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ABSTRACT. — Let p=ﬁ, N3 be the limiting Sobolev exponent and

Q< RY open bounded set.
We show that for fe H ™! satisfying a suitable condition and f#0, the
Dirichlet problem:
—Au={u|""2u+f on Q
u=0 on 0Q
admits zwo solutions u, and », in H} (Q).

Also 1,20 and u, =0 for f20.
Notice that, in general, this is not the case if /=0 (see{P]).
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282 G. TARANTELLO

On montre que si e H™?, f#0 satisfait une certaine condition alors le
probléme de Dirichlet : Au=|u|?"?u+f dans Q et =0 dans 0Q, admet
deux solutions u, et u, dans H} (Q). De plus u,=>0 et u, 20 si f/20.

On remarque que ce n’est pas le cas, en général, si =0 (voir [P]).

1. INTRODUCTION AND MAIN RESULTS

In a recent paper Brezis-Nirenberg (B.N.1] have considered the following
minimization problem:

inf J([Vulz—fu) 1.1

ueH, ljullp=1

where Q< RY, is a bounded set, H=H}(Q), feH ! and p=£§2, Nz3

is the limiting exponent in the Sobolev embedding.

It is well known that the infinum in (1.1) is never achieved if f=0
(c¢f-[B]). In contrast, in [B.N.1] it is shown that for f0 this infinum is
always achieved. (See also [C.S.] for previous related results.)

Motivated by this result we consider the functional:

I(u)=%JnIVulz_%Jnlulp~J S wer;

whose critical points define weak solutions for the Dirichlet problem:

—Au=|ulP"?u+f on Q}

1.2
u=0 on Q. (1.2

We investigate suitable minimization and minimax principles of mountain
pass-type (¢f.[A.R.]), and show how, for suitable f’s, they produce critical
values for I in spite of a possible faiture of the Palais-Smale condition.
To start, notice that I is bounded from below in the manifold:
A={ueH:{I'(w), uy=0}

[here { , ) denotes the usual scalar product in H=Hg (Q)]. Thus a natural
question to ask is whether or not I achieves a minimum in A.
We show that this is the case if f satisfies the following:

j fusen (| V™20 *
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4 N — 2\ (N+2)/4
VueH, |[uf,=1, where CN:N— 3 (NTZ) . More precisely we have:

THEOREM |. — Let 50 satisfies (%)o. Then
infI=c, (1.3)

A

is achieved at a point uye A which is a critical point for 1 and u,=0

Jor £20.

In addition if f satisfies the more restrictive assumption:
f fu<en(||Vul)™rr (%)
Q

VueH, [|ull,= 1, then u, is a local minimum for 1. []
Notice that assumption (*) certainly holds if

[/ a1 SenS™

where S is the best Sobolev constant (cf.[T]).
Also if f=0 Theorem 1 remains valid and gives the trivial solution

ug="0.
Moreover in the situation where u, is a local minimum for I, necessarily:

1Vuof=(p— D520 (1.4)
This suggests to look at the following splitting for A:
At ={ueA:[|Vul~(p=Dluf;>0}
Ao={ueA:||Vuli~(p~1ulf=0}
A~ ={ueA:||Vul3—(p—D|lullr<0}.

It turns out that assumption (%) implies A,={0} (see Lemma 2.3 below).
Therefore for f#0 and (1.4) we obtain u,e A* and consequently

co=InfI=inf1l.
A AT

So we are led to investigate a second minimization problem. Namely:

infl=c,. (1.5)
o
In this direction we have:
TueorEM 2. — Let f#0 satisfies (x). Then ¢, >c, and the infinum in

(1.5) is achieved at a point u, € A~ which define a critical point for 1.
Furthermore u, =0 for /20. O

Vol. 9, n° 3-1992.



284 G. TARANTELLO

Notice that the assumption f#0 is necessary in Theorem 2. In fact for
/=0 we have:

S IVa|E e
InfI= mf—\:H ullz} =—[ inf |[Vul|/i"?
a- wroNL fluff Nijuitp=1
and the infinum in the right hand side is never achieved.
The proofs of Theorem 1 and Theorem 2 rely on the Ekeland’s varia-

tional principle (¢f.-[A.E.]) and careful estimates inspired by these in
[B.N.1].

As an immediate consequence of Theorems 1 and 2 we have the follow-
ing for the Dirichlet problem (1.2).

TueoreM 3. — Problem (1.2) admits at least rwo weak solutions u,
u, e HY(Q) for f+#0 satisfying (*); and at least one weak solution for f
satisfying (*),.

Moreover u,20, u; 20 for f=z0. O

This result for /=0 was also pointed out by Brezis-Nirenberg in [B.N.1}.
Their approach however uses in an essential way the fact that f does not
change sign. It relies on a result of Crandall-Rabinowitz [C.R.} and
techniques developed in [B.N.2].

Furthermore for f=0 it is known that (1.2) cannot admit positive
solution when || f|jz-1 is too large (see[C.R.], [M.] and [Z]). So our
approach necessarily breaks down when || f ||~ 1 is large. In fact we suspect
that assumptions (%), and (%) on f are not only sufficient but also
necessary to guarantee the statements of Theorems 1 and 2.

By a result of Brezis-Kato [B-K] we know that Theorem 3 gives classical
solutions if f is sufficiently regular and 0Q is smooth; and for f>0, via
the strong maximum principle, such solutions are strictly positive in Q.

Obviously an equivalent of Theorem 3 holds for the subcritical case

N . 2N
in(1.2) by ge{ 2, —— |. In such
( )yq< N_J

where one replaces the power p=

a case more standard compactness arguments apply, and the proof can

be consistently simplified. The details are left to the interested reader.

Finally going back to the functional I, if f satisfies (%) then Theorem |

suggests a mountain-pass procedure; which will be carried out as follows.
Take:

e®N=2)2

U, (X) £>0, xeRN (1.6)

be an extremal function for the Sobolev inequality in RN,
For aeQ let u, ,(x)=u,(x—a), and

£,€C3(Q) with £,=20 and ¢&,=1 near a. a.m
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Set
s h :[0,1] - H continuous, 4 (0)=1u,
h(D)=Ry&,u, ,
Ry >0 fixed.
We have:

TueoreM 4. — For a suitable choice of R, >0, aeQ and £>0 the value
¢= inf max I(h,(2))

heF tel0,1]

defines a critical value for I, and czc¢,. O

It is not clear whether or not ¢=c;. So no additional multiplicity can
be claimed for (1.2). However, in case ¢=c, then it is possible to claim a
critical point of mountain-pass type (¢f.[H]) for I in A™. This follows by
a refined version of the mountain-pass lemma (see [A-R]) obtained by
Ghoussoub-Preiss and the fact that A~ cannot contain local minima for I
(see [G.P., theorem (ter) part af).

The referee has brought to our attention a paper of O. Rey (See[R.])
where, by a different approach, a result similar to that of Theorem 3 is
established when f#0, >0 and || f ||y-1 is sufficiently small.

2. THE PROOF OF THEOREM 1

To obtain the proof of Theorem 1 several preliminary results are in
order.
We start with a lemma which clarifies the purpose of assumption (*).

Lemma 2. 1. — Ler f#0 satisfy (*). For every ue H, u#0 there exists a
unique t* =1t* () >0 such that t* ue A~. In particular:

o I
(p—D)[lulfp
and 1(t* u)= max I (ru)

12 fmax

Moreover, if J Ju>0, then there exists a unique t~ =1~ (u)>0 such that
Q

~ <[%Jl/m—z)

and I (¢~ w) <1 (ru), V1[0, £7].

TueA™.
In particular,

Vol. 9, n° 3-1992.
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Proof. — Set ¢ ()=t||Vul|3—"~'|lu]js. Easy computations show that
o is concave and achieves its maximum at

[ vl e
fmes [@—nnunp- ‘

(p—1/(p—2) B \Y 2(p—1)7|1Ap—2)
(rm){%] »-2) “——”—h] ,
—1 ”ullp

Also

that is

[V ulle2

O (Ina) = Cx s
Ny

Therefore if J fu<0 then there exists a unique t*>r,, such that

o(tT)= J fu  and o (t7)<0. Equivalently ttueA™ and
Q
1t w21tV 21,

In case | fu>0, by assumption (*) we have that necessarily
Q

H(N+2)/2
fu<cl\ ”N/Z __(\D(Zmax)‘
Consequently, in this case, we have unique 0<t~ <1, <t* such that

@(l*)=[ fu=o(t7)
Q
and
Q' (t7)>0>0'(t7).

Equivalently r* ue A~ and " ueA”.

Also 1T w)=1(ru), V=t~ and 1(¢~ w) L1 (tw), V1 el0, 7).

LemMA 2.2. — For f#0

inf <cNHVuH(N+2’/2—J fu>:=po 2.1
Hullp=1 Q

is achieved. In particular if f satisfies (%), then p,>0.

The proof of Lemma 2.2 is technical and a straightforward adaptation
of that given in [B.N.1] for an analogous minimization problem.

It will be given in the appendix for the reader’s convenience.
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Next, for u#0 set

VOEPRALL - M f fu
Q

[l

Since for ¢>0, ||u||,=1 we have:

¢<ru>=z[an\7ungN+2>/2— f fu}

given y>0, from Lemma 2.2 we derive that

inf ()2 vho. 2.2)

Hullzy

In particular if f satisfies (*) then the infinum (2.2) is bounded away
from zero.
This remark is crucial for the following:

LemMA 2.3. — Let f satisfy (*). For every uc A, u#0 we have
IVuli—-Dlulz=0

Qe Ag={0}.

Proof. — Although the result also holds for f=0, we shall only be
concerned with the case f#0.
Arguing by contradiction assume that for some ue A, u#0 we have

[VulB—(p—Dulz=0 2.3)

Thus

0= | Vulz~[|uz— qu:@—zwuu;— jf @.4)

Condition (2. 3) implies

ulhz(25)" =

Vol. 9, n° 3-1992.
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and from (2.2) and (2.4) we obtain:

0<H0Y§¢(u)z[;—l_ql}(p'l)/(p—b(p_z) [”Vl‘lllll?“(;_”]mp~2)—fnfu
—(r-2) ([p-i—l](p—l)/w—n[nvlﬁli%ll(;—l)]l/w-b_Hqu)

—(p-2) lluiB([G%]w—w(p_Z)— 1>=0

which yields to a contradiction. [
As a consequence of Lemma 2.3 we have:

Lemma 2.4, — Let f+0 satisfy (*). Given uc A, u#0 there exist >0
and a differentiable function t=t(w)>0, weH|lw| <e satisfying the
Sfollowing:

1(0)=1, tw)(u—w)eA, for |w|<e,
and

2jVu.Vw—pJ |u|”'2uwj fw
(E(0), wHy=—2 2 e _

[Vulz—@=Dlul
Proof. — Define F : RxH — R as follows:

2.5)

F, w)=tHV(u—w)H§—t"_1Hu—wllg—J Fu—w).

Since F (1, 0)=0 and F,(1,0)=||Vu|j—(p— 1) |lu|5+#0 (by Lemma 2.3),
we can apply the implicit function theorem at the point (1,0) and get the
result. [

We are now ready to give:

The Proof of Theorem 1

We start by showing that I is bounded from below in A. Indeed for

uec A we have: )
J‘ qu[z—J Iul"—j Su=0.
Thus:

1(u)=ﬂ [Vulz—]l—)j lu]"~j fu=§J quIZ—(l—;)J fu

2 NV lB =2 s 9 2 = 10N 2) £ e
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In particular
1
€02 = (N+2)| f[la-1]" 2.6)

We first obtain our result for f satisfying (*). The more general situation
where f satisfies (%), will be subsequently derived by a limiting argument.
So from now on we assume that f satisfy (*).
In order to obtain an upper bound for ¢y, let veH be the unique
solutions for —Au=f. So for f#0

Lfv=lleH§>0‘

Set z,=1" (v)>0 as defined by Lemma 2.1.
Hence toveAJr and consequently:

I(toz—fIIV 32110210 1702
p

_ 13 2, P » » % ,_ 1 2
=2 volg+Z o< -2 Volg= - 2] 7li3-s
This yields,
12
co<—§°“f“f{—1<0. 2.7
Clearly Ekeland’s variational principle (see[A.E.], Corollary 5.3.2) applies

to the minimization problem (1. 3). It gives a minimizing sequence { u, } <A
with the following properties:

1) I(u,)<cy+ 1
n

(i) T00) 21 () =~ ||V (w—1) ||, ¥ we A.
n

By taking » large, from (2.7) we have:
1 N+2 1 3
I(u")=§f [Vu,|*— qu <Co+ < - °||f”H—1 (2.8
Q

This implies

2
Lﬁa,éN 213]|f[],%,—1>0. (2.9)
Consequently u,#0, and putting together (2.8) and (2.9) we derive:
2tk N+2
g e = 1Vl = == Al (2.10)

Vol. 9, n® 3-1992.



290 G. TARANTELLO

Our goal is to obtain ||1'(x,)|| — 0 as n > + c0.
Hence let us assume || I (u,)|| >0 for n large (otherwise we are done).

Il
Applying Lemma 2.4 with u=u, and w=6& 3>0 small, we

() ]
find, ¢,(8):=¢| 6 —"—
nd ) [ 1T o)

I(u)}
=1, )| u,— eA.
Ve ’"“[“" 17|

From condition (ii) we have:

such that

LV g [ 2T ) =L 09)= (1= 5, @) (09 )

. I'(u,)
+82,(3) (T (We), —— % +4(3).
(B) I (wg) HI'(u,.)H> 0(3)

Dividing by >0 and passing to the limit as & - 0 we derive:

%U+VK@MVuM»z—&«DOwaw>+HYWDH=HYWDH

s , T)
where we have set ¢, (0)= <t 0), — >
T @ |

Thus from (2.10) we conclude:

HF%W§EU+Mmm

for a suitable positive constant C.
We are done once we show that | £,(0)]| is bounded uniformly on n.
From (2.5) and the estimate (2.10) we get:
C
|nO)= -
WV unl— (=D lu 5]
C, >0 suitable constant.

Hence we need to show that ||| Vu,||3— (p—1){u,||5] is bounded away
from zero.

Arguing by contradiction, assume that for a subsequence, which we still
call u,, we have:

(Vu 3= (= Dlu,|lz=0(). 2.1)
From the estimate (2.10) and (2.11) we derive:

luall,Zy  (y>0 suitable constant)

Annales de I'Institut Henri Poincaré - Analyse non linéaire
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and
V|2 Je-vie-2 _
li“p_IHZ} — [““n“ﬁ]‘p 1)/(p-2)=0(1)‘
In addition (2.11), and the fact that u, € A also give:

[ = =2 Il o

This, together with (2.2) implies:
0<po Y™ P2 < [l 57”2 ()

=(p— 2) [[“_Z_ZLIIE](F—I)/(F_Z)_ [“ u, “g](p— 1)/(11—2)1]_—_0(1)‘

which is clearly impossible.
In conclusion:

T (@) || >0 as n— +o0. (2.12)

Let u,€ H be the weak limit in Hg (Q) of (a subsequence of) u,.
From (2.9) we derive that:
f Juy,>0
0

(T (), w) =0, VweH,

i.e. u, is a weak solution for (1.2).
In particular, u, € A.
Therefore:

and from (2.12) that

ST = |V ug—ffuog lim L(u)=co.
Q

n—> +w

Consequently u, — u, strongly in H and I(u,)=c,=infl. Also from
A

Lemma 2.1 and (2.12) follows that necessarily uocA™*.
To conclude that u, is a local minimum for I, notice that for every

ueH with qu>0 we have:
o

1(su) =1 (¢t 1)

|V ulf ]”‘"‘2’ :
for every 0<s<li(p_1)“u”: (2.13)

(see Lemma 2.1).

Vol. 9, n° 3-1992.
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In particular for u=uy,€A™ we have:
m=1< [M]WM)‘ .14)
(=D«
Let £> 0 sufficiently small to have:
_ IVe-m3
(p=Dfluo—wlf
for ||w|| <e.

From Lemma 2.4, let £ (w)>0 satisfy 7 (w)(u,—w)e A for every ||w|| <e.
Since 1 (w) — 1 as ||w|| - 0, we can always assume that

()< [M]w_z)
(=D fjuo—wis
for every w:||w]| <e.

Namely, ¢(w)(uo~w)eA™ and for 0<S<[ IV (o =) i ]mp_z}
(p—Dljuo—wlp

we have,

L(s (o —w) 21 (2 (W) (g~ w)) Z I (1)
From (2.14) we can take s=1 and conclude:
I(ug—w)=I(w), VweH, [w] <e.
Furthermore if /20, take, 7,=17 (Jugy|)>0 with 75 |us|eA™.
Necessarily ;= 1, and
L(to | uo ) ST (Juo ) ST (o).
So we can always take u,=0.

To obtain the proof when f satisfies (*), we shall apply an approxima-

tion argument. To this purpose, notice that if f satisfies (%), then
f.= (1—¢)f satisfies (¥) Vee(0, 1).
~ Set

Is(u)zlj qulz—lj |ulP+ (l—s)jfu, ueH.
2] Pla Q

Let u,e A = {ueH: (L), u) =0, ||Vu|2— (p— )| u||5>0} satisfy:
I, (u)=infl :=¢,

Ag

and
(T (u),w)=0, VweH. (2.1

Clearly ||V u,||,<C,, for 0<e<1 and C,>0 a suitable constant.
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Let ue A%, necessaril 1u>0 and consequent!
y
Q

(l—s)jfu>0, O<e<l.
Q

From Lemma 2.1 applied with f=/, we find:

0<1t < [M]mrz)

(p=1)j[ull;

with 1 ueAl.
[Vl

— 2 from (2.13) it follows that
(=D u|s

Since 1 <

Lt w=I (w)
and consequently:
SL (WL ST +e|flla-1||Vul,£T(@w)+eC,

(with C;>0 a suitable constant).
Estimate (2.6) with f=f, and the above inequality imply:

1
- N4 D)l S N D P S a2t oC
Let g, — 0, n > + ¢ and u,eH satisfy:

(@) ¢, »c=<co,n—+o

(b) u,, = uy, n —» +oco weakly in H.

From (2.15) it follows { I'(u), w» =0, VweH (i.e. u, is a critical point
for I) and I(ug) =c,.

In particular uoe A and necessarily I(ug)=co, (i.e. u, — u, strongly
in H).

This completes the proof. U

3. THE PROOF OF THEOREMS 2 AND 4

L 2N .
The functional I involves the limiting Sobolev exponent p= N—3 This

compromises its compactness properties, and a possible failure of the P.S.

condition is to be expected.
Our first task is to locate the levels free from this noncompactness

effect.
We refer to [B] and [S] for a survey on related problems where such an
approach has been successfully used.

Vol. 9, n® 3-1992.
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In this direction we have:

ProrosiTioN 3.1. — Every sequence {u,}<H satisfying:
1
(@) I(u,) — ¢ with c<co+ ESN/Z
[co as defined in (1.3)].
® V@)l ~0

as a convergent subsequence.

1
Namely the (P.S) condition holds for all level c<cy+ N SN2,

Proof. — Tt is not difficult to see that (a) and (b) imply that || V]|, is
uniformly bounded.

Hence for a subsequence of u, (which we still call u,), we can find 2
wo e H such that

u, — wy weakly in H.
Consequently from (b) we obtain:
(T (wg), w) =0, VYweH. 3.1

That is w, is a solution in H}(Q) for (1.2). In particular w,#0, woeA
and 1 (wg) = ¢,

Write u, = w, -+ v, with v, > 0 weakly in H.
By a Lemma of Brezis-Lieb [B.L.] we have:

lall5= llwo+ 2allf= I wollf + | 2allf + 0 (D)

Hence, for n large, we conclude:
1
Cot — SN2 T (o +0) =1(wo)+ ~|| Ve [2— S| o2+ 0 (1)
N 2 p
1 1
2ot L1V, 3= L e, B o)
2 p
which gives:
1 1 1
EHVU,,H%—;Hv"Hg<ﬁSN/2+o(l). 3.2

Also from (b) follows:

o ()= (T (), ty ) = [[Vwo[[*— ”WOH;;_J fwot [ Volz=llwlf+o)

= (T (o), wo ) + [ Va3 —[lmllp o)
and taking into account (3.1) we obtain:

Ve [l3 =1l vallE=0 (D). 3.3

Annales de 'Instirut Henri Poincaré - Analyse non linéaire
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We claim that conditions (3.2) and (3.3) can hold simultaneously only if
{v,} admits a subsequence, {v,} say, which converges strongly to zero,
ie |[v, || =0, k- +o0.

Arguing by contradiction assume that || v, ]| is bounded away from zero.
That is for some constant ¢, >0 we have [|v,]| Z¢,, VneN.

From (3.3) then it follows:

lloalb"22S+0 (1),

and consequently
llea 5282 +0(1).

This yields a contradiction since from (3.2) and (3.3) we have:

1 N/2 i v lIP :1 v 12—
NS sl o=Vl

for n large.
In conclusion, u,, — w, strongly. [J
At this point it would not be difficult to derive Theorem 2, if we had

the inequality:

| |
1z lbto(l)< —SN?2
sl o<k

1
infl=c¢, <c,+ ﬁsN/Z. 3.4
A

However it appears difficult to derive (3.4) directly.

We shall obtain it by comparison with a mountain-pass value.

To this end, recall that u,#0. Following [B.N.1] we set Z<Q to be a
set of positive measure such that u,>0 on X (replace u, with —u, and f
with —f'if necessary).

Set U, ,(x)=E&,(x)u, ,(x), xeRY;
.. . and &, defined in (1.6) and (1.7)].

Lemma 3.1. — For every R>0 and a.e. acX, there exists
g0=¢8, (R, @) >0 such that:

[

1
I(uo+RU, J<co+ N SN2

for every 0<e<s,.
Proof. — We have:

I(uy+ RU,, a)=f LV”O—]ZH{J
Q 2 Q

—Iji%+RQJV—Jﬁ%—RJfQJ.(1$
PJo Q Q

RZ
Vu, VU, a+f VU, .2
2 Jo

Vol. 9, n°® 3-1992.
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A careful estimate obtained by Brezis-Nirenberg (see formulae (17) and
(22) in [B.N.1]) shows that:

4o+ RU, L[z~ [[uo 2+ Re|[U, |z +pR ft P2y, ,

+pRp—1j Uf,;l uo+ole™"27% for a.e. aeXl.
o

Also from [B.N.2] we have:
VU, . |l3=B+0(""? and U, . lE=A+0Y)

where
B=J [Vu, (x) | dx A=j _dx
S T Jan (1 [x PN
and '
B
=A2”" (3.6)

Substituting in (3.5) and using the fact that u, satisfies (1.2) we obtain:

1 2 Rz 1 R?
I(uo+RU, )=~{ |Vug|*+R| Vu,.VU, ,+ —B— - luglP— —A
2 Q 0 2 PJo p

_Rj‘ luolul(’)“zUsva_Rp—IJA Uf’zluO_J\fuo_RJ‘fUa’a_i_o[s(N—z)/z]
Q Q Q

Q

2 P

:I(u0)+ .l{_B-— R_A_Rp_lj‘ U€;1u0+0[ﬁ(N-2)lz]
2 p a

for a.e. acX.

Set u,=0 outside Q, it follows:

8(N +2)/2

J;l U2 ug= JRN up (x) &, (x) €+ [x—a lZ)(N+2)/2dx
=8(N—2)/2J u, ()&, (x)LN\h(f)dx’
Y & ¢

eL! (RY).

1

where ¥, (x)= (IW

Therefore, setting D= J d—x we derive:

RN(l + |x|2)(N+2)/2

f uo(x>aa(x>%¢1(f)dxeuo(am
rN [ £

for a.e. ae X (see [F)).
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In other words,

a

J Ur 1t (x) ug (x) dx= eND/2y (3) D+ o (eN~2/2),
e

Consequently:

R? R?
Lt + RU, )= o+ —-B =~ A=R"™!up (@) D212 40 [ (™27
p

Define:
52 sP
q(s):EB—FA_Sp_luo(a)Dﬁ(N'z’/-z, 5>0

and assume that g (s) achieves its maximum at §,>0.

Set
B\l (-2
SO = <X) .
Since s, satisfies:

s;B—sP"LA=(p— 1) uy(a)DeN 2252 3.7

necessarily 0<s,<S; and s, > S, as € » 0.
Write s, =S, (1 —8,). We study the rate at which 8, — 0 as ¢ — 0.
From (3.7) we obtain:

Bz 1\ (-2 —1 B 2 (N—2)2
(A) (1=5,~ (1=5)"= (= D 2 (1-8) 2" 4 () D;

and expanding for 8, we derive:

BP 1\ 1/(r-2) B
(p—2)( N ) 852(p_I)Xuo(a)DE(N_Z)/2+0(8(N_2)/2).

This implies:

2 P
I(uo+RUg,a)§co+ ‘%EB_ S_EB_Sg‘,l U (a)Ds(N~2)/2+0(8(N—2)/2)
p
_ . .S, SB 2 » p—1 N-2)2 ~N-2)2
—c0+EB-—?A—SOB6£+SOA85—SO uy(@)De +o(e )

1
=co+ ESN/Z—S{;‘I uy (@) DeMN™2 44 (gN-212),
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Therefore for g,=¢, (R, a)> 0 sufficiently small we conclude
1
I(ug+RU, ) <cot ESN/2 (3.8)

Vi<e<g, O
Our aim is to state a mountain pass principle that produces a value

which is below the threshold ¢, + %SN/ % but also compares with the value

¢, =infl.

A
To this end observe that under assumption (%), the manifold A~ discon-
nects H in exactly two connected components U, and U,.

To see this, notice that for every ue H, [|u|| = ||Vu||,=1 by Lemma 2.1
we can find a unique ¢* (4) >0 such that

t"(WueA” and I1(:* (u)u)= max I(tu).

T2 tmax

The uniqueness of ¢* (4) and its extremal property give that 7 (u) is a
continuous function of w.

Set
U1={u=0 or u: |jul| <t+<ﬁ>}
U,= {utlluil>‘+< ”ZH»

Clearly H-A"=U, U U, and A*<U,.
In particular u,eU,.

and

The Proof of Theorem 4

Easy computations show that, for suitable constant C>0 we have:

0<1t” (u)<Cs, Vu:jlul|=1.

172
Set Roz(%lcg—“uoﬂﬂ) +1 and fix aeX such that Lemma 3.2

applies, and the estimate (3.8) holds for ail 0 <g<g,.
We claim that

wi=uo+RyEu, ,eU, 3.9

for £ >0 small.
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Indeed
[Vw,]3= |V +ReE U, D3

=|lu|[Z+REB+o(1)>C3z [,+< We >]2

el

for ¢ >0 small enough.
For such a choice of R, and aeZ, fix e>0 such that both (3.8) and

(3.9) hold.
Set
Fe h:[0, 1] — H continuous, A (0)=1,
h()=Re&, 4, ,

Clearly #:[0, 11> H given by A(f)=u,+tR, &, u, , belongs to #. So by
Lemma 2.3 we conclude:

1
c=inf max I(h(®)<c,+ —SV? (3.10)
he#Ftel0, 1] N
Also, since the range of any 2e # intersect A™, we have
c=c¢,=Infl. 3.11)
e

At this point the conclusion of Theorem 4 follows by Lemma 3.1 and a
straightforward application of the mountain-pass lemma (c¢f. [A.R.]). O

The Proof of Theorem 2

Analogously to the proof of Theorem 1, one can show that the Ekeland’s
variational principle gives a sequence {u,} <A~ satisfying:
I'(u,) = ¢4
11 () || =0
But from (3.10) and (3.11), we have:

1
Cy <CO+ ESN/z.

Thus, by Lemma 3.1, we obtain a subsequence {u,} of {u,} and u,eH
such that:
Uy, — u; strongly in H.

Consequently u, is a critical point for I, #; € A~ (since A~ is closed)
and I(u,)=c;.
Finally to see that /=0 yields u; =0, let ™ >0 satisfy

1 uy €A™
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From Lemma 2.1 we conclude:

T(u)= max T(eu) 21T u) 21" |uy]).

tZImax

So we can always take u; 20. O

4. APPENDIX

The Proof of Lemma 2.2

Let {u,} be a minimizing sequence for (2.1) such that for ujeH we
have u, —» u, weakly in H and u, — u, pointwise a.e. in €.

In general ||u, ||, <1. We are done once we show ||u||,=1.

To obtain this, we shall argue by contradiction and assume

lluoll, <1

Hence write u,= u,+ w, where w, — 0 weakly in H.
We have

ot o(D)=c,||Vu,||N+272— J Jup=ex (|| Vo |3+ [| Ve, [l 27

Q
—J Jugto(l) (4.1)
Q
On the other hand,

1= Nlug +waflp=lluo [[f+ [ wallp +o (1)
(see [B.L.]), which gives:
H Wn Hp =({- H L) Hg)Z/p +To(l).

So from (4.1) we conclude:

Mot o=y (| Viro[3+][V w, H%)(N+2)/4_J fig
Q

Zen Vo 351 o [+ o I | i

Q

That is,

enlIVuo |3 +801 —Huol\z)“]‘“””“—j fuo <o 4.2)
0

Following [B.N.1] for every ueH, |lu|,<1 and aeQ let c,=c/(a)>0
satisfy the following:

lute U, ,l,=1
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[recall U, ,(x)=E,(x)u, ,(x) with £, and 4, , given in (1.6) and (1.7)].
We have:
[V@te, U, )5=]VulZ+Z||VU, ,|3+0(1)
=|IVul|i+c2B+o(1) (4.3)
and
I=lutec U, allp=llulb+c2 | U, o5 to (D) =llult+c2 A+o(1)
[A, B as given in (3.6)].
Thus
1
.= yerLs = lu][D*?+o(1). (4.4)

Substituting in (4.3) we obtain:

C,

B
Ve U=l Vull+ Gr—fulp?+o)
=[|[VulZ+SA—[lulp)??+o(1).
This yields:

BoSen||V (ut e U )77 — f fl+teU, )
Q
=cn(|Vuli+Sa-]] u“ﬁ)z“’)(N”V“—j Juto(l),
and passing to the limit as € — 0, we derive: ’
po<cnl[|Vulj3+S( —Hu”g)z/”](N”’/“—f fu, YueH, |lul,<1.
Therefore from (4.2) we conclude: ’
el Vit [3= S 1~ [l 2N+ - qu=uo (4.5

and that for every we H necessarily:

i[cN[HV(uo+zw)||§+sa — [luo + e |[py2e 24 f f(u0+1w):l 0.
dt Q t=0
That is:

e [Vl S0 ~lo 7|

U Vuo‘Vw—sa—nuou?‘“”"’f '”0’”’5“2’”]

—jfw=0, YweH.
Q
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N+2

(N—2)/4
So sttng 0= 2| Vo 3+~ [ >0

and
_ S
(o [

0

we obtain that u, weakly satisfies:
1
—Aug=ho|uglP 2 ug+ —F1. 4.5)
Go

Since f#0, in particular, we have that u,#0.
Hence for a set of positive measure £ <Q we have:

Uy (@)>0, Yaek,

(replace u, with —u, and f with — f if necessarily).
Let ae X and ¢,=c,(a) satisfy:

fuo+e. U, ll,=1.
We will reach a contradiction by showing that
T(up+c, U, )<Ko
for a suitable choice of ae X and £>0 small enough.
To this end, let ¢§= %H_ﬁ. From (4.4) it follows that ¢, /¢, as
g—0.Set ¢,=co(1—3,), 8, > 0 as £ » 0. In [B.N.1], Brezis-Nirenberg have

obtained a precise rate at which 3, — 0, by showing that, for a.e. gel,
one has:

5, A cf= -2 [ j g ()| 152 (9, () — 2
Q

+cb 7t uy(a) D]+o(£‘”‘2)/2) 4.7

with

d .
D-_—J T lf)‘N””z' (See formula (2.9) in [B.N.1].)
R

Now fix aeX for which (4.7) holds and

J‘ 1“01;,-2”0&1 __)j luolp_zuoga as 0. (4.8)
o Q

(82+ lx__aIZ)(N—Z)/Z ‘x_alN—Z
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Using (4.5), (4.7) and the definition of ¢, we obtain:

(N+2)/4
I(u0+coU£,a)=cN[”Vuo]]§+2csf VuO.VUE,a-I-cf“VUE,a”%:’
e

—J\fuo_cajfue,a
Q Q

(N+2)/4
”N[Hwoumcof V”0~VUa,a+63(1‘255)B+0[8‘N_2)/2]]
Q

[ fn=a [ 1=t Tl e g
Q Q o

+ N:2cN[“VuO|[§+C3B](N'2)/4[260f Vu,.VU,,
Q

—2c§85B]—c0fo£,a
Q

+o[e™N" D2 =p,+c, [:GOJ Vu,.VU, ,
o

— J‘ fu, “J —64c2B8, +0[s™N-212,
ol
Thus from equation (4.6) we derive:
I(uo+c. U, ) =Ho+ 0o COJ l Uy lp_z uo U, ,— 8¢5 B8, +0[eMN~272]
ol
On the other hand from (4.8) we have:

E.(x)dx +o[eN~212
o |x—a

Therefore:
I(uo + cs Ua, a)
p—2
=Ho T O [S(N_Z)/Z Ao [ I 40 () E.—coB 85] +o[eNT2

o |x_a‘N—2
S22 [0 "2 1 2
= — (N—2)/2
u0+00[(1—”uoll;’)“"z)/zcoLIx—a{N'zia BCOSEJ-'-O(S ) )
=1+ 6, 22

Alp—2)p CS_Z

luo ‘p—zuo 2 (N=2)/2
X m&a_BCOASE +0[8 ]
olx—

p—2
N- Uy Uy -
[8( 2)/2 Co l { (tw _ Cﬁ A 85]4- 0 [S(N 2)/2].

0 0 le-alN—z

pP—2
Acf
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Finally, from (4.7) we conclude:

B
I(u0+c£Ue',,)=po—00Xco Uy (@)D eMN"212 4 o (N2 <y

for £>0 sufficiently small.
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