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ABSTRACT. – The main results of this paper establish, via the variational method, the
multiplicity of solutions for quasilinear elliptic problems involving critical Sobolev exponents
under the presence of symmetry. The concentration-compactness principle allows to prove that
the Palais–Smale condition is satisfied below a certain level.
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RÉSUMÉ. – Les résultats principaux de cet article établissent, via la méthode variationnelle,
la multiplicité de solutions pour des problèmes elliptiques quasi-linéaires qui font intervenir
l’exposant limite de Sobolev en présence de symétrie. La méthode de concentration-compacité
permet de montrer que la condition de Palais–Smale est satisfaite au-dessous d’un certain niveau.

1. Introduction and main results

In this paper we study the existence and multiplicity of solutions for the quasilinear
elliptic problem {−�pu= µ|u|p∗−2u+ f (x,u), x ∈
,

u= 0, x ∈ ∂
,
(1.1)

where�pu = div(|∇u|p−2∇u) is the p-Laplacian ofu, 1 < p < N , N � 3, 
 is a
bounded smooth domain inRN ,µ is a real positive constant andp∗ =Np/(N−p) is the
critical Sobolev exponent. We assume thatf :
 × R → R is a Carathéodory function
satisfying sup{|f (x, s)|: x ∈
, |s| �M} < ∞, for everyM > 0, and the subcritical
growth condition
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(f1) lim |s|→∞ f (x, s)/|s|p∗−1 = 0, uniformly a.e. in
.
The first results for nonlinear critical problems have been obtained in a celebrated

paper by Brezis and Nirenberg [6]. This pioneering work has stimulated a vast amount
of research on this class of problems. For a more complete reference on this subject we
refer the interested reader to the articles [8,7,3,16,14,25,9,17,11,1,15,24] and references
therein.

Our approach to study (1.1) is variational and uses minimax critical point theorems.
The main difficulty in dealing with this class of problems is the fact that the associated
functional does not satisfy the Palais–Smale compactness condition [2] since the
embedding ofW 1,p

0 (
) into Lp∗
(
) is no longer compact.

The main goal of the present work is to establish multiplicity results for (1.1) when the
subcritical termf (x, s) is odd ins. Such solutions for (1.1) will follow from a version of
the symmetric mountain pass theorem due to Ambrosetti and Rabinowitz (see [2,5,22]).

ConsideringF(x, s) = ∫ s

0 f (x, t)dt , for our first theorem we supposef satisfies
(f2) there areσ ∈ [0,p) anda1, a2 > 0 such that

1
p
f (x, s)s − F(x, s) � −a1 − a2|s|σ , for everys ∈ R, a.e. in
;

(f3) there are constantsb1, b2 > 0 andθ ∈ (p,p∗) such that
F(x, s) � b1|s|θ + b2, for everys ∈ R, a.e. in
;

(f4) there arec1 > 0, h1 ∈ L1(
) and
0 ⊂
 with |
0|> 0 such that
F(x, s) � −h1(x)|s|p − c1, for everys ∈ R, a.e. in
, and
lim inf |s|→∞F(x, s)/|s|p = ∞, uniformly a.e. in
0.

Note that (f2) is a weaker version of the Ambrosetti–Rabinowitz condition [2].
This condition combined with the hypothesis(f1) and the concentration-compactness
principle of Lions [19] will allow us to verify that the associated functional satisfies the
Palais–Smale condition below a fixed level forµ> 0 sufficiently small. The conditions
(f3) and(f4) provide the geometry required by the symmetric mountain pass theorem.
It is worthwhile mentioning that to establish a lower bound for the minimax levels
we exploit the existence of a Schauder basis forW

1,p
0 (
) and the compactness of the

embeddingW 1,p
0 (
) ↪→Lr(
), p � r < p∗.

Now we may state our first result.

THEOREM A. – Supposef (x, s) is odd in s and satisfies(f1)–(f4). Then, given
k ∈ N, there existsµk ∈ (0,∞] such that(1.1) possesses at leastk pairs of nontrivial
solutions for allµ ∈ (0,µk).

One of the main motivations for the study of (1.1) is the following problem:{−�pu= |u|p∗−2u+ λ|u|p−2u+ β|u|q−2u, x ∈
,
u= 0, x ∈ ∂
,

(1.2)

whereλ ∈ R andβ > 0. The problem (1.2) withλ= 0 was considered by Garcia Azorero
and Peral Alonso in [14]. In that work the authors proved the existence of infinitely many
solutions for (1.2) whenλ = 0, 1< q < p andβ > 0 is sufficiently small. They also
established the existence of one nontrivial solution whenλ = 0, p < q < p∗ andβ > 0
is sufficiently large.

As a direct consequence of Theorem A, we obtain
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THEOREM B. – Supposep < q < p∗. Then, givenk ∈ N, there existsβk > 0 such
that the problem(1.2) possesses at leastk pairs of nontrivial solutions for allβ > βk .

Actually, we note thatu is a solution of (1.2) if, and only if,v = β
1

q−p u is a solution

of (1.1) withµ= (1/β)
p∗−p
q−p andf (x, s) = λ|s|p−2s + |s|q−2s.

We point out that we may consider a more general term than|u|q−2u in the problem
(1.2) (see Theorem F in Section 7). Forp = 2 the Theorem B and its generalization
provide a partial complement to the results in [6] under the presence of symmetry.

The Theorem B extends the multiplicity of solutions in [14] to the casep < q < p∗
andλ ∈ R. We also remark that, under some restriction onq, the existence of one positive
solution forp � 1, and two positive solutions forp � 2, for the problem (1.2) with
λ = 0 andβ > 0 is a consequence of a recent result due to Ghoussoub and Yuan [15].
Finally we mention the article [8] where the authors establish multiple solutions for the
Laplacian operator in (1.2) withβ = 0 and appropriate value ofλ (see also [7,3,9,17] for
the existence of one nontrivial solution for the Laplacian operator).

In our next result we establish the multiplicity of solutions for (1.1) without supposing
the condition(f3). For doing that we assume an additional hypothesis on the behavior
of the primitiveF at the origin:
(f5) lim sups→0pF(x, s)/|s|p = a(x) � �≡ λ1, uniformly a.e. in
,

whereλ1 is the first eigenvalue for thep-Laplacian with zero boundary conditions and
a(x) � �≡ λ1 means thata(x) � λ1 a.e. in
, with a(x) < λ1 on a set of positive measure.

THEOREM C. – Supposef (x, s) is odd in s and satisfies(f1), (f2), (f4), (f5).
Then, givenk ∈ N, there existsµk ∈ (0,∞] such that(1.1) possesses at leastk pairs
of nontrivial solutions for allµ ∈ (0,µk).

The Theorem C is related to an earlier result by Wei and Wu [25]. In that work, the
condition corresponding to(f2) is f (x, s)s − pF(x, s) � 0. Also, in [25] it is assumed
a stronger version of(f5) with a ∈L∞(
).

In the casep = 2, we establish the multiplicity of solutions for (1.1) by considering
the following versions of(f4) and(f5).
(f̃4) there is a constantB � 0 such that

F(x, s) � λk
|s|p
p

−B, for everys ∈ R, a.e. in
,

(f̃5) lim sups→0 2F(x, s)/s2 = a(x) � �≡ λj , uniformly a.e. in
,
whereλj � λk are eigenvalues of−� on
 under the Dirichlet boundary conditions.

THEOREM D. – Consider the problem(1.1) with p = 2. Supposef (x, s) is odd ins
and satisfies(f1), (f2), (f̃4) with p = 2 and (f̃5). Then there isµk ∈ (0,∞] such that
(1.1) possesses at leastk − j + 1 pairs of nontrivial solutions for allµ ∈ (0,µk).

We observe that in Theorems A and C, for a givenk ∈ N, the existence ofk pairs of
nontrivial solutions may be obtained by supposing lim inf|s|→∞F(x, s)/|s|p > L, for L
sufficiently large, instead of(f4) (see the proof of Lemma 4.3 in Section 4).

It is worthwhile mentioning that, althoughf is subcritical, we may not guarantee the
existence of multiple solutions for (1.1) whenµ = 0 since, under the condition(f2),
the functional associated with (1.1) may not satisfy the Palais–Smale condition, as it is
shown in Section 5, Example 5.4.
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When f does not possess odd symmetry with respect to the second variable, we
establish the existence of one nontrivial nonnegative and one nontrivial nonpositive
solution to(1.1) by supposing(f5) and(f̃4) with λk = λ1.

THEOREM E. – Supposef satisfiesf (x,0) = 0, (f1), (f2), (f̃4) with λk = λ1 and
(f5). Then there existsµ1 > 0 such that(1.1) possesses a nontrivial nonnegative and a
nontrivial nonpositive solution for everyµ ∈ (0,µ1).

The above theorem is related to the result of Brezis and Nirenberg [6] for the Laplacian
operator (see also [1,14,24]). We note that the result of Theorem E is not true without
the hypothesis(f̃4) as it is shown in Section 6, Example 6.2.

We organize this work as follows: in Section 2, for the sake of completeness, we
state some preliminary results. In Section 3, we verify that the functional associated
with the problem (1.1) satisfies the Palais–Smale condition below a given level for
µ > 0 sufficiently small. The proofs of Theorems A and C are presented in Section 4.
Theorems D and E are proved in Sections 5 and 6, respectively. Finally, Section 7 is
concerned with a result related to a generalized version of problem (1.2).

2. Preliminary results

We start this section by recalling the variational framework for the problem (1.1). Con-
sidering the Sobolev spaceW 1,p

0 (
) endowed with the norm‖u‖ = (
∫

 |∇u|p dx)1/p, the

functional associated with (1.1) is given by

Iµ(u) = 1

p

∫



|∇u|p dx − µ

p∗

∫



|u|p∗
dx −

∫



F(x,u)dx, (2.1)

for everyu ∈ W
1,p
0 (
). Standard arguments [21,10] show that, under the assumption

(f1), Iµ belongs toC1(W
1,p
0 (
),R). Furthermore, the (weak) solutions of (1.1) are

precisely the critical points of this functional.
We recall that givenE a real Banach space andI ∈ C1(E,R), we say thatI satisfies

the Palais–Smale condition on the levelc ∈ R, denoted by(PS)c, if every sequence
(un) ⊂ E such thatI (un) → c and I ′(un) → 0, asn → ∞, possesses a convergent
subsequence. In this article we shall be using the following version of the symmetric
mountain pass theorem (see [2,5,22]).

THEOREM 2.1. – LetE = V ⊕ X, whereE is a real Banach space andV is finite
dimensional. SupposeI ∈ C1(E,R) is an even functional satisfyingI (0)= 0 and
(I1) there is a constantρ > 0 such thatI |∂Bρ∩X � 0;
(I2) there is a subspaceW of E with dimV < dimW < ∞ and there isM > 0 such

that maxu∈W I (u) <M;
(I3) consideringM > 0 given by(I2), I satisfies(PS)c for 0 � c �M .

ThenI possesses at leastdimW − dimV pairs of nontrivial critical points.

Next, we enunciate the concentration-compactness principle due to Lions [19]. This
will be the keystone that enable us to verify thatIµ satisfies the(PS)c condition. First
we recall a measure theory result (see, e.g., [12]).
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LEMMA 2.2. – Let (un) ⊂ W
1,p
0 (
) be a bounded sequence,1 � p < N . Then,

there exist two nonnegative and bounded measures on�
, µ and ν, and there exists a
subsequence of(un), still denoted by(un), such that|∇un|p dx ⇀µ, |un|p∗

⇀ν weakly
in the sense of measures.

We also recall that the best Sobolev constant for the embedding ofW
1,p
0 (
) into

Lp∗
(
) is given by

S = inf
u∈W1,p

0 (
)

u �≡0

∫

 |∇u|p dx

(
∫

 |u|p∗ dx)p/p∗ . (2.2)

LEMMA 2.3. – Suppose1 � p < N and let (un) ⊂ W
1,p
0 (
) be such thatun ⇀ u

weakly inW 1,p
0 (
) and |∇un|p dx ⇀µ, |un|p∗

dx ⇀ ν weakly in the sense of measures,
whereµ and ν are nonnegative and bounded measures on�
. Then there exist some at
most countable index setJ and a family{xj : j ∈ J } of points in�
 such that

(a) ν = |u|p∗
dx + ∑

j∈J νj δxj , where{νj : j ∈ J } is a family of positive numbers;
(b) µ � |∇u|p dx + ∑

j∈J µj δxj , where{µj : j ∈ J } is a family of positive numbers
satisfyingS(νj )p/p

∗ �µj for all j ∈ J . In particular,
∑

j∈J (νj )p/p
∗
<∞.

3. The Palais–Smale condition

In this section we verify that the functionalIµ satisfies the(PS)c condition below
a given level whenµ > 0 is sufficiently small. In order to do this, we need some
preliminary results. By sup{|f (x, s)|: x ∈
, |s| �M}<∞ for everyM > 0, and(f1),
givenε > 0 we may find a constantCε > 0 such that∣∣f (x, s)s∣∣ �Cε + ε|s|p∗

, for everys ∈ R, a.e. in
, (3.1)∣∣F(x, s)∣∣ �Cε + ε

p∗ |s|p∗
, for everys ∈ R, a.e. in
. (3.2)

LEMMA 3.1. – Supposef satisfies(f1). Let(un)⊂W
1,p
0 (
) be a bounded sequence.

Then, there isu ∈W
1,p
0 (
) such that, up to subsequence,∫




∣∣f (x,un)un − f (x,u)u
∣∣ dx → 0, asn→ ∞. (3.3)

Proof. –Taking a subsequence if necessary, we may suppose thatun ⇀ u weakly
in W

1,p
0 (
) andun → u a.e. in
. Sincef is a Carathéodory function,f (x,un)un →

f (x,u)u a.e. in
. Furthermore, by the embeddingW 1,p
0 (
) ↪→ Lp∗

(
), we haveC > 0
such that

‖u‖p∗
p∗ � C and ‖un‖p∗

p∗ � C, for everyn ∈ N. (3.4)

Now, given δ > 0, we choose 0< ε < δ/(4C) and apply the Egorov’s theorem to
obtain a measurable set
̂ ⊂ 
 such thatf (x,un)un → f (x,u)u uniformly on 
̂ and
|
 \ 
̂| < δ/(4Cε), whereCε is the constant in (3.1). Therefore, using (3.1) and (3.4),
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we have

0 �
∫



∣∣f (x,un)un − f (x,u)u
∣∣ dx �

∫

̂

∣∣f (x,un)un − f (x,u)u
∣∣ dx + δ.

The lemma is proved by takingn → ∞ and considering thatδ > 0 is arbitrarily
chosen. ✷

By argument similar to the one used in the proof of Lemma 3.1, we may verify that if
(un) is a bounded sequence then there isu ∈W

1,p
0 (
) such that, up to subsequence,∫




f (x,un)v dx →
∫



f (x,u)v dx, asn→ ∞, (3.5)

and ∫



|un|p∗−2unv dx →
∫



|u|p∗−2uv, asn→ ∞, (3.6)

for everyv ∈W
1,p
0 (
). Furthermore, using Lemma 3.1 and Lemmas 2.2–2.3, we obtain

the following results (see e.g. [25,24]).

LEMMA 3.2. – Suppose f satisfies(f1). Let (un)⊂ W
1,p
0 (
) be a bounded sequence

satisfyingI ′
µ(un) → 0 in W−1,p′

(
) asn → ∞. Then, consideringνj , j ∈ J , given by
Lemma2.3, we have eitherνj � (S/µ)N/p or νj = 0.

As a consequence of Lemma 3.2, the setJ of Lemma 2.3 is finite. Using this fact, we
may show

LEMMA 3.3. – Supposef satisfies(f1). Let(un) be a bounded sequence inW 1,p
0 (
)

satisfyingI ′
µ(un)→ 0 asn→ ∞. Then, up to a subsequence,

|∇un|p−2∇un ⇀ |∇u|p−2∇u weakly in
[
Lp′

(
)
]N
,

wherep′ = p/(p− 1).

Now we may state the main result on this section.

PROPOSITION 3.4. – Supposef satisfies(f1) and (f2). Then, givenM > 0, there
existsµ∗ > 0 such that Iµ satisfies the(PS)c condition for all c < M , provided
0<µ<µ∗.

Proof. –GivenM > 0, set

µ∗ = min
{
S,

[
SN/p

(N(M +A))1/α

] 1
N/p−1/α

}
, (3.7)
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where S is given by (2.2),A = a1|
| + a2|
|α, α = (p∗ − σ )/p∗ anda1, a2, σ are the
constants in(f2). Considering 0<µ<µ∗, by (3.7), sinceσ < p, we have

1<
(
S

µ

)N/p

(3.8)

and [
N(M +A)

µ

]1/α

<

(
S

µ

)N/p

. (3.9)

Now, givenc <M , let (un)⊂W
1,p
0 (
) be such that (i)Iµ(un)→ c, and (ii)I ′

µ(un)→ 0

in W−1,p′
(
), asn → ∞. We must show the existence of a subsequence of(un) which

converges strongly inW 1,p
0 (
). First, we claim that(un) is bounded inW 1,p

0 (
). Indeed,
by (i) and (ii), forn sufficiently large,

c+ 1+ ‖un‖ � Iµ(un)− 1

p

〈
I ′
µ(un), un

〉
. (3.10)

Also, invoking(f2) and Hölder’s inequality,

Iµ(un)− 1

p

〈
I ′
µ(un), un

〉
� µ

N
‖un‖p∗

p∗ − a1|
| − a2|
|α‖un‖p∗(1−α)
p∗ . (3.11)

Furthermore, by Young’s inequality, we may write

‖un‖p∗(1−α)
p∗ � δ‖un‖p∗

p∗ +Cδ,

with δ = µ

2Na2|
|α andCδ = α(1−α
δ
)(1−α)/α. The previous inequality, (3.10) and (3.11)

give us

‖un‖p∗
p∗ � C +C‖un‖, (3.12)

for some positive constantC > 0. Now, by (i), (3.2) and (3.12) we obtainC ′ > 0 such
that‖un‖p � C ′ + C ′‖un‖. This prove the claim. Hence, without loss of generality, we
may assume that there isu ∈W

1,p
0 (
) such that(un) satisfies (3.3), (3.5), (3.6) and, from

Lemmas 2.2–2.3 and 3.3,

|∇un|p−2∇un ⇀ |∇u|p−2∇u weakly in
[
Lp′

(
)
]N
, (3.13)

|un|p∗
dx ⇀ ν = |u|p∗

dx + ∑
j∈J

νj δxj , (3.14)

weakly in the sense of measures, whereν is a nonnegative bounded measure in�
, J is
a finite set,{xj : j ∈ J } is a family of points in�
, and{νj : j ∈ J } is a family of positive
numbers.
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We claim that
∫

 dν < (S/µ)N/p. Indeed, if

∫

 dν � 1, this follows by (3.8).

Otherwise, takingn→ ∞ in (3.11), we obtain

µ

N

∫



dν � c+ a1|
| + a2|
|α
(∫




dν
)1−α

�
(
M + a1|
| + a2|
|α)(∫




dν
)1−α

.

Therefore, by (3.9), the claim is proved. As a consequence of this fact and Lemma 3.2,
we conclude thatνj = 0 for all j ∈ J . Consequently, by (3.14),∫




|un|p∗
dx →

∫



|u|p∗
dx. (3.15)

Now, from 〈I ′
µ(un), un〉 = o(1) and 〈I ′

µ(un), u〉 = o(1), taking n → ∞, we obtain,
using (3.15), (3.3), (3.13), (3.6) and (3.5),

lim
n→∞

∫



|∇un|p dx = µ

∫



|u|p∗
dx +

∫



f (x,u)udx and

∫



|∇u|p dx = µ

∫



|u|p∗
dx +

∫



f (x,u)udx.

Hence, sinceW 1,p
0 (
) is uniformly convex, we have thatun → u strongly inW 1,p

0 (
).
The proof of Proposition 3.4 is complete.✷

4. Proofs of Theorems A and C

In this section we prove Theorems A and C by verifying that the functionalIµ defined
in (2.1) satisfies the hypotheses of Theorem 2.1. First, we recall that each basis(ei)i∈N

for a real Banach spaceE is a Schauder basis forE, i.e., givenn ∈ N, the functional
e∗
n :E → R defined by

e∗
n(v)= αn, for v =

∞∑
i=1

αiei ∈E, (4.1)

is a bounded linear functional [20,18]. We observe that the existence of a Schauder basis
for the spaceW 1,p

0 (
) was proved by Fucik, John and Necas in [13].
Now, fixing a Schauder basis(ei)i∈N for W 1,p

0 (
), for j ∈ N we set

Vj = {
u ∈W

1,p
0 (
): e∗

i (u)= 0, i > j
}
,

Xj = {
u ∈W

1,p
0 (
): e∗

i (u)= 0, i � j
}
.

(4.2)

It follows by (4.1) thatW 1,p
0 (
) = Vj ⊕ Xj . The next lemma exploits the existence of

a Schauder basis forW 1,p
0 (
) and the fact that the embeddingW 1,p

0 (
) ↪→ Lp(
) is
compact.
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LEMMA 4.1. – Givenp � r < p∗ andδ > 0, there isj ∈ N such that, for allu ∈Xj ,
‖u‖rr � δ ‖u‖r .

Proof. –First, we prove the lemma forr = p: arguing by contradiction, we suppose
that there existδ > 0 anduj ∈Xj , for everyj ∈ N, such that‖uj‖pp > δ ‖uj‖p. Taking
vj = uj/‖uj‖p, we have‖vj‖p = 1, for everyj ∈ N, and‖vj‖p < 1/δ. Hence,(vj ) ⊂
W

1,p
0 (
) is a bounded sequence and we may suppose, without loss of generality, that

vj ⇀ v weakly inW 1,p
0 (
). Furthermore,e∗

n(v) = 0 for everyn ∈ N sincee∗
n(vj ) = 0

for all j � n. This shows thatv = 0. On the other hand, by the compactness of the
embeddingW 1,p

0 (
) ↪→ Lp(
) we conclude that‖v‖p = 1. This proves the lemma for
r = p. As a consequence of this fact and the Gagliardo–Nirenberg inequality, the lemma
is also true forp < r < p∗. ✷

LEMMA 4.2. – Supposef satisfies(f3). Then there exist̃µ> 0, j ∈ N andρ,α > 0
such thatIµ |∂Bρ∩Xj

� α for all 0<µ< µ̃.

Proof. –By (f3) and the Sobolev embedding theorem, we findb3 > 0 such that

Iµ(u)� 1

p
‖u‖p − b1‖u‖θθ − b2|
| − b3µ‖u‖p∗

.

Consequently, consideringδ > 0 to be chosen posteriorly, by Lemma 4.1, we have

Iµ(u)� ‖u‖p
(

1

p
− b1δ‖u‖θ−p

)
− b2|
| − b3µ‖u‖p∗

,

for all u ∈Xj andj sufficiently large. Now, taking‖u‖ = ρ = ρ(δ) such thatb1δρ
θ−p =

1/(2p) and noting thatρ(δ)→ ∞ asδ → 0, we chooseδ > 0 such thatρp/2p−b2|
|>
ρp/4p. Next we takeµ̃ > 0 so that

Iµ(u)� 1

4p
ρp − b3µ̃ρ

p∗
> 0,

for everyu ∈Xj , ‖u‖ = ρ. The proof is complete. ✷
LEMMA 4.3. – Suppose f satisfies(f4). Then, givenm ∈ N, there exist a subspace

Wof W 1,p
0 (
) and a constantMm > 0, independent ofµ, such thatdimW = m and

maxu∈W I0(u) <Mm.

Proof. –Let x0 ∈ 
0 and r0 > 0 be such thatB(x0, r0) ⊂ 
 and 0< |B(x0, r0) ∩

0| < |
0|/2. First, we takev1 ∈ C∞

0 (
) with supp(v1) = B(x0, r0). Considering

1 = 
0 \ [B(x0, r0) ∩ 
0] ⊂ 
̂0 = 
 \ B(x0, r0), we have|
1| > |
0|/2 > 0. Let
x1 ∈ 
1 and r1 > 0 be such thatB(x1, r1) ⊂ 
̂0 and 0< |B(x1, r1) ∩ 
1| < |
1|/2.
Next, we takev2 ∈ C∞

0 (
) with supp(v2)= B(x1, r1). After a finite number of steps, we
getv1, . . . , vm such that supp(vi)∩ supp(vj )= ∅, i �= j and|supp(vj )∩
0|> 0, for all
i, j ∈ {1, . . . ,m}. LetW = span{v1, . . . , vm}. By construction, dimW =m and∫


0

|v|p dx > 0, for everyv ∈W \ {0}. (4.3)
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Since

max
u∈W\{0} I0(u)= max

t>0
v∈∂B1(0)∩W

{
tp

[
1

p
− 1

tp

∫



F(x, tv)dx
]}

,

to prove the lemma it suffices to verify that

lim
t→∞

1

tp

∫



F(x, tv)dx >
1

p
, (4.4)

uniformly for v ∈ ∂B1(0) ∩ W . By sup{|f (x, s)|: x ∈
, |s| �M} < ∞ for every
M > 0, and(f4), givenL> 0, there isC > 0 such that

F(x, s) � L|s|p −C, for everys ∈ R, a.e. in
0.

Consequently, forv ∈ ∂B1(0)∩W andt > 0,∫



F(x, tv)dx �Ltp
∫

0

|v|p dx −C|
0| − tp
∫


\
0

|h1||v|p dx − c1|
 \
0|

and

lim
t→∞

1

tp

∫



F(x, tv)dx � Lr − ‖h1‖1R,

wherer = min{∫
0
|v|p dx: v ∈ ∂B1(0) ∩ W } andR = max{‖v‖p∞: v ∈ ∂B1(0) ∩ W }.

Observing thatW is finite dimensional and invoking (4.3), we have thatR < ∞ and
r > 0. The inequality (4.4) is obtained by takingL > (1/r)(1/p + ‖h1‖1R). The proof
is complete. ✷

Proof of Theorem A. –First, we recall thatW 1,p
0 (
)= Vj ⊕Xj whereVj andXj are

defined in (4.2). Invoking Lemma 4.2, we findj ∈ N andµ̃ > 0 such thatIµ satisfies(I1)

with X =Xj for all 0<µ< µ̃. Now, by Lemma 4.3, there is a subspaceW of W 1,p
0 (
)

with dimW = k + j = k + dimVj and such thatIµ satisfies(I2). By Proposition 3.4,
taking µ̃ smaller if necessary, we also have thatIµ satisfies(I3) for 0< µ < µ̃. Since
Iµ(0) = 0 andIµ is even, we may apply Theorem 2.1 to conclude thatIµ possesses at
leastk pairs of nontrivial critical points forµ> 0 sufficiently small. ✷

Before proving the Theorem C, let us remember thatλ1 is the smallest positive real
numberµ such that the problem{−�pu= λ|u|p, x ∈
,

u= 0, x ∈ ∂
,

has a nontrivial weak solution. In [4], Anane proved that the eigenvalueλ1 can be
characterized by

λ1 = inf
{∫




|∇w|p dx: w ∈W
1,p
0 (
) and

∫



|w|p dx = 1
}
.
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Furthermore, ifϕ1 is an eigenfunction associated withλ1, then eitherϕ1 is positive orϕ1

is negative in
.

LEMMA 4.4. – Let a :
 → R be a measurable function such thata � �≡ λ1. Then
there existsβ > 0 such that∫




(|∇u|p − a+|u|p)
dx � β

∫



|u|p dx, for everyu ∈W
1,p
0 (
),

wherea+ = max{a,0}.
Proof. –Arguing by contradiction, we suppose that for everyn ∈ N there exists

un ∈W
1,p
0 (
), such that

∫



(|∇un|p − a+(x)|un|p)
dx <

1

n

∫



|un|p dx.

Consideringvn = un
‖un‖p , from a � λ1, we obtain

λ1 �
∫



|∇vn|p dx <
∫



a+(x)|vn|p dx + 1

n
� λ1 + 1

n
. (4.5)

In particular, we have that(vn) ⊂ W
1,p
0 (
) is a bounded sequence. Therefore, up to

subsequence,vn ⇀ v, weakly inW 1,p
0 (
), vn → v strongly inLp(
), vn → v a.e. in


 and |vn(x)| � h(x) ∈ Lp(
) a.e. in
. Thus,‖v‖p = 1. Takingn → ∞ in (4.5) and
applying the Lebesgue’s dominated convergence theorem, we get∫




(λ1 − a+)|v|p dx = 0. (4.6)

Furthermore, by (4.5) and the characterization ofλ1,∫



|∇v|p dx � lim inf
n→∞

∫



|∇vn|p dx = λ1 �
∫



|∇v|p dx.

Hence,v is an eigenvalue associated withλ1. Consequently,v > 0 or v < 0 in 
. This
contradicts (4.6) anda � �≡ λ1. The proof is complete. ✷

The proof of the next result is based on the previous lemma and on an argument
from [25]. We sketch it here for the sake of completeness.

LEMMA 4.5. – Supposef satisfies(f1) and (f5). Givenµ > 0, there are constants
ρ,α > 0 such thatIµ|∂Bρ

� α.
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Proof. –Using that sup{|f (x, s)|: x ∈
, |s| �M} < ∞, for everyM > 0, (f1) and
(f5), we may verify that, givenε > 0 there existsCε > 0 such that

F(x, s) � Cε|s|p∗

p∗ + a(x)+ ε

p
|s|p, for everys ∈ R, a.e. in
. (4.7)

Now, consideringβ > 0 provided by Lemma 4.4, we takeε′ > 0 such thatβ − ε′λ1 >

0. Sincea+(x)� λ1 a.e. in
, we have∫



(|∇u|p − a|u|p)
dx � 1

1+ ε′ (1+ ε′)
∫



(|∇u|p − a+|u|p)
dx

� 1

1+ ε′

[∫



[β − ε′λ1]|u|p dx + ε′
∫



|∇u|p dx
]

� ε′

1+ ε′

∫



|∇u|p dx.

Using the last expression, (4.7), the Sobolev embedding theorem and takingε > 0
sufficiently small, we obtain a constantK > 0 such thatIµ(u) � K‖u‖p − C‖u‖p∗

.
This completes the proof of the lemma.✷

Proof of Theorem C. –The proof is similar to the proof of Theorem A withV = {0},
X =W

1,p
0 (
) and Lemma 4.5 replacing Lemma 4.2.✷

5. Proof of Theorem D

Let 0< λ1 < λ2 � · · · � λi � · · · be the sequence of eigenvalues of−� on
 under
the Dirichlet boundary conditions. We denote byϕi the corresponding eigenfunctions
with ‖ϕi‖ = 1. Consideringλj � λk, given in (f̃4) and (f̃5), we setV = {0} if j = 1,
V = span{ϕ1, . . . , ϕj−1} if j > 1, andW = span{ϕ1, . . . , ϕk}. In order to apply the
Theorem 2.1, first we verify that(I2) holds for the subspaceW . By the variational
characterization of the eigenvalues(λi)i∈N, and the definition ofIµ, we have

LEMMA 5.1. – Supposef satisfies(f̃4). Then there isMk > 0, independent ofµ,
such thatmaxu∈W Iµ(u) <Mk .

Furthermore, using the unique continuation property for the eigenfunctionsϕi , we
may establish the following version of Lemma 4.4.

LEMMA 5.2. –Let a :
 → R be a measurable function such thata � �≡ λj . Then
there existsβ > 0 such that, for allu ∈W

1,2
0 ∩ V ⊥,∫




(|∇u|2 − a+u2)dx � β

∫



u2 dx,

wherea+ = max{a,0}.
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The next result, based on the above lemma, is analogous to Lemma 4.5.

LEMMA 5.3. – Supposef satisfies(f1) and(f̃5). Then, there are constantsρ,α > 0
such thatIµ |∂Bρ∩V⊥� α.

Proof of Theorem D. –By Lemmas 5.3 and 5.1,Iµ satisfies(I1) and(I2). Moreover,
by Proposition 3.4, there isµk > 0 such thatIµ satisfies(I3) for everyµ ∈ (0,µk). Since
Iµ(0) = 0 andIµ is even, we may invoke Theorem 2.1 to conclude that(1.1) possesses
at leastk − j + 1 pairs of nontrivial solutions for allµ ∈ (0,µk). ✷

As mentioned in the Introduction, we don’t know if the problem(1.1) possesses
multiple solutions whenµ = 0 since in this case the functional may not satisfy the
Palais–Smale condition. The following example illustrates this fact.

EXAMPLE 5.4. – Consider(1.1) with µ = 0, p = 2, N = 3 and f :
 × R → R

given by

f (x, s) =

k1s, |s| � 1,

k2s + k3 sign(s), 1< |s| < 2,

λk+1s, |s| � 2,

where0< k1 < λ1, k2 = 2λk+1 − k1, k3 = 2k1 − 2λk+1. The hypotheses of TheoremD
are satisfied byf , but the functionalI0 does not satisfy the(PS)c condition for c =
(λk+1 − k1)|
|. Indeed, letun = nϕk+1, whereϕk+1 is an eigenfunction associated with
λk+1. For all n large enough, we haveI0(un)= c andI ′

0(un)= 0, butun does not possess
a convergent subsequence.

6. Proof of Theorem E

In order to prove the Theorem E, we will apply the following version of the mountain
pass theorem [22,23]:

THEOREM 6.1. – Let E be a real Banach space. SupposeI ∈ C1(E,R) satisfies
I (0)= 0 and
(I1) there is a constantρ > 0 such thatI |∂Bρ

� 0;
(̂I2) there arev1 ∈ ∂B1(0) andM > 0 such thatsupt�0 I (t v1)�M and

(I3) consideringM > 0 given by(̂I2), I satisfies(PS)c for 0< c <M .
ThenI possesses a nontrivial critical point.

Proof of Theorem E. –We will show that(1.1) possesses a nontrivial solutionu � 0
(the existence of a nontrivial solutionu� 0 can be established in a similar fashion). By
standard arguments it suffices to verify that the problem

−�pu= µup
∗−1 + f̃ (x, u), x ∈
,

u� 0, x ∈
,

u= 0, x ∈ ∂
,

(6.1)
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wheref̃ (x, s) = f (x, s) if s > 0, f̃ (x, s) = 0 if s � 0, possesses a nontrivial solution.
The functionalĨµ ∈ C1(W

1,p
0 (
),R) associated with(6.1) is given by

Ĩµ(u)= 1

p

∫



|∇u|p dx − µ

p∗

∫



(u+)p
∗
dx −

∫



F̃ (x, u)dx,

with F̃ (x, s) = ∫ s

0 f̃ (x, t)dt . In view of the above remarks, we need to show thatĨµ
possesses a critical pointu �≡ 0. For doing this, we apply the Theorem 6.1. First, we note
that, by Lemma 4.5,̃Iµ satisfies(I1). Now, let ϕ1 > 0 be the eigenfunction associated
with λ1. By a direct application of(f̃4), for everyt > 0, we get

Ĩµ(tϕ1)� tp

p

∫



|∇ϕ1|p dx − tp

p
λ1

∫



|ϕ1|p dx +B|
| = B|
|.

Hence(̂I2) holds. In order to show that there existsµ∗ such thatĨµ satisfies(I3) for
all µ ∈ (0,µ∗), we adapt the proof of Proposition 3.4 for the functionalĨµ. Taking
(un) ⊂ W

1,p
0 (
) with Ĩµ(un) → c and Ĩ ′

µ(un) → 0 in W−1,p′
(
), we first assert that

u−
n → 0 asn→ ∞. Indeed, by the definition of̃Iµ, we have,

‖u−
n ‖p = 〈

Ĩ ′
µ(un), u

−
n

〉
�

∥∥Ĩ ′
µ(un)

∥∥‖u−
n ‖.

Since Ĩ ′
µ(un) → 0, we obtain the assertion. By the Sobolev embedding, we also have

‖u−
n ‖p∗ → 0. Next, we proceed in a similar fashion to Proposition 3.4 withu+

n replacing
un to conclude that(I3) holds. Applying the Theorem 6.1, we conclude thatĨµ possesses
a nontrivial critical point forµ ∈ (0,µ∗). The proof of Theorem E is complete.✷

We note that the result of Theorem E is not true without the hypothesis(f̃4). Indeed,
consider the example:

EXAMPLE 6.2. – In the problem(1.1), let p = 2, N = 3, f (x, s) = βs with β <

λ1/4, and
 a ball in R
N , i.e., consider the problem{

−�u= µu5 + βu, x ∈
,

u= 0, x ∈ ∂
.
(6.2)

In this case, every hypothesis of TheoremE are satisfied, except(f̃4). Assuming by
contradiction that the thesis of TheoremE is true, we findµ̂ > 0 such that(6.2)possesses
a solutionu� 0 for all µ ∈ (0, µ̂). Consequently, takingµ< µ̂, we have thatv = µ1/4u

solves the problem 
−�v = v5 + βv, x ∈
,

v > 0, x ∈
,

v = 0, x ∈ ∂
,

for β < λ1/4. However, this contradicts the Theorem1.2 in [6].
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7. A generalization of Theorem B

In this section we study a version of problem (1.2) for a term more general than
|u|q−2u. More specifically, we consider the problem{

−�pu= |u|p∗−2u+ λ|u|p−2u+ βg(x,u), x ∈
,

u= 0, x ∈ ∂
,
(7.1)

where β > 0, λ ∈ R and g :
 × R → R is a Carathéodory function satisfying
sup{|g(x, s)|: x ∈
, |s| �M} < ∞, for every M > 0. Furthermore, considering
G(x, s) = ∫ s

0 g(x, t)dt , we suppose thatg satisfies
(g1) lim |s|→∞ g(x,s)

|s|p∗−1 = 0, uniformly a.e. in
;
(g2)

1
p
g(x, s)s −G(x, s) � 0, for everys ∈ R, a.e. in
;

(g3) there areq ∈ (p,p∗), a ∈L∞(
), a(x) � �≡ 0 such that
g(x, s)s � a(x)|s|q , for everys ∈ R, a.e. in
;

(g4) there are constantsc1, c2 > 0 and r∈ [q,p∗), q given by (g3), such that
G(x, s) � c1|s|r + c2|s|q , for everys ∈ R, a.e. in
.

The next theorem establishes the existence of multiple solutions to (7.1) provided
β > 0 is sufficiently large.

THEOREM F. – Supposeg(x, s) is odd in s and satisfies(g1)–(g4). Then, given
k ∈ N, there existsβk > 0 such that the problem(7.1) possesses at leastk pairs of
nontrivial solutions for allβ > βk .

In order to prove Theorem F we note thatu is a solution of(7.1) wheneverv = β
1

q−p u,
q given by(g3), is a solution of{

−�pv = µ|v|p∗−2v + f (x, v,µ), x ∈
,

v = 0, x ∈ ∂
,
(7.2)

whereµ = (1/β)
p∗−p
q−p andf (x, s,µ) = λ|s|p−2s + (1/µ)

q−1
p∗−p g(x,µ

1
p∗−p s). Hence, our

goal is to verify that, givenk ∈ N, the problem (7.2) possesses at leastk pairs of
nontrivial solutions forµ sufficiently small. The functional associated with (7.2) is given
by

Jµ(v)= 1

p

∫



|∇v|p dx − µ

p∗

∫



|v|p∗
dx −

∫



F(x, v,µ)dx,

where

F(x, s,µ) =
s∫

0

f (x, t,µ)dt = λ

p
|s|p +

(
1

µ

) q

p∗−p

G
(
x,µ

1
p∗−p s

)
. (7.3)

In order to apply Theorem 2.1, first we verify thatJµ satisfies the(PS)c condition below
a given level whenµ> 0 is sufficiently small.

LEMMA 7.1. – Supposeg satisfies(g1) and (g2). Then, givenM > 0, there exists
µ∗ > 0 such thatJµ satisfies the(PS)c condition for allc <M , provided0<µ<µ∗.
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Proof. –The argument applied is similar to the one used in the proof of Proposi-
tion 3.4. GivenM > 0, we set

µ∗ =
(
SN/p

MN

) p
N−p

,

where S is given by (2.2). Fixed 0< µ < µ∗, we take (un) ⊂ W
1,p
0 (
) such that

(i) Jµ(un)→ c and (ii)J ′
µ(un)→ 0 inW−1,p′

(
), asn→ ∞. Using (i), (ii) and(g2) we
may show that

‖un‖p∗ � C +C‖un‖, (7.4)

for some positive constantC > 0. Considering (i), (7.4) and(g1) we may verify that(un)
is bounded inW 1,p

0 (
). Consequently, sinceµ is fixed, by(g1) and Lemma 3.1, we may
suppose that∫




g
(
x,µ

1
p∗−p un

)
µ

1
p∗−p un dx →

∫



g
(
x,µ

1
p∗−p u

)
µ

1
p∗−p udx

and ∫



g
(
x,µ

1
p∗−p un

)
µ

1
p∗−p udx →

∫



g
(
x,µ

1
p∗−p u

)
µ

1
p∗−p udx,

asn→ ∞. Moreover, from Lemmas 2.2–2.3,

|un|p∗
dx ⇀ ν = |u|p∗

dx + ∑
j∈J

νj δxj ,

weakly in the sense of measures, whereν is a nonnegative bounded measure in�
,
{xj : j ∈ J } is a family of points in�
, {νj : j ∈ J } is a family of positive numbers.
Sinceµ is fixed, we may use(g1) to conclude, as in Lemma 3.2, that eitherνj = 0 or
νj > (S/µ)N/p. Hence,J is a finite set. Consequently, invoking(g1) one more time and
applying Lemma 3.3, we may suppose that

|∇un|p−2∇un ⇀ |∇u|p−2∇u weakly in
[
Lp′

(
)
]N
.

Furthermore, by(g2),

Jµ(un)− 1

p

〈
J ′
µ(un), un

〉
� µ

N

∫



|un|p∗
dx.

Takingn→ ∞ in the previous inequality, we haveµ
N

∫

 dν � c. By our choice ofµ∗, we

conclude thatνj = 0 for every j∈ J , sincec <M andµ< µ∗. Now we may complete
the proof of this lemma as we have done in the proof of Proposition 3.4.✷

Now we verify the geometry required by Theorem 2.1.
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LEMMA 7.2. –Supposeg satisfies(g4). Then there exist̃µ > 0, j ∈ N andρ,α > 0
such thatJµ |∂Bρ∩Xj

� α for all 0<µ< µ̃.

Proof. –For an arbitraryµ0 > 0, let 0<µ<µ0. Considering (7.3) and(g4), we have

F(x, s,µ) � λ

p
|s|p + c1µ

r−q

p∗−p

0 |s|r + c2|s|q � b1|s|r + b2,

for everys ∈ R, a.e. in
, whereb1, b2 are positive constants independent ofµ. Hence,
F(x, s,µ) satisfies(f3) for all 0< µ < µ0 and we may proceed as in Lemma 4.2 to
conclude the proof of this lemma.✷

LEMMA 7.3. – Suppose g satisfies(g3). Then, givenm ∈ N, there is a subspaceW
of W 1,p

0 (
) and a constantMm > 0, independent ofµ, such thatdimW = m and
maxu∈W Iµ(u) <Mm.

Proof. –We have, for everyµ> 0,

Jµ(v)� 1

p

∫



|∇v|p dx −
∫



F(x, v,µ)dx.

Furthermore, considering (7.3) and(g3), we have

F(x, s,µ) � λ

p
|s|p + a(x)

q
|s|q , for everys ∈ R, a.e. in
.

Letting 
0 be the subset of
 wherea(x) is strictly greater thana0 for somea0 > 0,
we see thatF(x, s,µ) satisfies(f4) independent ofµ. Hence, we may proceed as in
Lemma 4.3 to complete the proof of this lemma.✷

By invoking Lemmas 7.1–7.3, we may conclude, as in the proof of Theorem A, that
given k ∈ N, there isµk > 0 such that the problem (7.2) possesses at leastk pairs of
nontrivial solutions for allµ ∈ (0,µk). Theorem F is a direct consequence of this fact.
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