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ApsTRACT. — We study Quasi-Variational Inequalities:
" {Max(Au—f,u—Mu)=O,
Ul =9,
where
@ Mu=k+ inf {cofd) +utx+ )}
x+&eQ

In general, (1) has no solution, we prove here that (1) has a unique maxi-
mum subsolution that we caracterize. Then we compare the implicit
obstacle (2) and the obstacle:
' M, u = k + infess { co(é) + u(x + &)}
=0
xi‘{eﬂ

and we finally show that, under general assumptions, the solution of (1)
is Holder continuous.

Key-words: Quasi-Variational Inequalities, Implicit obstacle, maximum subsolution,
Holder continuity, impulsive control.

REsuMmE. — Nous étudions les Inéquations Quasi-Variationnelles
M {Max(Au—f,u—Mu)zo dans Q,
. ulsa =@,
ou
@) Mu=k+ inf {co®) +ulx + &)}
x+&EeQ
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238 B. PERTHAME

En général (1) n’a pas de solution, nous montrons ici que (1) admet une
unique sous-solution maximale que nous caractérisons. Nous comparons
ensuite 'obstacle implicite (2) et 'obstacle :

M.u =k + infess { co(é) + ulx + &)},
xjrzéeﬂ

et nous finissons par montrer que, sous des hypothéses générales, la solu-
tion de (1) est holderienne.

Mots-clefs : Inéquations Quasi-Varationnelles, obstacle implicite, sous-solution maxi-
male, continuité Holdérienne, contrdle impulsionnel.

We study here the Quasi-Variational Inequalities (Q.V.IL) and the
associated stochastic impulsive control problem:

O {Max(Au—f,u—Mu)=0 on Q,

Uloa =0,
where Q is a regular (C?) connected open set of RN and M is given by:
2 Mu =k + Elgg {co@) + ulx+ &}

x:l—_éeﬁ

The problem (1) was introduced in A. Bensoussan and J. L. Lions [/ ] (more
recent results may be found in [3]). A typical result is the following if we
assume ¢ =0, f= 0 and ¢, increasing, then (1) has a unique solution
which is in W,

Here we will relax these assumptions and answer the following questions.
If we take general ¢ and f, (1) has in general no solution because of a diffi-
culty involving the boundary condition: there is no reason a priori that Mu
should be above ¢ on 0Q. And if in general there is no solution of (1),
the question is to determine in which sense (1) might be solved and whether
the corresponding solution is the optimal cost function for the associated
impulse control problem which is meaningful without any condition.

If the solution of (1) is not continuous, then formula (2) has no clear
meaning and one generally defines the implicit obstacle by:

M.u =k + infess { co(¢) + u(x + &)}

x+}’eﬂ

But it is not clear (and to our knowledge it has never been checked before !)
that Mu = M, u (at least for u e C(QY)). We also answer here that question.
The last question that we study is to find general local regularity results,
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SOME REMARKS ON Q. V. L 239

say in C%% which do not involve the boundary data ¢. Such a regularity
has already been proved by J. Frehse and U. Mosco [9]. Here we state
an analogous result but our proof is completely different from the onein [9].

In a first part we show that (1) has a unique maximal subsolution which
is the solution of:

) {Max(Au—f,u—Mu)zO,

ulag=¢?/‘\Mu.

Here we cannot look after solutions in H' since this space is not adapted
to the obstacle Mu and, in particular, ¢ A Mu ¢ H'/?(0Q). But under a
general assumption introduced in B. Perthame [I6], ¢ A Mu and Mu
are continuous so that we can deal with continuous solution of (3) called
viscosity solution. This kind of solution (a particular case of the notion
introduced in M. G. Crandall and P. L. Lions [7], P. L. Lions [/3] [I4])
allows us to solve (3) with the classical argument of B. Hanouzet and
J. L. Joly [10]. Remark that in Appendix 2 we prove equivalence between
different notions of solution of the obstacle problem. In particular it appears
that the viscosity solution is also the classical solution in H,.

We prove in a second part that this analytical solution is the one we
should expect in view of the associated impulsive control problem. This
is a verification analogous to the one in [3] [/7] which clearly shows that
the above notion is the correct one.

We give in a third part some comparison results on Mu and M ,u.
There are two main results: if Q is sufficiently smooth (C¥) then Mu=M , u
a.e. and if Mu or M, u is continuous then Mu = M ,u everywhere (remark
Mu and M , u are defined pointwise and not almost everywhere).

Finally we prove that when ¢, is continuous and ¢q(§) < C| & |*, « small
enough, then the solution of (1) is in C%*. The method is to replace Mu
by an other obstacle which is in C2%* and which is built locally with the help
of general properties of Mu. Remark that we can give an example with
very regular data where u is only Wi:® (cf. B. Perthame [/8]), and that
in general no regularity up to the boundary holds.

I. Q.V.L. WITHOUT THE EXISTENCE
OF A SUBSOLUTION

1. Assumptions and main results.

This section is devoted to the Q.V.L.:

M {Max(Au—f,u—Mu)zo,

Ulsg = @,
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240 B. PERTHAME

We prove (1) has a unique maximum subsolution and that it is the solu-
tion of:

3) {Max(Au—f,u-—Mu)zo,

Ulsgo =@ A Mu.
Here we call subsolution of (1) any u € C(Q), satisfying:
Auzsf in 2'(Q),
u=Mu in Q,

us @ on 0Q,
where we have set:

Au = — aijaTa}uf—{- bi%-i- cu.
We assume: e '
) aij, b, ¢, fe Wz’w(RN)
(6) v >0, aijéiéjévlﬂz VE=(4, ..., EN)ERY,
(7N JA> 0, c= i,
and
) Mu=k+ 51121{) {cold) +ulx+ &},

x+Ech

where k is a positive constant, ¢, : (R*)N — R™ is a lower semi-continuous
sub-additive function with ¢¢(0) =0 and & = 0 means & = (&4, ..., &N
with &; = 0. ‘

We will also assume that the boundary data satisfies:

®) @ e C(Q),
9) Mo =k + inf  {cold) + olx + & }1eCQ),

£EZ0,x+¢edQ
These assumptions will allow us to deal with continuous solutions of (1)
or (3) which are called viscosity solutions. Recall that P. L. Lions [13] [14]
has introduced the notion of viscosity solution of general second order
equations adapting to second order equations the notion introduced by
M. G. Grandall and P. L. Lions [7] for first order equations. A very parti-
cular application of this notion yield that the following obstacle problem:

Max (Au —fiu—¥)=0,
(10) { X (Au —fiu =)

u 160 =@ A% 4 H
has a unique viscosity solution u € C(Q) if the obstacle ¥ e C(Q). In this
particular setting u is nothing else that the limit in C(Q) of all regularized
obstacle problems with nice standard solutions. (The different notions of

solution of (10) are collected in Appendix 2 where we prove the equivalence
of these notions).
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SOME REMARKS ON Q. V. L 241

In the following we will call viscosity solution of (3) a continuous func-

tion u such that u|se = @ A Mu, Mue C(Q) and u is a viscosity solution
of (10) with ¥ = Mu.

Remarks. — 1) Below it will be proved that, under assilmption 9) arid

with the definition of Mu in (2), we always have Mu e C(QQ) when u e C(Q)
and ulso = @ A Mu.

2) In the particular case treated here, the notion of viscosity solution

is equivalent to u e C(Q), Mu e C(Q) and:

Ausf im 2Q), u<Mu on Q,
ontheopenset @ = {u < Mu}nQ,
ueWi>(® and Au= fa.ce,

moreover in Appendix 2 it is proved that ue H_.

3) Exactly as in B. Perthame [/6] where the assumption has been intro-
duced to get the continuity of the solution, one easily checks that (9) may
be replaced by:

9) Mwe CQ),

where w is any continuous super solution of (1) such that w |, = .
Then we can state the:

THEOREM 1. — Under assumptions (5)-(9), equation (1) has a unique
maximal subsolution u and it is the unique solution of (3).
If @ e W32(0Q) and Myp € WP(Q) (resp. is locally semi-concave) then
ue Wi>(Q) (resp. W),
Let us recall that a function u e C(Q) is said to be locally semi-concave
if for each open set @ = 0 = Q there exist a constant C such that:
o%*u

a—xzéc in 20, V¢ lxl=1,

or, in other words: u(x) — EC'X |2 is concave on convex subsets of O.

The end of this section is devoted to the proof of Theorem 1, it is divided
in three parts: first we build a decreasing process that is uniformly converging
to a solution of (3) (this is a variant of the « usual » proof due to B. Hanouzet
and J. L. Joly [10]). Here the difficulty comes from the fact that the boundary
value of the process changes at each step. The concavity of the operator
which associates ¢ A Mu to u enables us to conclude. In the second part
we state the uniqueness result and finally we prove the regularity.
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242 B. PERTHAME

2. Existence of a solution.

Throughout section I we will assume that f = 0, ¢ > 0. Indeed (7)
enables us to make such an assumption by adding constants to u and ¢
. and a positive function to f. We can now define the following process:
ug € C(Q) is the solution of:

(11) { Auo =1

Uo loo = @,
then we define u; as the solution of:
Max (Auy — f,uy — Mug) =0,
{ Uy loa = @ A Mug,
and by induction,
{ Max (Au, — f, u, — Mu,_,) =0,
Uplon = @ N Muy_y .

The existence of this sequence is justified by the:

LeMMA 1. — For each n = 0 Mu, € C(Q).

Proof. — 1t is easily checked (cf. [16]) that under assumption (9) My,
is continuous on Q. So, we assume by induction that for n = 0, Mu, is
continuous and we prove that Mu,, | is also continuous. We know (see [16])
that Mu,, , is lower semi-continuous. Let us prove it is upper semi-conti-
nuous.

|
Let: Mu, . (xo)=k+¢o(&o) +tn+1(x0+&0), &o 2 05 if xo+&o €, then,
on a neighbourhood of x4 we have:

Mu, . 1(x) = k + ¢o(8o) + tnr1(x + &o)
and the result is proved. If x; + & € 8Q, we will prove that:
(12) U+ 1(x0 + &0) = @(xo + £o) < Muy(xo + &),
and this prove that Mu,, 1iis upper semi-continuous at x, since:
{ Mu,(x) £ Mog(x) on @,
Mu,(x0) = Moo(xo) .

But (12) is deduced from the:

LemMMA 2. — Ifve C(Q) and Mu(xo)=k+ co(Eo) + v(xo + o), &o = 0, then
v(xo + &o) = Mo(xo + &o) — k. -

Indeed take v = u,,, in lemma 2, then:

Up i 1(x0 + E0) < Muyyi(xo + &) £ Muy(xo + &),
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SOME REMARKS ON Q. V. L 243

since u, is a decreasing sequence). But x, + £ €I and thus we have
Upr1(x0 + Lo) = @(xo + &o) < Mun(xo+ <o),
and (12) is proved, concluding the proof of Lemma 1.
Proof of Lemma 2. — Notice that, if # 20, xo + & + neQ, then:

Mu(xo) = k + co(&o) + vlxo + o)
Sk +col&o+n) + vixo+ o+ 1)
Sk + colo) + com) + vixo + &9 + 1)

and, taking the infimum over all # = 0, we find:
u(xo + So) = Mu(xo + o) — k,
since equality holds for # = 0, Lemma 2 is proved.

Remarks. — 1) This also proves Remark 1 in I.1: take u,1; =u, =u
in the proof of Lemma 1.

2) The argument used above is very similar to the one introduced in L.
Caffarelli and A. Friedman [5] [6]

As mentionned in the proof of Lemma 1, the sequence u, is decreasing,
but u, = 0 since f = 0, ¢ = 0, so that u, converges to some function u;
moreover we have:

PROPOSITION 1. — The sequence u, converges uniformly to ue C(Q)
which is a viscosity solution of (3) and 0 < u < uy.

Proof.— The proof below is adapted from B. Hanouzet and J. L. Joly [10].
Notice that (3) is for example deduced from the « stability » of viscosity
solutions of second order equations by uniform convergence. Let us prove

: kAo
the uniform convergence of u,: choose ue J0,1[ such that u < ,
@

n=

=l and assume that for some € [0, 1] and some n = 0 we have:
Ug {lLo

Uy — Upr1 = Ouy,
then, since M is a concave mapping:
(1 — OMu, + 0. MO = (1 — O)Mu, + Ok < Mu, .,
Let us call z the solution of the obstacle problem (10) with
¢ = (1 — OMu, + Ck
and v, the solution of

13) { Max (Avy — f, v — k) =0,
Volan =@ A Kk,
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244 B. PERTHAME

then, applying the maximum principle (regularizing Mu, if necessary)
and noticing that:

1—-—0p AMu,+O0p ANk=o A {(1-0OMu,+ 0.k}
one easily checks that:
(1 —Opyry + 0.0 2= tpysy.

But the choice of u shows that: uu,+; < uug < v, and thus we obtain:
Upty — Upra = O(1 — Pupy. )
Since uy — u; < u, iterating the above inequalities we obtain:

Up — Up+q é (1 - 'u)nH Up ”Lma
and this proves Proposition 1.

Remark. — Of course this also proves that Mu, converges uniformly
to Mu hence u is a viscosity solution of (3).

3. Uniqueness.

We must prove two results: that the solution of (3) is unique and also
that it is the maximum subsolution. This last point is clear, if a function
w e C(Q) satisfies:

Aw < f in 2KQ)),
w=<Mw in Q,

w=s o on I,

(this actually means that w is a viscosity subsolution of (1) if Mw e C(Q))
then, recalling the result of P. L. Lions [/3], w < u, since for example w
is a viscosity subsolution of (11). We deduce that:

w < Mw < My,
wZo AMw=Z o AMuy, on T,

and so w < u,. An easy induction proves that w < u, for each n = 0 and
sow = .

PROPOSITION 2. — Under the assumptions of theorem 1, if we C(Q)
is a viscosity solution of (3), then w = w.

Proof. — We already know that w < u. First we show that w = 0:

we know (by the remark in I 2°) that Mw € C(Q) so we can build a sequence
¥, e C*(Q) such that ¥, ;52 Mw in C(Q). Let us denote by w, the solu-
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SOME REMARKS ON Q. V. L. 245

tion of (10) for ¥ = ¥, so that w, —— w in C(Q) and w, e WZ2(Q) (see

n—

[16)). Take x, € Q so that: Mlél Wy(X) = wy(x,); as

Wa(Xx,) =2 Min w(x) < Mi&l Mw(x),

A0 xeQ

we may assume (at least if » is large enough) that w,(x,) < Mw,(x,,).

If x, e I" we deduce that w,(x,) = ¢(x,) = 0, if not the maximum principle
shows that w,(x,) = 0 and in both cases w, = 0 and thus w = 0.

We now prove Proposition 2 with the help of B. Hanouzet and J. L. Joly
method. We have:

u—w=<u,
by the same arguments as in Proposition 1 we get
u—W§(l_,u)"u’ vngos

and so u £ w and Proposition 2 is proved.

4. Regularity.

Here we assume that My € WL2(Q) n C(Q) (Resp. that My ¢ is locally
semi-concave) and we prove that ue Wiz (Q) (resp. Wi P(Q)).

We only sketch the proof since it is nearly the same as in [/6]. One
introduces:

F={yeQ|3x < y,Mux)=k+co(y —x)+u(y},

and one easily proves that there exists some open set G (for the topology
of Q) such that: B
FcGacGae{u<Mu}

and so u eW1’°°((O}) (resp. u EW2’°°((C})). Now, as Mu « takes its values »
in F and with the regularity of M,¢ one can prove that Mu is in W;2(Q)
(resp. locally semi-concave) and applying classical results on the obstacle
problem this proves that u e W;*(Q) (Resp. u e W(Q)), and the proof
of Theorem 1 is completed.

Remarks. — 1) In particular if Q is convex the solution belongs to W2,
- when ¢ € W3*(0Q). Indeed Muy e C(Q) and is locally semi-concave and
this is enough by remark 3 in 1.1 (cf. [/6], [{8]).

2) Of course these results extend to Hamilton-Jacobi-Bellman equa-
tions (see P. L. Lions [/2], L. C. Evans and P. L. Lions [8]). The associated
Q.V.Lis:

{ Max ( Max (Au — fHu—Mu) =0,

Uljg= 0.
(For results on this problem see S. Lehnart [/7], B. Perthame [/6]).
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246 B. PERTHAME

II. THE IMPULSIVE CONTROL PROBLEM

Our purpose, here, is to give the stochastic interpretation of u, the solu-
tion of (3), in terms of control of diffusion processes. Two remarks are
to be developped below: first, despite of the jumps the process is constrained
to stay in Q; next, the change of boundary data (from @ to ¢ A Mu) does
not induce any change on the optimal cost function.

1. The optimal cost function.

Let (Q, F, ¥, P,w;) be a standard space composed by a probability
space (€, F, P) with a right-continuous increasing filtration of complete
sub-g algebra F;, and a Browian motion w, in RY, F, adapted. For any

sequences 0! < (2 < ... < O"< ..., O" —2 o, of stopping times and
&, ..., & ... of Fy-random variables in (R*)" we can define by induction:
(14) { dy(t) = o yu(t))dw, — b(y3)())dt, t = O
YUO™) = yiH o™ + &7,
and:
y200) = x
we set:

Vlt) =y =yut), O"<r<O.

We will say that such a system 7 is admissible if y.(0") e Q whenever
Y2~ 40" e Q. Then we define

t=inf {t 20, y(t)¢Q},

and the cost function of this system is:
(15) Jjlx, o) = E{ f f(yse *ds + Z(k+Co(€"))€#m+ w(yx(f))e‘t}
0]
n=1

and the optimal cost function is:

(16) v(x) = Mlal}:lfn. Jlx, ).
Remark. — 1) With our definition of admissible systems we know that

v«(t) € 0Q, and so (15) is meaningful.
2) Here we have taken ¢(x) = 4 to simplify notations but the following
results still hold with any ¢(x) > 0.

THEOREM 2. — Under the assumptions of Theorem I, the solution u
of (3) is the optimal cast function given by (16)
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SOME REMARKS ON Q. V. L 247

Proof.— i)u =< v: Thisis clear in view of A. Bensoussan and J. L. Lions [4]
or P. L. Lions [I3]: u is solution of the Q. V.1 (1) with ¢ = ¢ A Mu
so that it is the optimal cost function for a cost function defined by (15)
with @ in place of ¢. These cost functions are less than j(x, &) since @ < ¢
so that u < v.

ii) u = v: Here we give an optimal admissible system as in [3] [I7].
Let & be measurable function in (R*)N such that:

Mu(x) = k + co(&x) + u(x + &x) VxeQ.

we can find a standard space (Q, F, F,, P, w,) where we solve:

dyd(t) = o(y(t))dw, + b(y(1))dt,
y20) = x,

let @, be the first time when Ve belongs to ¥ = {u = Mu } (951 = 4+ o

if# is not reached), &, = &(y2(01)) (¢, is anything measurable if &, = + oo)

and by induction ’

{ dy(t) = o( yyo))aw(t) + b(yuz))dt,
yyO™) = yrm Y@y + &,

and €, is the first time y" enters ¢ and &"*! = E(y:(@"“)).
From [2] we know the:

LEMMA 3. — For any n 2 0, one has:

On+iaz

(17) Uy 0" A D) = E{ f Flydshe™ds

nat

+ w(yI (0" A D)e A AT Fa ) ale.
y

Remarks. — 1°) y(6™) and y,(z) are in the set { u < Mu }, indeed whenever
yx(s) reaches { u = Mu } it jumps to come back in {u < Mu }. In parti-

cular U ys(Dle< ) = @YD)
2°) One checks as in [3] that 0" 2 + oo; indeed for each n,

w(y2 HOM) — u(yrY(@") + &) = k,and, since uis continuous, | &=L >0,
Since &" > 0 we obtain &' + ... + &> Lﬁ and the formula:
n

o( yx(s)dw; —f blydshds + & + ... + &

0

P én
yx((pn) =x+ f

0

on { 0" < o0} shows that " —» + oo.
In (17) we remark that:

u[y;(@"+1 A T):ll(@‘nér) = u[yx(@n+1):|l(@n+1§r)
+ [k + Cg(f"“)]l((ﬁnﬂgr) + U[)’x(":)]l (En<i<dnlys

Vol. 2, n® 3-1985.



248 B. PERTHAME

but we have:

— Afn+ — sfn+1 — Afn+1

1 — afn+1
e 1@n+lst = € Aon

1(?n+15t<ao =€ 1@H+1<oo =€

since O" < 1t whenever (" < oo. Thus adding (17) for each n > 0 and using
remark 2, we get

u(x)=E { JO S (yuds)e™ Asds+ 2 [k +col E") le” Abn o(y(t))e = } ,

and this means that u = w and theorem 2 is proved.

III. SOME REMARKS ON THE OPERATOR M

The operator M which defines the Q. V.1 is not always given by (2).
Indeed when one deals with discontinuous solution the operator Mu
has no clear meaning and the Q. V. L is generally defined with an ope-
rator M, :

M,u=Fkk+ ir;t;egs {col&) + ux + & }.
xi—réeﬂ
From a stochastical viewpoint it is also natural to consider admissible
systems such that the jumps & at a point x are constrained to satisfy x+ £ € Q
and no longer x+ ¢ e Q. It will rise an other operator, defined for x e Q:

Mou=k+ inf {cod) +ulx + 8.
x+=g'eﬂ
M, is defined for any bounded from below measurable function and M _
for ue C(Q). Here we give the relation between M, M_, M.

1. Regularity of M, M_, M.

PROPOSITION 3. — Let ue C(Q) then Mu is lower semi-continuous on Q)
(I.s.c.), M _u is upper semi-continuous (u.s. c.) and Mu < M _u on Q.

Proof. — The regularity of Mu and the inequality are clear. The other
results are based on the following remark: take u,e C(Q) a decreasing
sequence such that u, —> u pointwise on Q, then M _u, decreases to M _wu.
Now if we choose u, such that u,),q = || Uyl > || u|lLe and u, <|| u, |L=
on Q, then it is easily checked that M _u, is continuous and so, that Mu
is uw.s.c

PROPOSITION 4. — If u is u.s.c. then M_u is u.s.c. moreover, if ¢, is
continuous and u is u.s.c. then M _u = M u on Q.

Proof. — The proof of Proposition 3 directly proves the first part of
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SOME REMARKS ON Q. V. L 249

Proposition 4. Moreover, if ¢y is continuous and u, is chosen as above
it is clear that M, u, = M _u, so that:

Mu=M,u<M,u, =2 M,u on Q and Proposition 4 is proved.

2. Relation between M and M_ (or M,).

PROPOSITION 5. — If ¢q is continuous, ue C(Q) and Q is of class CN
then Mu = M_ ua.e.
Proof of Proposition 5. — Let us introduce some notations: F will be

the set of points x e Q where possibly Mu(x) # M . u(x), and will denote
by TI'(y) the tangent hyperplane to 0Q at y and w(y) the unit outward
normal to 6Q at y. Then we have:

FcG={xeQAy>x, ycdQ, (e;, y—x)=0 forsomei and xeTT(y)},
where (e;); <;<n is the canonical basis of R™. This result has been proved
in [15], but it is not precise enough. In fact we have F < U G, where:

n<N

G, ={xeQ,3yedQ, y > x, 3i £ N such that:
(€, y = x)=0,v(Wlle, ey —x)#0 Vj#i}
Gy={xeQ,3yed, y > x,3i; <i, < ... < i such that:
(e, y—x)=0, (e;, y—x)#0 i#i;, 1<j<k; v(y)evect (e, ...,€;)}-

Let us prove that F « U G, : take some x, €F, as xo e G there exists
n<N’

y>x, yedQ and some e; such that (e;, y — x) = 0. We may always
choose ey, ... €;, ...e;, such that: (e;, y—x)=0 for 1<j<k, (e, y—x)#0
for j> k. Now assume that x¢G;, it means that for some 1 > k, (e;,, W(y)) # 0.
Since y> x then y + ¢ e;, > x for ¢ small enough, and either y—e¢ ¢; €Q,
or y+¢e;, € Qfor e small enough. In both cases we get that M, u(x,) = Mu(x,),
indeed we know that M ,u(x,) = Mu(x,) and

M u(xo) £ k + coly + e€;, — x0) + u(y + ee;,)
Sk + coly — xo) + u(y) (as & — 0)
= Mu(x).

This yields a contradiction and thus x € G;. We now conclude with the:

LEMMA 4. — For 1 £ k £ N, meas (Gy) = 0.

STEP 1. — We prove that G, is of zero measure and it is enough to
prove that
H; ={xeQ,IyedQ, y > x,

Vol. 2, n® 3-1985.



250 B. PERTHAME

v(y) is parallel to ey and (en, y — x) = 0} is of zero mesure. Since the
set of y € dQ such that w(y) is parallel to ey is compact, it can be covered
by a finite number of open sets (I;);q

ri={y:yN=ﬁ'(y1~-~yN~l)9 ()’1-'-)’N—1)e(9i}

where f;e CN and ¢, is an open set.

Denoting y' = (y; ... yn—1) it remains to prove that for these func-
tions f; e CN(0;) the sets:

H={xeQ 3y =(,y)y>x =)
Df(y)=0 and (en,y —x) =0}
is of zero measure. But:
Hc {y+(@,0),o] < diam (Q), yedQ
and w=L(y) and wy) = ten}.

Denoting by my the Lebesgue measure on R we have, applying Sard’s
Theorem:

mg{z=0(y),y €0, Df(y)=0}=0,

thus H is of zero measure and we conclude the first step: meas (G,) = 0.

Step 2. — In the same way we prove that Gy is of zero measure for
k > 1: it is enough to prove that H, is of zero measure where:

H, = {xeQ,yedQ, y > x, (y)eVect (e, - - -, en—r+1)
and (e, y —x)=0Vj, N—k+1<j<N}.
By the implicit function Theorem and changing ey into somee;,j = N—k+1,
if necessary we have locally:
Li={ynyn=0)Veb},

and it is enough to study the set:

dfi
H= {XGQ’ 3)’>Xa yN:ﬁ(y,)’ »xf =0
o

i
ViEN—k;(e;, y—x)=0Vj>N-k}.
But its measure is less than:
(2 diam Q)Ngk Mg { (LY ) YN=1s > Yn-sx+1), V €G

of
and —a£=0Vj§.N—k},

Vi

this last term is the measure of the critical values of the function
Fyi o ovn—0) = (Y1 - yN—1h YN 15 -+ o3 YN—k+1)
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and so is zero by Sard’s theorem. This concludes the proof of Lemma 4
and of Proposition 5.

It is quite easier to get the following comparison Proposition in which
we consider M _u and Mu are defined for xe Q:

PROPOSITION 6. — If ue C(Q), and c, is a non-negative, sub-additive
function such that ¢o(0) = 0, then the set of discontinuity points in Q of M _u
is also the set of discontinuity points in Q of Mu and it is also the set of points
where M _u(x) # Mu(x).

COROLLARY. — If ue C(Q), M_u = Mu a.e. in Baire Sense.

This is because we know that the set of discontinuity ofa L. s.c.(oru.s. c)
function is rare in Baire sense.
Proposition 6 is clearly deduced from the following:

LemMA 5. — Under the assumptions of Proposition 6:
lim inf M _u(x) = Mu(x,), lim sup Mu(x) = M _u(x) .

Let us prove the second equality which is the most difficult one: we know
that lim sup Mu(x) £ M_u(x,), and we shall prove that:
lim inf Mu(x) = M _u(x,) .

X—*Xg
X > Xp

Take x, > x, and x, == Xo» Mu(x,) = k + co(&n) + ulx, + &), &, = 0.
Extracting a subsequence if necessary we assume: &, .52 £ Since

Xpt &p—Xo = x,— X0 >0, we canfind an e,eRN, &, —2 0, x,—xo+&,+£,20
and xo+&,+¢, € Q. We have then:

M—“(xo) § Co(xn — Xo + in + 8n) + M(X,, + in + 8n)
< tim inf { colx, — Xo + &) + Co(&) + ulxy + &) }

< hm inf Mu(x,)

Remark. — 1) Here we have used the three properties of ¢y : ¢, is subaddi-
tive, co(¢) 53 0and co is 1. s. c. To prove the first equality of Proposition 6
we only need ¢, to be L. s.c.

2) A useful consequence of Proposition 6 is that the solution of (3) is
also the solution of:

{ Max (Au — f,u — M, u) =0
ulogg=0¢ ANM,u,

in other words u is also the solution of the impulsive control problem
where the admissible systems are defined in such away that the process
y«(t) stays in Q (and no longer in Q) and the stopping time 7 is the first
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exit time from Q (and no longer from Q). This remark also applies to the
results proved in [I6] for Q. V.. associated to Hamilton-Jacobi-Bellman
equations.

IV. HOLDER CONTINUITY OF THE SOLUTION OF Q. V.L

In this section we prove a general Holder continuity result for the Q. V. L:
{ a(u,v — u) = (f, v — u),
YoeH), v M, u; ueH, u< M, u,
where f = 0 and a(., .) is the bilinear form associated with A:
(Au, v) = a(u, v)

Indeed if we do not assume (9) the general theory developped in A. Ben-
soussan and J. L. Lions [3] shows that (18) has a unique solution in H§,
but it is not continuous in general since our assumptions on ¢, (see (2))

are too weak. Here we give a proof of the Holder continuity of u under
assumption:

(19)  coiscontinuous on (RT)N,  ¢o(&) £ C ¢ I",‘ v¢z0,

(18)

where « is an exponent to be precised in Theorems 3 and 4. Such an
assumption has already been introduced in A. Bensoussan, J. Frehse and
U. Mosco [4], or J. Frehse and U. Mosco [9] to prove the continuity of
Q. V. 1. with quadratic growth. The method used here is completly different
of theonein [4] [9]. It consists in interpreting u as the solution of an obstacle
problem where the obstacle W has some special property. Using a regularity
result for linear second order elliptic equations on open sets satisfying an
exterior cone condition we prove that the solution is Holder continuous.
The precise result is the following:

THEOREM 3. — Under assumptions (5)-(7) there exist some o, 0 <o <1,
such that if (19) holds with 0 <o <aq then the solution of (18) belongs to
Cre(€).

The proof of this Theorem is divided in two parts: first we prove that
the solution u of (18) is u.s. c,, then we prove the Hélder continuity of u.

Remark. — Of course this result extends to the more general case where f
is eventually negative but (18) has a subsolution. It also extends to any

boundary data.
1. Selection of an u. s. ¢. solution.

Here we make the assumptions of Theorem 3. We know that u is obtained
as the limit of the decreasing process as in I: u, is the solution of Aug = f,
uo € C(Q). Then u, is the solution of:

{ a(u,,,v - un)g (j;U_ un)a

u,e Hg, u, EMyu, ;3 VoeH§ v< Miu,_y.
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At each step we can select a u.s.c. solution u,. Indeed if u,_; is u.s.c.
then M_u,_; = M,u,_; by Proposition 5 since ¢, is continuous (in
particular it doesn’t depend on the choice of the u.s.c. selection) and
we know M_u,_ is u.s.c. Now take a decreasing sequence of obstacles

¥,y Mu,_; the solution u” of the obstacle problem for ¥, is continuous
p— o
and decreases with p to u, (moreover u” ——2 u, in H§ by the general

theory in [3]) so that we can select an u. s. c. solution u, at each step.
Finally since u, is decreasing to u, u has a u. s. c. representant.

2. Holder continuity of u in theorem 3.

Take a sequence u” Nou in Q, u"e C(Q) and assume " |p = || 4" ||\« is

large enough so that M_u" is continuous and M_u"—~ M _u. We prove
in what follows that each solution v, of the obstacle problem for ¥ = M _u"
belongs to C;* with uniform bounds on compact subsets of Q.

For any x,e€Q we denote by d(x,) the function d(x,) = irelafgd(xo, ¥)

Since ¢, 1s subadditive and by (19) we have for all ye Q, y < x4:
M_u"(y) = M_u"(xo) + colxo — ¥)
= M_u(xp) + Clxo —y

< M_u"(xo) + Max (C, ”;‘Zit;) [xo — yI*.

In the following we will denote by:

_ Il [[L
C(xg) = Max (C, Firo) )

and we define two open sets:

Qlxo) = { yeQ y <x0, | y — x0| < d(xo) }
K(xo) = { yeQ |y — xo| <d(xo),y¢6(xo)}~

2\,
By the appendix 1 if « is small enough (a =< a(%—) in Theorem 4) we can
solve:

Av' = £, o' e C®*(Qlxo)) N C™(Q(x0)),
{ ! oo = Mu(xo) + Clxo) | X0 — ¥ 1%,
Av? = f, v? e COK(x0)) N C*(K(x0)),
{ v? |okxey = Mt"(xq) + c(x0) | X0 — ¥ I,
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then we set:

v on Q(xp)
Uy = 4 0¥ on K(xp),
Mu(x0) + Clxo)d*(xo) on  Q\(Q(xo) U K(xo)).
The Appendix 1 shows that v,(y) is in C%* if  is small enough and
I| Uy Hlco.e < D(x0), where D(x,) only depends on d(x,), and so the obstacle ‘¥
defined below is in C%* N C(Q):
LP = (xlgrlf;! UxO) /\ Up,

and we conclude by the:

LeEMMA 6. — The solution v, of the obstacle problem for the obstacle M _u"
is the solution of:

Max (Aw — fw — ¥) =0, weCQ) n C>Q),
{ Wign =0.
Proof. — For any x € Q we have:
wx) = Y(x) = v.(x) = Mu'(x),

hence w is a subsolution of (18) and w =< v,. On the other hand for any
X0 € Q we have:

Aw, =f on Q(xo)
Un loaeol ¥) = Mu" [agae(¥) = Mu(xo) + Cx0) [ x0 — ¥ |,
Av, =f on Kix),
Unlokxof(¥) S Mu(y) £ Mu'(xo) + Clxo) [ xo — y 1% if ¥y £ xo,
Un Lokl Y) = lluo llLe = Clxg) [ x9 — y|* if y> x0.
This implies v, < vy, Vxp i.e. v, =¥ and then v, < w; and Lemma 6
is proved.
Now we deduce Theorem 3 from Lemma 6: we notice that the Holder

estimates on v, do not depend on 4" and since v, converges to u, Theo-
rem 3 is proved.
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APPENDIX 1

CONSTRUCTION OF A BARRIER FUNCTION
FOR AN OPEN SET SATISFYING THE EXTERIOR CONE CONDITION

In section IV we need to solve linear elliptic second order equations for open sets satisfying
only the exterior cone condition. The purpose of this appendix is to show how to construct
a barrier function in such cases (which do not seem to be classical). The results below are
due to K. Miller [/5] where one can find another way to prove them.

In this section we are given an operator A and a function f satisfying assumptions (and
notations) of section I. We denote B = {| bi (| «®~, and by C, the cone:

XN
Co=9x,—< —pu, 0=su<1,
r
where r = | x|, and we construct a barrier function at the point 0 for the open set:

O ={x]x] <Ry NC,.

The existence of a barrier function and its regularity are given in the:

THEOREM 4. — Let pe [0, 1] then there exist a e 10, 1[ such that for he CO*(R™) there
is a function ve C*(@) N C*4O) such that:

{ Av 2 f,
Va0 = M a0, v(0) = K(0),

(20)

moreover o« and || v ||co.« only depends on Ry, u, A, fand || h ||co.e.
Proof. — We may assume h(0) = 0 and we look for v satisfying:
XN
v(x) = r“g<—>, O<a<l1.
r

We will divide the proof in three parts: computation of Ao, lower bound for Ao, existence
of g and a.

1. Computation of Av.

We assume ge C®([— u, + 1], R*) and we compute:

v x X
v ‘xrmﬁzg(—N)xi + ra~3g,<7N> { Oner® — xnx: }
Ox; r r

& x
LA oo — 2)r°‘“‘xixjg<—ﬁ> + ozr“‘“%?ijg(ﬁ)
Ox;0x; r r

+ g’<—XN> {oar* 3 xf0n,r* — xnx;)
r
+ (a0 — 3= Sx(Snr? — xwx:) + 173 (28wix; — xndij — xibp) }

x
+ r“_sg”<TN> { 6n?® — xnxi } { Ot — xnxj )
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2
XNX — XNXN- x
Introducing y = (— #, . ——:L, 1 - —?) we get:
r r Fr
XN xn )22 XiX;
Av=g| — Inc(x)+ogl — bixi—(a—2)aij7—aij6ij
r r r
X X; X; X; X
+ra_zg’(l> { rb;. yi—od;;— J’j_(a_3)aij—J Yi — aij(26Ni'J_AN6ij
r r r ror

x! X — ” XN
- 5;‘N>} -l (—>azjyx-)’j
r r

2. A lower bound for Av.

x
We assumenow g = 0,g" = 0,g” < 0and we putt = e [— 1,1], then we get:
r

X;X;
Av = — aCog(t)r* ™% + r"‘"zg’(r){ — 2BRg + 2o — 3a; -t
r

*j Xi a=2_n 2
+ (1 —aan;— + (1 —ayamw — + trat — r*"2g" (vl — t7),
r r

a— 2,7

now we put x = (x’, xn) and d=(a;;) { <i,j<n- 1 50 that the coefficient of 7"~ ?g’(¢) is equal to:

N-1
x x X;
— 2BRy + (20 — 3)(d—, —>t + Z (ani + aiN)[_(l —®)
r r r
i=1

+ 12 ﬁ@a — 3] + tr(at + ann[2(1 — )t + 2 — 3)2°]
r
~2BRy — Ct*(1 — 1) — C/1 — t + tr(ay)t + annt[2 — 20 + (20 — 3)F*]
—2BRy — C/1 — t+ tr(at’ — aunt?
—2BR, — C/1 —t + wt,

Vv v

here C denotes different constants depending only on (4;;) and we assume N = 2.
Finally we get:

v R
Av = — aCor* 2g(t) + r"_zg'(t){ -5 + vt — C\/l — t} — 72" ~ 1Y),
It remains to find some g for which this expression is large enough.

3. Existence of g.

LeMMA 7. — For pe [0,1[ there exist ae10,1[ and g,eC*([— 1, 1, R*), g, 2 1,
g, =0, g4 Z 0 such that:

, o
1) —szogu(t)+g;(t){ —o vt — CJ/1 — t} —gle)Xl — 1) > 0.

Proof of lemma 7. — We look for g, such that:

gty =1+ e ¥ —e ™
then (21) becomes:

— aCog,lt) + £ilt) { - ; +wt —CJ1— t} — gl —1?)

v -
= — aCogult) + Ke""’{ 5+ vt — C /1 —t+ K1~ z)z}
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and a straightforward study of the function between the brackets shows that, if K is large
enough (depending on y and (a;;)) it is positive. Choosing « small enough we get lemma 7.
We can now conclude the proof of Theorem 4; by lemma 7 and choosing g = Cg, we have:
Av = Cr*”2C(u) where C(u) is the minimum in (21), C(p) > 0; for C large enough (20)
is satisfied and the dependance of || v {|co.- on u, A, fand || kijco.- is clear.
Remark. — Of course for each B, 0 < B < a, and he C%%, (RN) we can find a barrier

function in C®#(¢).
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APPENDIX 2

DIFFERENT NOTIONS OF SOLUTION FOR THE OBSTACLE PROBLEM

Throughout this paper we have used the notion of viscosity solution for the obstacle
problem. An other definition is given in a remark of Section I. On the other hand we could
use the usual definition of variational inequalities. The purpose of this Appendix is to
prove the equivalence between these three notions. Namely, we have, with the notations
and assumptions of section I and IV:

PROPOSITION 7. — Let u and ¥ belong to C(Q) then the following are equivalent:
i) u is a viscosity solution of:
Max (Au — ffu —y) =0,
Au<f in 2Q), us¥ on Q,
ii) ontheopenset @ = {u < ¥}, ueWie(0),
and Au=f,

iii) ue Hi(Q) and u is a solution of the variational inequality associated to ¥ i.e.:
22) {a(u,v—u)é(f,v—u)
YoeHL(Q), v < ¥, u<¥ and v=u onaneighbourhoodondQ.

iv) u is the limit of solutions of all regularized obstacle problem with nice standard
solution (actually this limit holds in C(2) and weakly in H}(Q’) for all ' = Q' = Q). In other
words if we consider u, solution of:

23 { Max (Au, — fiu, — ¥) =0, u,eCQ) n WE2(Q),
u, lm = @,

with ¥, = ¢, on 0Q, ¥, > ¥ in C(Q) and ¢, » ¢ in C(@Q), then u, — u in C(Q) and
weakly in H{(Q).

Proof. — The equivalence between (i) and (ii) is a simple consequence of the notion
of viscosity solution as defined in P. L. Lions [/3)].

The equivalence between (i) and (iv) is easily deduced from the stability (under conver-
gence in C(Q)) of the notion of viscosity solution and the existence results for (23) which

are proved in [2] and [/6]. Remark that the family (1,) is bounded in H!(Q') (and thus the
weak convergence holds) since we have:

and for £ € 2,(Q2) and C large enough:
J AuZu, + C) £ J & flu. + O,
Q Q

vJ {Du, 7% — J C|Du, | &, + C)*J CeIDE| . Du,f(u, + C)
o Q

Q
< Jf Eu, + O) — J c(Xuu, + C)
Q Q
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and a simple minoration yields:

M 2p2
2LIDu:| &< C,

(here C denotes different constants independant of &). This concludes the equivalence
between (i) and (iv).

Using the estimates proved above the equivalence (iii) <« (iv) is clear since the solu-
tion of the variational inequality (22) is stable under uniform convergence of the obstacle
(see [2]).

Remark. — The regularity stated in (if) for u on the set @ = {u < ¥ } is not optimal. It
depends of course on the regularity of f:if f € L%, ue H ;if fe L® ue W22 Vp < o ... etc...
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