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ApsTRACT. — For a domain Q< R" embeddings u-—exp
(«(u|/|ju]ly, )""*) of H{"(Q) into Orlicz spaces are considered. At the
critical exponent a=a, a loss of compactness reminiscent of the Yamabe
problem is encountered; however by a result of Carlesson and Chang, if
Q is a ball the best constant for the above embedding is attained.

In dimension n=2 we identify the “limiting problem” responsible for
the lack of compactness at the critical exponent o, =4r in the radially
symmetric case and establish the existence of extremal functions also for
nonsymmetric domains Q. Moreover, we establish the existence of two
“branches” of critical points of this embedding beyond the critical
exponent &, =4,
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Resumt. — Etant donné un domaine Q = R", on considére des
immersions de H"(Q) dans des espaces d'Orlicz, du type
u—exp(a(ul/|ull;, )" !). Pour Iexposant critique a=a,, se produit
une perte de compacité. Toutefois, gridce 4 un résultat de Carleson et
Chang, si Q est une boule, la meilleure constante pour immersion est
atteinte.
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426 M. STRUWE

Dans le cas n=2, le probléme limite responsable de la perte de compacité
a 'exposant critique o, =4 = est identifié dans le cas radialement symétri-
que. Dans le cas non symétrique, on démontre encore I'existence de
fonctions extrémales. En outre, on montre 'existence de deux branches de
points critiques d’immersion au-dela de 'exposant critique o, =4 .

1. Let Q be a bounded domain in R", and let H} ?(Q) denote the
completion of C§ () in the norm

fullz,,= Lqulpdx.

For p < n there are continuous embeddings

" 1
HP @ -1 (@, — =t

=-—-, (1.1)
p* p n

Moreover, the Sobolev constant

. S(p)=sup{f |u
Q

is independent of Q, due to invariance of the H}'P- and L”"-norms under
scaling

P dx|ueHy P(Q): Hu”“,:l}

u-ug (x) = R PPy (R x),

and (therefore) for 1 <p<n is never achieved on a bounded domain.
In the border-line case p=n, since Q is bounded, there are continuous
embeddings

Hy"(Q) —»L7(Q), Vg<oo;

however, functions in HY' "(Q) need not be (essentially) bounded.
Instead the limit case for Sobolev’s embedding of Hy "(Q) occurs for
embeddings into Orlicz spaces: For any a < co the map

Hy"(Q)2au— U=exp(|u"""V)eL*(Q) (1.2)
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EMBEDDINGS OF HJ' " () TO ORLICZ SPACES 427

is well-defined and smooth locally; however, there is a limiting exponent
oy =%, (n) such that the unit ball in H} "(Q) is mapped to a bounded set
in L*(Q) under this map.

This result is due to Moser [6], sharpening and extending an earlier
result by Trudinger [15].

For a domain Q let

1
dx= ——— dx
£, ¢ meas () L M

denote the mean value of a function ¢ over Q.
Then we may state Moser’s result as follows:

THEOREM 1.1. — There exist constants a,,
dimension n such that for all o £ o, there holds

¢, depending only on the

few@lurease,
Q

uniformly for all ue Hy "(Q) with ||u||,., < 1. The constant a, is given by
A, =n- ((1)"_ 1)"/("_ 1)’
where ®,_, denotes the (n—1)-dimensional measure of the unit sphere

Sl e R
Moreover, for a > a,

supj{» exp (a|ul"" V) dx =00
Q

where the supremum is taken with respect to all ue H}'"(Q) such that
lJull,, = 1

Complementing this result, and in striking contrast with the case of
Sobolev’s embedding (1.1) for 1<p<n, Carleson and Chang [2] have
observed:

THEOREM 1.2. — Let Q be a ball in R". Then

sup { exp(a, |u]""" V) dx (1.3)
ueH(‘)’"(n) Q
]]“Hl,n =1
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428 M. STRUWE

is achieved at some function uge Hy "(Q) ().
In order to interpret this result in the general context of the calculus of

variations we regard (1.3) as a constrained maximization problem.
Denote

S=3(Q)={ueHs"(Q) | [lull;, =1}

the unit sphere in HY'"(©) and introduce the functional E,: Hy"(Q) - R
E, (u) =4f exp(a |u """ D) dx. (1.4)
Q

Then Theorem 1.2 is equivalent to the assertion that E, for a=«, achieves
its supremum on Z; i.e. that a suitable maximizing sequence {u,,} for E,
in Z is convergent.

Arguing indirectly, Carleson and Chang first estimate

y=limsupE, (u,),

m— o

assuming {u,} to be divergent.

Then they succeed in constructing a comparison function ueX with
E,, (w) > v, and Theorem 1.2 follows.

This local compactness property of the functional E, bears some resem-
blance with properties enjoyed by other functionals involving limiting cases
of Sobolev embeddings. In many cases one can show compactness €. g. of
a maximizing sequence {u,,} unless energy “concentrates” at (finitely many)
“singular” points in the domain. Often a close-up view of the behaviour
of {u,} near such a point reveals a uniform pattern: Properly rescaled,
the sequence {u,} converges to a solution of some “limiting problem”
associated with the original problem, one of whose characteristic properties
is the invariance with respect to a non-compact group action. In the
original problem this symmetry may be “hidden” by perturbations, and it
becomes “‘manifest” only in the limit where the influence of the perturba-
tion is eliminated by the action.

In many cases this group action is the action of the conformal group,
in particular dilatations of R", i.e. the action of the multiplicative group

(%) Note that for a fixed domain Q the integral _j: exp(a|ul"™"Y)dx is not invariant
Q
under scaling u — ug (x) = u(R x).
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R, via (A, x) - x/A for all A >0, xeR" Then the limiting problem is
found in the limit A — o0, and hence may be referred to as “problem at
infinity”. Moreover, this problem is posed on R”", which is conformally
equivalent to the sphere S"—{p} via stereographic projection from pe S™.
Hence the resolution of singularities by rescaling also reveals a topological
degeneration near the points of concentration, and divergence e.g. of
maximizing sequences may be attributed to the “separation of spheres”.
This phenomenon was first observed for harmonic maps of surfaces [9],
resp. surfaces of constant mean curvature [16]; cp. also [1], [12], [13]. Here
the term “separation of spheres” has a clear geometric meaning. Subse-
quently, related phenomena were found in numerous other problems as
well, cp. [3], [4], [10], [11], [14].
For the functional E

@

P. L. Lions [4], Theorem 1.6:

the following result was obtained by

THeEOREM 1.3. — Let Q be a bounded domain in R", and let {u,} be a
sequence in Hy "(Q) such that ||u,||, , < 1 for all m.

We may suppose that u,, — u weakly in Hy "(Q), [Vum ["dx — p weakly
in measure. Then either: (i) p=39,, the Dirac measure of mass 1 concen-
trated at x,€Q, and u = 0, or (ii) there exists o. > o, such that the family
U, =exp(|u,["® V) is uniformly bounded in L*(Q) and thus
E,, (u,) = E, (u) as m — co. In particular, this is the case if u £ 0.

This “‘concentration-compactness principle”” describes the behaviour of
divergent maximizing sequences for E,, in Z on a macroscopic scale.

In our first result in this paper we gain a close-up view of possible
singularities and identify the limiting problem associated with E,, in the
case of radial symmetry. Moreover, for simplicity we restrict ourselves to
the two-dimensional case: n=2, a,=4n.

THeEOREM 1.4. — Let Q=Bg(0) be a ball in R? and suppose {u,} is a
sequence of radially symmetric functions u,(x)=u, (I xl)eH(l)"‘(Q) with
norm || u,||;. » < 1. Scaling xR x we may assume that R = 1.

Assume that B, (u,)— B> 1 while |Vu,|>dx — 8, weakly in measure.
Moreover, suppose that

sup | (dE,,(4,), ¢>| < C (1.5)

where the supremum is taken with respect to @eHE"(Q), such that

lof..s1 andj Vu, Vodx=0.

Q
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430 M. STRUWE

Then B < e+ 1, and there exists a sequence R, — 0, a constant xe R and
a function we H: 2 (R?) such that the rescaled functions

w,(x) =4nu2 (R, x)+2logR, x)+2logR, +x - 2w in H;;? (R?),

loc

(1.6)
where w solves the limiting problem
—Aw=exp(2w) in R? (1.7)
with asymptotic behavior
w(x)+2log |x|=0(1). (1.8)

w hence corresponds to a conformal change of metric on R? from the
standard metric to a metric of constant Gaussian curvature K=1. Thus
w is induced by a stereographic projection

®: Risx=(5, M) > — = (& n, DeS? c R

1+|x]?

and is in fact given by

w(x)= —1og(dct(d<1>))—logH_Txlz (1.9)

From Theorem 1.4, by using symmetrization techniques, we deduce a

local compactness property for the functional E, , on any bounded domain
Qc R

THEOREM 1.5. — Suppose Q is a bounded domain in R?, and let {u,} be
a sequence in Hy 2 (Q) such that ||u,||, , < 1. We may assume that u,, —u
weakly in Hy 2 ().

Suppose that B, (u,)— B > e+ 1. Then there exists o > 4n such that
the functions U, =exp(u2) are uniformly bounded in L*(Q). In particular,
E,,(u,) > E, (w)=P, and u # 0.

Remark that the number e+ 1 agrees with the number computed by
Carleson and Chang for the maximal limit of the energies E, ,(u,) of a
diverging sequence {u,}, and hence is best possible.

Theorem 1.5 in particular applies to a maximizing sequence {u,} for
E,, in Z(Q)

E4 n (um) — sup E4 n (u) = ﬁgna’()'

uecl ()
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For a ball Q=B (0), Carleson and Chang exhibit a comparison function
u with ||ul|, ,=1, E,,@)=B, > e+1. Hence in this case BI® > e+1,
and by Theorem 1.5 a maximizing sequence has to contain a strongly
convergent subsequence.

Actually, the same argument is applicable on domains close to a ball in
measure:

COROLLARY 1.6. — Suppose Q is a bounded domain in R? and let By (X)
be a ball contained in Q. Assume that

nR? (B —1) > meas(Q)-e,

then E, . achieves its supremum in ().

Moreover, numerical evidence suggests that for Q=Bg (0) = R? also for
small a > 4r a branch of radially symmetric local maximizers u, of E, on
Z exists, emanating from a solution u, , of the constrained maximization
problem for E,  on Z. This branch persists until apparently it meets a
branch of “unstable” critical points of the restricted functional E,|Z,
bifurcating from infinity at a=4m; cp. [5].

The existence of a “branch” of relative maximizers for E, beyond a=4n=
is established in the following:

THEOREM 1.7. — Let Q be a bounded domain in R* and suppose that for
a=4m there holds: supE, ,>e+1.
z

Then there exists a number o* > 4n such that for any a€]0, a*[ there
exists a function u,e X which locally maximizes E, on Z.

Actually, we will construct a set C = Rx £ such that for any (a, u)eC
the function u locally maximizes E, in £ and such that the projection of
C to the first component covers the interval ]0, a*[. Moreover, a* is
characterized by the condition that either: (i) there exist pairs (o, u)eC,
o < a*, and functions v, € X such that o — a* while

E,(v) > E, (u,), ”ua—va”LZAO as o — ¥,
(i e. the functions u, “loose their stability” as o — a*), or (ii)
ess sup |u, (x)| > o as a - a*,
~xeQ
(1. e. u, “becomes unbounded™).

The existence of saddle-point-type solutions for ae 4 n, a*[ is established
rigourously only for a dense set of values a in a right neighborhood of 4 m:
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432 M. STRUWE

THEOREM 1.8. — Suppose the conditions of Theorem 1.7 are satisfied
and let o*, u, be defined as in Theorem 1.7. There exists a constant
o, €14 m, a*] such that for almost every aejdn, o ] in the sense of Lebesgue
measure there exists a second critical point u*e X of E,, u* # u,.

For the proof of Theorem 1.8 we employ critical point methods beyond
the compactness range. To overcome the resulting technical difficulties we
use a device from [13] to obtain suitable a priori bounds on comparison
functions by varying the parameter a. Our method works at the dense set
of points of differentiability of a certain monotone function, defined by a
minimax-scheme.

In order to close the “gaps” one would need to have a priori estimates
for the L*-norms of critical points of E, in terms of their energies and
e. g log(a—4m), which seem to be unknown.

ACKNOWLEDGEMENTS

I am indepted to S.Y.A. Chang and J. Moser for suggesting the problem
and stimulating discussions.

2. PRELIMINARIES

We briefly collect some well-known facts about the functional E, and
introduce some concepts from critical point theory that we shall use later
on.

First recall the following regularity properties of E, :

LemMMma 2.1. — Let Q be a bounded domain in R". The functional
E,: Hy"(Q) > R, given by (1.4), is continuously Fréchet differentiable on
Hy "(Q), for any o > 0, and dE, is locally uniformly continuous and bounded.

Proof. — Using Theorem 1.1 and Vitali’s convergence theorem for
uniformly absolutely continuous integrals we easily verify that E, is differ-
entiable and its differential is uniformly bounded locally near any
ue Hy " (Q).
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Indeed, for u, e H}) "(Q), & > O:

E,(u+e0)—E, ()

n

=q J ‘j: QU+t Vexp(a|ut+te["" Vydxdt, (2.1)
0 Ja

n—1

where we denote s7:=s |s|P_1 for all seR, p> 0.
Now estimate for any t€[0, &}
o u+t@)/" Vexp(o|u+to[/n—b)
<|o|exp(c-[u+te["m 1)
<|olexp(c|u["™ " V)-exp(ce”™ V| ["~V) (2.2)

with constants ¢ depending on n and a. Note that for any ue HS " (Q) the
function

U=exp(|u"* " )els, Vg<oo.

Similarly, e L%, Vg < co. Finally, by Theorem 1.1, if & > 0 is sufficiently
small also exp(ce”" ™ ||~ 1) js uniformly bounded e. g in L2(€) for
all e Hg'"(Q) with || @], , < 1. By Hélder’s inequality then the term

(P(u+t(P)"/("_l)eXp(a|u+t(P|"/("_1))eL2_5(Q)

for any & > 0, and the integral of this expression is uniformly absolutely
continuous for t€[0, ).

Hence, we may divide by € and pass to the limit € -» 0 to obtain that
for all u, e H " (Q) the partial derivative

d
C(dE,(w), 5= %Ea(u+8¢>) =0

=q :{: Qut"  Vexp(a|u['™ Vydx (2.3)
Q

n—1

exists.

Estimate (2.2) and the discussion following it moreover show locally
uniform continuity and boundedness of all partial derivatives. In particular,
E, is Fréchet differentiable and dE,: Hy "(Q) —» (H}"(Q)* is locally
uniformly continuous and bounded.

QE.D.
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434 M. STRUWE

In order to restrict E, to the unit sphere X in Hj'*(Q) we compose E,
with the radial projection n: u — u/||u||; ,. The composed map E_ o= again
will be differentiable in a neighborhood of X; moreover, at any ueX the
differential in direction of an arbitrary function ¢ e Hj "(Q) is given by

(d(E,°m) (u), (p):aﬁ(tf @u'"Vexp (o|u|"~ D) dx
- Q

—th VoVu [Vu]"_zdx), 2.9
Q

with some constant LeR. Since clearly (d(E,°n)(u), u>=0, A may be
easily computed

K:K(u)zf

iul"/("_”exp(alul"""—”)dx~iEa(u). (2.5)
a oa.

By definition, ueX is a critical point for E, on X if d(E,on)(u)=0, or
equivalently if for some number A > 0 given by (2.5) u weakly solves the
differential equation

—div(Vu|Vu["" 2)=A"tut™ Vexp(a|u[’™ 1) inQ (2.6
with boundary data
U |sa=0. (2.7)

To give the proof of Theorem 1.4 it will be convenient to reduce the
variational problem for E, on H{ "(€) to a one-dimensional variational
problem. This may be achievied by substituting a radial function
u(x)=u(|x|)eHy "(Bg (0)) by a function

v()=o"" Dy (Re "™ eHy ([0, o), (2.8)

where H}'"([0, oo[) denotes the completion of CZ ([0, oo[) in the norm

Iolla= [ “loba
0

. d . . .
For convenience, we denote 7 v=v, etc. o, was defined in Theorem 1.1.
t
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In fact, under (2.8) the norms in H} "(Bg(0)) and HJ} "([0, o) are
related by

[4l1. n: 3 =1 2]]1. u: 10, ot (2.9)
while E, transforms
R
Ea(u)=nR‘"J exp (o [u M=)l gy
o]

zj exp(aa,,_l lvln/(n~1)_t) dtz;Ia/a"(v),
0

In particular, under (2.8) the critical exponents a, transform into B,=1.

Similarly, the derivatives transform: Let v and wu, resp. ¥ and ¢ be
related by (2.8). Then

CdE, (u), @ >={dl,,, (v), ¥ ).
In particular, for a=a,, ue Hy:"(Bg(0)) with ||ul|, ,=1:

[ dE, ) || = sup | CdE,, @), /][],

=sup | <dL @, VO] =] 4L @

Similarly, if we also denote p: v— v/||v]|; , the radial projection in
H ([0, oof) we have

(E,,om) W)=(I,°p) ©), || d(E,,om) W) || =l d (I, p)(v)

; (2.10)

Analogous to (2.4)-(2.5) we also have the explicit expression for
veX < H} ([0, of):

<d(Iyop) (), ¥

n

= (J lllv”‘"_“exp(]vl"/("_“—t)dt
0

n—1
_ljwljll}lél"_zdt> (2.11)
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436 M. STRUWE

with

K:j [0~ Vexp(| o™V —1)dt, (2.12)
0

and veX is critical for I, on X iff for some number A > 0 given by (2.12)
v satisfies the equation

—(|o|"?) =A"o Vexp(|o™D~1) in[0, o], (2.13)
with initial and asymptotic data
v(0)=0, v(E =0 (t— ) (2.14)

Moreover, for the analysis of the functional I, on £ Hélder’s inequality

forveX
t_ n t .
v"(t)=<J vdt) gt"‘lj |ofrde < ¢t (2.15)
0 0

and invariance of the H} "-norm with respect to scaling

v o (=20 """y (hp) (2.16)
will be used repeatedly.
NotaTions. — The letter ¢ denotes a generic constant. For simplicity
we often write ||u||=||u|,, , if no confusion is possible.

3. PROOF OF THEOREM 1.4

In terms of the functional I,: H) 2([0, co[) » R Theorem 1.4 may be
rephrased as follows:

THEOREM 3.1. — Suppose n=2 and let {v,} be a sequence of functions
v,€HY 2([0, o) with ||v,||;, =1 Assume that 1,(v,)—P>1 while
v,—0 in HL2([0, o). Moreover, suppose that ||d(I°p)(v,)| <C
uniformly.

Then there exists a sequence T, — oo, and a function we HL2(R) such
that the shifted functions

w, ()= (1,+0)—vi(t,)—t—w in HL?(R), (3.1

loc
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where w solves the limiting problem associated with 1,:

2w+e¥=0 in]—o0, o, (3.2)
w(0)=w (0)=0. (3.3

Moreover, necessarily B < 1+e.
Theorem 1.4 will be a consequence of Theorem 3.1 and the explicit
form of the solution to (3.2)-(3.3). The constant x will be obtained as

k= lim (t,—v}(t,)).

We now give the proof of Theorem 3.1.

Step 1. — Definition of t,,
Using (2.15) we may choose t,, = 1 such that

O (t) O (1)

LemMma 3.2. — vZ(t,)/t,— 1 as m > .

Proof. — By (2.15) clearly vZ(¢)/t £ 1 for all ¢t > 0, mN. Suppose by
contradiction that for some € > 0 and all ¢t = 1 there holds the estimate

V2 (t)—t < —¢t

uniformly in m. Then by (2.15) and since v,, —» 0 in HL;%, we may estimate
for arbitrary A = 1:

A )
I, (vm)=J exp(vi—1) dt+J exp(vi—rt)dt
4]

A

< sup exp(v,z,,(t))JAexp(—t)dt+Jmexp(—et)dt

tsA A

< sup exp(v2 (1)) +e texp(—eA) > 1+ texp(—¢A).

t= A

Since A was arbitrary we conclude that I, (v,) - B=1, contrary to hypo-
thesis.
QED.
Remark that since v,, - 0 in H;;.2, by Lemma 3.2 necessarily t,, - oo as
m — 0.
Conversely to Lemma 3.2 there holds
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LemMma 3.3. — Given 8 > 0 there exists € > 0 such that
Vi)t <1—¢

whenever t 2 1 and lt—tml = dt,,, provided m is sufficiently large.

Proof. — Suppose that for sequences s,, f, = 1 we have vZ(s,)/s,.
2 (t,)/t,, — 1 while r,,=s,/t, + 1.

Possibly exchanging {s,,} and {¢,,} we may assume that s,, < t,. Scaling

with (2.16), we introduce w,,=(v,), .{w,} satisfies ||w,]||, ;=1 while by
(2.15)

jmlwmlzdt=J‘m]1}mlzdtgv,f,(s,,,)/sm—> 1. (3.4)
0 0
We may assume that w,, » w weakly in H3' 2([0, oo[) and locally uniformly,

while r,, - r < 1. By (3.4)

Jw |wl?dt <1— lim inf erlwmlztitzo,

0

n — w0

and w(t) = w(r) is constant for t = r. By (2.15) again w?(r) <r < 1. But
on the other hand

w2 =w?()= lim wi(l)= lim vZ(t,)/t,=1.

n - o nm —

The contradiction proves the lemma.

QED.
For arbitrary 8€]0, 1[ now let t,, = 3¢,,, x,, be defined as follows:

T,—Vi(t,)= inf t—vZ(f)=:%,,
t 2= oty

Note that since t,, » oo also t,, > 0. Moreover, by Lemma 3.2

K o tn =V ()

< 0 3.5
T dt,, (33
and hence also
2
O (t) _ | _%m 4
‘Em ‘Em
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as m — oo. In particular, by Lemma 3.3 now also t,,/t,,— 1, and we note
that the definition of 1,, is in fact independent of 8, for sufficiently large m.

Step 2. — Boundedness of the sequence {x,,}.

LEMMA 3.4, — For any € > 0 there exists 8 > 0 such that for sufficiently
large m there holds

ity
Jm |[v,|?dt <e.
1,

m—8tm

Proof. — By Hélder’s inequality (2.15)

Iyt 8y, Ly =82,
J ]vmlzdtgl—f |0, dt
t

0

'm — 8t

2 _ 2 2 2 _
| Talta =8t | A | 0A(t)—0A (=Bt

t,—Ot, t,—ot, t,—Ot,

IA

Again using Holder’s inequality and the definition of t,;

vrzn (tm) - vrzn (tm - 8tm)

= (U (t) + 0, (£, —82,,)) (U, (£,) — U,y (£,,— BE,))

L

<20, | |6.]dt S 20,(,) foT, <2 /5,

tm— Sty

Hence from Lemma 3.2 we infer that for any € > 0 we may choose & > 0
such that

tm+ Sty 1 2\/8
b Pdt<1— —— 1M Loy < (2
J, o] =5 "1 = O

m~ 8t

if m is sufficiently large.
QED.

(%) o(1) denotes error terms o (1) — 0 (m — oo).
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440 M. STRUWE
The next lemma relates x,, and the asymptotic growth of the functions
w,, given by (3.1):

LEMMA 3.5. — Given any € > 0, A = 1, there holds the inequality
0 .
f 1 [2dt < (4+2)x,
—Axpy,

provided m is sufficiently large.
Proof. — Compute

0 T .
J I»{zm—llzdt=4j o612 de
—Axpy T — Ay

m

=4er Ium(tm)ﬁm—llzdt+8j (Un (t,)—v,) 0, dt

m— Ao T — Axm

—4Jt” W2 (t,)—v2) | 5, |2 dt.

m ™ Ay
By definition of 1, and (3.5) for any te[r,—Ax,, 1,] there holds
vz (t) < vZ(t,). Hence the last term is non-negative.
Moreover,

J\Im Iv,,,(‘t,,,)l;,,,—l]zdtgjm}vm(‘tm)l;m—llzdt
T 0

m= Ay

=vi(rm)(fmlémlzdt-2) + T S Ty 03 (T) = K

0

Finally, by (3.5) and Lemma 3.4

J T (o () — ) B

m— A%m

< swp [0, ()=t (T, —0)|. N |0, | dt

0 1= Aup T~ Aty

m . 2 m .
=< (JT [0, dt> < Ax,, jt |v,]2dt < ex,,
T — Ay Tm— Axm

if m is sufficiently large.
QED.
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Let

km=J v2exp(vi—t)dt
0

denote the Lagrange-multipliers associated with v,, by (2.12). We establish:

LEMMA 3.6. — A, /v (t,) = B—1, as m — co.

Proof. — Since v,, —» 0 locally uniformly for any A > 0 we have

A A
J vZexp(vi—t)dt -0, J exp(v2—1)dt - 1 —exp(—A).
0 0

Moreover, by Lemma 3.3 for any & > 0 there is € > 0 such that by (2.15)

f (1+v,2,,)exp(v,2,,—t)dt§J (1+t)exp(—et)dt +0(1),
It Z A [t—ty] Z 8t} A

and the last integral can be made arbitrarily small by choosing A suffi-
ciently large.

Now choose a sequence of numbers 8, > 0, 3, — 0.

By the above we obtain that for any fixed k, as m — co:

j v2exp (v2—t)dt — 0, (3.6)
{tltt—tm| 2 Bk tm}
J exp(vi—t)dt - 1, 3.7
] lt—tm| 2 8t}

while by Lemma 3.4 as k -

lm+8k I'm .
lim supj |v,,]2dt - 0. (3.8)
t

m= o m— 3% tm

Relabelling the sequence {§,}, moreover, we may assume that (3.6)-(3.8)
hold with 3,
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Next, by Holder’s inequality (2.15), for |t—1,,| < §,,t,:

Urjr’l (t) - Urzn (tm) = (Um (t) + U (tm)) (Um (t) U (tm))

tm+6m L™ .
S2(tn+8,t)'? (J ]umldt>
1

m=8mtm

ty,+9,

< 2 (1B 1) (28, 1,) 1 ( f
t,

mim . 1/2
’vmlzdt> <4 S5ty

m—%mtm
By Lemma 3.2 therefore for such ¢:
2 (D2 (L) = 1, (3.9)

as m — oo.
Hence by (3.6)-(3.7) we obtain:

tyt Em .
A V5 (1) = J exp (Vi —1)+o(1)

tm~ dmim

=B—f exp (v —t)di+o(1) > B—1,
llt—tm| Z 8mtm

and the proof is complete.

QED.
Now we are ready to prove:

LemMma 3.7. — The sequence {x,,} is uniformly bounded.

Proof. — Suppose by contradiction that k, — c0. For some A >0 to
be determined in the sequel let n,, be functions n,,e Hy’ (R) with support
in [~Ax,, 1] such that ||n,|l;., <c and |n, ()| £ ¢ uniformly. Define
testing functions @, (t) = 2v,, ()N, (¢t —T)/v2(¢,)eH 2 ([0, o). Note
that ||@,|l;., >0 as m— 0. Hence, boundedness of ||d(I,°p)(v,)||
implies that

KMJ ('pmﬁmdt—J O U €Xp (V2 —1)dt —> 0.

0 0
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By Lemma 3.6 and using (3.5), Lemma 3.2, and (3.9) this implies

0

2fwh&anc—wadr+fww$'ﬁmc-4gdt
0

2 J‘ M. (. —1,)exp(vi—1t)dt - 0.
B—1Jo

Hence, using Lemma 3.4 we may conclude that

J v{:mﬁmdt—ﬁi—lf N €XP (W, —X,,) dt = 0. (3.10)

Incidentally, the same reasoning will yield (3.10) for a sequence
Nm€Hy ?(R) with support in any fixed finite interval and having
IMalli.2 £ ¢ |Nm(®] < ¢, uniformly. We will return to this later.

Now we use Lemma 3.5. Choose A =40, e=1. Then for suitable numbers
sp€l—Ax,, —1] and sufficiently large m:

Smtl | 2 Smtl 2 o . 10 1
f W di—1 éf ip—1rdrs 2 i —1pas¥<]
Sm Sm AKm — A%y A 4
Now let
1—1t, 0tg1
()= 1, S,+12t<0
M 88= t—Sm Sy St<s,+1
0, else

Then from (3.10) we obtain that

Syt 1 N 2

1

e_"'"f e*ndt+o(1).
—Axy,

But by definition of t,, and choice of s,

Syt 1 .
w,. (1) £ w, (0)=0, j w,, dt

m

I
l\).l —_
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Hence the above estimate implies that

=< (Ax,+De ™ +0(1)->0

B | =

2
B—1
as m — . The contradiction implies the claim.

Q.ED.

Step 3. — A subsequence {w,} converges locally in HL 2 (R) to a
solution w of (3.2)-(3.3).

First we establish that J | w,, |* dt is locally bounded. We use boundedness
of {k,,} to sharpen Lemma 3.5 as follows:
LemmMA 3.8. — For any A > 0 there holds the estimate
A
J | W, +sgn ()2 dt < 4k, +o(1).
-A
Proof. — As in the proof of Claim 3.5 we write

A
A:=J | w,+sgn(t) |2 dt

-A

Tm

+A .
| U (T) 0, |2 d

=4er lvm(Tm)ﬁm—llzdt+4J

m— A Tm

—4 JTM (O (T) + V) 0= 21 [0 (T,) = 0,) O]

m—A

4 j " (O 5+ 00) 5] (0 (1) — 0, 5]t

< 4[vi(rm)<Jw ‘émlzdt—2>+rm}
0

+8  sup  |v, () —0, ()] " |5, dt

Tm—ASt= 1y Tm— A

+38 sup I Um (Tm) —Up (t) l

Tm St S gyt A

TtA
x sup |v,(0)] J | v, |2 dt.
+A o

tmE1ETm
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Estimating

]vm(‘tm)—vm(t)lgjtm lo,]dt if telt,—A, 1,]

tm— A

resp.

|0, (1)1, (8) < JTMMIzE,,,]dt < (AJGO 15,2 dx>1/2=\/K,
0

Tm

lvm(t)[§JtIt}m]dtg<(tm+A)Jw],3m]2dt>”2= [tatAS2 [T,

if t,elt,, T,+A]l, m = my(A), we may bound

*m . TmtA
A_S_41<,,,+8J ]um|2dt+16\/K1“mJ |5, |2 dt.
T— A Tm
But by (3.5)
‘Im+A . T . 2
[ e s 1= [ g1~ )
m Y Tm Tm

whence the claim follows from Lemmas 3.4 and 3.7.
QE.D.

LemMa 3.9. — A subsequence {w,} converges strongly locally in
H.: 2 (R) to a solution w of (3.2)-(3.3).

Proof. — Boundedness of w,, in Hi.2 (R) follows from Lemma 3.8. In
particular, we may assume that w, — w weakly locally in Hi.? (R) and
locally uniformly. By Lemma 3.7, clearly, we may likewise suppose that
K, = K as m — o0.

Inserting n,, = (w,,— w) {, where ye C3 (R), into (3.10), by uniform local
convergence w, — w we now obtain that w, — w also strongly locally in
Hi,? (R).

Next, choosing a fixed neC§ (R) and passing to the limit m — oo in
(3.10), w is a solution to the equation

2w+ e *e"=0 (3.11)
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with w() Sw(0)=0 for all r. ILe w satisfies (3.3). Moreover, by
Lemma 3.8 and (3.11) w(f) — 1 monotonically and hence w(t) » — o0 as
[ ——o0.

Denote for convenience

4
Co= ——e™* (3.12)

Multiply (3.11) by w and integrate from — oo to 0. This gives the identity

=] (o) |

-

d, . ° g
Z(lez)dt=cof S endi=Co (313)

whence w is a solution to (3.2), as claimed.

QED.
Step 4. — Estimating B.

Note that by (3.12)-(3.13) necessarily =4 ¢~ *+ 1. The required estimate
hence is a consequence of

Lemma 3.10. — x =2 In4—1.

Proof. — Note that by unique solvability of (3.2)-(3.3) w(t)=w(—1).
Hence by weak lower semi-continuity from Lemma 3.8 we obtain the
estimate

A
lim J |w+sgn (0)[*dt
-A

R
=~ lim ((wl+2w+1)dr
0

A—- o

- tim (JA(IWIZ—I)dt+2(w(A)+A)).
0

A=+
However, testing (3.2) with w and integrating between 0 and ¢t we deduce
lw@OP=1—e"9=1+2w(0), (3.14)

whence

k= lim (w(A)+A+w(A)= lim (w(A)+A)—1.

A—- A=
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Now, since w(0) =0, by (3.2) w is strictly decreasing on [0, oo[. Hence the
map t - s=e” " is invertible and by (3.14) the differential is given by

dt 1 -1

z_e‘”(”w')(t) T fiss

Integrating we obtain that

lim (w () +1)= Mn(w+ﬂﬂ»=lm1<w+jl ds ) (3.15)

il o] W~ — W —o0

Substituting

r=_/1-s,

we may write

Jl ds _J’ﬁ—e” 2dr

o 1—r?

_JW dr +j/m dr
—0 l4r

=ln(14+_/1—e*)—In(1—_/1—e")
=ln2—1n(%e">+o(1)

=Ind—w+o(l), (3.16)

0 l—r

where 0(1) - 0 as w - — 0. The lemma follows.
QED.
The proof of Theorem 3. 1 is complete.

Proof of Theorem 1.4, — Let w, be defined by (1.6) with
R, =exp(—1,/2), x=x. Let

Wi () =w,, (™).
By definition of 1,, and «,,, and since x,, - x, Lemma 3.9 yields that
WA (=0 (T, + D) —Ta+K> w(E)+t=1w* (1)
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in H2 (R) and locally uniformly. From (3.2), (3.15)~(3.16) we deduce
that

2w*4+e* 7'=0 in ]— o0, [ (3.17)
with asymptotic behavior
w¥(t) - In4 (t - o),
w*(t)—2t— In4 (t > —o0). (3.18)
Hence
w,—2weHL2(R*\J{0})

uniformly locally, where
(s t2 1 *
w(e ):Ew (®). (3.19)

(1.8) is immediate from (3.18). To see (1.7) observe that (3.17), (1.7)
resp. are the Euler-Lagrange equations of two functionals

j(]v&*lz—ew'_‘)dt, ! qumz_ew‘)dx,

resp. that are transformed into one another under (3.19).
Finally, the characterization of w given in (1.9) can be obtained as
gollows: Let ® be the stereographic projection ®:R? —» S? = R?, and let

W=wo® 14+ %logdet(dq)_l). By (1.8)«(1.9) W is a bounded function

on S2. Moreover, by conformal invariance of (1.7), W (weakly) solves
the equation

—AW=¢"Y—1 on S~ (3.20)
Hence W is smooth, in fact analytic. But all smooth solutions to (3.20)

are of the form W= %logdet(d\b), y a conformal map of S Thus w is

of the form w= %logdet(d\y) for some conformal map {: R?> — S?. Since

w is radically symmetric with respect to the origin, the characterization
(1.9) follows.
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4. PROOF OF THEOREM 1.5

For a non-negative function ue C7 (R?) denote u* its radial symmetriza-
tion (cp. [8], Chap. VII)

u* (r)=c:meas { x| u(x)=c}=meas(B,(0)).

For a bounded domain Q< R? considering CZ(Q) = CP(R?), the
symmetrization-map * extends to a map

*: Ho*(Q N{uz0} > H La(Be(0) (),

where meas (Q) =meas (Bg (0)), with the properties:

f [Vu*lzdx§J |V ul? dx, (4.1)

Bg (0) Q

E;"(u*):::f: exp(a]u*lz)dxzjc exp(a|ul?)dx=E,(u), (4.2
Bg (0) Q

for all ue HY 2(Q), u=0, and all a>0.

Now suppose {u,} < Hy?(Q) is a maximizing sequence for E,, in
2 (Q); however, assume that the supremum of E,, on X is not attained.
By Theorem 1.3 there exists a point x,eQ such that |Vu,[Pdx -3,
weakly in measure.

Moreover, we may assume that u,,>0, otherwise we consider the new
maximizing sequence u,,=|u, |.

Let {u}} < Hy 24 (Bg (0)) be the symmetrized sequence.

Lemma 4. 1. — |Vuk|?dx — 8, weakly in measure.

Proof. — |lut|l;.,<1, hence we may assume that u* — u* weakly in
H'2, strongly in L2 But * preserves the L2-norm. Thus, since u, -0
weakly in H' 2 and strongly in L2, necessarily u*=0. Negating the asser-

(>) We denote HY'2,(By(0) =HZ 2 (By (0)) N {u(x)=u((x])}. the space of radial
H}' 2 (©)- functions.
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tion of the lemma, by Theorem 1.3 (ii)

By () =EZ.(u3) = Ef (0)=1<supE,,,
YO

and we have a contradiction.
QED.
In view of Lemma 4.1 and Theorem 3.1 the proof will be complete
once we establish a uniform bound for ||d (Ef,°n) (u})||. To achieve this
requires the construction of a pseudo-gradient flow for (Ef, on)=:E in a

neighborhood of T={ueH} 2,(Bx(0))|||u||=1}. We briefly recall the
following concepts:

DerFiNiTION 4.2. — Let U be a norm-neighborhood of Z, 0¢ U and let
U={ueU|dE(u)#0} be the set of regular points of E in U. A locally
Lipschitz continuous vector field e: U — H}» 2 4 (Bg (0)) is a pseudo-gradient
vector field for E iff e satisfies:

(i) fle@ | <2min {|[dE@w)], 1},

(ii) CdE(u), e(w)>>min{|[dE @)% ||4E @) |}

A C!'-functional E on an open subset of a Banach space always admits
a pseudo-gradient vector field, cp. [7], p. 204 ff.

The vector field e defines a pseudo-gradient flow

2

>

©:D(®) « UxR - Hy; a (Br (0)

via the initial-value problem

d
E(p(u, N=e(® 1), (4.3)

D (u,0)=u.

Note that E is non-decreasing along flow-lines, in fact by Defini-
tion 4.2 (ii)

%]

%E((D(u, | >min {|| dEW] ]| B[} (4.4)

=0

Finally, note that if ueX and ||dE(® (4, 1))||=c>0 for all ¢ such that
(u,t)eD (®), then by boundedness of e, Definition 4.2 (i), the solution
® (u, t) through @ (u,0)=u is defined in a time interval 0=<t<T of length
T >0 independent of u.
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Now consider v, =u%/||u*|| € Z, and let

tn(C): =inf ({ £20|||dE (® (v, ]| <C} U{T})

Lemma 4.3, — 1,(C) - 0 as C — oo, uniformly in m.

Proof. — Otherwise there exists a sequence C, —» co and a number
T, >0 such that for any k and some m=m (k) the flow ® (v, t) is defined
for all t€[0, T,]} and

|| dE (@ (v,,, 1)) | > C,

uniformly in ¢te[0, T,]. By (4.4)

T

E(@(vm,Tl))=E(vm)+f ‘%E(@(vm,r»d@lﬂlq

o]

becomes arbitrarily large as k — oo, contradicting Theorem 1. 1.
QED.
Proof of Theorem 1.5. — Choose a sequence C,— o and let
Om, k=P (V> 1y (C), Uy, k=0, u/|| U, & ||- For large k {2, ,} satisfies:

E}. (v, ) 2EX,(v,) 2E, . (4,) }
g h (4.5)
[|d(E$om) (0, ) || <Cs
uniformly in m, while as k —» oo
]jam,k—um][g]lum,k—um||+1—“um,k]}g4tm(ck) -0 4.6)

uniformly in m.
Suppose that for some keN: |V, ,|>dx - §,. Then from Theorem 1.4
we conclude that

lim supE} (v, ) <e+]1,

m— o

and the proof of Theorem 1.5 is complete by (4. 5).

Otherwise, by Theorem 1.3 (ii) for all ke N : U« = U, Weakly as m — oo,
and

EX, () =lim supE}, (9,,, ) 2 B. 4.7)

m— oo
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But by (4.6) and Lemma 4. 1:

m = © m — o

1ol 2= lim J V0, V0 dx= lim J V(0. k=) V0, dx =0
Br (0) Bg (0)

as k — oo, and therefore E¥ (v,) = 1 <B.
The proof is complete.

Q.ED.

Proof of Corollary 1.6. — We may assume that By (0) = Q.
For any function ue Hg (B (0)) = Hg>* (Q) with norm || ulj, ,=1

meas (Q) - E{Y (u) =J exp (4 mu?) dx

Q

- J‘ exp(4 mu?) dx + meas (Q\ By (0))

Bg (0)

=meas(Bg (0))- E£r ©) (u) + meas (Q\ By (0)).

In particular if we let u=u,: the maximizing function constructed by
Carleson and Chang, we find that

€, ) — nR* _
Eq (uo) meas(Q)(BO DH+1

which is >e+1 iff

TRZ(By—1)> e meas(Q).

Hence in this case

supE, >e+1
P 6)]

and by Theorem 1.5 a maximizing sequence {u,, } = Z(Q) converges.
QED.
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5. PROOF OF THEOREM 1.7

By Theorem 1.5, under the hypothesis of Theorem 1.7

BX.=supE, (W)>e+1

uekl

is achieved in X=X (Q). Moreover, we have

LEMMA 5.1. — The set K, ,={ueX|E, (w)=B},} is compact.

Proof. — Since B} ,>e+1, for any {u,, } < K, such that u, — u weakly
in HY % (Q) by Theorem 1.5 also

E4 n(um) - E4 n(u) = BI n
Moreover, ||u||<|/u,||=1, whence

E, (W) <E, . (u/|ul)<Bi,

and, in fact, equality holds. But then || u||=1, and u, —> ueK,, strongly.

By compactness of K, . the family of norm-neighborhoods e
N,={ueX|IveK, :|lu—v|<e}
constitutes a neighborhood basis for K, , in X.
LEMMA 5.2. — For sufficiently small ¢>0 we have
sup E, <Pi,=supE,,. (5.1
N2\ N Ng

Proof. — By contradiction, assume there exists a sequence u,, € N, \ N,
such that E,, (u,)— B}, We may assume that u, —»u weakly in
H{ 2 (Q).
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Let v, eK,, satisfy: ||u,—v,||<2e By compactness, v, —» v strongly,
where ve K, .. In particular, v solves (2. 6):

—Av=A"'vexp(a|v|)el?, Vp<oo.

Hence ve L*® (Q)).
Also note that by lower semi-continuity ||v—ul|| <2, whence

lo-Glulb <l o—ull+1-u]<4e

Le. uf|jueN,,, and hence E, ,(v)<E, (u/||u|) <B*.
Moreover, equality E,  (u)=8%, as in the proof of Lemma 5. 1 entrains
that ||u||=1, hence u,, > u.
But then u ¢ N,, in particular u¢ K, , and u cannot be relatively maximal.
Hence we obtain that E, (1) <f¥ ..
Now let w,=u, —v,,+v. By Theorem 1.1

exp(4n|w,|?) <exp(8n| v||t«)exp (87 |u,—1v,|?)

is uniformly bounded in L*(Q), if 16> < 1. Since w,, — u weakly, therefore
E4 n(u) = llm E4 n(wm)‘

Finally, w,,—u,, — 0 strongly in H}*2(Q). By uniform local continuity
of E,,, Lemma 2.1, and compactness of K, it hence follows that for
sufficiently small e>0:E, . (w,)—E, . (4,) =0, and E, _ (u)=B% . The con-
tradiction proves the lemma.

QED.

Actually, our proof is more involved than needed for the case a=4mr.
However, the proof immediately extends to the more general situation
considered in Lemma 5. 4 below.

LEMMA 5.3. — There exists a*>4m, £>0 such that for all ae[d4n, a*[
there holds

sup E,<supE, =:B¥. 5.2)

NZe\Ne Ne
Moreover, B¥ is achieved in N, for all such o, and

K,={ueN,|E, (=B}
is compact.

Proof. — By compactness of K, , and uniform local continuity of E,
(cp. Lemma 2. 1) there exists a neighborhood N of K, , such that the map
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o — E, (u) is continuous, uniformly with respect to ueN. Choose £>0
such that (5.1) holds and N,, = N; then (5.2) will be valid for all « in a
small neighborhood of 4.

For such o now let u,, € N, be a maximizing sequence, E,(u,) — B¥, and
let v,,eK, , satisfy || u,—v,||<e. We may assume that v,, — v, strongly in
H} 2(Q), where veL®, and u, — u weakly; also let w,=u,—v,+v—>u
weakly. Then as in the proof of the preceeding lemma we conclude that
for sufficiently small £> 0, a sufficiently close to 4n we have that

E,(w,) = E,(u), E, (u,)—E,(w,) =0 (m - ).

Hence E, (1) =B}. Moreover,

Jo—ull<e.  fo-wuls2e

Le.: u/|jul|eN,, and E,(u/||u) <B¥.

Thus also E,(u/||u|)<E,(), and [|u||=1. It follows that ucZ, i.e.
ueN, and B is attained. Moreover, u,, — u strongly.

In particular, if u, €K, this also shows that K is compact.

QED.

By Theorem 1.1 sup E, is achieved in X for a<4n. Thus, the proof of
Theorem 1.7 is complete. Note that even though our proof does not
reveal the existence of a “‘branch™ of relative maximizers for a>4m, we
can find relative maximizers of E, for o sufficiently close to 4 & arbitrarily
close to K, .

We would like to examine the set of relative maximizers more closely.
Denote

C={(a,u)|a>0, IN < Z: Nopen,
ueK,={ueN|E,(u)=supE,(v)}JccN} (5.3)

veN

the set of pairs (o, u) where ueX is a relative maximizer of E, on X
belonging to some compact set K, of relative maximizers which possesses
an isolating neighborhood N.

Let

[={a|3(xu)eC}

denote the projection of C onto its first component. Note that I o [0, a*[.
Moreover,
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Lemma 5.4. — Suppose K, ={u| (0, u)eC} is compact. Then 1 contains
an open neighborhood of o,

Proof. — Replace 4n by o, in the definition of N, The proofs of
Lemma 5.2 and 5.3 then remain valid.

QED.

LEMMA 5.5. — Suppose a,, — o, and suppose {u,, } = X is a sequence of
relative maximizers of E, on X such that E,, (u,,) 2B >1 uniformly while
||t [ SC < 00 uniformly. Then {u,,} is relatively compact.

Proof. — By (2.6), u,,e H}' 2 (Q) satisfies
—Au, =7 u exp(a,u2) inQ (5.4

with
A= J uZ exp (o, u2) dx.
Q

Since || 4, || » <C uniformly, if u, — 0 weakly, by dominated convergence
E,, (u,) — 1, contrary to hypothesis. Hence u,+ 0 weakly, X,2%,>0
uniformly, and (5. 4) gives a uniform a-priori bound for u,, in H2'2(Q). The
lemma follows from compactness of the embedding H*2(Q) - H* 2(Q).
QE.D.
The characterization of C as stated after Theorem 1.7 now follows:
Rename

a*=sup{al]0,o] =1}.

Then any set K* of relative maximizers of E_. either is empty or non-
compact. In the second case, either K* contains a critical point which is
not relatively maximizing in its closure, i.e. C looses its stability; or by
Lemma 5.5K* cannot be uniformly bounded, i.e. C becomes unbounded
at a=a*.

In the first case, let &, — o*, u, € X satisfy (o, u,) € C. If ||u,|| .« — oo,
again C is unbounded. Otherwise, by Lemma 5.5 either E, (u,) — 1, and
for given £>0 and sufficiently large m there exists v,e€X such that
|| 4 — v, || <& while B, (v,)>E, (4,). Or {u,} accumulates at a critical
point u* of E¥ which is not relatively maximal, and C looses its stability
as o — ok,

This characterization of C apparently cannot be reached by the usual
methods of bifurcation theory based on degree theory or the implicit
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function theorem. Since (2.6) is the Euler-Lagrange equation associated
with a constrained variational problem, the linearized equation will always
have a non-trivial kernel.

6. PROOF OF THEOREM 1.8

Let K, , be the set of relative maximizers of E,, on Z, and let £>0,
a*>4 1 be as determined in Lemma 5. 3 such that (5. 2) holds.

Note that by Moser’s result Theorem 1.1 for a>4n the functional E,
is unbounded on X.

Thus, for any such a we can find u, € X such that

E,(u)>B¥=supE,> sup E,=:f,. (6.1)
N

e N2\ Ne
Fix ugeN, such that
E, (o) > B, (6.2)
and let
P={peC°([0, 1L Z)[p(0) =uo, p (V) =u, }

be the set of paths connecting u, and u; in X.
Define

Y,:=sup inf E_(u). 6.3)

peP uep

Note that by (6. 1) necessarily u, ¢ N, .. Hence any p € P intersects N, \ N,
and we infer that y,<p, By continuity of a« - E (4, ,) and Lemma 5.3
(6.1)-(6.2) remain valid in a neighborhood A of «.ug, u, and the class P
being fixed, we extend the definition of y, to such a neighborhood A.

LEMMA 6.1. — For all xe A we have
ué Ba<min { Ea (uO)’ Em (ul) } § B:

and the map o — v, is non-decreasing in A.

Proof. — The first part is clear from (6. 1)-(6.2). Since for fixed ueX
the map o — E, () is non-decreasing, also the second part follows.
QED.
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We intend to show that for a.e. aeA v, is a critical value of E_.
However, for a>4r our functional E, does not satisfy the Palais-Smale
condition and the familiar minimax-principle, cp. [7], cannot be applied
without additional a-priori estimates. In order to obtain such estimates,
we also vary the parameter o and make use of the fact that vy, is monotone,
hence a.e. differentiable in A. This technique was introduced in [13] to
deal with a similar lack of compactness in a different setting.

First we state a technical lemma.

Lemma 6.2. — For any v, > there exists a,>4m with the following
property: ifa<a, and if {u, } < T satisfies the conditions

E () > Y2 Vyo (6.4)

szj uzexp(aul)dx<C<oo (6.5
Q

uniformly in me N, then there exists an exponent o' > o such that the family
{U, =exp(ul)} is uniformly bounded in L* (Q).

Proof. — We may assume that u,, - u weakly.
For O < Q, L>0 we may estimate

J exp (oul) dx
o

IIA

J exp (o ul) dx+L'2j uZexp(auy) dx
@A {xllum ) IS} Q
<C(L).meas(Q)+A, L2

Hence for arbitrary £ >0, choosing L=¢~ /2, meas(Q’) <&/C(L) we obtain
that

j exp(au2)dx=Ce,
o

uniformly in m. L e. the sequence { J exp (o ul) dx} is uniformly absolutely

continuous, and we may pass to the limit m — oo for E, by Vitali’s
convergence theorem:

E,(u,) > E,(W)=v27,>1
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In particular, u%0; in fact, given y,>1 by Theorem 1.1 for any compact
interval I < ]0, co[ there exists a uniform number 3=3(I)>0 such that
E,(u)2y,>1, ael, implies that ||u|]>23.

Hence

|t —u]l? =] a2 || u]F+o (1)< 1=8+0(1). (6.6)
Now for arbitrary £ >0 there exists C(g) such that
U, =exp(u2) =exp (| (u,,—u)+u|?) <exp(C(e) u?).exp((1 +&) | u, —u|?).

Thus, for any a’<4n(1—38) !, by Theorem 1.1 and (6.6) the sequence
{U,,} will be uniformly bounded in L* (Q), as claimed.
Note that a, may be determined as root of the equation

o, (1-0[4ma,))=4mn, (6.7
with
3([4m, o)) =inf {||u]||E,(w) 27, }-
Since &([4m, a]) is non-increasing as a function of a, there is a unique
solutiona, >4mnto(6.7).
QE.D.

Next observe that from the family w=w(t;) in [6], p. 1080, we may
construct comparison paths for any a>4r (with a convenient choice of u,)
that yield a uniform lower bound v, 2v,>1 for ac]4n, o*[.

Let o, >4 be fixed corresponding to this number v, and Lemma 6. 2.
We may assume that o, S a*.

LemMMA 6.3. — Suppose the map o — v, is differentiable at a €A, a<a,.
Then there exists a sequence {u,, } in = such that E,(u,,) — v, while

| l|d(Eyom) (u,)|| -0

and such that
lm:j ulexp(au)dx <C< oo,
Q

uniformly in meN.

Proof. — We may assume that o is an interior point of A. Let a,€A
be a strictly decreasing sequence o, >a, o, — o (m — o).
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Suppose ue X satisfies the inequality
'Ya_(am—.a)éE (u)éEqm(u)§Yam+(am_a)‘ (68)

In particular,

E —E -
o () — Eq () évam Yo 42
o, — o a,—o

Note that since u*> =0 we have for any m:

E,,()—E,(u) _ | exp((o— ) u?)—1

&, — 0 Q oy — O

exp (au?) dx

gJ u? exp(au?)dx=A(u).
Q

Since v, is differentiable at @ we may assert: There is a uniform constant
C>0 (depending possibly on o, but not on m) such that

x=x(u)=f u?exp(ou?)dx<C (6.9)

Q

for all ueX satisfying (6. 8) for some m=1.
Consider now any sequence of paths p,, €P such that

inf E, (1) 2y, — (0, — ). (6.10)

UE py

Then, since E, () <E, (u) for all u, (6.8) and therefore (6.9) hold for all
uep,, such that

Eu,,, (u) = Ya, + (am - a)'
Note that by definition of vy, the class

gmn={uep,|E, )<y, +(@,—0)} #
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for any m=1. Hence also

W, ={ueX|usatisfies(6.8) forsomemzm, } # &,

for all my=1. Note that W, > W, . ,, etc.
By Lemma 6.2 there exists o'>a, mg=1 such that the functions
U=exp(u?), ue W, _, are uniformly bounded in L* (Q). In particular,

mos

d(E,,, om) (W) = d(E,°m) (u) (6.11)

as m — oo, uniformly in ue W, , as an indirect argument easily shows.
Hence to complete the proof it suffices to show that for a sequence u, e W,
there holds

d(E,,°m) (u,) =0

while m — co.
Suppose by contradiction that there exist >0, my=1 such that for all
m2=m, there holds

[|d(E,,om) (w)]|243,

uniformly with respect to ue W,
By (6. 11) we may choose m,, such that also

| d(E,om) (w)]|238>0

for all ue W,,, m=m,. Relabelling { a,, } if necessary, we may assume that
my=1. Moreover, we may assume that u,, u; ¢ W:=W,.
Invoking (6. 11) once more we see that

Hd(ann) (w)||>28, ”d(Eamon)(u)—d(ann)(u)H<5

for u in a suitable neighborhood W of W and for all a,, m=m,. (Again,
we may assume that mo=1, ug, u, ¢ W.)

Hence there exists a Lipschitz continuous vector field e: W — H} 2 (Q)
which is simultaneously a pseudo-gradient vector field for all functionals
E, om on W, satisfying

(d(Eamon)(u),E(u)>gB>0 (6.12)

for all ue W, all a,,. Since {d(E, om)(u), u)=0, we may assume that e is
tangent to 2.
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Let 11 be a Lipschitz function such that 0<n=<1, n=1 on W, n=0
outside W. Extend e to X by letting

e(u):{n(u)‘g(u), ueW.

0, else

e again is Lipschitz, bounded and satisfies (6. 12).

Let ®: Z(Q) x R — Z(Q) be the solution of (4. 3).

Since ¢ is bounded and Lipschitz ® exists globally. Fix a sequence p,,
of paths satisfying (6. 11) and let

Pn=0 @y 1)
with associated ¢, ={uep, |E, (0)sy, +(0,—x)}.
Note that for any uep,, t,=0 by definition of ¢;

4B yom) (@ (u, 0) ],y 20,
dt

i.e. pt, still satisfies (6. 10) for all ¢>0.
Moreover, for any uegq’, by (6.12)

—j—t(E,,mom(cb(u,t» —Cd(E, om) (), e(u) ) 25.

t=0

Hence

4 it (B, om) @) 25,

wE P
and for t=1 and m sufficiently large there holds

inf (B, om)()>7,,. (6.13)

“EP}"

However, u,, u; ¢ W and are left fixed by ®(.,1). Thus the path pLeP,
and we obtain a contradiction to the definition of v, from (6. 13).
The proof is complete.
QE.D.
Proof of Theorem 1.8. — Suppose a— vy, is differentiable at acA,
a<a,, and let {u,} be the sequence constructed in Lemma 6.3. We may
assume that u,, — u weakly.
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By Lemma 6.2 there is o’ >o such that {U, =exp(u2)} is uniformly
bounded in L¥ (). In particular, by Vitali’s convergence theorem

E,(u,) = E ()=7,>1,
A=A (1) = A=A (u)>0.

Hence, with a constant c= —8r (meas (Q)) ~!#0 we have

o(1) =<{d(E;om) (uy),u
= <XMJ VumVudx~J u,,,uexp(cxu,zn)dx)

_w(xbvu[wx_x):o,

and it follows that ||u||=1. L e. u, — u strongly, and u is a critical point
of E, in X. Since E, (u)=1y,<B¥, moreover, u is distinct from the relative
maximizer u,€X, constructed in Theorem 1.7.

Finally, we cover the interval ]4r, [ by suitable intervals A to obtain
the existence of (at least) two distinct critical points of E, in I for a.e.
aedm, ol

QED.
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