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ABSTRACT. — Given a continuous map s+, from a compact metric
space into the space of nonatomic measures on T, we show the existence
of a family (A}), .o, 1}, increasing in o and continuous in s, such that

p(AD=ap(T) (a0, 1)).

Key words : Liapunov’s convexity theorem - Measure theory - Selections.

Resume, — Etant donnée une application continue s—u, d’un espace
métrique compact dans I'espace des mesures nonatomiques sur T, nous
montrons I'existence d’une famille (A$), . o, 15, Croissante avec o et continue
en s, telle que

k(A =ap(T) (a0, 1]).

1. INTRODUCTION

Let p be a non-atomic finite measure on a measurable s;;ace T. A result
of measure theory states the existence of a family (A,), of subsets of T,
increasing with « in [0, 1] and such that

H(A)=op(T).

Classification A.M.S. : 28 A 10, 54 C 65.
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According to Liapunov’s Convexity Theorem on the range of vector
measures (see Halmos [2], [3] and Liapunov [4]) the above result holds for
a finite family of nonatomic measures p, i=1,...,n: there exists an
increasing family (A,), such that

“i(Aa)=a“i(T)a i=1,...,n.

In general, the above is not true for an infinite family (1), of measures
(see Liapunov [5]). In this paper we consider a map s — K, continuous
for 5 in a compact metric space S. Denoting by .« (1) the set of increasing
families (A3), satisfying

1 (A2 =o, (T),

we show the existence of a selection (A%), of the multivalued map . ()

continuously depending on s in the sense of Definition 2 of the following
section.

2. NOTATIONS AND PRELIMINARY RESULTS

We consider a measure space (T, &, p,) where p, is a non-atomic
positive measure on a c-algebra # and p,(T)=1. Denote by .# the set
of positive finite measures p on T which are absolutely continuous with
respect to ,, hence non-atomic. The metric in .# is induced by the norm
H u|| given by the variation of p.

DerNITION 1. — A family (A,),c (0,1 A€ F, is called increasing if
A,cA; whenagp.
An increasing family is called refining A € # with respect to the measure
p=(py, .., n)ed"if Ay=¢5, A, =A and
n(A)=ap(A)  (ael0,1)).

The set of the families refining T with respect to p is denoted by .o ().
The proofs of Lemmas 1 and 2 are based on Liapunov’s theorem (see
Fryszkowski [1]).

LemMaA 1. — Consider a vector measure pwe #". For each AeF there
exists a family (A,), (0,17 refining A with respect to . In particular, the
set & (W) is nonempty.

In what follows, S is a compact metric space with distance d.
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LemMma 2. — Let s -y, be a continuous map from S into .#". Then for
every £>0 there exists an increasing family (A ), satisfying

() po(Ay) =0 (ael0, 1]);

(li) I Hg (Aa) — Ofplg (T) { <e (u'e [09 1]9 se S)'

DEFINITION 2. — A map s — (A3), is called continuous on S if for every
s°eS and £>0 there exists a >0 such that: s, s and s” in B (s, )
implies

sup (A7 AAY)<e

aef0, 1]

Analogously we set

DerFiniTION 3. — The set valued map s— o/ (n,) is called continuous
if for every s°eS and €>0 there exists a §>0 such that: s, s’ and s in
B(s°, &) implies V(A.) e o/ (4),I(AL) e o/ (L, ) such that

sup p (A AAY)<e
aef0, 1]

We will use the symbol ) to denote the union of disjoint sets. Finally,
we recall that p(.,.) defined as p(A, B)=u(A AB) (pe .#) is a pseudome-
tric on &.

Remarks. — (a) In [5], Liapunov considers a sequence p, of measures
on [0,2 7] defined by a family of densities f, converging strongly in L' to
zero. He shows that there cannot exist any Borel subset A of [0, 2 nt] such

1
that for every n, p,(A)= Ep,,([O,Zn]). By associating p, to the point 1/n

and p =0 to the point 0, we have a map s+ p, from the compact metric
space S={1/n:neN} {0} into the space of nonatomic measures. The
continuity at 0 follows from the strong convergence of (f,). This example
shows that the assumptions of Theorem 1 below do not guarantee the
existence of a constant selection.

(b) A further example is taken from Valadier [7]. Let S and T be the

real interval [0,1], and set p (A) =J e %dt. Assume there exists a set
A
A < T such that
1
VS, ps(A)=§us(T)‘
Then
+ +w 1
j xA(t)e_“dt=j ExT(t)e_“dt.

- -
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. . 1
Since the Laplace transformations of ¥, and EXT’ both of compact

support, are analytic and coincide on [0,1], they are identical. By the
injectivity of the Lapalce Transformation, we have
1

Xa= EXT’

a contradiction. Hence again we have an example where there exist no
constant selections.

(c) It seems more natural to express the continuity in terms of the
pseudometric p (A, B) =p, (A, B). However, Definition 2 is not necessarily
equivalent to the continuity with respect to this pseudometric when p, is
not absolutely continuous with respect to po.

3. MAIN RESULTS

In order to prove our main theorem we need three additional Lemmas.

LeMMA 3. — Consider a 1-dimensional measure pe .# and an increasing
family (AL), such that for some £>0,
|m(A)—op(T)|<e  (ae[0,1)).
There exists an increasing family (A2), such that
() rAD=ap(T) (xe[0,1))
(i) p(ALAAD<6e (ael0,1]).
1 1 . . .
Proof. — Fix M so that — = & =-———. We begin by defining
M~ (D)~ M+1
recursively an increasing family (A2), for a=i/M, i=0, ..., M, such that
(i) holds and AZ,, = A, Set Ad=J and assume A}, has been defined
for i=0,...,n<M.

1 .
Case 1. — When p(A(l,,H)/M)g%p(T), define Al,,,,p by Lemma

1, as a set such that A2\ S Al . 1,m S Aly+qym and

n+1
H(A(2n+ 1)/M) = ‘N[_u(T)‘

Case 2. — When p(A(1"+1)/M)<%u(T), we first notice that by the
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n+1

choice of M we have that u(A}HZ)/M); u(T); hence we can define

Al 1 1)m as a set such that A(,,H)/M cAliym< A(..+2)/M and

n+1

H(A(Z..H)/M) p(T).

Notice that A? ,,m 2 A2y, since Al 1,y 2 A2y by the inductive hypoth-
esis.
In either case, we have

H(A(zn+ M A A(1n+1)/M) = I p’(A(Zn+1)/M) - P(A(1n+ 1)/M) l

n+1
=< IH(A(,.H)/M) —M“H(T)I

1 _ntl
+“1(A(n+ M) M n(T) l

<E.

By Lemma 1 it is now easy to define a family (A2),. 0. ;, such that

i+ 1
a) A2y A2 AZS A2, for - <as<ps Tl
( ) iM i+ 1)/M M B M
(b) W(A)=apn(T).
. i1
Now we check that (ii) holds for ﬁ sag % We can as well assume

that p(T) = 6 € otherwise (ii) trivially holds.
m(A; AAD=R(ALNAD +R(AZNAL)
Su(Agy 1)/M\A1/M) + (A M N\ATM
+ H(A(z+ 1)/M\A1/M) +u (Ax/M\At/M

< T+2s+— T)+¢
=—u( Mu( )

1
M
RO +3e= 2 +3¢
p(T)—e 1—(g/n(T))

A
()

1
é(;z +3)s<65. ||

CoROLLARY. — The set-valued map s — o/ (\) is continuous.
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Proof. — Choose s° and £>0. Let >0 be such that d (s, s°) <& implies
|| us—ueo || <2/26. Fix s, s and s in B(s°, 8) and A, e (). Since
[0 (Ag) —optyo (T) | =[ o (A — g (A + 1y (A))
—apy (T) +apg (T) —opo (T) |
<2| e —pyolj<e/13,
by Lemma 3 there exists A€o/ (p,0) such that po(A,A A% <6¢/13.
Analogously, given AJ, there exists Ales/(u,) such that
b (A2 AAY) S68/13.
Hence
(AL AAD) S| (AL AAY) —po (A, AAY) |+ 10 (AL AAY)
Sl—mo [ +ro(A; AA) +p0 (AL AAY)
g 8/26+ 6 8/13 + “ Ko — Mg H + Hger (Ag A A;/)
<e 1

In the following Lemmas, the symbol sup is a shorthand notation
Ai(s)>0
for sup
{jeN:Aj(s)>0}

LeEmMMA 4. — Let s — |, be a continuous map from a metric space S into
the space M and let (B(s;,M;));=,. . n be a finite open covering of S. Let
(A;(.));=1, ...~ be a continuous partition of unity subordinate to it such that
Ai(s)=1.

For any center s;, j=1,...,N, let be defined a finite increasing family
(Aih)i=o. ...m Such that

_y i .
by (A= — 1 (T)  (e{0, ..., M}).

M
Then for each seS there exists an increasing family (A3S), that extends the
family (Aj\); in the sense that Aj=Ally for every i and j, and such that
the following properties hold:

(i) [po(AD o (T) |£6 sup || m—p,[[(xe[0, 1));
Aj(s)>0

(1) for ae[ﬁ,%} and any center s,

Hs, (AL AAY S sup HSJ(A:§+ M A Af{+ Hm

A (s)>0
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+ sup |lp,— us,‘ll+ﬁ( sup , (T) + 1y, (T));

Ag (5)>0 A (s)>0

(iti) im sup py(A3AAS)=0.
s s* aef0,1]

Proof. — For each seS, first we will define the sets (Aj/M),- by interpolat-
ing among the given families (Af/fM)i, taking from each set a subset having
measure proportional to the corresponding A;(s). Then we extend the
construction for ae]i/M, (i+1)/M[. Finally we check that (i)-(iii) hold.

I. For any set A = T, we define A'=A and A°=T\ A. We denote by
A the set of all N x (M —1) matrices I' =(y,;) whose elements are in {0,1 }.

Now we define

31

A=A M N...N (A 1/M)YIN

S1

N(AM™21N. .. NI(A szrjM)yZN

m(AfM ™M LN, m(A(M M) ™ LN,

Note that:
(a) since the family (A7},); is increasing in i, A (I)=g¥ if 3 i, jrvy=1,
Yi+1, j=0; moreover, if ['; #I",, then A(I')) N A (T,)=;
(b) for any i, j
A:fM= U AMD),
'ex

yij=1

i.e. the family at the r. h.s. is a partition of Aj;

() U A= Az/M\At/M’ U A= At/M N AI/M
Tex Tex
¥ij =0, vix=1 vij=1,vixk=1

By lemma 1, for each I'e 4" there exists a family (A (I'),), o, 1; refining
A (I') with respect to the measure (,, g5 + -+ Hgy)- Define

N
B;‘ ()= Z Yix Mg ()
k=1
and

A?/M= U A(F)B;'_(s) (1)

Tex

(see Fig., where the case N=M =3 is described).
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30 A. CELLINA, G. COLOMBO AND A. FONDA

The family (A3,); coincides with (A7), for s=s; in fact we have
Br(s;) =v;; so that, by (b),
A= U A= U A(T) =A%

Tex Tex
Yij=1

Next we have:
b, (Al = 2. b, (A (D)gi )= Y. Br(s)n, (A (D)
Tex

TFex

-y (Z mk(o) b (A (D))

Tex \k=1

= 2 M(9) X Yaks; (A(D) (2)

Tex
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N

= M)k, (U A(D)
k=1 TFext
Tik=1

N
= Y M) by, (ALK,
k=1

II. Set, for a=(1—1t)i/M+t(i+1)/M (te[0, 1)) and s€S,
= U A(r)<1—tw"r<s>+trs"r“(s>

TexX
Remark that by the above definition and (1), it follows that
Hs; (Ap=(1-1) Hs; (Ajm +1 Hs; (AGi+ M-

We claim that

N
K, (A = > Re(s) b, (A (i=1,...,N;ae[0,1];s€8S).
k=1

In fact, for o as above, we have:

g (AD= 3 [(1=0Br()+tBr" ! (kg (AT)

TFext

=(1-1) Z Aie(5) Y Va g, (A (D)

TFext
N

+t Z A (9) Z Yi+1,kHSj(A(F))

k=1 TexX
N

=(1-1) Z Ay (5) p'sJ(Al/M )+t ) R(s) Hsj(Afﬁ 1ym)

k= k=1

N
Z M(9[(1—1) HSj(A?7M)+tusj(Af?+ 1ym]

= T h(9n, (AD.

III. We are now in the position of proving (i). Fix seS and ae[0, 1]
and set o;=sup { || p,—p || - A;(s)>0}. We have:

[ e (A5) —apg(T) | <[ s (A — by, (A3 |
+] g (A3) = (T) [+ 0t | 1y (T) + 1 (T) |
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32 A. CELLINA, G. COLOMBO AND A. FONDA

N
<20,+| T () 1 (A% —an, (D)

N
S2o,+ Z R (3) [ g, (A3 — iy (A9 |

+o| g, (T) =, (T) ]
<6,

In order to prove (ii), note first that

A?/MAAJ =(U A(r)gi_(s))A( U A(r)ﬁi—(sj'))

i/M

Tex Tex (3)
=U (A (F)Bi-“) AA (r)ﬂi_(sj'))
Tex

and that, by a calculation similar to (2) and by (¢),

( U Ay s @)= z A (3) “sj(At/M\A?/jM)’ 4
Yt_]_o N
( U (A(D) \A (ra (s)))_' z A (s) IJ’SJ(Al/M\Al/M (5)

Therefore, for any i, j, from (3) and recalling that Bi‘(s‘)=Yij’ we have
Ks; (Al/MAAz/M) Ws; (U A(F)B (s))+p’s (U (A (r)\A (r)g (s))

Tex Tex
¥ij=0 yij=1

and from (4), (5) this last expression is

z A (s) usJ(Ale\At/M + Z A (5) HsJ(A./M\Az/M

z

z X (S) us (Al/MAAt/M)
k=1
<SuP{“s (At/MAAz/M) }“k(s)>0}‘

Hence (ii) holds for a=i/M.
In order to prove (ii) for a in Ji/M, (i+ 1)/M], let us note that

ANAL = [(AG+ 1)/M\Az{+ 1)/M)\Ai’] U [A:{+ 1)/M\Ai’]
< (AG+ 1)/M\A:{+ ym U (A:{+ 1)/M\A§;M)’
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so that

Hs; (AZ\A?) = Ks; (Afi+ 1)/M\Af'ii+ 1)/M) + Ks; (Af{+ 1)/M\A:/jM)
and

Ks; (ANAD = Ks; (A:;'i+ oM NAG M) Hs; (Afi+ M \Ap-
Hence

P'sj-(Ai AAYES ,J'sj(A?H- M A A:{+ 1)/M)

+Ps,( (1+1)/M\A1/M)+usl Al ym \Ain)
ésup{st(A(iH)/MAA(iH)/M): (>0}

N

+(1/M) ,J'sj )+ Z M (s) ,J's] 1+1)/M\A1/M

=1

= sup ,J'sj(A(i+1)/MAA({+1)/M)+(1/M) HSj(T)
Ag(8)>0
N

+ Z )“k(s)[HSj(A:h 1)/M\A:7M usk(A(x+1)/M 1/M)|
k=1

N

+ Y M(s) P's,‘(AZ‘+ 1)/M\A:7M)

k=1

= 5 s:
< sup HSJ(A(H oM A A 1w

Ag(s)>0

+ sup ||y, —ng |

A (s)>0

+(1/M)  sup  pg (T).

k=1,...,N

This proves (ii).
Finally we prove (iii); for a=(1—1t) i/M+t (i+ 1)/M we have

Ho(AS AAS)= Y Mo (A(M),- —1) Bl (9 +1 871 (s)

TexX
AAM),_, BL (st +rpit! )

= 2 {{[(1=0Br(s)+2 B (s)]

Fex

—~[(1 =) B (s*)+ £ B (sM)] | o (A (1)) }
=(1-1) lBr(S) Br(s Iuo ()

I'EJ(

t Y [BE ()= BE (%) o (A (D).

TFext
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By taking the limit as s tends to s* we conclude the proof. W

LEMMA 5. — Let s—p, be a continuous map from a compact metric
space S into the space M and, for each seS, let (AS), be an increasing
Sfamily, continuous with respect to s and such that, for some >0,

|n (A —op (T)|<e  (ael0, 1], s€S).
For every s€S there exists an increasing family (AZ), continuous with respect
to s and such that

() | m(AD —an (T |<e/10 (aef0,1]);

(if) sup p (A5 AAY<10s.

aef0, 1]

Proof. — By continuity, for each seS there is a ;>0 such that
d (s, s’) <2m, implies || p,—p, || <€/60 and p, (AS A A%) <e. The open balls
B(s,n,) cover S. Let {B(s;,n;):j=1,...,N} be a finite sub-covering and
{X;j:j=1,...,N} be a continuous partition of unity subordinate to it and
such that &;(s)=1,j=1,...,N.

Let (AY), be the families defined by Lemma 3 by taking H=H,;

Fix j such that p (T)=max {p,(M:k=1,...,N} and choose
Mz=2y, (T)/e. By Lemma 4, extend the collection (AhDizo. .
(k=1, ..., N) to the family (A}, o, 1;(S€S).

The continuity of s — (A}), . 0, 1 follows from (iii) of Lemma 4, recalling
that p <y, for each seS.

The choice of 1, and (i) of Lemma 4 imply that (i) holds. Moreover

B (AL AAD S (AL AR+ (AY AAY) +1 (AT AAY.
By the choice of 1, and (ii) of Lemma 3, the r. h.s. is bounded by
e+65+p,(AY A A2,
which, by (ii) of Lemma 4 and the choice of M, yields

_ 1
(A AADNZ[9+ — e
by (AL A a)#( 60>

Since ||, — 1, || </60, (i) follows. W
The following theorem shows the existence of a selection (Aj) from
& (1), continuously depending on s.

THEOREM 1. — Let s — p, be a continuous map from a compact metric
space S into the space M. For every se€8§ there an increasing family (A3),
of measurable subsets of T satisfying

n(AY=ap(T)  (ael0,1]) (6)
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and such that the map s — (A3), is continuous.

Proof. — We assume that we have defined for s in S an increasing
family (A3 "), which is continuous with respect to s and satisfies

|1, (A" —ap, (T) [< 107"

By Lemma 2, the above is true for n=1 taking a family (A% '), constant
with respect to s.

We obtain the existence of an increasing family (AS"*!)  continuous
with respect to s and such that

| (AS ") —ap (T) | <107 @+D (7
and
B(AT" T A AT <1070, (8)

In fact, set in Lemma 5 A} to be AS"™ and ¢ to be 107" to infer the
existance of a family, denoted by (A$"*1),, satisfying (7) and (8).

Consider now the sequence ((A2"),), .y defined by the above recursive
procedure: we wish to show that it converges to a family (A$), which is
continuous with respect to s and satisfies (6).

Property (8) implies that the sequence (A$"™), (s and « fixed) is a Cauchy
sequence in & supplied with the pseudometric p,(A, B)=p (A A B). The
procedure in Oxtoby [6], Chap. 10, defines a limit family (A$),, which is
increasing: AS= U N AY™

neNmzn

By the inequality

a

|1, (A) =1, (B) [< (A AB)
and (7) we have
K (A = lim p (A" =op (T).
In order to check the continuity of the map s — (Ki)a, fix £>0 and s°€S.
Since the inequality (8) is uniform with respect to s and a, there exists an
n such that p (AS" A AS) <e/5 for every s in S and « in [0, 1]. Let >0
be such that
”ps—psoH<8/10 [sin B (s 8)]
and ~ ~
sup p (A" AAS M <g/5 [s, s’and s” in B(s°, 8)].
aef0, 1}
Then for every ae[0, 1], s, s and s’ in B(s°, §), we have:
(AT AR Su (A AAS )+, (AT AKY)
S A AAD )+ (AT T A AT + 1, (AT T ARY)

Vol. 5, n° 1-1988.



36 A. CELLINA, G. COLOMBO AND A. FONDA

Sim—pg ||+ e (AY AAST £ (A5 AAS)
= e |+ 1y (AT A RS
<c. B

CoroLLARY. — Under the same assumptions, for every n>0 and for
every increasing family (A ), satisfying

(A~ (D]<n  (xe[0,1]5€8),
the family (A%), of Theorem 1 can be chosen as to satisfy, in addition,
wA AA)<n  (ae[0,1),s€8).
Proof. — Set A>! to be A, in the proof of Theorem 1. W
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