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ABsTRACT. — We prove the global existence of smooth solutions for

certain systems of the form u, + f(u), = Du,,. Here u and f are vectors
and D is a constant, positive matrix. We assume that the Cauchy data u,
satisfies || ug — U ||L=@m)y < ¥, where u is a fixed vector and f is defined in
an r-ball about %, and that ||uy — 7 ||z, 18 sufficiently small. We show
how our results apply to the equations of (nonisentropic) gas dynamics,
and we include a result which shows that for the Navier-Stokes equations
of compressible flow, smoothing of initial discontinuities must occur for
the velocity and energy, but cannot occur for the density.

RésuME. — Nous démontrons 'existence globale de solutions réguliéres
pour certains systemes de la forme u, + f(u), = Du,,. ou u et f sont des
vecteurs et D une matrice constante définie positive. Nous supposons que
la donnée initiale uy vérifie || ug — u|l, < r ol u est fixé, f défini dans la
boule de centre u et de rayon r, et || uy — ||, est suffisamment petit. Nous
montrons ensuite comment nos résultats s’appliquent aux équations de
la dynamique des gaz (cas non isentropique), et nous prouvons, en parti-
culier, que pour les équations de Navier-Stokes pour les fluides compres-
sibles, la régularisation des discontinuités initiales doit apparaitre pour
la vitesse et I’énergie, mais ne peut pas se produire pour la densité.
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214 D. HOFF AND J. SMOLLER

§ 1. INTRODUCTION

In this paper we prove the global existence of solutions of certain para-
bolic systems

(1.1 U, + f(u), = Du,,, (x,)eR x R,

with initial data

(1.2) u(x, 0) = ug(x).

Here u = (uy, ..., u,), f is a smooth vector function, and D is a constant,

diagonalizable matrix with positive eigenvalues. We assume that f is
defined in a ball of radius r centered at a fixed vector u, and we first obtain
the existence of alocal solution whenuy, — ue LY(R) with || ug — 4 llpem <*
These local solutions are then extended globally under the assumption
that there is a suitable entropy-entropy flux pair for (1.1) (to be defined
below), and that u, — ue L3 R) with ||uy — u|| 2@ sufficiently small.
These existence theorems are presented in section 2.

In section 3 we apply our results to the equations of gas dynamics, that is,
the laws of conservation of mass, momentum, and energy, with diffusion
terms Du,, included asin (1. 1). We construct explicity the required entropy-
entropy flux pair for the simplest formulation of these equations, and we
prove a general result which shows how the pair then carries over to equi-
valent formulations. In this way we establish the global existence of smooth
solutions of the gas dynamics equations (with diffusion terms added as
above) in the energy as well as entropy formulation, and in either Lagran-
gean or Eulerian coordinates. A broad class of diffusion matrices D is
allowed, and no assumptions are made about the smoothness of u.

Finally, in section 4, we present a result concerning the smoothing
of initial discontinuities for the same equations of gas dynamics in which
more realistic diffusion terms are included. Specifically, diffusion is added
to the momentum and energy equations, but not to the mass equation;
(the compressible Navier-Stokes equations are included here). We show
that, for suitable weak solutions of the resulting systems, smoothing of
initial discontinuities must occur for the velocity and energy, but cannot
occur for the density. Thus initial discontinuities in the density must
persist for all time. This result stands in marked contrast to expectations
based upon physical reasoning, which suggests that the effects of viscosity
and heat conduction, together with the coupling in the equations, would
serve to smooth out all initial discontinuities. See for example the remarks
in [3], p. 135.

Local solutions of (1.1) can easily be obtained by applying the contrac-
tion mapping principle to an integral representation for solutions of (1.1).
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SOLUTIONS IN THE LARGE 215

In order that a local solution may be extended globally, it is necessary
that the values of u remain in a set in which the flux f(u) is defined. Now,
in some cases of interest, there is an invariant region for (1. 1) which serves
to control the term f(u). Global existence of solutions can then be obtained
asin [5] or [/4]. (Such results usually require that D be a multiple of the
identity, however.) In the present paper, however, we control the sup-norm
of u by obtaining a priori bounds for || u(., 1) |2, and || u,(., t) [|L2g), Which
are independent of time, and then applying a standard Sobolev inequality.
To derive these a priori bounds, we first show that when u, — lieL?,
there is enough smoothing so that u,(., t) e L?*(R) for small t > 0. Then,
by exploiting the existence of an entropy-entropy flux pair, we are able
to avoid a Gronwall-type inequality in the standard energy estimates,
thereby obtaining bounds for || u(.,t) — #|lL2g) and || u(., t) |l 2w, Which
are independent of ¢ for t = t, > 0. This technique seems to have been
applied first by Kanel, [7].

We shall now give a brief survey of the literature. The isentropic gas
dynamics equations with D = kI have been studied by Kanel’ [7], in
the case that uy e C! and u, has small H! norm. In [5] and [/4], these
equations have been studied again with D = kI but the data was only
of class b. v, while in [/6 ], D = kI, the data was smooth, but not necessarily
small. In all of these papers, the restriction D = kI was made in order
that invariant regions could be found. The isentropic gas dynamics equa-
tions, with the « physical » viscosity was studied in [8]; here the data was
smooth, with small H! norm. In the works [9] [I0] and [13], the full gas
dynamics equations are studied, with the restriction that the data is smooth
and has small H®* norm, s > 1. In [6], these equations are considered for
a particular equation of state, and the data is not required to be in L,.

§ 2. GLOBAL EXISTENCE OF SOLUTIONS

In this section we prove our main result, which is the global existence
of solutions for the problem (1.1)-(1.2) under suitable restrictions on u,,
f,and D. First we derive a local existence result for the case in which D > 0
is diagonal, D = diag (d{, ...,d,), d; > 0, 1 <i < n:

2.1) U + f(u)x = Dugx
2.2 u(x, 0y = ug(x).

Let K(x, t) be the fundamental solution associated with the operator
d 0%

P D Pl That is, K(x, t} is an n-vector whose jth component is
X

—x2/4d;t

Kix, t) =

4/47'cdjte
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216 D. HOFF AND J. SMOLLER

The solution of (2.1)-(2.2) then satisfies the representation

t

u(t) = K{t) * uo — j Kt — s) = f(uls)ds ,

]

where * denotes convolution in space, taken componentwise. We shall
make repeated use of the following bounds for K and its derivatives:

axk tk/2 ?

2.3) HikK(.,t)H SC(k) k=0,1,2,...
1

(Of course, C(0) = 1).

We assume that fis defined and is of class C? in a closed ball B,(u) of
radius r about a point u, and that f () = 0. Finally, we denote by C a generic
positive constant which may depend on K and on the properties of f in
B,(w).

To begin, define the set of functions %y by

Gr={uel®([0,T] x BR):{lu(t) —ulle <r},
and the operator ¥ on %y by

(2.4) L)t) = K(t) % ug — J Kt — s)* f(u(s)ds, ue%.

]

Our local existence result will follow from the properties of % given in
the following lemma:

LemMA 2.1. — Assume thatu,—ueL® nL? and that || ug—H |lo =s<7.
Then if T > 0 is sufficiently small (depending on s), the following hold:

a) & maps %y into itself.
b) & is a contraction in the L* topology on %;.

¢) Thereis a constant C, depending only on K and f'such that, whenever
u € %y satisfies

(2.5 lut)llz < Cofluoll,  te[0,T],

then #(u) also satisfies (2.5).

d) There is a constant C, depending only on K and f'such that, whenever
u € 9y satisfies

2.6) o)l < S le

N

for p = 2 or p = oo, then #(u) also satisfies (2.6).

0<t<T,
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SOLUTIONS IN THE LARGE 217

e) Given t, € (0, T), there is a constant C, depending only on K, £, and ¢,
such that, whenever u € % satisfies (2.6) and

C 2
2.7 [l exl£) 12 < o “ui/“gluo ”2), to<t<T.

then .#(u) also satisfies (2.7).
f) Given t, €(to, T), there is a constant C; depending only on K, F, t,,
and t,, such that, whenever u e % satisfies (2.6), (2.7) and

C( [ uo ||z + [[uo [I3 + || uo |13)

Jt—t |

(2.8)  uex(t) [l2 <

th, <t <T

then .Z(u) also satisfies (2.8).

Proof. — Without loss of generality, we take u = 0. If ue%,, (2.3)
and (2.4) show that

I ZL@)e) llo < 1K@ 1 Tuo [l + L | Kt = )11 11 f () | odls

< +Cf ds
<s r
0./t — 35
Sr(E+Cﬁ)
r
<vr

r—s
provided that Cﬁ < ——. This proves (a). To prove (b) we let u, ve %
and compute r

| L)t) — L)1)l < L I Kult = )1 [l — vllwds

sf B =y
0./t —s *
< CJ/Tllu-vl,.

¢) is proved much like (a): ifu € %y satisfies (2. 5), then from (2.3)and (2.4),

' CC
12O s < lluo [l + J CCo o [l2ds

0 t—s
< g lo(1 + CCoy/T)
< Collug ]2

if Co>1 and T is small.
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218 D. HOFF AND J. SMOLLER

The prove (d) we differentiate in (2.4) and apply (2.3) to obtain

I L)) 11, < I Ke) 1l uo {lp + J K& — ) [l1 1S (uls))s |lpds

< Cllugllp j CC,y || uo ||,ds
N N =W
Clluollp
< %(1 + C/T)
Cilluolly
< _-0 7 F
=T
if C, is large and T is small.

To prove (e) we let v = #(u). Then the semigroup property of K implies

that, for t > t,
t

o(t) = K(t — o) * vlto) — f Kt — ) * f(u(s))ds -

Thus
(2.9) o) ll2 < NKLE = o) |1 1l vul0) Il2

+ J HKe = )l 1S @($))x ll2ds .

However, for s > t,,

@)l <CCHTud) lloo N ud$) 12 + 1 l5) [12)

C,
< CN{1+
Js— 1t
by our hypotheses (2.6) and (2.7). Here N = | ug ||, + || 401/3, and C

may depend on t,. Applying (d) to the term [l v,(to)||,. we thus obtain
from (2.9) that

loudt) 112 < jCN< )
: m \/t~s \/t—s\/s—to
CN
:\/t-—TO+CN t —to + CC,N
N
< C+ CC, /T
<= C /1)

C,N

S./t—-to

if C, is large and T is small.
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SOLUTIONS IN THE LARGE 219

The proof of (f) is nearly identical to that of (e) and so will be omitted.

n
We can now obtain the local existence of solutions of (2.1)-(2.2).

THEOREM 2.2. — Assumethatuy, — ueL® nL2and | ug —ul, =s<r.
Then there is a unique solution u of (2.1)~(2.2) defined in a strip [0, T] x R.
‘where T depends only on K, £, and s. Moreover, u,, u,, and u,, are Holder
continuous in t = to > 0; u,(t), u,(t), uxdt), u(t), and u,.(t) are in L*(R)
for t > 0; and the following bounds hold:

(2.10) [[wt) —ull, < Collug — ulla,
and
2.11) lude) |2 <

Cillug —ullz

Jt
Here C, and C, are as defined in Lemma 2.1.

Proof. — Without loss of generality, we take u = 0. Let u® = 0 and
u* = Lu"”Y). Then by induction the estimates (2. 5)~(2.8) hold for each u”
Thus by Lemma 2. 1 (a)-(b), u" converges to a function u in £%([0, T] x R),
for some small time T. We shall apply Lemma 2.1 (¢)-(f) to deduce the
regularity properties of u in a strip (f,, T) x R, where O <ty <t; <1, <T,
and t, and ¢, are as in Lemma 2.1. Throughout this proof, C will denote
a positive constant which depends on K, f, 15, and ;.

First, Lemma 2.1 (e) shows that || u}(t) [|* < C for t > t,, so that
the functions u}y(., t) are uniformly Lipschitz continuous in x. Next if
L <t/ <t” <T then

1 x+e
ux, 1) — uix, ') = - J [ui(y, t7) — ul(y, )]dy + O(e)

J J uly, t)dydt + O(e)

s — \/8 sup | wn(0) |2 + Ofe)

< C(t” _ 1)2/3

I/\

if e = O(t” — t)?/3, Here we have used the equation
2.12) up — Dufy = — f™ ),

together with Lemma 2.1 (e)-(f) to bound u?, = Du",, — f(u" )., in L2
We have thus shown that the functions { u} } are uniformly Hélder conti-
nuous in [t,, T] x R. It then follows from standard results (see [/1], p. 320)
applied to (2.12) that the functions »" and u?, are uniformly Hélder conti-
nuous in [t,, T] x R. Since ¢, > 0 is arbitrary, we then have by the Ascoli-
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220 D. HOFF AND J. SMOLLER

Arzela theorem that uf and uf, converge uniformly on compact sets in
(0,T] x R to u, and u,,, which are therefore also Holder continuous.
The bounds (2.10) and (2.11) then follow directly from Lemma 2.1.
Finally, since the u*,.(t) are uniformly bounded in L2(R) for fixed ¢ > 0,
they converge weakly in L2(R): u%.(t) — v(t)e LAR). But o(t) must
coincide with the distribution derivative u,.(t), which is therefore in L%(R).
It then follows from the equation u, = DU,, — f(u), that u.(t)e L%(R).

|
In order to extend these solutions globally, that is, to all of ¢ > 0, we

shall make use of so-called entropy-entropy flux pairs; these are defined
as follows.

DEFINITION 2.3. — The functions o, f: B,(u) — R are said to be an
entropy-entropy flux pair for f in B,(u) if the relation

(2.13) Volu) f'(u) = V)

holds in B,(@). The entropy o will always be assumed to satisfy
_ 1 _ -
(2.14) 6|u—u|2soc(u)s5|u—u|2, ue B,(u),

for some positive constant §. Finally, « is said to be consistent with the
diagonal matrix D if there is an ¢ > O such that

(2.15) wDo"(uw > | w2

for all ueB,(w) and we R".

The existence of such a pair («, ) will enable us to derive certain a priori
bounds for solutions of (2.1). These bounds will be crucial for extending
our local solutions to global ones.

LemMA 2.4. — Assume that there is an entropy-entropy flux pair as
described in Def. 2.3, satisfying (2.13), (2.14), and (2.15). Then there are
positive constants C, and Cs such that, whenever u is a smooth solution
of (2.1) in (tg, t;) X R (in the sense that u(t) — u, u,(t), and u,.(t) are conti-
nuous and in L3(R) for ¢ > 0, and u(t) — u(ty) — Oin L2(R)as t | t,), then

(2.16) Hu(t) — Tl < Callulto) — Fllps  to<t<t.

If in addition, ug.(t) and uy(t) are in LX(R) for t > o, then
217 lud) 2 < Cs(ludto) ll2 + Nulto) ll2),  to <t <1y,
provided that u,(t,) € L%R).
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SOLUTIONS IN THE LARGE 221

Proof. — Since (2.1) holds for t € (¢, t;), we may multiply 2.1 on the
left by Vo and use (2.13) and (2.15) to obtain

a(w), + B = Va(w)Duy,
= (Ve(w)Duy), — (" (w)u,)Du,
< (Va(u)tDux)x — & l Ux ‘2 .

Integrating over [to,t] x R, we find

Ja(u(x, Nlidx < — ¢ J’ J] u(x, t)|2dxdt,

so that

(2.18) ja(u(x, t)dx + ¢ Jr JI u, |2dxdt

< Ja(u(x, to)dx.

This together with (2.14) gives (2.16).
To prove (2.17), we differentiate (2.1), multiply by 'u,, and integrate
over [to, t] x R. The result is

% jl udx, ) |? fidx = j t J[f ()xtxx — (D) s ] dxdt

< f (C I Ux | I uxxl - 4 I Uxyx lz)dth:
where d = min d;. However

C d
C x XX SC* x2 —~ xx2 .
|t | | U | <4dlul +C!u l)
so that -

| udt) |13 < || udlto) ]|3 + const Jt JI u, |2dxdt .

This together with (2.19) yields (2.17). [ ]
We can now state our global existence result.

TureoreM 2.5. — Assume that there is an entropy-entropy flux pair
as described in Def. 2.3, satisfying (2.13), (2.14), and (2.15). Let
up —ueL® N L? with |[uy — %|l, =s <7, and let Co — Cs and T be
as defined in Lemmas 2.1 and 2.4. Then the problem (2.1)42.2) has a
global solution provided that

_ Cl 1/2
|:2C4C5<\—/7} + C4):l HUQ_EHZ <s.

Here Cs = max (Cs, 1).

Vol. 2, n° 3-1985. 9



222 D. HOFF AND J. SMOLLER

Proof. — Again we may take u = 0. Let

—{C
a=Cylluoll, and szS(j%'f‘Czt)HuOHZ-

Our hypothesis is then that

mgs.

By Theorem 2.2 there is a solution u defined up to time T, and from
Lemma 2.1 (a) and (d), together with (2.16), we see that u satisfies

lu)lle <7, 0<t<T,
(Tl < Calluoll> = a,
and
(2.19) luDl < e < p.

Now suppose that u has been defined up to time kT for some keZ,,
and that

(2.20 ut)flo <, 0<t<kT,
(2.21) lukT) 2 < a,

(2.22) lukT) |, <b.

Then

[ ukT) [l < 211 w(KT) liz 1] ukT) [|2)*2
< J/2ab <s,

so that, by Theorem 2.1, u can be extended up to time (k + 1T with
lw(t) o <r and u(t)e LAR) for t < (k + DT. But then Lemma 2.4
applies to show that
Fu(k + DD, < Callugll, = a
and
Tud(k + DDl < Cs({] ulTY [l2 + 1 w(T) []2) -

1

— [ C
< CS(TTI: + C4>” ugll, = b

by (2.19). Thus (2.20), (2.21), and (2.22) hold up to time (k + 1)T. Pro-
ceeding inductively, we thus establish the existence of the solution u in all
oft > 0. [ ]

Finally, we can dispense with the requirement that D be a diagonal
matrix by making a simple change of variable.

CoROLLARY 2.6. — Assume that there is an entropy-entropy flux
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SOLUTIONS IN THE LARGE 223

pair (a, f) for f in B,(u) satisfying (2.13) and (2.14). Let D be a diagona-
lizable matrix with positive eigenvalues, say

d 0
P‘lDP=[1~._ ]>0‘
0 d,

Suppose that for each ue B,(u),

2.23 [dl 0} Pla”(u)P > 0

(2.23) 0 i

Then the problem (1.1)-(1.2) has a global solution provided that the
data u, — u has suitably restricted 1.2 and L™ norms; i.e., P~ Yuy, — )
satisfies the hypotheses of the last theorem.

Remark. — When D is symmetric, we may take P to be an orthogonal
matrix, and the condition (2.23) simplifies to the requirement that Da”
be positive throughout B,(u).

Proof of Corollary 2.6. — Let v = P~ 'u. Then v satisfies

d 0
(2.24) v+ g0 = [01 djvxx,
where g(v) = P~ ' f(Pv). An easy computation shows that A(v) = ofPp)
and B(v) = S(Pv) satisfy (2.13) and (2.14) for g, and

d 0 _

A” = P DPP'P
0 d, .

is positive by assumption. The corollary now follows from Theorem 2.4.

§ 3. APPLICATIONS TO THE EQUATIONS
OF GAS DYNAMICS

In this section we apply the global existence result, Corollary 2.6,
to the equations of one-dimensional gas dynamics. We refer the reader
to [3] for a complete description and derivation of these equations.

First consider the equations of isentropic gas dynamics in Lagrangean
coordinates:

v —Uu v
& MRPEL HA

Here v, u, and p are scalars which represent, respectively, the specific
volume (= 1/density), velocity, and pressure. We assume that p is defined
in { v > 0} and that p’(») < 0. Now, in the simplest case that the diffusion

Vol. 2, n° 3-1985.



224 D. HOFF AND J. SMOLLER

matrix D is a multiple of the identity, there is an invariant region in v — u
space (see [2] or [4]), which serves to control the nonlinear function p(v).
Global existence of solutions then follows from the results of Nishida-
Smoller [/4]and Hoff-Smoller [5]. For more general D we shall construct
an entropy-entropy flux pair and appeal to Corollary 2. 6. To this end, define

(u — )

2

v, u) =

+ J [p(®) — p(s)]ds
and
Blv, w) = (u — w[p(v) — p(v)],

where 7 > 0. We now check that the requirements of Def. 2.3 are satisfied.
First

— 1 0 —1
Vo' f7 = [p(0) — plv), u — u][ }

Py O
= [p'(v)(u — u), p(v) — p(v)]
= Vf.
i, %
Next, (0,u) =0 and —— (v,u) = — p'(v), so that
v v .,
oo, ) = 2“) — P& — 7,

and (2.14) is thus satisfied in compact sets in { v > 0 }. Finally, we work

a b
out the compatibility condition (2. 15) for the special case that D = b J
¢

is symmetric. By the remark after Corollary 2.6, the requirement is that the

matrix
. a b -p 0
Do = [b (,] [ 0 J

be positive throughout B,(7, #). One easily checks that this condition is
satisfied if and only if

a,¢c>0, and
(3.2) b* ) —p'(v)

—— < min ————.

4ac le=sl<r [1 - p'(v)]
The application of Corollary 2.6 to this problem may then be formulated
as follows: Assume that v > 7 — r > 0 and that the symmetric matrix D

satisfies (3.2). Then the system (3.1) with initial data (ve, uo) has a global
smooth solution provided that (vo(x), uo(x)) € By(o, u) for some s < r, and
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SOLUTIONS IN THE LARGE 225

that the L -norm of (vo — 0, up — ) is suitably restricted (in the sense of
Corollary 2.6).

Observe that (3.2) is satisfied when D is any positive diagonal matrix.
In addition, since (2. 15)is an open condition in D, the above global existence
result remains valid when the matrix D is sufficiently close to a sym-
metric matrix satisfying (3.2). Finally, we note that in the important case
p(v) = v "(y > 1), condition (3.2) forces D to be nearly diagonal when
B,(%, 5) includes states of either very high or very low density.

Next we turn to the equations of nonisentropic gas dynamics. It is well-
known that these equations can be formulated in a number of ways, all
of which are essentially equivalent for the application of Corollary 2.6.
We shall therefore construct the entropy-entropy flux pair for the formu-
lation in which the computations are simplest, and then prove a general
result which shows how the entropy-entropy flux pair carries over for
the equivalent systems.

Thus consider first the entropy formulation of these equations in Lagran-
gean coordinates, and assume for simplicity that D is a diagonal matrix:

v —u d 0 O u
(3.3 ul +{pw,S)} =10 d, O v
S t 0 x 0 0 d3 S xx

Here v, u, and p are the same as in (3.1), and S is the specific entropy. We
assume that p is defined for v > 0 and all S, and that p, < 0. Now define

_ 2 v _ Q2
oo, 4, S)=(” 2”) +J_ [p(@, S) — p(z, S)]d‘r-i-&szj)—

and B
.B(U: u, S) = (u - ﬁ) [p(va S) - p(B’ S)] .
We shall show that, when the constant K is sufficiently large, the require-

ments (2.13), (2.14), and (2.15) of Def. 2.3 are satisfied in a ball B,(@, u, S)
(where, as before, © > 7 — r > 0). First, if p = p(v, S),

0 —1 0
Vo' [ = [p —-pu—1u, f — ps(t, S)ds + K(S — 5)] P 0 ps
° 0 0 O

= [pv(u - a)ap - ﬁaPs(u - a)]
= Vﬂ’ ,
so that (2.13) is satisfied. To establish (2.14), we first expand the term

o0, S) = J 7 — ple, )l

T
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226 D. HOFF AND J. SMOLLER

about (7, S). Since g, g,, and gg vanish at (7, S), we have that

S _1{v—3:|' s g[v-—v:l
g5 =315 5]V s 5

> pz'(TJ) (v — v)* — const. [(v — V(S — S) + (S — S)?]
> Z(T)) (v — D)* — const. (S — S)?.

* Thus for K sufficiently large,

_ T2 "
v, u, S) Z(u 2u) _piv)

v

(v -7+ (% — const.)(S — §)?
2

> const. ul —
S

wn < <l

as required. (The other inequality in (2. 14) is trivial.) Last, we check that D
is compatible with «. We have that

d1 0 0 —Pv 0 —Ps
De” =0 d, O 0 1 0 Y
0 0 dy -ps 0 K- J pss(t, S)ydt |,

0
J :|A is positive definite, where

d
which is positive definite if [ 01
3

—Pv —Ps
A= v
—ps K- J‘_ Dsstt

However, since — p, > 0 and ps and pgs are bounded in B,(%, i, S), it is

d 0
easy to see that |: 01 p :|A is positive definite when K is sufficiently large.

3
Therefore every positive diagonal matrix is compatible with a. We have

now checked that the requirements of Def. 2.3 are satisfied, so that Corol-
lary 2.6 applies. We state our conclusion formally as follows: Assume
that v >0 —r > 0 and that D is a positive diagonal matrix. Then the
system (3. 3) with initial data (vy, ug, So) has a global smooth solution provided
that (vo(x), uo(x), So(x)) € By(v, 1, S) a. e. for some s < r, and that the L?>-norm
of (Vg — T, ug — U, So — S) is suitably restricted (in the sense of Corollary 2 .6).

Again, since (2.15) is an open condition in D, the same global existence
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result holds when D is sufficiently close to a positive diagonal matrix.
(We emphasize, however, that we took D to be diagonal, or nearly diagonal,
only as a matter of convenience. Certainly the compatibility condition (2. 15)
is satisfied by a much broader class of diffusion matrices.)

Next, we consider the alternative formulations of the laws of conservation
of mass, momentum, and energy. These systems, without diffusion, are
the following:

v, —u, =0
(3.4 U+ p.=0

S, =0, = p©,S).

v, —u, =20
(3.5 u+p. =20

E + (up), =0

pe + (pu)e =0

(3.6) (pw). + (pu*+p); =0

(pS): + (puS); =0, p=p(p,S).

p. + (pu) =0
(3.7) (pu)e + (pv* +p); =0,

(pE). + (puE + up)y =0,  p = p(p,u, E).
In these systems, v, u, p, and S are the same as in (3.3), p = 1/v is the den-
sity, and E = e + u?/2 is the total energy, where e is the internal energy.
These systems become closed when taken together with a fundamental
relation, which gives e in terms of v and S, or S in terms of v and e. The

pressure p is then defined by

_ 06( s)
P= o

We can then formally derive the third equation (3.5) from (3.4) and the
definition of E as follows:

E = e, + uy, = e v, + esS, + uu,
= — PuUx —Upy = — (up)x~
Systems (3.6) and (3.7) are derived formally from (3.4) and (3.5) by
making the change of dependent variable p = 1/v and a particular change
of independent variables (x, t) — (¢, t). Here the Eulerian coordinates &

and 1 denote real space and time, and are related to the Lagrangean coor-
dinates x and t by

gGx,t)
=1 and x = f p(s, T)ds .

— 0
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Thus

(3.8) s 7 _ [l/p u}'
: a(x, t) 0 1

For example, the equation v, — u, = 0 may be rewritten in Eulerian coor-

dinates as

1
0=wuv; + v, -~ —u;

P> PP p

Multiplying by — p?, we thus obtain the first equation in either (3.6) or
(3.7). The other equations in (3. 6) and (3.7) are derived in a similar manner.

Now the purpose of the above discussion is not to suggest that solu-
tions of (3.4) carry over to solutions of (3.5)-(3.7), (indeed, this is known
to be false; see, e.g. [I5]), but rather to indicate the relation among the
various fluxes appearing in these systems, since it is the flux which deter-
mines the entropy, entropy-flux pair («, ) required for global existence
of solutions of the corresponding viscous systems.

It is apparent that the above transformations fit into the following
abstract framework: Suppose that u satisfies the system of conservation laws

(3.9) U+ fU)x=0

(u, v, f, etc., will again denote vectors). We then formally make both a
change of dependent variableu == h(v) and a change of independent variables
(x,t) — (&, 1), where

ax, t) 0 1
Then (3.9) transforms to

u. +(q2 + g1 fHug=0.
Multiplying on the left by (A~ 1Y, we find that

ve+ [z + gi(h ™YY f'H o = 0.

S _ [ql(u) Qz(u):l

However, in all cases of interest, (3.5)-(3.7), we found that v formally
satisfied the system of conservation laws

(3.10) v, + g(v): = 0.
It must therefore be that
(3.11) g =q;+ qh™ Y[R

The following proposition indicates how an entropy-entropy flux pair
for a system (3.9) transforms under these changes of variables.
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ProposITION 3.1. — Suppose that (o, f) is an entropy-entropy flux
pair for f in B,(u), satisfying both (2.13) and (2.14) of Def. 2.3, and that
a” > 0in B,(@). Let g1, g2, h, and g be as above, and assume that

(3.12) g, >0
and
(3.13) Vgi'f' + Vg, =0

in B,(m). Then prowided that r is sufficiently small, the functions

A(v) = a(h(v))/q1(h(v)) and  B() = (ﬂ + qia)(h(v))
satisfy n
(3.14) V,A'g’ = V,B;

(3.15) 5[u—h_1(ﬁ)|2SA(U)S%IU—h'l(H)IZ, 0>0;

and
(3.16) A" >0
in h™1(B,@w).
Proof. — We have from (2.13), (3.11), (3.13), and the definition of A that
Voo aVg.Y e ,
V,A'g' = (—- - 21)h lqz: + (W) f'h']
q1 qi
Vo' A
_ (‘h od _ a;qzz_vqtl _ avyg; + Vfltf')h'
q1 q1 q1
_ V(_qz_“ N ﬂ}hf
q1
=V B,

as required. (é .15) is obvious, and to prove (3.16) we let y(u)=o(u)/q,(u),
so that A(v) = y(h(v)). Then
0°A _ Z 0%y Oh* on' N dy 0%k

17 = R
(3.17) 0v;00; Ouduy Ov; Ov; Ouy, 0v;0v;
k

ki
However, the condition (2.14) shows that Va(u) = 0, so that Va(u) = 0(r)
in B(m). Thus -
— =2 o),
and similarly
0%y 1 9%
Ouydu, B a dudu;

+0(r).
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We therefore obtain from (3.17) that for we R”,
al/
wWA"w = (K'w)

q1

(W'w) + 0(r) | w]?

>C,|Ww]? — Cyrwl|?
>Clwp,
for some C > 0, when r is sufficiently small. B

Recall that we have already constructed an entropy-entropy flux pair
(a, B) for the system (3.4), and that «” > 0. Now, the transformation of (3.4)
to (3.5) involves only a change of the dependent variables. Therefore g; = 1
and g, = 0 in this case, so that the hypotheses (3.12) and (3.13) of Pro-
position 3.1 are satisfied. For the transformation to the Eulerian-coordi-
nates systems (3.6) and (3.7), the functions g, and g, are given by (3.8);
namely, g, = 1/p = v and g, = u. Thus g; > 0 as long as the density
is positive, and from (3.5),

0 0
Va,'f" + Vg, = [1,0, 0][ } + [0,1,0]

=0,

*

so that (3.13) is satisfied. Thus Proposition 3.1 applies to show that there
exists an entropy-entropy flux pair (A, B) for each of the systems (3.5)~(3.7),
satisfying (3.13),(3.14), and (3.15). Corollary 2.6 then implies the following
existence result for these systems:

Assume that B,(4) is a sufficiently small closed ball in phase space in which
the density is positive, and assume that the (vector) initial data uy(x) — u
is in B,u) a.e., for some s <r, and that ||uy — ||, is suitably restricted
(again as in Corollary 2.6). Then each of the systems (3.5)(3.7) modified
by the addition of terms DU_, as in (I.1), where D is sufficiently close to a
positive multiple of the identity matrix, has a global smooth solution.

§ 4. NON-SMOOTHNESS IN GAS DYNAMICS

In this last section, we consider the gas dynamics equations with the
usual dissipative mechanisms (viscosity and thermal conductivity) taken
into account. We shall show that if the solution is of bounded variation,
and if the specific volume (= reciprocal of the density) is initially dis-
continuous, then it remains discontinuous for positive time. In particular,
our result applies to « Riemann problem » data; i. e., data consisting
of two constant states separated by a jump discontinuity. This result is
somewhat surprising since it contradicts statements found in certain well-
known texts;e. g. see [3, p. 135].
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We can write the gas dynamics equations in Lagrangean coordinates
in a single space variable as follows:

v, —u, =0
U, + px = (k(v)ue)x

2
E,+(up)x:[{£u—+i(E—u2/2)} /Uii .
2 Cy x x

Here v, u, p(v, ) and E are the same variables as in (3.5). We assume that p
and k are C! functions of their arguments in the region v > 0. The dissi-
pative mechanisms ¢ and A are called the viscosity and thermal conduc-
tivity coefficients, respectively, and ¢, is the specific heat at constant volume.
We assume that ¢ > 0 and A > 0. The function k(v) is assumed to be posi-
tive in v > 0; in gas dynamics, one usually takes k(v) = v~ L.

We consider the initial value problem for (4.1), where the initial data
is given by
4.2) (v, u, E)(x, 0) = (vo, 4o, Eo)(x), xeR.

It is required to solve (4.1) in the upper half-plane, x € R, t > 0, subject
to the initial data (4.2). Since we wish to consider discontinuous data,
it is necessary to define precisely our notion of solution.

@.1)

DEFINITION 4.1. -— By a (weak) solution of (4.1), (4.2), we mean a
triple of functions (v, u, E)(x, t), defined in z > 0, such that the following
hold:

a) v, u, and E are in L1 (R) for each ¢ > 0. v is such that p(v, €) is in
LL(t > 0) and k(v) is in LE(t > 0) (Note: in gas dynamics k(v) = v~ ",

Toc
p(v,e) = (y — Dev™ !, and it suffices to assume that v is locally bounded

away from zero). ] u?
b) The distribution derivatives, v,, u,, and [s— + ~<E — —)i] are
in LL (t > 0),and v, = u,a.e.int > 0. 2 G 2/ 1

¢) u,v,and Earein LL (t > 0), and for every (x, ) e R x R, v(x,t) > 0.
d) For every ¢ e C', where ¢ has its support contained in a set of the

form {x; < x<x;} x {0<t; <t<1t,}, we have

4.2 fw ug i2dx — Jtz Jm ugp, + pp, = — Jtz Jw k(v)u, ¢

4.3) Jw E¢ I;fdx — J“z JOO E¢, + upo,

| )
o e {su /2 + - <E > )
e

e) [, t)u(-, ), E(.,1)] > [vo(.), tol.), Eo(.)]in Li,, as ¢ v O.
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We remark that the assumptions b) and ¢) seem to be the minimal assump-
tions one can make in order that the integrals in (4.2) and (4. 3) are defined.
Since u, € Li(t > 0) is needed in order for (4.2) to be defined we see that
the first equation in (4.1) demands that v,e Ll (t > 0), and that v, = u,
a.eint>0.

THEOREM 4.2. — Let (v, u, E) be a solution of (4.1) in the sense of
definition (4.1). Suppose also that (., t) is locally bounded away from 0
and that, for every interval [a, b], the variation on [a, b] of each of the
functions u(.,t), v(.,t), and E(.,t) is bounded independently of ¢ for
te [0, T]. Then if v(., t) is continuous for 0 < ¢ < T, the initial function
v(., 0) must also be continuous.

Proof. — Fix an interval [a, b} and let V be a bound for the variation of
each of u(.,t), v(.,t), and E(.,t) on [@,b] for 0 <t < T. Let t; and ¢,
be times in (0, T] and let ¢(x) be a test function with support on [a, b].
We then have from (4.2) that

jtl Jw k(v)ux¢x = - Jv u¢ I;zdx + J J p¢x

< @lle Nult)—ult) lLywn+Cltr — 2] || ¢lluV.
for some constant C. Hence
(4.4) j J_ kuyd =1l §llo|t2 — 1 ]),

where w(8) — 0as é — 0. But from def. 4.1, k(v)v; = k(v)u, a.e.
Thus (4.4) gives

12 [ve]
4.5) kvidx =1l ¢ o1tz — £11).
ti J—
Now let K be a primitive of k, i.e. K’ = k. We claim that
2 o o] [o0]
(4.6) J J kv, ¢, = J K(v(x, 1)) [ dpxdx .
t — —

To see this, let j, be the usual mollifying kernel, and set v, = j, * v, K,,=K(v,).
Then

Fmexnl.grgO{f d)x;hmf j( )
i [ [l [ [t o)
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Now (v, — )/, — 0 in Li(t > 0) (since dv/dt is in Li(t > 0)), and
since k(v,) is bounded, we see that

lim f ) . f "(“”[—a(v"af 2 4’*} =0.
i [ (S Ge]- |7 e,

since k’ is bounded and v, — v in LL([ty, t,] x R). It follows from this
that (4.6) holds.
Using (4.6) in (4.5), we get

Also,

J» K@)[¢dx = || ¢ lloo( 12 — 11]),

for all smooth ¢ with support in [a, b]. Thus
Var [IK(@(., o) — K@, ) ] < o[z = 1,]).

This implies that
lim sup | K(v(x, t2)) — K(v(x, t4))| = 0,

t1,1220 xela, b]
and thus since v is assumed to be continuous in ¢t > 0, we see that K(v(x, t))
converges, uniformly in x, to a continuous function. But from e) in defi-
nition (4.1),
lim K((., t)) = K(vg(.))
in LE,. Thus K(vy(x)) is a continuous function, and since K’ = k > 0,
we see that v, is a continuous function. This completes the proof.

Next, it is of some interest to investigate the smoothness of the func-
tions u and E. For this we rely on a theorem of Aronson and Serrin, [/],
concerning solutions of parabolic equations with discontinuous coeffi-
cients. We give here only a corollary of their result, which we need. Thus,
consider the linear equation u, = (A(x, t)u, + B(x, t)),, where A is bounded
and measurable on a bounded domain Q=(0,T) x Qc R x R,,

T a/p 1/
A>6>0o0n Q, and B lies in L?4Q), i. e. {J (J | B ["dx) dt } < 00,
o \Ja

1 1 1

where ¢ > 1 and p > 2 and > +-< 3 Under these hypotheses, it is
P 4

proved in [/] that in Q, if u is a weak solution (consistent with our defi-

nition), then « is Holder continuous in x, and uniformly Hélder continuous
intinQn{t>e>0}fore>0.
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We shall apply this result first to the second equation in (4.1) which
we write in the form

U = [k(v)ux - P(U, e) ]X'

Since the functions k(v) and p(v, e) are bounded in Q, and k(v) > §>01in Q,
for some § = 8 > 0, we see that the Aronson-Serrin theorem shows that u
is Hélder continuous in Q. In order to show that E is continuous, we find
it necessary to assume that (u?), e L?¢. With this hypothesis, we can apply
the Aronson-Serrin result to the third equation in (4. 1) to conclude that E
is Holder continuous in Q. Therefore, if the classical Riemann problem
(see [5]), can be solved in these function classes, it follows that u and E
must be continuous in ¢ > 0, and initial discontinuities in v must persist
in ¢t > 0. We thus have the following corollary to our theorem.

COROLLARY 4.3. — Suppose that the hypotheses of the last theorem

1 1 1
is valid, and that (u?),€ L?4, where g>1 p > 2 and 7 +-< 3 Then
q
in t > 0, u and E are uniformly Hélder continuous in x, and are locally
continuous in t.

Note that if we consider the isentropic gas dynamics equations:
Uy — Uy = 09 U, + P(U)x = (k(v)ux)x s

where k satisfies the same hypothesis as before (c. f. theorem 4.2), then
if (v, u) is a solution in the sense of definition 4.1, and both (., z) and
u(., t) are of class b. v, and (., ) is continuous for 0 < ¢t < T, then (., 0)
is continuous and u(x, t) is continuous in ¢t > 0. These conclusions follow
from our previous methods, together with the Aronson-Serrin theorem.
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