence

(10) [ Zh| < 12] for each k, 1.
Consequently

(11) TN oW, =%, N OW; for all j, k, 1

and by (7), T < o, (8) and (10)
(12) T eS(U(x,0/2),A,8,0)  for xey.
After selection of subsequences, we get varifold limits

-0 =

V* = lim V,.

k— o0

By (8), V* is almost minimizing in B(y, 27) for y €y, and hence regular
there, cf. § 4. Since on the other hand, V and V* coincide outside W, they
have to coincide everywhere, 1. e.
(13) V = V*,
Furthermore, spt || Vi || » W, is an embedded minimal surface (cf. Lemma 2,
§4), and the same holds, if instead of X} N W;, we take any union X ;
of components of Z; N W, for which the varifold limit exists as | — oo.

Let =¢%, ..., X% be the components of } n W,

We can assume
(14 vy = llinag Y #0 (m=1,...,P) (justdiscard the other ones).

We can assume that for each k, we can select l(k) with

1
E(V, o(Zi%)) < E(V. Vi) + E(Vi, fZ) <

(15) E
1
(16) E(VE, aZE97) < 7
) P
(17) lim <z;§k>\u Zﬁ,’;>vM> AW, =0
m=1

Finally, since spt || V{*;|| is an embedded minimal surface, and
(18) klirg Vi = na,p(M) for some integer n,,,
we can also w. L o. g. discard Z;7 with n, = 0 by pushing them into éW,.

Then, P is bounded independently of k, and thus, after selection of a sub-
sequence,

(19) P = P(j)
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Put
(20) Ay =i

Let B be any open topological ball in A for which B n M n W; is con-
nectedforj =1,...,gandBA M AW, # Oforatleastoneje{1,...,q}.
Let A, be any connected component of B n A, having a varifold limit

1) ynldKQL(}AB)¢()

—-x =

(such a component exists by (14)).
By (17) and £21), we can find j,, my and a compact set K = Bn W;,
with ;%m0 « A, and

(22) li{rl inf | Z{®mo A K| > 0.

After selection of a subsequence, the varifold limit

zzymg&)

exists.
From (17) since B M n W; is connected

(23) Z1LGyW)=mpBnMn W)
G=1,...,9), with m;e N, and m;, > 1 by (22).

LEMMA 1. — Let B be a topological ball in A for which BA M n'W;
is (empty or) connected and simply connected for j=1,...,q and
BAMANW,# @ for at least one je{1,...,q}. Let A, be a connected
component of B N A,

If BAMAW,; %3, we have m; = 1 in (23).

Proof. — Otherwise, there exist j; # j,e{1,...,q} withm; =0,m;, > 1,
and so that we can choose some nonempty arc § = 6W;, " dW;, "B M,
a point x, in the interior of §and # < 7 with

B(xo,n) = B
M N B(xo,7) " OW; = B J=1...,9.
Put B == B(xg,n) " W,
B™ :==B(xo,7) " W;,.
By assumption
ZLB" =0
ZLB™ =m;pyMnB), m;, =1,

j2 =

(25)

and we want to derive a contradiction from (25).
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We can also assume, by possibly decreasing # > 0, that

M~n B <11 2
M~ (xo,n)l_ﬁnn-

We then use (15) (note that A, = Z*, and A, was a connected component
of A, "B, VN W;=ny M n W,)) and the coarea formula, in order to

8
B(x:, ) < B(xo, 17), OB(x1, ;) intersects A, transversally (Sard’s Lemma) and

1 1 .
find (for k > 10, say) x; ¢ M nB* and nkeI:— n,zn] for which

~ 3
(26) length (OB(x1, ) N Ay} < p (2mmi) |
- ' 1
length (OB(x1, m) N A\ A) < ("1 - Z)(zmh) .

1 1
W.lo.g M — W*E[gﬂ,zﬂ]-

By (12)7 Ak € S(B(xb nk)9 A, Exs ak)'
Thus, for each k, we can find a sequence (¢*)eny = I(Ap B(x1, i), A, o)
with, putting Af = ¢¥(Ay),

lim | AL| = inf {] Y4(A) | Y € 1A Bxi, 1, A, ).
By Lemma 2 of §4,
llilg g(Ai) L Go(B(x1, mi)) = Z(Ek) L Go(B(xy, m))

where E, is a stable embedded minimal surface in B(xy,#,) which by the
boundary regularity results of [AS] is regular up to its boundary

CEx = Ap n 0B(xy, 1)
Let Ei, EZ be the (unions of) components of E, with

0E; = Ay 0B(x1, M)
0E; = (A\AR) N IB(x 1, 1) -

By (26) and the isoperimetric inequality

3
|E,§|szm7,%

1
|E¢| < <n1 — Z)nn,f.
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As in § 4, we infer that
lim v(Eg) = m;o(M n B(xy, 7))

k—=x =

Jim o(ER) = myo(M 0 Blxs, 7))

where m,, m, € N. By (27), since x, e M,

m; =0

m, <ng— 1.
This is a contradiction, however, since

klim Q(Elt o Ef) = klim g(zk L Bxy,n) = "1£(M N B(xy, ni)

using again the unique continuation argument of § 4 for the first equality.

g.e.d.
W.lo.g

YW, # 3.
Let X1 # X, X, X EW, "MANT,,
Mxy) = Mxy) =peynW;.

(4 : T, — vy was the nearest point projection).

Let L=max {P(j):j=1,...,9}

‘We cover T, by a finite collection By, ..., B, of topological balls
so that M~ B,nW; is connected and simply connected for each se {1,...,r },
je{l,....q} _

Suppose B; n M # © and let A, be any connected component of A, n'T,
with 5

lim o(A,) L Go(By) # O
(such Kk exists by (14)).
IfB; n'W;nM # (J, then

(28) lim (A L Go(B; n W)) = my oM N B, A W)

and m;; > 1 by Lemma 1.
There exist i; # 1 and j; with B, nB; "W, # . Defining m;; via
lim »(Ay) L Go(B; n W) = mpM N B, A W),
we see

myj, =my;, =1 by Lemma 1.

Continuing this way, repeatedly using Lemma 1, we get
(29) m; > 1

ij =
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provided B;nW;n M3 &. Moreover, if U< W, T, is open, Un M0,

then for large k
P(1)

Aol JsmnU 2 0.
m=1

(This follows from (15) and Lemma 1). P(1)

Let yey n W,. We can find a point z; € T, n Ay O UZ}}’?"’ with

m=1

o
IZl—,VI<§-

Using (29), we can lift y inside T, to Kk with starting point z,, i.e. we
P(1)

find z,e A, T, A U @™ and y; < Ay~ T, with endpoints z,, z,
m=1

and |z, — y| <g~and
My =7+

where y’ is some oriented arc in y with length at most o.
Likewise, we find a lift y, with starting point z,, and if we continue this
process L times, we obtain 3 < A, n'T, with

(30) As(p) = Ly +9”
P(1)

length () < o, and points zy, ...,ZL+1€7 N Av Ty 0 U Tim with

m=1

o
lz; =yl < 3 (i=1,...,L + 1) (here, 1, is the induced map on homotopy

classes, and L -7 is of course multiplication in the fundamental group).
On the other hand, since P(1) < L (by choice of L), there must be two
different points z;, z;, which are contained in the same Z;%™ for some
mee{1,...,P(1)}, since the number of the points z; is L + 1.
Let y* be the subarc of 7 with endpoints z;, and z;,. By (30))

(31) (¥ =my + 7,

where length (y”) < o again, and m > 1, i.e. up to a small error, 4 gives

a nontrivial covering y by y*.
We then close y* off in Z®"™ to obtain a closed curve y, in A, N'T,

(note that Z®"™ = W, = T, by construction) with
£4(p0) = my
with m > 1.
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Since A, is an embedded disk, y, bounds an embedded disk D, on A,.
By an elementary cutting procedure (one can e.g. use the topological
version of the argument of [AS, § 3]), we can find an embedded disk D; = A
with

0Dy = 7o
D, © Yy, (= { xe A :dist(x, M) < 265 }
D;nY,cDynY,.

Hence y, can be homotoped to a point in D;. Since D; = Y,,, and
7 :Y,, — M was continuous by choice of ¢, n(y,) is homotopic to a point
in M.

Moreover, the choice of ¢ implies that n{yo) and A(yo) are homotopic
in M.

Hence, by (30), my is homotopic to a point for some-m > 1.

As M is orientable, this implies that y itself is homotopic to a point,
and hence that M is a disk. (That M is orientable follows, e. g., from the
following argument: Topologically, A is half of the 3-sphere S?, and since
M meets 0A transversally, we can reflect M across JA to obtain a closed

embedded surface M without boundary in S3. Thus, M and hence also
M is orientable).

This completes the proof of our main theorem and thus also this paper.

BIBLIOGRAPHY

[A1] W. ALLARD, On the first variation of a varifold, Ann. Math., t. 95,1972, p. 417-491.
[A2] W. ALLARD, On the first variation of a varifold, Boundary behaviour, Ann. Math.,
t. 101, 1975, p. 418-446.
[AS] F. ALMGREN and L. SIMON, Existence of embedded solutions of Plateau’s problem.
Ann. Sc. Norm. Sup. Pisa, t. 6, 1979, p. 447-495.
[F] H. FEDERER, Geometric measure theory, Springer, New York, 1969.
[GJ] M. GrUTER and J. JosT, Allard type regularity results for varifolds with free bounda-
ries, Ann. Sc. Norm. Sup. Pisa, in press, 1980.
[MSY] W. MEekexks, L. Simox and S. T. Yau. Embedded minimal surfaces, exotic spheres
and manifolds with positive Ricci curvature, Ann. Math., t. 116, 1982, p. 621-659.
[P] J. PitTS, Existence and regularity of minimal surfaces in Riemannian manifolds,
Princeton Univ. Press, 1982.
[SU] J. Sacks and K. UHLENBECK, The existence of minimal immersions of 2-spheres,
Ann. Math., t. 113, 1981, p. 1-24,
[SRS] R. ScHOEN and L. SiMoN, Regularity of stable minimal hypersurfaces, CPAM,
t. 34, 1981, p. 741-797.
[SSY] R. ScHoOEN, L. SiMoN and S. T. Yau, Curvature estimates for minimal hypersur-
faces, Acta. Marh., t. 134, 1975, p. 276-288.
[SS} L. SimMox and F. SMITH, On the existence of embedded minimal 2-spheres in the
3-sphere., endowed with an arbitrary metric, (to appear).

Vol. 3, n° 5-1986.



390 M. GRUTER AND J. JOST

[Sm] B. SMYTH, Stationary minimal surfaces with boundary on a simplex, Inv. math.,
t. 76, 1984, p. 411-420.
[St] M. STRUWE, On a free boundary problem for minimal surfaces, Inv. math., t. 75,
1984, p. 547-560.
( Manuscrit regu le 29 janvier 1985)

Added in proof. Subsequently, stronger results were obtained by the
second author (cf. J. Jost, Existence results for embedded minimal surfaces
of controlled topological type L, IL IIL, Ann. Sc. Norm. Sup. Pisa, to appear).

Annales de I'Institut Henri Poincaré - Analyse-non linéaire



	On embedded minimal disks in convex bodies



