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ABsTRACT. — We study the existence of periodic solutions for a class of
nonlinear Hamiltonian systems
z—FH @)=/ (.
By using the Leray-Schauder Theorem to solve a modified problem and

passing to a limit, we show that #d/dt— _# H'(.) has a dense range in
#?. We also obtain similar density results for nonlinear Schrodinger

operators and other problems.
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Resumi. — Nous étudions I’existence de solutions périodiques pour une
classe de systémes Hamiltoniens non linéaires
z— FH (=1 ().

A Taide du théoréme de Leray-Schauder nous résolvons un probléme

modifié et passons & la limite. On montre que I'opérateur £ d/dt— #H'(.)

a une image dense dans #2. Nous obtenons aussi des résultats semblables

pour d’autres opérateurs dont les opérateurs de Schrodinger non linéaires.
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140 Y. LONG

1. INTRODUCTION

During the past few years there has been a considerable amount of
research on the existence of multiple solutions of “superlinear” differential
equations. By superlinear we mean the equation possesses a nonlinearity
which grows more rapidly than linearly at infinity. For example, in the
setting of periodicity problems for Hamiltonian systems, Rabinowitz
proved ([8], [9)).

THeOoREM 1.1. — Let H satisfy the following conditions:

(H1) He C! (R R),

(H2) there are u>2 and r>0 such that 0<pH(z2)<H,(2)-z, ¥|z |27
Then for any T >0, the Hamiltonian system

z— #H,(2)=0 (1.2

possesses infinitely many distinct T-periodic solutions.

The existence of multiple solutions is based on a variational formulation
of (1.2) which is invariant under a group action of symmetrics. When
one considers perturbation problems, such symmetries break down.

Nevertheless the existence of multiple solutions for the perturbed prob-
lem

- FH,@)=1 @) (1.3

has been proved under conditions (H 1) (H2) and some further conditions
on the growth of H (¢f.[2], [6], [7D- A natural question to ask is whether
(1.3) still possesses infinitely many solutions under conditions (H 1) and
(H 2) only.

In this paper we will prove another kind of existence result for (1.3),
namely,

THEOREM 1.4. — Let H satisfy (H1) and

H,(2)-z_

lim = + 0. (H3)

|z|—=+o l z 12
Then for any T >0, there exists a dense set A in the space E of T-periodic
functions in L2([0, T}, R?") such that for any fe A, (1.3) possesses a T-
periodic solution, (i. e. the range of #d/dt— # H_(.) is dense in E).

Note that we require much milder conditions on H than ([2], [6], [7)),
but we also get a weaker existence statement. However Theorem 1.4
suggests that a stronger result than ([2], [6], [7]) may be true.

We also apply similar ideas to Schrodinger equations, beam equations,
and other problems. Since these problems have some common feature and
their proofs can be fitted into a common abstract frame work, we first
prove this abstract result in paragraphe 2. Combining the abstract theorem
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NONLINEAR OPERATORS WITH DENSE RANGE 141

with specific estimates we prove the density theorems for Hamiltonian
systems in paragraph 3, and for Schrodinger equations and other problems
in paragraph 4. This paper was motivated by an analogous kind of result

for a semilinear wave equation by Tanaka[11].
The author wishes to express his sincere thanks to his advisor Professor

Paul H. Rabinowitz for his guidance, help, and encouragement. He also
thanks Professor Jacques Simon for a preprint of his paper [10].

2. AN ABSTRACT DENSITY RESULT

Let E be a Hilbert space. We denote its norm and inner product by
li- |l and (, ) respectively. Let W,cW,; <E, where both are Banach
spaces with norms || . ||, i=1, 2. We assume that for ze W, ||z|| =] z||;
and for zeW,, ||z]|, <] z]| »-

Let (W, E) be the family of linear operators from W to E, and
C(W, E) be the family of continuous operators from W to E.

We consider the following conditions (DL), (F), (S), and (E).

(DL). There are operators D, Be £ (W,, E), Le ¥ (W,, E), such that

(1) (Dz, 2)=0,VzeW,.

(2) The domain 2 (D*) of D*, the adjoint operator of D, is dense in
E.

(3) (Lz, Dz)=0, VzeW,.

(4) There are constants o, >0, o, =0 such that

(Lz, z2)=a, ”Bz”z—az(HDz“2+”Dz” ”z”), VzeW,.
(5) There is a constant o3>0 such that
lzllagos (JLzf+[z]l),  VzeW,.

(F) There is a compact map F e C(W,, E) such that:
(1) (F(z), Dz)=0,VzeW,.
(2) For any given K >0, there is Cg >0 such that

(F(2), z2)2K || z||*—Cx, VzeW,.
(S) (1) For any given ¢ € (0, 1) and f €E, the equation
Lz+eDz+ez=f 2.1

possesses a solution ze W,.
(2) There is a constant N >0 depending on ¢ such that if ze W, is a
solution of (2. 1), then
lzl=n ] A1

(E) For any given £€(0, 1) and f €E, there is a constant B>0 depending
on € and f but independent of A€[0, 1] such that if ze W, is a solution of
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142 Y. LONG

the equation

Lz+eDz+ez+AF(@)=Af 2.2

hen
t lzl =Dz ]|+|Bz]|+]z[|+D.
We have the following,

ProPOSITION 2.3. — Assume conditions (DL), (F), (S), and (E) hold.
Then the range of the operator L +F is dense in E.

Proof. — We carry out the proof in several steps. In step 1, we give an
a priori bound for ||z||, for any solution z of (2.2). Then in step2 using
the Leray-Schauder Theorem we prove the existence of a solution of (2.2)
with A=1 in W,. Finally in step 3 by letting ¢ tend to zero we prove that
L+F has dense range in E.

Step 1. — Given €€(0,1), Ae[0,1] and feE. Assuming zeW, is a
solution of (2. 2), we shall obtain an a priori bound for ||z||,.

Multiplying (2.2) by Dz, using (1), (3) of (DL) and (1) of (F) we get
that

&|[Dz(|2=1.(/: DA < 71| | Dz ). 0.4
So

lIDZIIééll fl- 2.5)

Multiplying (2.2) by z, using (1), (4) of (DL) and (2) of (F) we get

o || Bz |2 —o, (|| Dz ||* +[|Dz|| || z[) +¢ | 2|} >~ Co = £ [l 2]l-
So

alHBZHZ+8|\ZH2§C1+%||DZH2+%%HZHZ
1 2, 8 2, 1 2
v L e L
Letting 8=¢/(1+a,) and transferring all ||z||> terms to the left yields
0| B2+ 2P 5Cot (ot IRzl S 0

Combining (2. 5), (2. 6) with (E), we get a constant v, =7, (&, || f]|)>0
independent of A and z such that

[zl <. @.7
By the condition (F), F is compact and hence bounded from W, to E
Consequently there is a constant y, =7, (F, v,) >0 independent of A and -
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NONLINEAR OPERATORS WITH DENSE RANGE 143

such that
IF@ =7,
Therefore from (2. 2) we get
ILzl|<e[Dz]|+e] z]|+v,+] 1]
Combining with (5) of (DL), (2.5), (2.6) and (2.7) yield a constant
13=7;(g, || f||, F)>0 independent of A€[0, 1] and z such that
2]l =¥ (2.8)
Step 2. — The condition (S) implies the uniqueness of the solution z,,
of (2.1) in W,. So the solution operator S,:E - W, of (2.1), S,(f) =z,
is well-defined and S,e C(E, W,) by the condition (8S).
For given €€(0,1), f€E, define Q(z)=f—F(z) for zeW,. By the
condition(F), Qe C(W,, E) is compact. Define P,=S,°Q(z) for ze W,,

then P.e C(W,, W,) is compact.
For any Ae[0,1], if ze W, is a solution of z=AP,(z), (2.8) gives a

bound of || z||, uniformly in A. So by the Leray-Schauder Theorem (cf. [3])
we get a fixed point z of P, in W,, which is a solution of (2.2) with A=1.

That is
Lz+eDz+ez+F (2)=f 2.9

Step 3. — Given any f €2, the domain of D¥*, for every £€(0,1) (2.9)
possesses a solution z, in W, by step 2. For convenience we omit the
subindex ¢ of z,, in the following,

Multiplying (2. 9) by Dz, as in (2. 4) we get

e||Dz||2<(f, D2)=(D* £, |ID* | 2]l (2.10)
and (2.5).

Multiplying (2.9) by z and using (1), (4) of (DL), (2) of (F), for any

K>0 we get a constant Cyg >0 such that
o [|Bz||*—a, (| Dz [+ Dz | ||z [}) +eff 2 [|* + K || 2|2~ Cc =] £ ] 2 -

So

K|z 5Cot 312174317+ (I D2+ D] 2]
sCorgllzl A+ (G121 71 =) Gy @-9)
SCt Szl 71+ 2 1+ 22 1+ 22 =
(k-30+a )llez?se? (et 3171 )+ Sl I
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So
fim ||ez 2= ! Seagllf]P >0 as Ko +o.
=0 K—(1/2)(1+a,) 2
Therefore
lim|lez|=0. (2.11)
e=0

Combining with (2. 10) we get
lim || ¢ Dz ||=0. (2.12)
=0

(2.11) and (2. 12) imply that
Lz+F(z)=f—eDz—¢z—> f in E as € >0.

This proves that & is contained in the closure of the range of L+F in
E. By (2) of (DL), 2 is dense in E. Therefore this completes the proof of
Proposition 2. 3.

Q.E.D.

3. DENSITY RESULTS FOR SUPERQUADRATIC HAMILTONIAN
SYSTEMS

We consider the Hamiltonian system

Fz+H (2)=f (), (3.1
o =7 > S is the
g 0

identity matrix on R". Given T>0, let E be the space of all T-periodic
functions in L?([0, T], R2"), f e E. We now give the:

Proof of Theorem 1.4. — We shall apply Proposition 2.3 to get
Theorem 1.4.
For zeE, denote its norm and inner product by

T 1/2 T
= [lrora)”  ama @w=["nwa
Y 0
Let W=W,=W,=W2 ([0, T], R*) N\ E with norm
T . 1/2
HZII1=(J (lz(r)lz+|z(r)|2)dt) .
0

Define Dz=dz/dt, Bz=0, Lz=_# dz/dt. Then D, B, Le #(W,, E), and it
is easy to verify that (DL) holds. Note that the domain of D*=—-D is

where z=dz/dt, H:R?*" - R, H' is its gradient. ¢ =<
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NONLINEAR OPERATORS WITH DENSE RANGE 145

W, which is dense in E. For ze W,, define F(z)=H’(z). Since W, is
compactly embedded into C([0, T}, R*"), Fe C(W,, E) is compact. Since

d
J- H'(2) zdt-f d—H(z)dt—H(z(T)) H(z(0))=0, (1) of (F) holds.
0 o

Given any K >0, by (H 3) there is Cx >0 such that H' (z). z>K[ [2 —Ck

for all zeR?". So for ze W,
(F(2), z)=f H'(z)-zdt2K||z||*— TC.
o)

This shows that (2) of (F) holds. The condition (E) holds not only for
solutions of (2.2) but also for all ze W, with =1 by the definition of
|- |l;- So we only left to verify the condition (S), i.e. for any given
£>0, f €E, there exists a solution ze W, of

Fzrez+ez=f (3.2)
and there exists a priori estimates for solutions of (3.2) in W, in terms of
7]

To get an estimate on ||z||, in terms of || f||, we multiply (3.2) by z,

then integrate on [0, T]. This yields
Hz’Hé;HfIL (3.3
Multiplying (3.2) by z and integrating on [0, T] yield

el|z]|*=(f, 2)—(Fz 2)
SRIBEEIE n<(1+ )ufn Izl oy (3.2)

=Sl (1+2) 11

So

Combining with (3. 2) we get

Ielslilelels(G+ 220 1 (.9

Denote ¢;,=cos(jat), y;=sin(jor) for je{0} UN, where o=2n/T.
Write f in its Fourier series form,

f=ao+ Y (a;0;+b;\¥),
j=1
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146 Y. LONG

where a,, a;, b;e R*" for jeN. Using the estimate (3.4) and the linearity
of (3.2), it suffices to solve (3.2) for f=a¢;+bV;, where je {0} UN and
a, beR?".

For j=0, i.e. f=a, take z=a/e.

For jeN, let z=§¢;+ N, then (3.2) yields
eE+jo(f+efH)n=a }
—jo(f+ef)E+en=>b

where . is the identity matrix on R?". Since

det( 'co(G;+ P jm(”:;sj))=|:(s—j2m21_82>2+482:l2"82">0.
—j € €

(3.5) possesses a unique solution (&, m). Therefore (3.2) is solvable in
w2,
Now applying Proposition 2. 3, we get Theorem 1.4.

(3.3

QED.

Remark. — Results similar to Theorem 1.4 also hold for general
Hamiltonian systems

2= fH.(t, D=1 ()
and second order Hamiltonian systems
G+V, @t =1

under corresponding conditions. Since their proofs are close to those of
Proposition 2.3 and Theorem 1.4, we omit them here. For such details
we refer to [5] and [6].

4. DENSITY RESULTS FOR NONLINEAR
SCHRODINGER EQUATIONS AND BEAM EQUATIONS

In this section, we first consider the nonlinear Schrédinger equation
10— Put|@|P T o=¢g (4.9

where p>1 is a constant and i=_/—1. It can be transformed to a very
similar problem to (3. 1). Indeed let o=u+iv, g=g, +ig,. We get

bl (@ + 02O P u=g,
u—v, +W+oH)e " V2y=g,
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NONLINEAR OPERATORS WITH DENSE RANGE 147

Thus we may consider the periodic boundary value problem of (4.1) in a
more general setting,

jzt_zxx-*_H/(z):f; V(x, t)e((), n)XR
z(x, t+T)=z(), V(x, )e[0, n] xR (4.2
z(0, )=z (m, t)=0, VieR
where z:[0, x] x R > R*", H:R*" - R, H’ is its gradient. jz(.,(:‘ _0 >,

# is the identity matrix on R", z,=0z/0t, z,, = 0% z/0x2.
Let
C*={zeC>([0, n] xR, Rz")lz(x, t+T)=z(x, t) for (x, 1) e[0, T} xR}

and E be the completion of C® under the norm
T *n ’
lz]l=(z, 2)'? where (z, y)=f J z.ydxdt for z, yeC®.
o Jo

For the problem (4.2) we have
Theorem 4.3. — Let H satisfy conditions (H1), (H3) (in Theorem 1.4),

and
(H4) There are constants a, b>0 such that

H()<aH’ (2)-z+b, ¥zeR?
Then for any T>0, there exists a dense set A —E such that for any f€A,
(4.2) possesses a T-periodic solution.

We shall apply Proposition 2.3 to get Theorem 4. 3.
Let C2={zeC>|z(0, f)=z(m, 1)=0 for teR }. Let W, be the comple-

tion of C§ under the norm

Jeli=lale sop ( [7lzaf2ax) "

and W, be the completion of C$ under the norm

lzllz =Mz 1+ 2l
Then W, and W, are Banach spaces and W,cW,cE. We have the
following.

Lemma 4.4. — (Hw, is  compactly  embedded into
C=C([0, n} x [0, T], R*") and

2] c= max |z (x, t)|§\/; sup (Lu|2,[2dx>”2

(x,1)e[0, x] x[0, T] 0=!=sT (4. 5)
Jor zeW,.
@ ForzeW,. | 2 [ | 2, |
(3) For ze W, (245 2,)=0 and (z,, 2)= —|| z, ||*
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Proof. — (1) For ze CY we have that

|z (x, t)[éj“]zx(x, t)|dx§\/7t(r|zx|zdx>m. 4.6
0 0

Given ze W,. Choose z,€ CJ such that z; » z in W, as k — co. Replac-
ing z in (4.6) by z,—z,, we get that {z,} converges uniformly in C.
Therefore ze C and (4. 6) therefore (4. 5) holds for ze W,.

To prove the compactness of the embedding from W, to C, let

X, =W 2([0, 1], R*"), X,=C([0, n], R*") and Y =L([0, n}, R?").

Then X, =X,<Y and the embedding from X, to X, is compact. If Q is
a bounded set in W, Q is bounded in C ([0, T], X,). For zeQ,

JOT(j:lztldx)zdt§nJ0T J‘:lzl|2dxdt=n||ztn2.

So Q is also bounded in W%2([0, T], Y). By a theorem of Simon

(Corollary 5,[10]) Q is precompact in C([0, T], X;). Therefore Q is pre-
compact in C. This yields(1).

(2) Squaring both sides of (4.6) and integrating over [0, n}x [0, T]
yield (2).

(3) For ze W,, choose z,eCJ such that z, — z in W, as k — co. Then
0=(2rp, Zir) = (Zxxr 2) as k > o0.
Thus (z,,, z)=0. Similarly, (z,,, z)= —||z.||%

QED.

With the aid of Lemma 4.4, we can give the:

Proof of Theorem 4.3. — For ze W, define Dz=z, Bz=z,. For zeW,
define Lz=_¢ z,—z .. Then D, Be (W, E), Le #(W,, E). Using (3)
of Lemma 4.4 it is easy to verify that (DL) holds with o, =1, a,=0,
ay=2. For ze W, define F (z)=H’(z). By (1) of Lemma 4.4 FeC(W,, E)
is compact. From (H 1) and (H 3) we get (1) and (2) of (F). The verification
of the condition (8) is very similar to that in the proof of Theorem 1.4,
we omit it here (for detail cf. [6]).

To get the condition (E), we suppose ze W, is a solution of
Fz,—z tez,+ez+AH (2)=Af, 4.7

where €e(0, 1] and A €0, 1}. Multiplying (4.7) by z and integrating over
[0, =] x [0, T] yields

(F 25 2)— (2,0 2)+E(2, 2)+E(2, 2)+ AL (H (2), 2)=A (], 2).
By (3) of Lemma 4.4 we get
llzP iz @, DA S 2+ =) @
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Choose z,€eCy such that z, -z in W, as k-—oo. Thus
Lx2Z=Fz,+ez,+ez+AH (z)—Af in E as k—>ow. By (1) of
Lemma 4.4, z; >z in C as k—oo. Therefore H(z,) >H(z) and
H(z)->H' (z) in C as k — oo.

Let
1(:)=f"(1[z,]2+xH(z))dx,
o 2

Ix(t)=f(l|2u|2+7~H(Zx))dx,
o \2

and

1
fk=x[jzh+8zkt+8zk_zkxx+)‘H,(zk)]'

Then f, - fin Eas k — 0, [,eC*(R, R) and I, > 1in C(R, R) as k — co.
We have

L= J; - e+ VH (2)- 2,) dx
=J:(—:,,,,+)\.H’(z,‘))-z,,,dx:J:()\.j;—/zh—azh—szk)-zhdx
='r()\.f,‘~zh—s|zk,|2—az,‘-zh)dx—»J:()\.f-z,—slz,]z-—sz~z,)dx
in L* ([0, T;, R) as k — c. So Ie W*! ([0, T], R) and
1/(:)=f"(xf.z,_s]z,lz_sz.z,)dx.
Thus i
[Tirolash szl +elalz+elzlizl @9
By (H4),
J:I(t)dt=%Hz,||2+xJ: J:H(z)dxdt§%||z,|[2+)\.a(H’(z), Z)+AbTx

|| ze[|*+AbT=

<a(||z||> +A(H (2), z))+l%—a

|z |+AbTx (by(4.8)).

<ral ) ]+ allaf z]+|-a
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1 T
Since 1€ C ([0, T1, R), there exists t€[0, T] such that I(z) =¥ j I()dt. So
0

t T
I(t)§I(t)+J |I'(s)|alsgl JTI(s)ds+j |1 (5)|ds.
T T 0 0
Combining with (4.9) and (4. 10) we get

I(t)E-;—JZIZszdx+kJ:H(z)dx§C1(||z,“2+||z,||2+||zH2+1). @.11)
By (H 3), we get

H(z);%‘z]z——cz, VzeR>"
for some constant C, = 1. Therefore from (4. 11) we get

(15 axs2e e xCa el e 40
o

This yields the condition (E).
Now applying Proposition 2. 3, we get Theorem 4. 3.

QED.
Next we consider a nonlinear beam equation,
Uyt Uppex+8 (u) =f (x, t), (x5 t) € (0, Tt) xR
u(lx, t+T)=u(x, 1), (x, Hef0, n] xR (4.14)
u (O =u(m, H=u., (0, D=u,,(x, =0, teR

Let
C*={ueC> ([0, n] xR, R) |u(x, t+T)=u(x, t) for (x, )€[0, n} xR}
and E be the completion of C* under the norm
T ]
lul|=@, w)'>  where (4, v)=J J u(x, )v(x, Hydxdt.
o o
We have:

THEOREM 4.13. — Let g satisfy following conditions,
(G1) ge C(R,R).
(G2)

lim @=+oo.

I|s]2o S

(G3) Let G(s)=f g (1) dt. There is a constant C >0 such that
o
G(s)=C(sg(s)+ 1), VseR.
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Then there exists a dense set A —E such that for any f € A, problem (4.12)
possesses a solution.

Remark. — Since the proof of Theorem 4. 13 is very similar to that of
Theorem 4.3, we omit it here. For details we refer to[6).
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