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ABsTRACT. — We construct a family of quasiperiodic Schrédinger oper-
ators in dimension one and in the tight binding approximation, having
purely absolutely continuous spectrum. We work in momentum space
and use a superconvergent approximation scheme to construct a unitary
transformation that diagonalizes these operators on L?(B), B=[—m, =)
being the first Brillouin zone of the unperturbed part. The transformed
operators are multiplications by a function E_ (k)eL® (B) which might
have a dense set of jump discontinuities and is the uniform limit as # — oo
of functions E, (k) with a finite number of discontinuities. Our control on
the functions E, (k) and its first two derivatives is good enough to ensure
the absence of pure point and singular continuous spectrum.
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RESUME. — Nous construisons une famille d’opérateurs de Schradinger
en dimension un et avec interaction a courte portée, ayant un spectre
purement absolument continu. Nous travaillons dans I’espace de Fourier
et utilisons un schéma d’approximation super-convergent pour construire
une transformation unitaire qui diagonalise ces opérateurs sur L2 (B),
B=[—m, n] étant la premiére zone de Brillouin de la partie libre. Les
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C. ALBANESE

opérateurs transformés sont des multiplications par une fonction
E_ (k)eL*(B) qui peut avoir un ensemble dense de sauts et est la limite
uniforme quand n — oo de fonctions E, (k) avec un nombre fini de disconti-
nuités. Le controle sur les fonctions E, (k) et leur deux premiéres dérivées

est suffisant pour impliquer 'absence de spectre ponctuel et singulier
continu.
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QUASIPERIODIC SCHRODINGER OPERATORS 3

1. INTRODUCTION

In this paper, we construct a class of finite-difference Schrédinger
operators in dimension one with a weak quasi-periodic potential, whose
spectrum is purely absolutely continuous. The operators we consider act
on Z(Z) and have the form

Ho=—Ag, +te Y, v§cos(®,x)+sin (o, x). (1.1
i=1
To explain the notations, let B={—mn, n) and let & : [ (Z) - L?(B) be the
Fourier transform operator such that if ue/?{Z) we have

(?u)(k)=LZe"‘xu(x) (1.2)
2

N

The operator Ag, is the generalized Laplacian given by
Ag,=F 'EoF (1.3)

where E,: L? (B) —» L?(B) is the operator of multiplication by the function
E, (k) on B. If E,(k)=1—cos k, then (1.3) is the usual Laplacian opera-
tor. We assume that E, (k) belongs to the space %}, (B) of the functions
on B satisfying periodic boundary conditions and having r bounded deriva-
tives, for some fixed r=2. We refer 7, (B) to the topology induced by the
norm

dm

v E(k)

sup . (1.4)
keB

The frequencies ®;, i=1, ...,s, in (1.1) are numbers in | —x, 7] satisfying
the following Diophantine conditions

ngl(._z |p.-l>_ ° (1.5)

for all (s+ 1)-ple of integers g, p;, i=1, ...,s, for some D,>0 and some
8,>s+1. The set of these frequencies has full Lebesgue measure in
[—m, =]’ In (1.1), +§ and o} are numbers in [—1, 1]. Finally, the coupling
€ is our small perturbation parameter.

Our aim in this paper is to diagonalize the operator H, in momentum
space and to prove the following result:

Z piw;+2ng

i=1

THEOREM 1. — For all choices of the parameters w;, 5, vi(i=1,...,s)
satisfying the conditions above and for all integers r=23, there is a dense
subset & of €, (B) such that if Eq€% then the operator H, in (1.1) has
purely absolutely continuous spectrum for at least one value of the coupling €
and all eigenfunctions are uniformly bounded.

Vol. 10, n° 1-1993.



4 C. ALBANESE

In the rest of this introductory section we review preceeding results on
this class of problems and explain our motivations to study the specific
question of the existence of quasiperiodic Schrodinger operators with pure
absolutely continuous spectrum with direct diagonalization methods. Then,
we give an outline of the method we use to construct a family of such
operators.

The first results obtained on one dimensional Schrédinger operators
with weak quasi-periodic potentials concern the Floquet theory for
operators with standard laplacian in the continuum of the following form

2

d
Hz_;;‘*'ng(x) (16)

where

D, (X) =Y, 1§ cOs @; X + v} sin ®; x. a.7n

i

The eigenvalue equation Hy=E s can be seen as the ordinary differential
equation

A 0 1
X' (1) (vm(x)—E 0>X(t) (1.8)
where t=x and
_ \lf’(t))
X({= . 1.9
® ( v 1.9

Equation (1.8) is said reducible if there is a matrix Aes/(2, R) and an
analytic matrix valued function Y:T5 - GL (2, R), TS=[0, 2n]° being the
S dimensional torus, such that

X(t)=Y<%t>eA’. (1.10)

If v, (x) is periodic, then the system (1.7) is reducible for all energies,
see for instance [RS4]. On the other hand, the quasiperiodic case is
not so straightforward. In case the frequencies ®; i=1,...s, satisfy a
Diophantine condition as (1.5), reducibility depends on the arithmetic
properties of the rotation number

p(E)= lim argX(¥)v, (1.11)
[tf - o
where ve R2. One can show [JM] that this limit exists, it doesn’t depend

on v and p(E) is a monotone continuous function of E. Moreover, the
spectrum of H is given by

c(H)=R\p (@), (1.12)

Annales de UInstitut Henri Poincaré - Analyse non linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 5

”Il={ Y poy, pieZ} being the frequency module. Thus, if p (E)e % then
j=1

E is in the closure of a gap. In this case, Moser and Poschel [MP] prove
that the system (1.7) is reducible and that A=0 if {E} is a collapsed
gap, A is nilpotent and #0 if E is the endpoint of a gap and det A #0 if
E is inside a gap. The opposite case in which p (E) is Diophantine with
respect to the frequency module %, i.e.

1 N
'P(E)”Ezpiw;|é (1.13)
i=1

& |Pi |)Or
for some ¢, >0 and all p,eZ, is studied in the pioneering work [DS]
by Dinaburg and Sinai, who show the existence of a subset of o (H) of
large but not full Lebesgue measure for which p(E) is Diphantine and
system (1.8) is reducible. Finally, Eliasson [E] improved these results by
showing reducibility for all energies for which p(E) is either Diophantine
or rational.

Eliasson also proves that if p(E) is Liouville, i.e. neither Diophantine
with respect to % nor in %, then we have

inf lim |X(t)—X(O)[<%|X(O)| (1.14)
Jt] = o
and
lim ‘)Tt(’” —0. (1.15)
fe] = o

This is far from implying reducibility. On the contrary, Eliasson can also
show that for a generic quasiperiodic potential there exists an energy for
which p(E) is Liouville and X (¢) is unbounded. Finally, by using an idea
in the paper by Delyon and Sinai [DS], Eliasson also proves that the
spectrum is purely absolutely continuous. Hence, in the one dimensional
case Floquet theory gives a complete description of the spectral properties
of quasiperiodic operators with small potential or for large energies.
However, these methods are genuinely one-dimensional and they cannot
be extended to higher dimensions.

A result that may prove more useful to understand the two dimensional
case is the one proven by Chulayevskij and Delyon [CD] according to
which the Schrodinger operator

H=—-A+sccosox (1.16)
has purely absolutely continuous spectrum for small . Here, A is the
standard discretized laplacian and ® is a Diophantine number. By means

of an Aubry [AA] duality transformation, the problem can be reduced to
the localization result in the strong coupling regime for large ¢ obtained

Vol. 10, n° 1-1993.



6 C. ALBANESE

by Sinai [S] and by Frohlich, Spencer and Wittwer [FSW]. It turns out
that the information provided by Sinai’s constructive proof of localization
suffices to exclude the presence of the point and singular continuous
components from the spectrum of H. Unfortunately, Aubry’s transforma-
tion has a quite limited range of validity and applies only to the case of
one frequency only. In this paper, we make use of ideas similar to those
in Sinai’s paper to set up a superconvergent algorithm that allows one to
diagonalize the operator in (1.1) with an arbitrary number of frequencies
and without using any mapping to the strong coupling regime. The interest
of the problem is that, unlike Floquet theory, such constructions can be
generalized to higher dimensions. The new difficulty one finds as one tries
to extend this construction to dimension two is that the resonances are
not isolated points in the Brillouin zone, but they are lines that can
generically have pairwise intersections. Very interestingly, this problem
resembles very closely the problem of overlapping singularities that Chu-
layevskij and Sinai solved in [DS] where they extend the proof of localiza-
tion to the case with two independent frequencies. It is thus conceivable
that by combining their ideas with the KAM theory in momentum space
developed in this paper one may be able to control the spectrum of two
dimensional quasiperiodic Schrédinger operators.

Our method to study the spectrum of the operator (1.1) is based on a
superconvergent algorithm of KAM type in momentum space by means
of which we diagonalize the Hamiltonian operator. In order the iteration
scheme to proceed, a large number of non-resonance conditions have to
be fulfilled at each step of the inductive construction. This forces us to
play with the dispersion law E, (k) itself as we try to avoid resonances by
excluding a set of function E, (k) at each step. More precisely, to prove
Theorem 1 we fix a small €>0, an integer r=3 and a dispersion law
E,(k)e € and we define a family E,(z; k)e¥” indexed by z in a set

Z= ® [0, 1]. By varying z in Z we can change E;(z,; k) on intervals of

n=1
arbitrarily small size so that the ¥" norm doesn’t vary too much. At
each iteration step we eliminate a subset of parameters z in Z for which
resonances occur. In this way, we obtain a decreasing sequence of sets

Zo5Z7Z,(g)o...2Z,(e)>... (1.17)
The set

Z,(e)= N Z,(e) (1.18)
m=1
containing the values of z for which the diagonalization can be completed,
turns out to be a Cantor set depending on € and of measure 1—0 (g).
The algorithm we use to diagonalize our operator is a KAM type
superconvergent algorithm with an infinite number of adjustable parameter

Annales de I'Institut Henri Poincaré - Analyse non linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 7

by means of which we construct a unitary operator U that diagonalizes
our Hamiltonian. Since we work in the momentum representation, U is
defined on the space L?([—m, n)), where [—=, m) is the first Brillouin
zone. Our algorithm produces U as an infinite product

U= lim U,...U, (1.19)

n = oo

where U, is the unitary operator computed at the n-th iteration step. After
n iterations, the renormalized Hamiltonian

H,=U;'.. UHU,...U, (1.20)
has the form
H,,=E,,(k)+s"jdk Z v, (®; k)]tmk><k|+0(s,2,) (1.21)
we¥

where ¢, is the renormalized coupling

g,= (g) " (1.22)
and v, (w; k) are functions such that v, (w; k)=0 if |©|>C", where
Y pio =Y | pil. (1.23)
i=1 i=1

At the n-th interation, we eliminate the non diagonal terms of order ¢, by
means of a two steps procedure. First, we consider the singular values of
k for which

E,(k)=E,(1,k) (1.24)

for some o such that v, (w; k) #0. By restricting the set of allowed disper-
sion laws, we can assume that there are no overlapping divergences. This
allows us to eliminate the matrix elements v, (w; k) | 7, k> <kl correspond-
ing to resonant transitions by means of a unitary operator given by a
direct intergral of 2 x 2 matrices. At this point, one can eliminate the other
terms of order €, by means of a unitary transformation determined by an
homology equation, as is commonly done in KAM theory. During this
process, the functions E, (k) aquire jump discontinuities each time we
eliminate a resonant transition. At the end we obtain a function

E_ (k)= lim E, (k) (1.25)

n— o

with a dense set of jump discontinuities which gives the diagonalization
of H. As a corollary of all the information we have to accumulate on
E, (k) in order to control the iterative procedure, we finally obtain the
following result which implies Theorem 1:

THEOREM 2. — Let us fix the parameters o, v5, v§, i=1, . . ., s, satisfying
the conditions above, let r be an integer =3 and let E,e €, (B). For all

Vol. 10, n° 1-1993.



8 C. ALBANESE

p>0 there is an €,,>0 and for all e€(0, g, there is a E, e €}, (B) such that
| Eo—Eq ||, <i, the operator (1.1) has purely absolutely continuous spectrum
and all its generalized eigenfunctions are bounded in configuration space.
More precisely, in this case there is a unitary operatori U on L*(B) such
that U~ H, U is an operator of multiplication by an L™ (B)-function E_ (k)

such that
© E 3/2
sup j dx(f dk———"— < 0. (1.26)
0<t<1d-c g (B (k)—x)2+¢g?

The fact that condition (1.7) implies that the operator of multiplication
by the function E (k) has no singular continuous spectrum, is a conse-
quence of Stone’s formula (see [13] for details).

2. NOTATIONS, STRATEGY OF THE PROOF AND INDUCTION
HYPOTHESIS

2.1. Introduction and Basic Notations

To prove the theorems in section 1, we fix an s-uple of frequencies
(o), o= , 5, satisfying the Diophantine conditions (1.5) and, for all
integers r>2 all ¢>0 small enough and all E, €€, (B), we give a fairly
explicit construction of a dispersion law Eoe(g’ (B) which is close to E,
in ¢, (B)-norm and of a unitary operator U on L2 (B) which dlagonahzes
the Hamiltonian (1.6). Our construction is iterative and at each step we
establish several induction hypotheses. The purpose of this section is to
introduce some basic notations, to illustrate the strategy of the construction
and to state the induction hypothesis.

Notations. — In the following we introduce several positive constants
denoted with D;, 8, where / is an integer >1. There is also a constant
o> 0. The value of these parameters is given in subsection 2. 8.

Let

B=[n, —n) 2.1.1H

be our choice for the first Brillouin zone. If weR, let 1,: B — B be the
map such that
t,k=k+omod2~n 2.1.2)

for all keB. It is convenient to think of B as of the circle S!. If
a, beBx~S! are not antipodal points, let [a, ] denote the shortest closed
arc joining a to b and let d(a, b) denote its length.

Annales de I'Institut Henri Poincaré - Analyse non linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 9

Let us introduce the set

%={meR m=2pamawithpael}. (2.1.3)
a=1
If
o= p,0,e¥\{0}, 2.1.4)
a=1
let
loll=% |p.l 2.1.5)
a=1
denote its order. By convention, we also set
[[o]j=1. 2.1.6)
If oeR, let || denote the modulus of the number «’€ B such that
o =o mod 2. 2.1.7)
Finally, if n=0 let us define the set
A,={0eU\{0}]||o||£2%"}. (2.1.8)

2.2. The unperturbed dispersion law

Let us fix a function E, (k) B’ 1(B). Without restricting the generality,

we can assume that B, (k) isa Morse function (see [M]) and that
d . d* . a3 .

E k)|, |—E, (k
®| dk? ® ‘dk3
for all keB. Wg consider a family E,(z, k), zeQ, of functions in
%, (B) close to E, (k) with respect to the €}, (B) topology. The index set
Q has the following form

|E,

E,(k)|= 2.2.1)

Q= x Q, 2.2.2)
p=1
where
Q,=Qy xQj, (2.2.3)
Vp Bp
Q= x[-11, Q= x[~-11] (2.2.4
v=1 p=1
and v, B, are given by
v,={2nD,2%7}, B,={4nD;2%"} 2.2.5)

Vol. 10, n° 1-1993.



10 C. ALBANESE

where { . } denotes the integer part plus one. A typical element of Q is a
double sequence

z=(z5(v), z5 (B)), }
r=0,1,..., v=1,...,v, p=1,...B,

;)f numbers z (v), zy (B) e [—1, 1]. The function E, (z; k) has the following
orm:

(2.2.6)

v

o =B+ T ( T A0 0bi b

p=1 =1
By (2)

+ ) (B oz B k)) (2.2.7)
p=1

Here, B,(2) is an integer < B, depending on z and (p‘; (v; k) and
¢} (z, B; k) are functions in %, (B) whose definition requires some new
notations.

Notations. — 1f teR, let k,(t)eB be the point such that
k,()=tD;'z7%?mod2n. (2.2.8)

Let us introduce the following arcs of B

Kp(v)=[kp<v—%>, kp(v+%>:} (2.2.9)

R, W)=[k,(v=1), k, (v+1)]. (2.2.10)

Finally, let fe4¢* (R) be a nonincreasing function such that f(x)=1 if
a<0, f(x)=0if x=1/4 and

/()24 | freols28 (2.2.11)
for all xeR. An example of such a function is given by the convolution

and

f(X)=def1 y—x) f2(») (2.2.12)
where
1 if 1274
V=270 -27%?  if 274<t<273
HO= 1010230742 if 273gs=3.04 (2213
0 if 3.27%<¢
and
S (0= s s ) ,
=1 ge  mmdy— o ode e
Nexp((x+279) 7 (x—27%) )' if —27%<x<2 } (2.2.14)
0 otherwise.

Annales de I'Fastitut Hemri Poincaré - Analyse nom linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 11

Here, N is a normalization factor such that

Ja’xfz(x)=1. (2.2.15)

The functions ¢ (v; k) have the form

@ (v; k)=D; ¢+ D2 Do Pf(—D2 2°2P(k—kp<v+ %)))

r(o2a(ion (-=2))) 210

In (2.2.16) and in the following, the arithmetic operations on B are
defined mod 2 =. Let us remark that we have

0< X (v; k)<D; 0D+ Dozp (2.2.17)

for all keB. The first inequality in (2.2.17) is saturated for ke B\ K, (V)
and the second one for k€K, (v). Moreover, we have

d"l k
—i(v; k
e ¢, (v; k)

sup S|l Do iTmateriTmezr (2.2.18)
keB

for all m such that 1 <m=<r.
The functions ¢ (z, v; k) have the form

(p;{(z’ v; k):Da"(r+ 1)2—(r+1)63 Pf(_D3 203"(](—/1‘,(2, [3))_ 3)

xf<D32°3"(k—hp(z, B)) + %) (2.2.19)

The definition of the points 4,(z, B) and of the integer B,(z) in (2.2.7) is
given in Section 3. This definition is such that the distance among two
points h,(z, B), h,(z, B’) with B#B" and B, B'<B,(z2), is not less than
D; '27% 2 Moreover, we have
dk™
for all m such that 1<m<r.

This proves the first part of the following lemma:

sup
keB

O (@ v B)| || £, ], D3 iTm2T e (2.2.20)

LemMMA 2.1. — The function E, (z, k) belongs to €7,(B) for all zeQ and
for all p>0 there are constants D, (p), D5 (n) < co such that if D, 2D; (1)
and D3 =D, (), then we have

() lEo(z: )—Eo ()]l <p (2.2.21
(i) Let k;(z), i=1, . ..,cq, be the critical points of By (z; .). If Eq (k) is

generic and p>0 is small enough, then ¢, does not depend on z and there

Vol. 10, n° 1-1993.



12 C. ALBANESE

are two constants L, h, >0 such that for all ze Q we have

d2
—Eo(z k 2.2.22
pTE o(z )2 ( )
for all k with |k—k;(2)|< %klfor some i=1, ... ¢y and
dE( k)>1k (2.2.23)
—E,(z k)|= - 2.
e’ 22
otherwise.
(iii) Under the hypothesis in (ii), we have
5 32
sup de lij dk — }
0<z<1 s (Bo(zr k)—x)2+¢?
< 27/2 —4 + (2 60)3/2 pO (2 60)3/2 p(l)/2 (2 . 2 . 24)
A, T /A
where
Po=min (275 A,, 271AD). (2.2.25)

Proof (The follgwing proof can be skipped in a first reading).

(ii) A generic Eoe%;” (B) is a Morse function. In particular, it has a
finite number ¢, of critical points k;, i=1, . . ., ¢y, and we have
d2
——E k;(z
SaBok(@)|2

for all i=1, . ..,c, and some A, >0. Thanks to (2.2.1), if [k—k;(2)| S},
for some i=1, .. .,¢,, we have

(2.2.26)

_‘ﬂc_on(k)I 2.2.27)

for all k such that |k —k;(z)|< %kl. Let us define A, as follows:

A, =min 4
dk

If

E, (k)| for k such that

[k—k,-(z)]_z_%klforalli=1,...,c0} (2.2.28)

1 1
p<min<5k2,3.2_87¢;’,5k1>, (2.2.29)

Annales de I'Institut Henri Poincaré - Analyse non linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 13

then for all zeQ, all critical points k;(z) of the function E, (z; k) are at a
distance < éxl from a critical point of E, (k) and (2.2.22) and (2.2.23)

hold.
(iii) Let us define the set

A (z; x)={k:|Eo(z k) — x| <po } (2.2.30)
for all zeQ and xeR & (z; x) is the union of a family of disjoint intervals

o, (z; x) of length < 2—137»1. If a is such that the distance between &7, (z; x)

and the closest critical point of Eg(z; k) is _Z_%Xl, then the function

E, (z; k) takes the value o in </, (z; x) and, if e€(0, 1), we have

J dk £ _< gdk _ 1 593
dy@n (EBo(z k)—x)?+€ (12%,k)*+€* 7k,

Otherwise, if o7, (z; x) is at distance < —é—kl from a critical point k;(z) of

E, (z; k) and y=E, (z; k;(2)) — x, we have

J' gk € . edk _
dozn  EBolz k)—x)?+e>~ J(1/4r kP —y)? +¢°

-1 7] s 12
2n /Ay (e = 2nO”‘ 17D (2.2.32

Hence we have

: 32
sup de [jdk — ]
0<e<1 (Eo (z; k)—x)2+82

- ~ Po (1 1 _

-po
2 00)3/2 Po + (2 00)3/2
T, /A

=272p5% 4 ps*.QED. (2.2.34)

2.3. An Outline of the Strategy

If n20, the n times renormalized Hamiltonian operator H,, (z) is defined
for z restricted to a subset Z, of Q. If n=0, we have Z,=Q. At the
(n+ 1) st iteration step we construct a set

Z,,,<Z, (2.3.1)

Vol. 10, n° 1-1993.



14 C. ALBANESE

and, for all zeZ,, ;, we define a unitary transformation U, (z) on L?(B)
which gives H, ,; (z), i.e.

Hn+1(Z)=[Un(2)_1Hn(Z)[Un(Z) (232)
The operator H, (z) has the form

H,(2)=E,(2)+t¢,V,(2)+ ) &' H,(2) (2.3.3)
N=2
where
g,=gB/2" (2.3.9
is the renormalized coupling, E,(z) is a multiplication operator by a

function E,(z; k) that we call the n-th renormalized dispersion law and
V,(2), H,n(2), N=2, are operators of the form

V,@)= Y jdkvn(z, w; k) |1,k > (k| 2.3.5)
weWUy JB
H, @)=Y jdkh,,N(z, w; k)l 1,k (k| 2.3.6)

If n=0, we have

s

vy (2, ©; k)= Z

a=1

1 1
5 Sm, [ (Ufna + vfna) + 5 80), — G (UC- 0y vh ma) (2 3. 7)

Let us remark that at each renormalization step we perform a resumma-
tion in ¢. Consequently, the functions E, (z; k), v, (z, ©; k) and A, (z, ®; k)
depend on ¢. Also the set Z, = Q depends on €. However, we are going
to neglect this dependency in our notations.

The unitary operator U, (z) is defined in such a way as to diagonalize
the truncated Hamiltonian

E,(z2)+e,V,(2) (2.3.7)
up to terms of order 2. If we%,, let us consider the function
&,(z, o, k)=E, (z; t,k)—E, (z; k) (2.3.8)
and the corresponding zero set
A, (z, )={keB|&,(z, »; k)=0} 2.3.9

The regions of B close to A, (z, ®) require a special consideration because
there the non-diagonal matrix elements in g,V,(z) can dominate. Let us
remark that the resonances we have to consider at the n-th step correspond
to frequencies o in the set %, defined in (2.1.8). In fact, these are the
only frequencies entering in the expansion (2.3.5) for V,(z). This is one
of the basic features of our construction.
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As a consequence of the resonances, the function E, (z; k) is piecewise
differentiable and has a finite number of jump discontinuities located on
the “jump set” J,(z) < B. Such a set has the form

1.(@=1 () U, (2.3.10)
where “p” stands for principal and “s” for secondary. We have
n—1
F@=U U Az o) (2.3.11)

m=0 0e¥n\¥n-1

where % _,= (. The nonresonance conditions we impose to define Z,
imply that

Am1 (Z’ ml)mtmoAmz (Z’ (1)2):@ (2312)
for my, my=m, @, € Up Uy —1> O3 Upy Wy 1> O1 70, and 0o
or for ®, =, and w,e¥\{0}. In particular, we see that if j(z)€J} (2),
then there exists one and only one frequency

©,(z; j(2) EU, (2.3.13)
such that
j@)eA,(z, 0,z j(2) (2.3.14)
for some m<n. Let us remark that in this case we have
tmn (z; ] (z))j (Z) € Am (Z, 0, (Z:' ](Z))) (2 3. 15)

The two jumps j(z) and ¢, . ;,/(2) of J;(z) are said to be mutually
conjugated. Finally, the secondary jump set is defined as follows:

@)= U t,12@). (2.3.16)

wely,

Also the functions v, (z, ®; k) have only jump discontinuities which are
located inside J, (z). If N=2, the functions 4,y (z, ®; k) have two deriva-
tives for ke B\JY (z) and jump discontinuities in the set

No= U ,17(). 2.3.17)

HolisN2%"

2.4. The Nonresonance Conditions

Let us introduce some notations

Notations. — If p is an integer =1, let 8 (p) be the least integer =0 for
which we have
€ =Dyt 27%r 2L (2.4.1)

If n is an integer =0, let 8, * (n) be defined as the least integer such that
(851 (M)=n. (2.4.2)
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16 C. ALBANESE

Let us remark that we have

€y SD7127086 (=) (2.4.3)
Let
.,: Q- x Q, (2.4.4)
1=p’sp
be the map such that if (z,)p»1€Q, then
H<pz=(zp,)1§p,§p. (2.4.5)

Finally, let F,: 2 (Q) - 2 (Q) be the map such that if A = Q is a subset,
then

F,A={zeQ|37 €A for which I1_;51(,_yz=T_s51,_1,2'}. (2.4.6)

At the (n+ 1)-st iteration step, n=>0, we define the sets A,, < Q for all
pe?,, where

Z,={peN|n+1<p<d;'(n)}. 2.4.7
Let us set
Z,,=NA, (2.4.8)
gsp

The set Z, ., is defined as follows:

2, 1=F1Z, sy (2.4.9)

In Section 3 we prove that it is possible to define the sets A, PP, so
that the following induction hypothesis holds:

F{(n+1). Properties of the sets A, PEP,.
For all pe 2, we have

@) HQ\A,,) <277 (2.4.10)
where
Ez{gloao—*(n—n Zh::v%ifg;l(n_l) (2.4.11)
(i) Ifzeran, we have
|6.(z, @ j(2))|2Ds 12707 (2.4.12)
for all j(2)€J,(2) and all
e, \{ o, (z j(2)}; (2.4.13)
(i) If zeF,Z,,, we have
d%k:koEn(z: k)|2Dg!2 % pn (2.4.14)
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and
24 £ o k)|2Ds 2% (2.4.15)
dk k=ko
Sor all e U\, -, and all points k€ B such that
|&, @, ; ko)| <Dy 127077 " (2.4.16)
(iv) If zeF,Z,,, €U X, -, we have
|€,@ o; M(z)|2D5 12707 (2.4.17)

Sor all M(2)€ A, (z, wg) with 0g€ U ,_ \X,.

W If p2d;'(n—1), zeF,Z,,, 0, €U \U,_1, 0,€U X, and
A (2 eA,(z, @), A, (2)€A, (2, ®,) are two distinct and not mutually conju-
gated zeros, then we have

d(h (2), tmokz(z))gZD;IZ“’” (2.4.18)

for all 0, U,\J{0}.
i) If z€Z,, O, €UNU,_1, 0,€UNU, and L (2)eA,(z, @),
A, (2)eA, (z, ®,) are two distinct and not mutually conjugated zeros, then

we have
d(My (2), 1,,1,(2)2Dg ' 27% 77| || % (2.4.19)

and
d(My (2), tyghy (2)=Dgt27%2n ]] Wg H“’O (2.4.20)

for all 0, €.
(vii) If zeF,Z,,, and j,(2), j,(z) are two distinct and not mutually
conjugated jump points in J, , | (2), then we have

d(il(zxrmojz(z»z%Dglz-‘*s““)-numon—eo (2.4.21)

Jor all ®y€U such that
[l || 280 1+ D, (2.4.22)

2.5. The Singular Sets

Notation. — In the rest of this section and in sections 4, 5 and 6, we
fix a zeZ,,, and drop it from our notations, unless otherwise stated.
Let us introduce the singular sets of order n

= U G  Z= U G 2.5.1)
jelii jeli

where C,(j) and C,()) are open arcs centered at jeJZ,, and of length ¢,
and 2 ¢, respectively, where

¢,=Dl2 012n, (2.5.2)
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18 C. ALBANESE

The formalism of singular sets we use reminds quite closely the one
developed by Frohlich and Spencer to prove localization for large disorder
for the Anderson model, see [FS]. We introduce also a family of “semi-
distance” functions d,(k, k") on B, where n=0, 1,... If k' stk for all
we¥, we set d,(k, k)= oo, while if k=k" we set d, (k, k)=0. Otherwise,
if n=0 we define

dy (k, 1,k)=] ]| (2.5.3)
for all me%\{o } If nz1, d,(k, t, k) is defined inductively in n so that
m—1
dyyy (k, 1,k)=inf Y d, (Lo, ks Ly,  K) 8a(ty K, by, k) (2.5.4)
I=0

where the infimum is taken over all m-tuples @,, . . ., ®,, such that
o, +...to,~o. (2.5.5)

In (2.5.4), we set ®w,=0 and define g, as the function such that
8n(lyk, Ly, K)=0 in case @, — 0 ¢%,,, and in case & ; — O, €%,
and both 1, k and 1, , ke &Z,. Otherwise, we get g, (¢, k, t,,, )=1.

Let us notice that the function d,(k, k") presently defined is not a
distance on B because d, (k, k) can be zero ks k’. Moreover, let us remark
that d,(k, k') must not be confused with the euclidean distance d(k, k")
introduced in subsection 2.1. In section 4 prove that the following induc-
tion hypothesis holds:

F,(n+1). Properties of the Singular Sets &, and ¥ .
Forall zeZ, . |, we have

(1) C.ON¥E.={j} (2.5.6)
forall jelZ ..
(i) C.() N1, Co (=D 2.5.7)

for all pairs of distinct, non-conjugated jump points j, j’ € I8, | and all o, U
such that

[l [| 2011 ), 2.5.8)
(iif) |&,(; k)| 2Dyl 2 %3 (2.5.9)

in case ke B\, and o€, and in case ke &, and 0 €U, \{ 0, (k) }.

(iv) If je X2, | is of order m [see Definition after (2.6.6)} and keC,(j),
then we have

|6.(0,(); D2 +n" 1) D 27 " d(k, j). (2.5.10)
(v} For all N=1, we have
sup{dy(k, k)| k,k’eB and d,,,(k,k)SN}<2N0 &+ (2.5.11)
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Before concluding this subsection, let us introduce some notations con-
cerning singular sets.

Let
2t ={jel. |o,()>0} (2.5.13)
Fr= U C,() (2.5.14)
jeniy
and B -
L= U t, GO (2.5.15)
jelhiy
Let
0, LU, (2.5.16)

be the function such that

@, (k) =, (/) (2.5.17)
for all keC, (j) with jeJ&, . Let

ty: L.~ (2.5.18)
be the map such that

k=1, 0k (2.5.19)

for all ke Z,.
If jeJ?, , let ¥, (j; k) €%2(B) be the function such that

c= et (k==L NPT
V. U k) f(zcn (k J 2c,,)>f< S6 (k J+2cn>> (2.5.20)

where c,, is defined in (2.5.2) and the function fin (2.2.12). We have
0=V, b=l (2.5.21)

for all keB. The first inequality is saturated for ke B\ C,(j) and the
second one for ke C,(j). Moreover, we have

sup i‘J/"(i; k)|£23¢,? (2.5.22)
kel dk
and
dz
sup | — W, (j; k) |£2°¢, (2.5.23)
xeB|dk?

2.6. The Singular Part of U,

The unitary transformation in (2.3.2) that we construct at the (n+ 1)-st
iteration step, has the form of a product of two unitary operators

U,=S,exp(cR,). (2.6.1)
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S, is named the “singular” part of U,, exp(g,R,) is the “regular” part
of U,. In this and the next subsection we state the induction hypothesis
fulfilled by these two operators.

The singular part S, is defined in such a way as to kill most of the
matrix elements in H, corresponding to transitions |,k ) (k| with both
k and ¢, k in the singular set &,. More precisely, for all jump points
jeJE_ | let us introduce the operator

W,,(])=jdkw,,(j;k)|t,,k><kl (2.6.2)
where
w, (5 k)=, U; k) v, (@, (k); k) (2.6.3)
and ¥, (j; k) is defined in (2.5.20). Since
suppw, (Jj; .) = C, (), (2.6.4)

the right hand side of (2.6.3) is well defined. Thanks to #,(rn+1) (i),
any two operators W, (y) and W, () with j#/"€J2, |, commute. Moreover,
each operator W, () is the direct integral over B of 2 x 2 matrices. Hence,
it is possible to find a rather explicit expression for a unitary operator
diagonalizing W, (j) on L? (B). We introduce a modification S, (j) of such
an operator and define S, as the product

s,= ] S0 (2.6.5)

L 1P
Jelyig

Definitions. — The jump point jeJP | is said to be (n+ 1)-regular if
n=1,jel? and j is n-regular or if n=0 and we have

&, | w, (s )| 228)%. (2.6.6)

Otherwise we say that j is (n+ 1)-degenerate. Furthermore, we say that
the order of j is the least integer m such that jeJ? ., and the height of j is
the least integer »’ such that jeJ2 ., and it is (»’ + 1)-regular.

Remark. — This definition makes sense because, as we discuss below,
if jeJ2, , is not an n-regular jump point of JZ, then w, (j; k) is continuous
at k=j. _

Notation. — If jeJ?, ., let €, (j) and C, (j) be the subsets of C, (j) such

that _ -
¢, (M=C,(H)=C,()I\{j} (2.6.7)
in case j is (n+ 1)-regular and
C,()=C,()\{k|d(; k)&, e)* (2.6.8)
6"U)=C"o‘)\{kldo: k)gésm“lsz*‘} (2.6.9)
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in case j is (n+ 1)-degenerate of order m<n. We also introduce the sets
.= U G0, Z.0= U G (2.6.10)
jelniy jellyy

If jeJP},, the operator S, (j) has the form

S, ()= dk|k><k|+J dkS,(j; k), (2.6.11)

BN\(Cp (J) u Cy (tn J ) Cn ()

where S, (j; k) is an O (2) operator of the form
S, (j; k)=cos 0, (j; k) |k Y (k| —sin8,(j; k) [k {1,k|

+5in, (j; k) | t,k » (k| +cos8,(j; k)| t,k ) (t.k|. (2.6.12)
The function 8, (j; .):C,(j) » S! is a real valued function defined mod 2.
It is twice differentiable for k#/ in case j is regular, and for all keC,())

if j is degenerate. If jeJ?}, and keC,()), let F,(j; k) be the symmetric
operator

F,(; k=B, (k) |k ) (k|+w, (i ) [ 1.k ) (k|
+w,(; k)\k)(t,,k|+E,,(t,,k)[t,,k><t,,kl. (2.6.13)
If j is (n+ 1)-regular, then we define 8, (j; k) so that S,(j; k) diagonalizes
F,(j; k) for all keC,(j). Otherwise, if j is (n+1)-degenerate we define
8,(j; k) so that S,(j; k) diagonalizes F,(j; k) for all kel,(j) and we
extend this definition to the rest of C,(j) in such a way that
0,(; k)=0 (2.6.14)
if
d(k,j)gé—s,;lsz/“ (2.6.15)

and the induction hypothesis below holds. See section S, Lemma 5.7 for
the details.
The renormalized Hamiltonian

H:=S,'H,S, (2.6.16)
can be split as follows:
H=E+¢,Vi+ Y e H (2.6.17)
N=2

Here, ES is the operator of multiplication by the function

B (k)=<{k|S, ' (E,+&,V,)S,|k). (2.6.18)
V¢ is the operator
Vi= X Jdkvf.(m;k)itmk><k| (2.6.19)
we¥\{0}JB
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where, if ke B\ ¥, and if ke ¥, and o #, (k) we have

oy (0; k)={t,k|S; ' (E,+¢,V,)S,|k)> (2.6.20)
while if ke ¥, and o=, (k) we set
¥ (o, (k); k)=0. (2.6.21)
Finally, the operators H; y, N2, have the form
H,x= ) Jdkhf,N(m;k)|tmk><k|. (2.6.22)
oce¥%JB

If N23, N=2 and keB\ /%, or if N=2, ke ?, and o#o,(k), we
define

K (0 k)=t k| ST TH, S, [k ). (2.6.23)
Otherwise, if ke &, we set
B, (0,k); k)={t,k|S;*(H,,+te, *E, +&,'V)S,|k). (2.6.24)

In Section 5, we prove that the following three induction hypotheses
are fulfilled:

F 5 (n+1) Properties of E; (k).

For all zeZ, ., the following are true

@) E: (k)=E, (k) (2.6.25)

— 1
Sor all ke B\ #,, and all k such that d(k, j)< —2-8,?/41)32 20azmram? for some

(n+ 1)-degenerate jump point jelI?, .
For all ke $,N\J¥.. , we have

(ii) |E: (k)~E, (k)| <min(e,, 2D 2%3"d(k, j)™))  (2.6.26)

w ‘%(Ei(k)—En(k)) <D,, 2" 022 min(1, ¢, d (k, j)~") (2.6.27)

> oo
e (E,(k)—E, (%))

(IV) < 1323 22un2 +053n min(a,,‘ 7/4’ d(k, j)~ 1) (2.6.28)

(v) For all (n+1)-regular jumps jeJE | of height ' <n and all ke C,(j),
we have

E (k) —E, (k)| lDLﬁ 2704 " max (g, 0, (), d(k, ). (2.6.29)
| 2

(vi) For all (n+ 1)-degenerate jumps of order m<n, jel ., the function
ES (k) is continuous at k=j and we have

|E: (1, k)~ E; (9) | 2| E, (4, — B, (B)| (2.6.30)
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for all keC,(j) and
E.(k)=E, (k) (2.6.31)

for all k such that d(k, j)< %83/4 g b,

(vii) Let jeJ? ., be (n+1)-regular of order m and height n’ and let m'=m
if "' =n, m'=n otherwise. If ke C, (j) is such that

d(j, k)= Dy, 22 %02 g |w, ()], (2.6.32)
we have
ld%(E:(k)—E,.(k)) <D} 27 %, (2.6.33)
Otherwise, if (2.6.32) fails, we have
d2
sgn|{ —E: (k) )=sgné&,(k 2.6.34
g (dkz ()) gn &, (k) ( )
and
d2 s 1\7! —1~-834m—6am? _—1 =1
WE"(k) > n+5 D27 %4 et we (D] (2.6.39)

(viil) For all (n+1)-degenerate jumps je I, | of order m, we have

d
—(E; (k)— < .6.36
l dk(En(k) E, (k)| e, @ )

for all keC, (j).

£, (n+1) Properties of V.
For all zeZ, , ., the following are true

@) 5 (w; k)=0 2.6.37)
for all o€, k eB such that

d, .k, t,k)>1; (2.6.38)

(i1) v (o; k)=v,(w; k) (2.6.39)

for all we¥ and keB\(F,Ji_,F,) and for all key"\.&" and
o#o, k).

(iii) 25 (o, (k); k)=0 (2.6.40)
forall ke &,

For all jel?, | and all ke.&" (), we have

@iv) Y v k)| <3 (2.6.41)

oe¥
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d
—vi(w; k
dkv..( )

W X

we¥

<D, 2a"2+914"+6min(s;7/4, dk, D)"Y (2.6.42)
2

d
e — vy, (o; k) ‘

i) Y

we¥

§D2 22‘”‘2”914"“2min(s;md(k,j)_z) (2.6.43)

F5(n+1) Properties of HS , N2 2.
Forall zeZ,,, and all NZ 2, we have

) 7y (w; k)=0 (2.6.49)
for all we¥, ke B such that

d, ., (k, t,k)>N. (2.6.45)

(ii) Let we%. If N23, if N=2 and keB\(¥#,U_,¥,) or if N=2,
keB\(¥,Ut_,¥,) and o#w, k), we have

by (@ k)= h, 5 (0; k). (2.6.46)
For all je It |, we have
2 .
(iif) RRLACHYE 2.6.43)

d
i —h y(o; k
(V) mez;y dk nN( )

<D, 22" e o min (e 74, d(k, )~ (2.6.44)
2

we¥ de "N
<D2,22er+200unt 12 min (=72 d(k, /)"2) (2.6.45)

where U' = if N2 3 or if N=0 and ke C, (j); otherwise %' =UN\J o, (k) }.

1
If jel?, | is (n+ 1)-degenerate of order m and 0<d(k, j)§—28 Yell* we

(; k)

have
(vi) le? 15, (0, (k); k)| 2€]% +¢,d(k, ) (2.6.46)
(vii) 1 édE 1 (@, (0 b ésm(2— +11/2> (2.6.47)
n
(viii) @ s 1 (2.6.48)
dk2 n nz(mk(k) k) ~8 ( n+(1/2)>

If jeJr . | is (n+ 1)-degenerate of order m and

1
58;1 et sd(k, se, e,
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we have
@) [erh (@,00; B SDy Dy, 2060l (2,6.49)
" li*sfhzz(mn(k);k) <D}, Dy, 200t fa0mtzg - (2.6.50)
dk -
() |k (0,(0); B)|SDF, Dy, 22 0rerosme s (2.6.5)
dk -

In order to formulate the next family of induction hypotheses, we need
to introduce some notations.
Notations. — If g(k) is a finite sum of §-functions, i.e.

gl)= Y gdk—k) (2.6.51")
i=1,.., M
with k;€ B, we define
lglo= % & (2.6.52)
i=1,..., M
suppg={k, i=1,... ,M}. (2.6.53)

J¢(n+1) Dependency of E;, V; and H;, y on E, (k).
For all z belonging to the interior Z,,H of Z,,,, all ve, Nz2 and
keB, the distributions

8 8 8
OB (k),  —S(w; k),  —— (o K 2.6.54
5E, (k) SEOv (w; k) 5E, n@ k) ( )

are finite sums of delta functions and we have

0 supp=— B} () < {K'eB|dys, (051} (2659
0
(i) SuPpg;—vi(m; k)< {k'eB|d,,, &, k)<1) (2.6.56)
0
(iif) Suppg;—hfm(m; k)< (K'eB|dyk, <N} (2.6.57)
0

For all ke?,, and N =2, we have

(W) “i(E: ®)—E, (%) \
SEO ao
<D,, 22" %27 min(1, £, d(k, )~1) (2.6.58)

O @)
5E,

v X

we¥U

o)

<D, 22"+ 0an S min (e 7, d(k, j)™1) (2.6.59)
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.

<D, 22" % Tmin (e, 7%, d(k, )7 (2.6.60)

o) X

oe¥

)
— k(o k
8E0 nN( )

ol d
(vii) “ﬁ— %(En(k) E..(k)“a0

4]
<D,, 22" 23 min (e, 74, d(k, )7) (2.6.61)

5 d
viii — — i (w; k
(viii) Y. SE, dkvn( )

we#

o0}

<2, 225"+ 20en 2 min (g7, d(k, )7 (2.6.62)

& d
— k(o k
8E0 dk nN( )

(ix)

we¥

e o]

§Df422°‘"2+2914"+12min(8,,“7/2, d(k,j)—z) (2663)

2.7. The Regular Part of U,

In this subsection, we discuss the regular part exp (¢, R,) of the unitary
transformation U, in (2.6.1). R, is a skewsymmetric operator of the form

R= Y Jc%rdm;@\%k)(ky 2.7.1)
wed\{0}JB

The functions r, (®; k) are computed in such a way that R, solves the
following homology equation:

> RI= -V (2.7.2)
To this end, we have to choose 7, (; k) as follows:
(5 k)= — & (@; k)™ o, (@3 k) 2.7.3)
where
& (w; k)=E; (1,k)— E, (k). 2.7.4)

The (n+ 1)-st renormalized Hamiltonian is given by

Hn +1 = exp (— gn Rn) Hfl exp (gn Rn)

=B, 181 Varr T Y et Hor1n (2.7.5)

N=2
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where €,,,=¢>? is the renormalized coupling. E, . is the operator of
multiplication by the function

E,.  (K)=E,(k)+ <k

1 1
583 ad (R,)*E; + gsf ad(R,)’E:

+e2ad (R,) VS + %83 ad(R,)* Vs

+e2HS ,+edadR,)H: , +eHS 5

k> (2.7.6)

Notation. — If A, B are two operators and p is an integer =1, then
ad (A)? B is the.operator [B, A] in case p=1 and {ad(A)? ! B, Al if p=1.
The operator V,,, has the form

Vo= 3 [dva@nlno® @)
B

weUN\{0}

where we use the following notation:

where

WP RN

1
5ad (R)?E:+ é g,ad (R,)3ES

1
+ad(R,) Vs + 3 g,ad (R,)* VS

+H ,+¢,ad(R)H; ,+¢,H;

dk>. (2.7.8)

Hn+1,N= dkhn+1,N(m; k)ltmk><k| (2.7.9)

oc¥% JB

Finally, the operators H,,, y, N=2 are given by

where

hn+1,N((D§ k)=\/EnN< tok

( : ad(R)*NES

(2N)!
+—g,ad(R,)*NES
CN+1)!
1
+7ad(Rn)2N‘1\/f,+;s,,ad(R,,)ZN\/f,
@N-1)! 2 N)!
2N 1
+ Y —— _ad®R)NVH
Ngz(zN—N')! ®R2) mN
2N+1 1
+e, ¥ —— ad®R)2NTINHE k>. 2.7.10
N§2(2N+1—N’)! (®,) N)l ( )
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In section 6 we prove that the following four families of induction
hypotheses are fulfilled.

F5(n+1) Properties of E, ., (k).
Forall zeZ,, ,, the following are true:

(i) The function E, . (k) has two bounded derivatives for all ke B\J, .,
and all its discontinuities are jumps.
For all ke B\J,,, , we have

(i) |E, i (k)—E, (k)|
<min (2g,, £2D;02%0 " Vd(k, 2, )" (2.7.11)
d

2B, (k|gare+? 2.7.
(iii) B (k|2 (2.7.12)
. d
(iv) ﬁ(Em(k) E, (k)
<22t ~tmin(l, e, d(k, J,..)"Y) (2.7.13)
d2
v) EI;(EM 1 (k) —E, (k)

<22t D min e 74, dk, J,.)"Y) (2.7.14)
(vi) For all (n+1)-regular jumps jeJ?, | and all ke C,(j), we have
|E,s1 (4,6) =B,y ()| 2Dl 2704 @ U max (6], d(k, j))  (2.7.15)
(vii) For (n+ 1)-degenerate jumps jel? | and all ke C,(j), we have
|Epi1 ()= E, (B |2Dg 270" Vd(k, ) (2.7.16)
If jelt,, is (n+1)-degenerate of order m and keB is such that
d,..1 (k, |:j—(1/2) gl j+ %8,7,/4:!§1, then we have

1
(viii) ‘%E"H(k) §D312°31(’"“’<1—n+1) 2.7.17)
. d?
(ix) EEEE,,+1(k)l§2“‘"“’2 (2.7.18)
(x) If k¢, ., and we have
d | SR
'%En+1(k)i§5D612 S r D), (2.7.19)
then either ke \U &, and we have
m=0
dZE k>11+ + 1) r 2.7.20
Ec—zn+1()=g[ (n+1)" 1Ay, (2.7.20)
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or there is a (n+ 1)-regular jump jeJ?, | of height n' and order m, such that

d(k, SDy, 227027, | w,. ()| (2.7.21)
and, in this case, we have
d? 1 el At 6 am? - _
B 2 Lk D7D 27t e, ()] (2.7.22)

(xi) If e=¢&l/4, we have

Jdk
B

for all xeR.
(xii) We have

E 3/2
sup de [J dk — }
0<e<1 g (Bupp(B)—x)*+¢

<27y +20m Y2 (pohy L+ pYPAT ) (2.7.24)

€
(EB,i1 (W) —x)*+> (B, (k)= x)*+e’

<12nel*  (2.7.23)

where +1
B=B U U GC, (2.7.25)
m=0 jel ( m
32, w={jelt, | is regular of order m} (2.7.26)

and pg, Co, Ay and A, are defined as in Lemma 2.1.
(xiii) If jeJP,, is a (n+ 1)-regular jump of order m and 0 <e<g)/*,
have

€ 3/2
J > U “E (k)e_x)2+§2] STDD;; 22070 (2.7.28)
Com ()’ n+1

where

we

n+1
C.oy=C,»» U U C,( (2.7.29)
mm e i m
IRy,

(xiv) If 0<e<gl®, we have

n

-
B (En+1(k)_x)2+§2

<2 pet+ 2513 (pohy L+ pY2PAT V)48 (2.7.30)

Fg(n+1) Properties of V,, ;.
For all zeZ,, |, we have
@) Uptq (@; K)=0 2.7.19)
Sfor all €U\ ,+ 35
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For all ke B\J,, ,, we have

(ii) IR ENS OIS
weU
i) 3 |- m(m k)| <2204 07 Je min (e, 74, d(k, J,. )Y
wed
@) 3, |-t (05 )| £2220 0% /e min (e, 772, d(k, J,0)72)
we¥

where U’ =9 in case there is no (n+1)- -degenerate jump jel?. | such that
yry (b, [~y ' )%, e, e]*) < 1. Otherwise, U =U\{ o, (k) }.
If jel2, 1 is (n+1)-degenerate of order m and k is such that

0<d(k, H= ismlez/“, we have

W) Ed/‘;en+1 i1 (@, (K), K)| S~ (n+1) Vs,
(v1) l%&ﬁl Vs 1 (00, (k); k) §(2_(n+1)_1)8m.

If jelt., is (n+1)-degenerate of order m and k is such that
w el <d(k, ))<e ' €], we have
(vii) !8n+1 Vpr1 (00, (K); k) ! <Dy Dy, 201s¥8smt6 g re

. d
(viil) 'd_kenﬂ Uy 41 (@, (K); k) §Df4 D, 202014+ 83)m=3 Em

2

d
a2 €41 Vn+1 (0, (k); k)

(ix) o

<Df4D31 2(2 8141031 m+1 8"_ 714

Fo(n+1) Properties of H, .| n, N22.
ForallzeZ,, | and all N=2, we have

) Ppir n(@; K)=0 2.7.27)
for all we#¥, ke B such that
dyyq(k, 1, k) >N _ (2.7.28)
(it) For all ke B, we have
Yl i w0 k)| <1 (2.7.29)

For all ke B\JY, |, we have

d -
El;hn+1 N (@ k)l<\/8 min (g, 74, d(k, IN, )71 (2.7.30)

(i) v

«©
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d?

7/2 d(k J+1) 2) (2731)

® 3
If jel’,, is (n+1)-degenerate and keB is such that
1
d,,H(k, d,,+1(k [—% e teld j+ 28 1 7/4]>§N, then we have

v) d, (2.7.32)
Z dk n+1 N
vi) Z a (2.7.33)

F10(n+1) Dependency of Eysy, Vyiy and Hyoy  on Eq (k).
For all z belonging to the interior Z,,, of Z,.,, all ©c¥, N=2 and
k eB, the distributions

3 ) )
S—E()En+1(k)a B—EO‘U,H.l(O); k), 5 - hov1 n(0; k) (2.7.34)
are finite sums of delta functions and we have
@ Suppg%—E,,H(k)c{k’eB|d,,+1(k’,k)§l} 2.7.35)
0 ,
= supp%””l(@ k)c{k’eB]dn+1(k,’ k)él} (2.7.36)
0
(iif) suppsiEhm(m; k)< {keBl|d,. (KK<N} (2.7.37)
0

For all ke B\J,. ,, we have
]SiEo(Em(k)—E,(k)) )
<220+ 1min(1, e, d(k, T, )Y (2.7.38)
=D, 1 (©; k)
° <purr 12 JEamin (e, 7%, d(k, T, ) 7Y (2.7.39)
(vi) “ ..+1(k)—E,.(k)))'

@iv)

v X

we¥

SE, dk
<2220t D min(e, 74, dk, I,. )Y (2.7.40)
6 d
vii —_— w; k
(vii) mng SE, dkvn+1( )

§22“("+1’2\/§"min(8;7/2, dk, J,..)7% (2.7.41)
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For all N22 and all ke B\JY, |, we have

éf/gfmin(gn—m, d(k, J"N+1 —1) (2742)

(viii) ¥

we¥

—_hn+ l,N((D; k)

B
SE,

(ix) 3

we¥U

6 d
— —h 4
‘BEO dk 1, N (@ )”

< Jeimin (e, 72, d(k, 33, )77, (2.7.43)

2.8. Conclusions

In this subsection, we give the value of some of the constants introduced
above and we show that Theorem 2 holds if the induction hypothesis
#;(n) holds for all n=1 and all i=1, ...,10.

The constants 6,, i=1, . . ., 34, are given as follows:

0,=3, 0,=150,+1, 0,=6s5+2(r+1)6,+2
0,=0,+1, O,=(r+1)0,+1, 0,=20,+2
Os=(r+3)0;+3s+1+6 0,=05+1
0,0=03'(6g+1), 6;,=15
0,,=3+0,, 0,3=4+0,+0,, 0,,=0,11
0;5=0,,+0.,, 0,6=20,516,,, 0,,=28,,
0,5=0,,+0,5, 0,6=20,, 020=30,+05+6,,
0,,=368,105+20,,, 0,,="0,, 0,3=0,;
0,4=0,3, 0,5=20,3+0,,, 0,6=0,,
0,,=205+30,+36,+6, 0,=501+30,+66,+12
030=205+ 0,17, 0;,=30,+ 04, 0,,=0,, 10,
033 = "0, 03,=20,,126;,.

2.8.1)

We omit giving the explicit definition of the constant D,, i=1,...,34
and 8,, o, g, because it would be too cumbersome. We shall just state
that they are the least positive constants fulfilling the inequalities in
Lemma 2.1 and in the following sections. Since such constants have to
satisfy a rather complex system of inequalities, I tried to state all the
conditions in a very clear —though redundant — way.

We have

LeMMA 2.2. — Let us suppose that there is a sequence U, n=0,1, ..., of
unitary operators satisfying the induction hypothesis of the families #,(n+1),
i=1,...,10, for all n20. Then there is a unitary operator U on L?(B)
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such that

U=s—lim [] U, (2.8.2)
n—+ om=0
and Theorem 2 holds.
Proof. — 1t suffices to show that the limit in the strong sense in (2.8.2)
exists. In fact, thanks to &, (n), £4(n) and #4(n) we have
lim H,=E_ 2.8.3)

where E_ is the operator of multiplication by the function
E, (k)= lim E, (k) 2.8.4)

n—+

and the convergence in (2.8.3) is in operator norm. Hence

n -1 n
U 'H,U=s— lim (H [Um) HO< I lU,,,,>

n—= o \m=0 m' =0

=s—1limH,,,=E (2.8.9)

«
-

and Theorem 2 is satisfied.

To prove the existence of the strong limit (2.8.2) it suffices to prove
that for all fe L2 (B) we have

lim lim

n—+ o N—-w

=0 (2.8.6)

2

(ﬁ Sy, enRn— l)f

m=n

We have
N N
I1 §§;>) ( [] e "m') (2.8.7)
where §™ =S, and, if m>n+ 1, we set

SW=gtnRn,  otn-1Rm-1S oom-1Bm-1 _ gtnln (2.8.8)
We have

N
gexp(3D13 Y 2913"‘8,,,)—1

m=n

=0( /%) (2.8.9)

N
[] en®n—1

as n — o0. Moreover, if we split §® as follows

§wW =AM+ B (2.8.10)
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where
1
AP = ' Y A & gyl [Sm R, L...R}] (2.8.1D
@G/2) 1 +..3/2) k372" @)
and
@)= T] (#{E=mDL. 2.8.12)
m=1
we have B
|\B§,’,"H=o(\/s,,) (2.8.13)
as n — oo. Hence, it suffices to show that for all fe L?(B) we have
N
lim lim (H Af,’,"—l)f“=0. (2.8.14)
n—+ o N © m=n
The operator A% can be written as follows.
A= ¥ jdka(,;“(m; |tk kL. (2.8.15)
we¥JB
If |o||z2% m+1 we have a™ (w; k) =0. Moreover, we have
suppaﬁ,’,"(m;.)c{tm?mlHm\\§2°1”'“} (2.8.16)
and
Y | (w; k)|=1+o(e,) (2.8.17)
as n — o0. If o7, is the set
d,=U U supp a (w; . ), (2.8.18)
m=n ae¥
we have
l(d,,)__é_ Z Dl_zl ])3 2(91 +e3—612)m+2
—4D}D, ¥ 27l D03 m (2.8.19)
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In particular, we see that /(«/,) — 0 as n — o0. Hence, for all N>n we

have
(11 a2-1)s §(1+o(\/e‘,))(f rrae) =0

as n— 0.
QE.D.

3. NONRESONANCE CONDITIONS

3. 1. Definition of the set A, ,

Let n=0 and let us suppose that the first n renormalizations have been
performed and that .# (m) holds for m<n. In this section, we define the
sets A,, in (2.4.8) for pe 2, in terms of the renormalized disersion law
E,(z; k) and we prove that, with this choice, the family of induction
hypothesis .#, (n+1) is true.

Notations. — Let pe 2, and let X, be the set
an= ,X _Qp’ (3 . 1 . 1)

where
_fr if p28;*'(n—1)
P 0,08, (n—1)  otherwise.

The set A, is constructed as the intersection of five sets defined below,
ie.

(3.1.2)

A= N AD. (3.1.3)

np

The set AY) have the form
Affg=_ ] U zx Az, x)x x (3.1.9
zel'l<p—Z,, xeX,,p
with
AD(z, x) = Qx 3.1.5)
If zell.;Z, and xeX,,, the set AQ(z, x), i=1,...,5, is defined as the
maximal subset of Q; such that if
ze(zx Az, )X X)NZ,-, , (3.1.6)
then the condition ¥, (n, p) below is satisfied. Before stating such condi-
tions, let us introduce the set B,, (z) such that if n> 1, then

B,,(2)={keB|d(k, J,(z))2Dy 12 %7 ="} (3.1.7)
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and if n=0
B,,=@. (3.1.8)
We have
Condition €, (n, p). If o€ U\, _, we have

e co;j(z))lz%Dglz“’”—" (3.1.9)
for all j(z) e, (2) and we have
1, (2, o; k){g%Dglz“’ﬂ"" (3.1.10)

Sor all ke B\ B, (2).
Condition €, (n, p). If 0 U ,\U,, |, we have

4 Bk >3pig-tsr-n (3.1.11)
dk | =, 2
and
d 3 o1—egp-
— 6,(z, 03 k) |2 =Dg12 %P (3.1.11)
dk (=, 2
Sor all points kyeB, (z) such that
6202, 03 k)| < 5D7 127000 (3.1.12)
Condition € (n, p). If ©€ U ,\%,_ , we have
6202, 03 1 2) |2 D3 2705 (3.1.13)
for all
A(2)eA,(z, ) N B,, (2N t_,B,,(2) (3.1.14)
with o €U ,_\XU,, such that
4 £.(z, 0; k) |2 2Dg 12 % 7= (3.1.15)
dk k=1 () 2

Condition €,(n,p). If n21 and pz2d;'(n—1), then for all
Oy EUNH ,—1, O,€U N, and all pairs of distinct and not mutually
conjugated zeros such that

A (2eA,(z, 0)NB,,(2)N1t_,, B,,(2) (3.1.16)

A (@)eA,(z, )N B,,(2) N t_,,B,,(2) (3.1.17)
and such that

4 €z, 05 k)| 2 éDglz“’s"‘" (3.1.18)

dk k=};(z) 2
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i=1, 2, we have

d(ry (2), tmkz(z));nglz"’” (3.1.19)

Sor all wed,\J{0}.

Condition € (n, p). For all ©, € U U, -, ©, €U, U, and all pairs of
distinct and not mutually conjugated zeros such that (3.1.14), (3.1.15),
(3.1.16) hold and (3.1.17) is satisfied for all ©e ¥, \J {0}, we have

d(xl(z),tman(z))z%Dglz“’”‘"llmoll“’o (3.1.20)

and

d(Ay(2), top 22 (2) 2 %D,;1 27% 7" @, || 7% (3.1.21)

Jor all ogeU.

3.2. Notations and Preliminary Lemmas

Let us start by giving the definition of the points 4,(z, B) and of the
integers B,(z) in (2.2.7) and (2.2.19). If n=1 and peP, is such that
p2o;t(n—1) 3.2.1)
let H,(z, B), Be{1,...,B,(2)}, be a family of arcs partitioning the set
B,, (2) such that
%D;12"°3"§|Hp(z, B)|<D;127%P 3.2.2)
and such that
H,(z, B)=H,(Z, B) (3.2.3)
for all z, '€ Z, such that J, (z)=1J,(z"). The point 4,(z, B) is defined to be
the center of H, (z, B).

LemMa 3.1. — If n=0, peP, is such that
P28t (n—1) (.2.4)
and zeF Z then there exists a partition H,(z, B), Be{1,...,B,(@)},

pcn—1,p
of B,,(2) with the properties above.
Proof. — If n=0, the existence of H,(z, B) is obvious. In case n21,
thanks to #, (n) (vii) the shortest connected component of B,,(z) is of
length

v

D8-1 2—98 (n+1)—n_D9—1 2—un2—09p

1
2
D

v

s12703r (3.2.6)
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because ¢ is so small that
85 (n—1)=max (05! (an*+0,(n+1)+n+log,2Dy),

051 (05 (n+ 1)+ n+log,2Dy)), (3.2.7)
for all nz1.

QED.
Notation. — If p285'(n—1), let J,,(z) be the set of the points keB
such that

d(k,J (2))<2D5 127 %>, (3.2.8)

LEMMA 3.2. — If p2385'(n—1) and vye {1, ...,v,} is such that
K,(vo) ¢7,,(2) (3.2.9)
for some zeZ,, then we have

1,@=1,0 (3.2.10)
for all Ze Z, such that "= 2" and
W)=z, (V) (3.2.11)

Sfor all (p', v)#(p, vo).

Proof. — This is a straightforward consequence of #,4(n) (i) and of
the fact that if (3.2.9) holds then we have

Jg(z)mthp(V0)=® (32.12)
for all we %, U {0}.
QED.

Lemma 3.3, — If p2385'(n—1), zeF, Z,_,, and k€], (2), then for
all o€ U,\U -, we have
toko ¢, (2). (3.2.13)

Proof. — The proof is by contradiction. Let j,(z) (resp. j, (z)) be the
closest point to k, (resp. to ¢, k,) belonging to the set J2(z). If (3.2.13) is
false, then there are frequencies ®,, ®, €%, such that

dk,, tu,ojo(z))§2D2‘12“’2" (3.2.14)
and
d(t, ko, tmljl(z))gzDz‘lz‘“”. (3.2.15
Hence, we have
d(jO (Z)s tml—m—mojl (Z))
Ldo(2), 1_poko) F A(1_ gy Kos lyy —a—apj1 (2))S4D; 12727 (3.2.16)
On the other hand, we have

O, —®— 0, || L2817+ 2017 1 <0 3.2.17)
(]
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because
6,,=20,+1. (3.2.18)

Hence, thanks to .#, (n) (vii) we have
. , | SR -
Ay (2)s o —o-wol2 (Z))giDs 127% ”‘Dl_m_mo” %

2 ;_Ds_l2‘90911 rT%r25D,127%F  (3.2.19)

where the last inequality holds because

0,20,0,,+1 (3.2.20)
and ¢ is so small that
2
651(n—l);98n+log2<gD8D{1) (3.2.21)
forall n>1.
QED.
3.3. The First Condition
We have
LEMMA 3.4, — Ifnz1, peP, is such that
n+1Zp<d;t(n—1) 3.3.1
and zeF,Z,_, ,, then condition €, (n, p) is satisfied.

Proof. — Due to 4, (n) (iii), we have

d
sup | —&, (z, o; k)| <22 +1 (3.3.2)
keB dk
Since
8
DgggDs, 0,20, +1, (3.3.3)
we have
D;lz-%P—u"zg%D;lru"z—@sv—". (3.3.4)

Hence, if (3.1.7) holds for all j(z)eJ,(z), then (3.1.8) holds for all
ke B\B,, (z). Thus, it suffices to prove (3.1.7) for all j(z)eJ, (z). Thanks
to #, (n) (ii) and (iv), we have

|01z, @5 j(2))|2D5 127 %P7 (3.3.5)
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for all j(z)€], (z). In virtue of £, (n) (ii), we have
|60 (2,0 )| 2] 6,1 (2,03 (2) |~ |6, (2, 0. () — &, (2,0, (2))]
22D 1270 n—4g |

;2D5_1 2-—95 p—n_4D4—1 2—94561(71—1)—11

3 - - -n
2 D;127%s (3.3.6)
because
D,28D,, 0,20,. (3.3.7)
QED.

LEMMA 3.5. — If n20, pe P, is such that

8 (n—1)=p<d;'(n) (3.3.8)
and zeIl ., Z,, xeX,,, we have
1
HQN\AY (2, x) < 32_", (3.3.9)

Proof. — As in Lemma 3.4, also here (3.1.7) implies (3.1.8). If

voe{l,...,v,} and OEUNX, -, let
AD(Z x, @, vo) = Q, (3.3.10)
be the set such that if
zez X A (z, x, ®, vo) X x (3.3.11)
then we have
]é""(z, m;j(z))[;%D;12_95p_" (3.3.12)
for all
J@)eK, (vo) NI, (2). (3.3.13)
Let us remark that due to (3.2.22) we have
#K,(vo) NI, (@) =1 (3.3.14)
for all ve{1,...,v,}. We propose to estimate the Lebesgue measure of

the set (3.3.11).

In virtue of Lemma 3.3, if the set in (3.3.14) is nonvoid for some
z,€Q,, then we have

t.K, (vo) ¢ T,, (2) (3.3.15)
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for all z,eQ,. Let v,e{1,...,v,} be such that
toj(@eK,(v;) (3.3.16)

Thanks to Lemma 3.2, J,(z) and, consequently, the arcs H, (B, z) do not
vary as z,(v,) sweeps the interval [—1, 1].

Let us fix a sequence z&(B) defined for all Be{1,...,B,(2)} and a
sequence z% (v) defined for ve{l,...,v, IN{ V1 }- Let

AY G x, 2, o, Vo) < [~ 1, 1] (3.3.17)

be the set of the values of z¥(v,) such that if Z8=Z} and z§ (v)=z, (v) for
v#v,, then z,e Al (z, x, ®, v,). We have

(-1, INAD (@, x, z,, ©, Vo)) £3D3" ' D5} U+ 18-85 p—m (3 3 18)
In virtue of Fubini’s theorem, we also have
QN \AY (z, x, @, vo)) 3Dy ! D5 ! U+ 18 =8s)p—n (3.3 .19)
Hence
HQNAR (Z, X)) S3(#U,N\U,- 1) v, Dy Dy 120 D070
<6n2°D,*2Ds? 2(S°1+('+2’°2‘°5”’§%2‘P (3.3.20)
because
D;=30n2°D5*2, 0;21+56,+(r+2)6,. (3.3.21)

QED.

3.4. The Second Condition

We have

LemMmA 3.6. — If n21 and peP,, is such that
n+t1<p<dyt(n—1), (3.4.1)
then condition €, (n, p) is satisfied for all ze¥,Z,_, .
Proof. — Let k,eB be a point such that

|£,(z, o; ko)légD;lz“’”‘" (3.4.2)

Vol. 10, n® 1-1993.



42 C. ALBANESE

Thanks to .#, (n) (ii), we have

‘évn—1(2, , ko)l§1é°n(z, w; ko)l+’évn(2a O; k)= &,_, (z, o; ko)l

< %D;12_97 P—n+4D;1 2—04661 (n—1)~n

<Dy12-87p-n+1 (3.4.3)

because
D,=8D,, 0,26,.
Thanks to .#, (1) (iv), we have

o (6, (2, 0; k)= &,_, (z, ®; k))]

k=ko

<2 min(l, e, ,d(k, J,(2)\Ut_,J,(2)™ )
<g, ;222" %P (3 4.5)

From (3.4.3), (3.4.5) and .#, (n) (iii), we find

_d_ &, (z, o; k)ng D6—1 2—96p—n_D4—122an2+(99—e4)851(n—1)
dk k=kq
> ;—DgIZ"’G”"" (3.4.6)
because
D,z2D,, 0,20,+06,+1 (3.4.7)
and ¢ is so small that
dol(n—D=2an’*+n (3.4.8)

for all n= 1. Similarly, one can prove that (3.1.11) holds.
QED.

LEMMA 3.7. — If n20 and peP, is such that
p2d;t(n—1), (3.4.9)
then for all zeXl . ,Z, and all xeX,, we have

HQN\AG X)) < éZ"’ (3.4.10)

Proof. — For all 0e % \%,., and all ve {1, .. ., Vg }, let us introduce
the set

AZ(Z x, 0, vy) = Q, (3.4.11)
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defined as the maximal set such that if
zez_XAfj)(z_, X, ®, Vo) X X (3.4.12)
then we have
d
—E,(z; k
& (z; k)

for all keB,,(z2) N t_,B,,(z) N K, (v) and we have

b

d 3
— &)z, o k)|2-Dg'2 %" (3.4.13
praddi )]_2 6 ( )

1€, o; k)ié%D;IZ”"”’"‘ (3.4.14)

Due to Lemma 3.3, we have either K,(v) ¢7,,(2) or f_,, ¢17,,(2).
The two cases being similar, we discuss only the situation in which
K, (vo) & J,,(2). Let us fix a sequence z (B) and a sequence z; (v) defined
for v#v, and let

A2 (z, x, z,, 0, vo) = [~ 1, 1] (3.4.15)

be the set of the values of zX (v,) such that if zi=Z} and zy (v) =2z} (v) for
V#V,, then we have

2, A2 (z, x, @, v,). (3.4.16)

Thanks to #,,(m) (i), m<n, if z, denotes the sequence with zj (v,)=0,
we have

&2, @, k)=8,(zq, ©; k) + D5 CTD27026+ VPR (v). (3.6.17)
Let us consider the set .
G= {ker(v) N B,,(2) N t_me,,(z)[(3.4. 13) fails to hold } (3.4.18)

If koeG, let T, be the maximal subinterval of K,(v) containing k, and
such that

]-‘ida@"(zo, o; k)|<2Dg127 %P " (3.4.19)
dk
and let us consider the set
G= U L, (3.4.20)
koeG
Let
G=UT, (3.4.21)
ie f

be the decomposition of G into connected components. For all ie #, let
F; = R be the interval of length

2D 12 %P T, (3.4.22)
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and having the same center of the interval

&, (20, @; 1)). (3.4.23)
We have

I(U F)<2D;1D; 12 G2%0e)p=n, (3.4.24)
ie g

Let us consider the set of the z; (v,) such that

_D(2r+1)2—92(r+1)PZ§(V0)¢ U Fi‘ (3425)
icf

If zj (v,) satisfies this condition, then we have

d 3
—&,(z, 0 k)| 2 =Dg127%P" 3.4.26
pradl )|25Ds ( )

for all k satisfying (3.4.14). In fact, in this case, A,(z, ®) NG=¢. In
virtue of £, (n) (iv), we have
2

d
d_kig"(z’ ®; k)

for all keB,,(2) N t_,B,,(2). Hence, for all ko€ G we have

>D, 22 +0ep (3.4.27)

6,02, @ikg) |2 DG D527 000

=D;y1270%pn (3.4.28)
because
D,=8D¢D,, 0,=0c+0,+1 (3.4.29)
and ¢ is so small that
dot(n—1)=2an? (3.4.30)

for all n2 1. Similarly, one can treat the first of the conditions (3.4.13).
Thanks to (3.4.17) and (3.4.24), we have

I~ 1, INAR (G, X, Z,, @, Vo)) S4D, Dg 120 27% 7= (3.4.31)
Hence
HQN\AP G, X)) S(#U N, 1) v, 4D, Dg 1 2002007~
S2s+3an+1 D6—1 2((r+1)62—66)p—n

b
5

A

27, (3.4.32)
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because
Dg=5.2"3nD5}'Y, 0s=(r+1)0,+1. (3.4.33)

QED.

3.5. The Third Condition

We have

LeEmMMA 3.8. — If n=1 and p is an integer such that
n+1<p<85t(n—1), (3.5.1)

then near all zeros . (z)€ A, (z, ®) N\ B,, (2) N 1_,B,, (2) with 0 e U %, -,
and zeF,Z,_, ,, there exists a zero A" (z) €A, (z, ®) such that

d(A(2), N (2)) =&, (3.5.2)
Proof. — Thanks to .#, (n) (ii), we have
léan—l (Z, ©; )\,(Z)) l égf-l D9 D30 e nZ+0g p+039 (n+1)

<D;12-t7p7n (3.5.3)

because ¢ is so small that

83_1 §D7'1 D, 1 D3—01 9-an?=(8g+08q) p=n—830 (n+1) (3.5.4)
for all n>1. Hence, thanks to ., (n) (iii) we have
d
dic
To fix the ideas, let us suppose that the derivative in (3.5.5) is positive.
As k moves away from A (z) going to the left, the function &,_, (z, ®; k)

decreases and the inequality (3.5.5) remains valid. Hence, there is a zero
A (2) of &,_, (z, ®; k) to the left of A(z) such that

& . (z, o k)| =Dgt2 %P, (3.5.5)

k=21 (z)

d(h(2), M (2)) S€7- 1 Dg Dy Dy 22 06 00 P ts0 e

<g,_, (3.5.6)
because ¢ is so small that
8n§D6— 1 D; 1 D3—01 2—anz—(96+99)p—930(n+1)—n (3.5.7)
foralln=1.
QED.

LemMA 3.9. — If n=1 and peP, is such that
n+1<p<d;t(n—1), (3.5.8)
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then for all zeF,Z,_, p condition € (n, p) is satisfied.

Proof. — Let 0eU \%,_,, WU, \%, and let L(z) be a zero
satisfying (3.1.12) and (3.1.13), Thanks to Lemma 3.9, there is a
M(2)eA,_(z, o) at distance less than &,—; from XA(z). Thanks to
F1(n) (iv), £, (n) (ii) and S, (n) (iii), we have

|6, (2, 0 L(2)| 2| &, (2, o A (2)]
- ] gn-l (Z: (ON )\'(Z))_ gn-l (Z’ o, )\'I (Z))[
_léan (Z’ ; )\'(Z))_gn—l (Z’ ®; )\'(Z))[
;Ds_l 2—95 p-n+1_2an2+1 8"_1‘28,,_1

gzDs—l 2“95p~n_4D4T12an2—94861(n—1)—n

= 2—D;12‘°5P"‘ (3.5.9)
because
1
D4g§D5, 0,26,+1 (3.5.10)
and & is so small that
3o l(n—1Dz=an? 3.5.11)
forall nx1.
Q.ED.

LemMMA 3.10. — Let n20 and let pe P, be such that

P28 (n—1). (3.5.12)
IfBe{l,...,8,(2)} and H, (z, B) contains a zero
M@ €A, (2, 0) N B,y () Nty By, (2) (3.5.13)
such that
d 3
Ll g o k)|22Dg12 %0 (3.5.14)
dk k=1 (o) 2

then we have

d
—&,(z, 0, k)|=Dg 127 %P 3.5.15
Idk n( )|z Ds ( )

Jor all keH, (z, B).
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Proof. — If H,(z, B) contains a zero satisfying (3.5.13), then we have

d(H,(z, B), J,(2) Uty J,(2) 2D5 ' 272+ 7 —D 12702
1

giDglz"”z“’“ (3.5.16)
because
D,22D¢Dy,  0,20,+0,+1 (3.5.17)
and ¢ is so small that
Sgt(n—1)=23""+n. (3.5.18)

Hence, thanks to .#, (1) (iv), we have

2
%(5"(2, o; k)[£2Dy 23" +09p (3.5.19)

for all ke H, (z, B). Since

2D;1D923”2+<99—°s“’s1Dglz-°sp—", (3.5.20)
-2
we find (3.5.15).
QED.
LemMmA 3.11. — Ifn=0and pe P, is such that
p2d;(n—1), (3.5.21)
we have
- 1
HQ\AD & )= 2277 (3.5.22)

Sforall zeNl.,Z, and all xeX,.

<p n

Proof. — Let us fix zel.,Z,, xeX,, 0eU U, 1, O€U,_ \X,
and Be{l,...,B,(2)}. Let

AD (z, x, B, ©, ©5)\Q, (3.5.23)

be the set of the z,€Q, such that if H,(z, B) contains a zero A (z) satisfying
(3.1.14) and (3.1.15), then (3.1.13) holds. Thanks to Lemma 3. 3, either
H,(z, B) or 1,H,(z, B) is not contained in J,,(z). Let voe{l,...v,} be
such that K, (v,) contains A (z) in the first case and 7, A (z) in the second.
Let us fix a sequence z_§ and a sequence ?;(v) defined for
ve{l,... v, \{vo}. Let AD(z,z, x,B, ®, 1,)\[—1,1] be the set
of the values of zj (v,) such that if 25 (B)=Zz () for all Be{1,...B,(2)}
and zz(W=z4(v) for ve{l,...,v,}\{vo}, then we have
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2,€AQ) (z, x, B, ®, ®,). We have
Z(Qp Afli) (Z—? X, ﬁa , mo))él([_ 1, IJ\ASSJ) (Z_’ Z_p’ X, ﬁ’ 0, (‘00))
<6D;H I Dy 2T D000 p=n (3.5.25)

At this point, we need to estimate the number of the Be{l,... B,(2)}
such that H,(z, B) contains a A(z)eA,(z, ®,) satisfying (3.1.13) and
(3.1.14). Thanks to £, (m) (iv), m<n, if ke B we have

2
2 6,z 00 )

(1"2 -
i <22, T, Ut o J) 7L (3.5.26)

Let~I be a connected component of the set B\(B,,(2) U !_ 4o Bap(2)) and
let I be one half of I, i.e. an interval having an endpoint in common
with I and the other one at the center of I. Let {};};, . be the
eigenvalues €A, (z, @) NT and satisfying (3.1. 13), ordered so that
d(h;, J,Ut_,,J,) increases with i. We have

d(\, xm);%Dgiz-mz-%ﬂd(xi, LUt_,J) (3.5.27)

for all i=0. Hence

d()"05 )"z)g<1 + %Dgl 2—2un2—66p—n> d()‘o, Jn U t—u)an)
ng—l2—un2—69p<1+éDglz—ZunZ—OGp—n) (3528)
and we find

-1
#{Ki}é[ln<l+%Dglf“‘"z“’é"‘")] In(2m Dy 227 +05 )

<8Dy 2227 0Pt (2 Dy 227+ Py (3.5.29)

We can thus conclude that the number of B such that H, (z, B) contains a
zero A(z)e A, (z, ®,) with the properties above is

§26TED3D622un2+93n+96p+n1n(2nD92un2+69p)
<(an’+0,p)20str (3.5.30)
because ¢ is so small that
dgl(n—1D=2an*+0;n+n
+log, 2° 1 D3 Dg) +log, (In 2w Dy) (3.5.31)
foralln>1.
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On the basis of (3.5.25) and (3.5.30), we find
HQ,\A}) (z, x))

§322 s+1 D3+1D5—1 (ocn2+99p) 2(2 Oy s+(r+1)0,+05+1—-05)p—n

< l2“’ (3.5.32)
5
because
D;>15.22571 D5y (o +0,), (3.5.33)
05220,s+(r+1)0,+6,+2 (3.5.34)
QED.
3.6. The Fourth Condition
We have
LeMMA 3.12. — If n=0 and pe P, is such that
pzd;t(n—1), (3.6.1)
then for all zeTl_,Z, and all xeX,, we have
— 1
HQ\AS (z, )= 52"’ (3.6.2)

Proof. — Let us fix Be{1,...,B,(2)}, 0oe#,U{0}, 0, €U \X,_,
and 0, e ¥ \X,. If zell ;51 (,_1,Z, and x€X,, let

A (z, x, B, 0y, 01, ©,) € Q, (3.6.3)
be the set of the z,€Q,, such that if

M (@) eH, (2, BN A, (z, @), (3.6.4)
then we have

tog Hp (2, BN A, (2, )= . (3.6.5)

Here H,, (z, B) is the closed arc having the same center 4, (z, B) of H,(z, B)
and length

|H,(z, B)|=6D5*'27%". (3.6.6)

SUBLEMMA 3.13. — There are two indices v, v,€{1,...v,} such that
K,(v) ¢ 1, (@, _K(v) ¢ 1., (2, 3.6.7)
K,vp)NK,(v))=J (3.6.8)

and are such that K ,(v,) contains either H,(z, B) or t, H,(z, B) and K, (v,)
contains either t, H,(z, B) or t, .., H,(z, B).
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Proof of Sublemma 3.13. — In case w,=0, we have to consider only
the situation in which @, #w,. If 4,(z, B)¢J,,(2), then either ¢, h,(z, B)
or t,, h,(z, B)¢J,,(2), as one can see from the proof of Lemma 3.3. In
case 0,#0, 0, =0, +0, and 1, 4,(z, B)=1,, 10, h, (2 B)¢J,,(2), then
either 4, (z, B) or ¢, p(z B)¢J,,p In all other cases, thanks to Lemma 3.3,
either h ,(z, B) or 1, h,(z, B)¢],,(z) and either 1, h,(z,B) or
Loo+ o1 p(z By ¢T,, (). Moreover these four points are separated from
each other by a distance >2D;127%7,

QED.

Let us return to the proof of Lemma 3.12. Let us choose the indices v,
v, as indicated in the Sublemma and let us fix the sequence z, € Q} and
the sequence z5 (v) defined for ve {1, ... v, }\{v;, v, }. Let

AP (z, z,, x, B, ®, @y, mz)c[—l 17 (3.6.9)
be the set of the values of (zX(v,), z&(v,)) such that if z) =2z} and
X (v)=Z§(v) for v#v,, v,, we have z eA(“)(z x, B, ®, 0, (02) We pro-
pose to estlmate the measure of the set in (3.6.9).

Let (z (vy), z (vz)) be a point not belonging to the set in (3.6.9) and
let us con51der the region

R={(& n)e[—1, 1]* such that |n~z,(v,)|2]E—2Z,(v})|}. (3.6.10)

As (z%(v,), 2%(v,)) moves away from (zK(v,), zX(v,)) staying inside the
region R, thanks to £ o (n) (iv), the renormalized dispersion law changes
so that

|60z, 03 k)= &,(2, 013 k)= (25 (v) =7, (v)) Dy F*V27¢* 07

1 -
éi( by 8m2°‘"'2)lz§(vz>-z§(vz>lD;“*“z‘(’““’”, (3.6.11)

m=0

for all keK,(v,), where

2= X 2, (5, (), B (v2) % x, (3.6.12)
z=zXz,%(z,(V,), 2,(v,)) X x. (3.6.13)
Since
sup | &,(z, oy k)|<2Dy 125w "0sp (3.6.14)
keHp (B, 2)
and since
H,(B, 2)=H, (B, 2) (3.6.15)

for all (z,(v,), z,(v,))el{—1, 1%, we see that if (25 (v,), z&h (v,))eR and
lzﬁ(vl)—zp(vz)tzwzﬂna12“““'*“*’2'“3“’, (3.6.16)
then we have

H,(B, )N A,z 0)=02. (3.6.17)
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Analogously, one can study the region

R'={@E mel-1L 1| |n-z5(v)[2|E-7 (v)]}. (3.6.18)
The conclusion is that the complementary set in [— 1, 1]* of the set in
(3.6.9), is contained in a square of area

64D§(r+1)D3—2221n2+2((r+1)62—63)p' (3.6.19)

Hence (3.6.19) gives an upper bound to the measure of the set Q,\ A}
(z, x, B, ®, ®,, ®,) and we have

I(Q\Afgz) (Z_a x)) é Bp (Z) (# %n) (#%p\%p— 1) (# %p\%n)
X 64D% (r+ 1)D3_2 22an2+2((r+ 130,-84)p

S27+3STCD§()‘+1)D3—1 22an2+(2 0y 5+2(r+1)0,-03)p+0ysn

§%2"’ (3.6.20)
because
D,>5.27*3sg D3¢+ (3.6.21)
0,220,5+2(r+1)8,+2 (3.6.22)
and ¢ is so small that
8o (n—1)22an*+0, sn, (3.6.23)
forall n21.
QED.
3.7. The Fifth Condition
We have
LEmMA 3.14. — Let n20, pe?,, zell_,Z,, xeX, and let us suppose
that
p285 (n—1). 3.7.1)
Then we have
_ 1
QAP E M)s 27" (3.7.2)
Proof. — Let us fix a Boe{1,...B,(2)} and let
| Az, x, Bo) = Q, (3.7.3)

be the set of the z,€Q, such that in case H,(z, B,) contains a zero A, (2)
satisfying (3.1.16) for some @, €% ,\%,-; and (3.1.18), then (3.1.20)
and (3.1.21) hold for all distinct and not conjugated zeros satisfying

Vol. 10, n° {-1993.



52 C. ALBANESE

(3.1.17) for some w,e¥,\%,, (3.1.19) for all we#, J{0} and
(3.1.18).

Let us fix the sequences z; and z; (B) for Be{1,...,B,(2) IN{Bo }- As
z) (Bo) sweeps the interval [—1, 1], the unrenormalized dispersion law
Eo(z; k) is modified on the arc of center h,(z, Bo) and of size
(3/2)D3*27%> 1If H,(z, B,) contains a zero A, (z) with the properties
above, then thanks to Lemma 3.10 this is the only zero of &,(z, o,; k)
in H,(z, By) and thanks to Condition %4 (n, p), as z3 (B,) varies, neither
J.(2) nor the zeros A, (z) with the properties above, move. Let

Az, 2, %, B) = [ 1, 1] (3.7.4)

be the set of the values of z%(B,) such that if z, =2y and ¥ (B)=2"(B)
for BB, then 2,6 AD) (z, x, B,). Thanks to Lemma 3. 10, we have

BP
HQNAD @ )= ¥ I(- 1, INAD(Z Z,, x, Bo)

Bo=1
SDYI2OTDRE B [#T,0U U A,z o))
02 € Up\Up
XDg2%7.3D5 127957 T g |
0o e
§3'2s+2n2Dg+3D6D§12(s81+(r+3)63+96—88)p—n Z “('00“_90
0o e
1. _
<-2-F (3.7.5)
5
because
Dg215.2* 22 D53 Dg ¥ ||ap||~% (3.7.6)
wge ¥
B2 (r+3)0,+50,+0,+1. (3.7.7)

QED.
Lemma 3.15. — If n=1, pe P, is such that
ntlsp<d,(n—1), (3.7.8)

Z2€Z, 1, p O EUNU,_ 1, 0y € U N, and A, (2), A, (2) are two distinct,
not conjugated zeros satisfying (3.1.16), (3.1.17) and (3.1. 18), then we
have

404 @) 151, @2 3D 270 o (3.7.9)

Annales de I'Institut Henri Poincaré - Analyse non linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 53

and
A0 2) 1oy D2 DG 27 w0 3710

for all ®, €U such that
[|@o | S(4Dg2% 2 e, )%, (3.7.11)

Proof. — Let A (2)eA,_,(z, ®;) and X, (z)eA,_, (z, »,) be the zeros
at distance <g,_; from A, (z) and A, (z), respectively, whose existence is
established in Lemma 3.8. Thanks to £, (n) (vi), we have

d(hy (2), togha @) Z AL (2), 1o 5 (@) —d (i (2), X (2)—d (R, (2), A3 (2),
22D;5127%7 7" [y |- 2¢,,

3 e .
5D§12 B P ||y || % (3.7.12)

1\

because

2 1§%Dg‘2‘°8”"‘||030||‘90. (3.7.13)

n—

for all o, satisfying (3.7.11). (3.7.10) can be proven in a similar way.
QED.

LemMA 3.16. — Ifnz1, peP, is such that
n+1<p<d;t(n—1), 3.7.14)

zell ;Z, and xe X, then we have
— 1 -
HQ;\AL (z, ) < gz_p, (3.7.15)
where p is defined in (3.1.2).
Proof. — Thanks to Lemma 3.15, one can define AD)(z, x) as the
maximal subset of Q, such-that if
2€@EXAD @ X)X ) OV Zy_ 1. (3.7.16)
then condition € (n, p) holds for all ®, €% such that
l|@o || > (4 Dg 2% 7+ 15, )0 (3.7.17)

Let us denote with % — % the set of the w,e# satisfying (3.7.17).
Let us fix a Boe{1,...,B;(z)} and let

A (z, x, Bo) = Q, (3.7.18)

be the set of the z;€Qj such that if H;(z, B,) contains a zero A (2)
satisfying (3.1.16) for some @, e % ,\%,_, and (3.1.18) and such that
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(3.1.20) and (3.1.21) hold for all distinct and not conjugated zeros A, (z)
satisfying (3.1.17) for some 0, €%, %, and (3.1.18). Thanks
to Lemma 3.9, there are two roots M (2)eA,_ (z, ®,) and
M (2)eA,_; (z, ®,) such that

A @), A @), d(g(2), M (2) <8, (3.7.19)
Moreover, thanks to .#, (n) (vi), we have
A1 (2), 1,05 (2))zDg 127 % pnrt 2000y (3.7.20)
for all we%,. We have
d(hi(2), 1,15 (2))22. Dg ' 27 % P B00in=n_ng
§2D§1 2‘9317—9091n—n_2D;12—6450‘1(n—1)—n

=Dy 12 %P =000+ 1n (3.7.21)

for all we#,, because

D,22Dq, 0,=0,+1 (3.7.25)
and ¢ is so small that
3 ' (n—1)=0,0,n (3.7.26)
for all n>1. We have
Dy 127% P @bt liny 319030 (3.7.27)
because
B10=051(6+1) (3.7.28)

and € is so small that
Bgl(n—1);(1+9091)n+log2(3D3‘1D8) (3.7.29)
for all n=1. Hence, the arc H(z, B,) contains at most one zero A (@)

with the properties above. Moreover, in case this happens, the set

U 1, Hy, By) (3.7.30)

we¥Upu{0}

contains no zero A, (z) with the properties above and it has void intersec-
tion with the principal jump set J2(z). As in Lemma 3. 14, we can conclude
that as EE(BO) varies, neither J, (z) nor the zeros A, (z) move. By repeating
the arguments in the proof of Lemma 3. 14, we find

HQ\A (z, X))
§3.2“2n2Dg+3D6D8—12“91”’“)63”6_98“’_" Z ”(DOero‘ (3731)

o U
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We have

m

o
Y oo™ X om0
i m=mq 0

woe¥

A
it
|
[S]

m

émo(mo_l)_2 Z (mom >m61

m=mg
gmo(mo—l)‘zj dtt™><my? (3.7.32)
1
where
my=(4Dg2%2*"g, )% (3.7.33)

and we use the inequality

B8y>s+1. (3.7.34)
Hence, we find
HQ\AY) (Z, x))<3. 25¥2+28 2 Pr+3 Pl P Do

X 2(s01 +(r+3)03+06+(80——1)88)p+(00—1)n—04 -1} 651 ("_l)é 12-17- (3729)

because
D,>(3.25¥2%2% g2 D3 D, DY 1)% (3.7.30)
0,205 (0,0+50, +(r+3)0,+0,+(0,— 1)@+ 1)) (3.7.31)

QED.

3.8. Proof of the Induction Hypothesis of the Family .#, (n+1)

We have

LemMma 3.17. — The induction hypothesis of the family ¥, (n+1), hold.

Proof. — (i) Follows from Lemmas 3.5, 3.7, 3.11, 3.12, 3.14 and
3.16. To prove the next induction hypothesis let us remark that for all
p=n+1 we have

Z D;(r+ 1)2—(r+ 1} 0, p'+D3—(r+1)2—(r+1) 63 p’
p'=85"(p-1)
§2D2—(r+1)2—(r+1)82 561(17—1)(1__2—(1'+1)02)—1
éz—(r+1)02 glip-1) (3.8.1)
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() If zeZ,,, we have

|&,.(z, w;j(z))lng;IZ“’s"“" (3.8.2)

for all we¥ \%,_, and j(z)eJ,(z). Hence, thanks to % 10 (1) (), if

zeF,Z,, we have

|62, 05 J@) |2 2D5 12705 or— gt~ 05
-2

>D;12 0spn 3.

because € is so small that

5 ' (p— 1)z

r+16,
for all p=1.
(iii) Let 0 €%, \%, . and k,eB be such that

|8,(z2, ; ko) | D712 0727 3.

for some zeF,Z,, and let z'€Z,, be such that
Mesgip-07 =Tasg1 ooy 2.
Thanks to .#,,(n) (iv), we have
I‘D@ 7, o ko)lSD;l 2 07p=n 4 yan?—(+1)0, 85 (p—1)

3

< ZDyip 00 3.
T2

because ¢ is so small that

8 (p=DZ(+ D710, [wp*+(8,+1)p+log, D] (3.

for all p=1. Hence, we have

d,
]gk_éan(z > @ kO)

Thanks to #,,(m) (vi), m=<n, we have

d
}%é‘)n (25 w; kO)

> §D6-1 2—66p—n_D923an2+63p—(r+1)62 gt p-1+1
2

2Dg 27 %P 3.

because ¢ is so small that

(ap*+05p+p+1). 3.

g%Dglz—%P—". 3.

.3

4)

.5)

.6)

.7)

.8)

.9

80‘1(p—l)g(r+1)‘19;1[3ap2+(96+99)p+log2D6D;1+2]. (3.8.10)
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(iv) If zeZ, , then A,(z, ®,) = B, for all o, €%, \%, and we have

np>

|8, (z, m;x(z))@%D;lz—“sv—" (3.8.11)

for all e U\, and A (2) €A, (z, wo). If zeF,Z,,, we have
|£,(z, ©; M(2)) |2 D5 127 %77" (3.8.12)
because € is so small that (3.8.4) holds Vp=1.
() Let p=85t(n—1), zeF,Z,, o, €U HUp-1, 0,€U X, 2and

p“np
M (@A, (z, ), A, (2) €A, (z, ®,) be two roots satisfying the conditions

in £, (n+1) (v). If Z’€Z,, is such that TT ;51 ,_1y2' =51 (,-1)2, WE
have

5
A\ (2), 1,,(Z) 2 §D3—12_93p (3.8.13)
for all wye, \J {0}. Hence
d(My(2), Loy ha (2)) 2 éDs_l 27932 e ptn—rr o235 (=D
-2

>2D;127%7 | (3.8.14)

because ¢ is so small that
Sol(p—Dz2(r+ D710, (8 +0;+1)p+1+log,D3Dg) (3.8.15)

forallp=1.
(vi) is true by definition of Z,,. Finally, also (vii) holds. In fact, if
zeF,Z,,,and zZ’€Z,, ; is such that I 551, 2 =Tl 551,y z, We have

n“n+
d(j(z), Jn+1 (Z'))éDG 206 (n+1)+n=(r+1)8, 551 (m

S‘1;])8_12_(98+911)(n+1)—" (3816)

for all j(2) €], (z), because € is so small that
8 (MZ(r+1)710;1((06+05+6,;) (nt 1)
+2n+log, (4D Dy)). (3.8.17)

Q.E.D.

4. SINGULAR SETS
In this section, we consider the singular sets &, and &, introduced in

Section 2.5 and we prove that if #(m) holds for all m=<n, then also
F,(n+1)is true.
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LEmMMA 4.1. — For all jel?, |, we have
C.NI={i} .1
Proof. — Thanks to £, (n+1) (vii), we know that
1
d(, B\ to, i D2 5Dglz—"s mth=n>2Pyt270e2n 4.2)
because
D,,24Dg2%, 0,,=20,+1. 4.3)

Moreover, since o, ()%, ., we have

d(j, tu,(»)ZDg '@, () ||~

=Dy 12 %8> Dt~ 02n (4.4

because
D,,=D,.2%%*! 6,,26,6,. 4.9

QED.
Lemma 4.2. — For all pairs of distinct, nonconjugated jump points
J,j'€lt, and all © €W such that

oo || £ 2% 7D (4.6)

we have
C.0O) N1, C(N=¢. “4.7)

thanks to 4, (n+1) (iii), we have

td%@@n(m; k)|=Dg12 0% m+=n (4.12)

when k=k,. To fix the ideas, let us suppose that the derivative in (4.12)
has the same sign of &,(w; k,). If k¥ moves away from k, going to

S (n+1) (i), (4.12) still holds. Hence, there exists a zero A€ A, (o) such
that

d(ko’ x)éDG D1_31 286 (n+1)+n—06y3n

—

< —Djjt2 b (4.13)

2
because

D;32D¢D;,2%", 0,320,+6,,+1. (4.14)
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Hence k,€C, (A) and 0= 0, (A).
In case we%,, if (4.10) does not hold then thanks to £, (n) (ii) we
have

|6n 1 (0; ko) | <Dy 270"+ 4,
2Dt 27 fsr<D 27 st D (4.15)

because & is so small that
1
fu1 S D 27 (4.16)

for all n=1. Hence, thanks to #, (n) (iil), there is a jump point jeJ? such
that ko€ C, () and ® =, (j). Moreover, thanks to .#, (n) (iv) we have

1
d(ko, )S2D75 Dy 2047375 - Dy 270z (4.17)
because
D1324D12D14’ 91:&2912-+-914 (418)
Q.ED.

LemMma 4.4. — If je)?, | and keC,(j), then we have
| &0 (@, (); k)| 2Dy 27147 d (K, j) (4.19)

Proof. — If jeJE,  \JE, then thanks to the proof of Lemma 4.3, the
inequality (4.12) holds for all keC, (j). Hence, we have

|6, (@,(); k)| 2Dg ' 27% ** V7" d (k, j)
2Dyl 27 d(k, j) (4.20)
because
D,, =Dy 2%, 0,,20,+1. 4.21)
In case je JE then thanks to £, (n) (iv) we have
|61 (@,(); k) |ZDyy 2774 1 d (K, j). 4.22)

If j is n-degenerate we have

62,05 0|2 16,1 @,05 0

= ;"Df‘tl 27000k, j)2Dy, 27 d (k. ) (4.23)
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where we apply £, (n) (vii). On the other hand, if j is n-regular, (4.19)
follows directly from .#, (n) (vi).

QE.D.
Lemma 4.5. — If d,, | (k, k') is the semidistance in Section 2.5, we have

sup{dy(k, K) |k, K'eB  and  d,,, (k, K)S1}<2% 0D (4.24)

Proof. — Let us fix an integer N> 1, a point k€B and let oe% be
such that

[|o]>2Ne1 e+ 4.25)
We have to prove that
d, ., (k, t,k)y>N. (4.26)
Let o, ..., o, be a set of frequencies in % which minimizes the sum
m-1
% l;) dy (Lo ks Ly,  K) 8 Lok, Loy, ) 4.27
under the constraints
®,=0, (4.28)
o +t...to,=0, (4.29)
and
=y [|S2%0* (4.30)

for all /=0, ...,m— 1. Thanks to .#, (n) (v), we have

d,(ty, K, 1y, K21 (4.31)
for all /=0, ...,m—1. We also have
261(n+1)m;2N61 (n+t2) (432)

Furthermore, if /, and /; are two integers €{0, ...,m~1} such that the
function g, in (4.27) vanishes, we have

[1, = 1,200+ D2 20t D), (4.33)
where we use £, (n+ 1) (ii). Hence, we have

-1

1m
dn+1 (k7 tmk)=§ Z dn (tmlk’ ta)1+1k)gn (to)[k’ t(nH.lk)

1=0

v
R R

2N61 (n+2)—-8; (n+ 1)(1 _261 n—0,,{n+ 1))

v

62N°1>N (4.34)
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because
0,,26,, 8, >log, 6. (4.35)

QED.
As a consequence of the five lemmas above, we have

CoOROLLARY 4.6. — The induction hypothesis in the family %,(n+1),
hold.

5. THE SINGULAR PART OF U,

In this section, we construct the singular part S, of U,—see
(2.6.1)—and we prove the induction hypothesis in the families 5 (n+1),
F,nt+1), F5(nt+1)and F4(n+1).

5.1. Gap Estimates

Let us recall from Section 2.6 that S, is the operator of the form

S,= [I SO0 (5.1.1)
jelBy
where S, (j) is given by
S, ()= dk|k><k[+J dkS,(j; k) (5.1.2)
B\(Cr () v Cp (tn ) Cn (D

and S, (j; k) is an O (2) operator of the form
S, (; k)=cos0,(j; k) |k ) (k|—sin®,(j; k) |k ) {t,k|
+sin 0, (j; k)| 1,k ) {k|+cos®,(; k) |1,k ) {t,kl.  (5.1.3)

If ke, (j), the funtion 8, (j; k) has two bounded derivatives with respect
to k and it is such that S, (j; k) diagonalizes the operator

F,(; k)=E, (k)| k) Ck|+w,(; k) [k ),k
+w, (i k)| 6,k (k| +E, (4,k) | 1,k > (tak ). (5.1.4)

Notations. — Let us introduce the following functions defined on &

. E(k)=¢&,(w,k); k) (5.1.5)
w,(K)=3Y w,(; k) (5.1.6)
jelpiy
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1 L
nn<k)=(zé’,.<k>2+efwn<k>2) —lawl 61
B3 (k) =E, (k) +n, (k) sgn &, (k) (5.1.8)

In (5.1.8) and in the following, we adopt the convention according to
which sgn 0= +1.

The following result derives from a simple calculation.

LEMMA 5.1. — For all jeJ?T, and all keC,(j), the eigenvalues of the
operator F, (j; k) are E (k) and B (1, k).
We have

LEMMA 5.2. — For all jeJ?, | and all ke C,(j), we have
1/2 1
(%@“’n(k)zﬂfmn(ky) zEDIJT"“"maX(sZ"‘, dk,j)) (5.1.9)

Proof. — If jelJB,  is (n+ 1)-regular, then either jeJ? and this result
follows from .# - (1) (vi), or we have

&, 0, (3 ) [22€]%. (5.1.10)
In this case, thanks to #4(n) (v), we have
g, |o,(; j) |2 (5.1.11)

for all ke[j—e,'¢e,*, j+&," €]/*]. On the other hand, for all jeJ?, , and
all keC, (j) such that d(k, j)>¢; ' €]/, thanks to £, (n+1) (iv) we have

|€ (k)| 2Dy 274 d(k, j) (5.1.12)
Q.E.D.

LEMMA 5.3. — For all je?, | and all ke C, (j), we have
: 1
) |n,,(k)]§a,,|m,,(k)]min<l,EsnDMz"m"d(k,j)‘l) (5.1.13)

(i1) ink(k) §2mn2+1min 1, 18"D142914"d(k,j)_1> (5.1.14)
dk 2

2

dikzm(k)lgsD142“"2+°14"min(s;7/4, dk, ) G119

(iii)

Proof. — (i) In case it results

8nlmn(k)l§%ié"n(k)], (5.1.16)
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by applying the inequality \/ I+x—1=Z %x valid for all x=0, we find
1 i )
@S e |80 @ PS alm®l G117
If & is such that
D 2 d )2, (5.1.18)

then thanks to £, (n+1) (iv) and £ (n) (ii), (5.1.16) holds. In fact, we
have

R CIES e Ry ST PACT N CRRD)
Hence, from the first inequality in (5.1.17) we find
M@= 282 (D2 dk ) (5.1.20

On the other hand, if (5.1.17) fails to hold, then we can use the
inequality /T+x%Z—x<1 valid for all x=0 and we find

lnn(k)lgsnlwn(k)l[(w o wn(k)—zéz(kf)m

—%SJ‘lW,.(k)_lrf.,(k)l]
<e,|w, k). (5.1.21)

(1) We have

di:c-n"(k)=(%g"(k)2+83 wn(k)Z)_m(iéz(k) &)+ 2w, (k) w;(k))

- %é’ *®)sgné, (k)
=(§é”, )2+ 52 w,(k)Z)_”z. (—}nn(k) 8100 +62 w, (k) w, (k))
(5.1.22)

Thanks to #4(n) (iii), we have
[wi (k)| <257 612, min (g7 7%, d(k, )~ 1) +2*D,,2%2"  (5.1.23)
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Hence, we have

4@l Le g +e2w @y e ®)|
4 <[2 w w
dkn" = 4 n‘ n n n n
X [Zmnzmin<1, %8"D142014"d(k,j)—1>
+22" min (1, s,,d(k,j)‘l)+24s,,D122912n]
§2“"2+1min(l,%anDMz"M"d(k,j)“) (5.1.24)
because
dk,j)"'2D,2%2", D, 22°+2. (5.1.25)
(ili) We have
d2
Eﬁnk(k)l

= ' - % Ge@ K2+ €2, (k)Z)~ . ( i £,(K) 8, (0)+ 2 w, (), (k))2

+<§£ (kY+ 52w, (k)2>—1/2 (%é& (kY2 +52w, (k)Z)
+<‘—11£ (k42w (k)Z)_m (— S 8) 2 (52w, ) (k))l
1 -2 (]
<3 (Z‘”@" (kY + 2w, (k)Z) (Zé”; (kY2 + 2w, (k)2>
+<%Ié”;’(k)l+8nlw,’.’(k)l) (5.1.26)
Thanks to £, (n) (v), #5(n) (iv) and Lemma 5.2, we have

2

%nk (k) | €D, 227 ¥ 01an 2 min (6774, d(k, /)~

+ %2“"2 min (g, 7%, d(k, )™ 1)

+227 g2, min (e, 134, d(k, /)"2)
495 D,, Jan?+0y; "y 08 sz 22 012"8"
<5D,, 22" 0w min (e 4, d(k, /)~ 1) (5.1.27)

Annales de I'Institut Henri Poincaré - Analyse non linéaire



QUASIPERIODIC SCHRODINGER OPERATORS 65

because
D14g§+25 (5.1.28)
and ¢ is so small that
g, <27 8D 270 (5.1.29)
for all n=0.
QED.

The following result has a proof very similar to that of the preceeding
lemma.

LEMMA 5.4. — For all jeJ?, | and all ke C, (j), we have

@) _S—nn(k) <2e"**1min| 1, 18"D142°n4"d(k,j)-1) (5.1.30)
8 E, © 2
(ii) . in k)| <5.Dy,22=7*0wurmin(e] "4, dk, j)7 ).
8E, dk " |w "
(5.1.31)
5.2. The Operator S, (J, k)
We have

LEMMA 5.5. — For all jeJ?*, and all keC,()), the function 8,(j; k)
satisfies the following differential equation

d . __iSs _hs -1
;1_];9" G, k)= (B (k) — B (1, k))

X (8,, w, (k)cos20,(j; k)+ %é",’, (k)sin20, (j; k)>. (5.2.1)

Proof. — Let u, (j; k) and u, (j; k) be the eigenvectors of the operator
F,(j; k) in (5.1.4) that correspond to the eigenvalues ES (k) and E (1, k),
respectively, and have euclidean norm one. If ke C, (), then for all k'€ B
close enough to &, we have ‘

YLy = 1 _ | ;.
u, (ji k') 2nic(k,)Ldz(z F,G k) tu, (s k),  (5.2.2)

where ¥ = Cis a small circle enclosing £ (k) but not E3(z,k) and c(k) is
a normalization factor. By differentiating with respect to k' at k=K',
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we find
d .
s U, k)

- L dz(z=F,(; k)7 Fo(; k) (2= F, (s )™ uy s k)

2iJe
=B (k) =B (1,6) "' (u, G: B Fo 0 O ;G5 ) duy G k). (5.2.3)

By introducing the expressions (5.1.4) and
. cosB,(j; k . -sin8,(j, k
=GB 0N wGi=( L) s
sin 8, (J; k) cos8,(J; k)
into (5.2.3), we find (5.2.1).

Q.ED.

LEMMA 5.6. — For all jeI2}, and all ke, (j), we have

@ 1 0,0: k)| 3D 2 e min (o, d(k, )Y (5-2-9)

v ‘21?29"0;k)tééth“"z“"w"min(s;m,d(k,j)-Z). (5.2.6)
Proof. — (i) Thanks to Lemma 5.2, we have
|E; (. o) - Es (k) |=] &, (k) |+ 2n, (k)
1/2
=2<3«f" s, 07

=Dy} 2 e max (g]%, d(k, ))). 5.2.7
Hence, thanks to £, (n) (111) Fg(n) (ili) and Lemma 5.5, we have

*6 k|1
dk U

(it) By differentiating in (5.2.1), we find
d2
dic2 "

3D, 2 e min (e T4, d(k, )Y (5.2.8)

=_8,(; k)t<3D2 22an2+2914nmln(8 772 ,dk, )~ 2)

+ §D§422an2+2 9147 min (8;7/2, d(k,j)-z)

+D1422“"2+91“"-(%min(ﬁ;_?{“,d(k,j)"1)+min(8,._—7{4, en d(k, j)~ 2))

<6D2, 22" *201anmin (6772, d(k, j)~2) (5.2.9)
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- because
D,,22. (5.2.10)
QED.
LEMMA 5.7. — For all jeJ2} | and all ke C,())\C, (j), we have
) 10,; )| SD, 52057, (5.2.11)
d
(ii) —0,(j; k) |£D,s2%6"s, (5.2.12)
dk
4 U k)|SDy, 22" +0urm e 2.1
(iif) 22 U5 k)| =Dyy -1 (5.2.13)
Proof. — Let us write the operator F, (j; k) as follows.
F.(; ©)=A,(; k) +B,(; k) (5.2.14)
where
A,(U; K)=E, (k)| k) (k|+E,(t,k) |1,k > {1, k| (5.2.15)
and

B,(; b)=w,(; )| k) {1,k +w,(G; k)| 1,k {k|. (5.2.16)
Let u, (j; k) and u, (j; k) be the eigenvectors of F, (j; k) given in (5.2.4).
The orthogonal projection P, (j; k) onto u, (j; k) is given by the contour
integral

1
PG k)=—,f dz(z—A,(; =B, k)™ (5.2.17)
2nide, ik

where

1
€. (; k)={zeC lz—E, (k) |= EjEn(k)—En(t,,k)[}. (5.2.18)
By expanding (5.2.17) in geometric series and using the bound

1B, G: B)l|=|ew, G B)| <, (5.2.19)
deriving from £ (n) (ii), we find

Jroo-(y o)

<X LJ dz(z—= A, (; k)7 [B, (s D)= A, G 1!
m=1]| 271 Jg,

A

< Y 2{E, (k) —E,(t, k)| "er

m=1
<4D, D, 200200 (1-4D,, D, , 2012 0ang )1

1
§5D152°15"s,. (5.2.20)
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because

D,s=16D,,D,,, 0,5=0,,+6,,, (5.2.21)
and ¢ is so small that

8<—D D 12 B12%814)n 5.2.22
Sf 2 ( )
for all nz=0. Hence, we have

|sin®, (j; k)|g%D152°15"a,,. (5.2.23)

Thanks to (5.2.22), we also have
16,0 k) |<£2]sin6,(j; k)| <D, 52%5"e,. (5.2.249)
(ii) Thanks to Lemma 5.5, (i) and .#4 (n) (iii), we have
i k9 U; k)' -g,D;52%5" (24D, 28”"+\/8.. 2D, 2% 01z
+2D12D158n_12an2+(912+915)n
<D,¢2%6"¢g, (5.2.25)
because

1
D16=3D12D15+ZD12D%5, 016=20,5+0;, (5.2.26)

and € is so small that
g, <27 2an? (5.2.27)
forall n>1.
(iii) Finally, by differentiating in (5.2.1) and using .# -(m) (v) and
Fg(n) (1v), we find

g 1
c:;cz 6.0; k) <§D15D162”2+(915+915)"8,,+Df62“"2“915"8"
* 8D1 520157 (64 D?, 202" +32\/8,.—1Df22“"2+2912"
+2\/8,,_1D122°“'2+912"+D1522an2+915,.8n)
=Dy, 2 fe (5.2.28)
because

1
D,,=4D,,D?,+ ;DisDatl, 0,,=20,  (5.2.29)
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and ¢ is so small that
85/6<2an2+017n lD D 2ub2+(015+916)n+D2 22an2+016n
n = 8 15+16 16

n —:;Df522""2+2 b15n48D2, D152(912+915)") (5.2.30)

for all n>1.
QED.

LeEmMMA 5.8. — If jel)2i, is an (n+ 1)-degenerate jump of order m, the
Sfunction 8,(j, k) defined above for kec,, (J) can be extended to C,(j) in
such a way that it has the following properties:

(1) If d(k, j)<e ' el*, we have

|E; (1,6)— E; ()| 2| E, (t,b)~ E, (k) | (5.2.31)
where E;, (k) is the function defined in (2.6.18);

1 1
(i) Ifiz»:,;1 g/t <dk, H< -2—8;1 !4, we have

16,(; k)|SD, 2018+ 4g <4 (5.2.32)
and
l%ﬁn(i;k) S2D3 D, 2000 d(k, )"t e, <ed*d(k, j)71 (5.2.33)

(iii) If 8_1 el*<d(k, j) S, e]*, we have

6 U, k)|Se)e; (5.2.34)

dk2
) Ifd(k, )= -~ 8'1 )%, we have

,6 U; k)|<s‘1/4 s d(k, j) 1 (5.2.35)
and

,—6 U gq el dk, j)~? (5.2.36)

) Ifdk, ])< 8_1 714 we have
8,(j; k)=0. (5.2.37)

Proof. — Let 8, (j; k), ke C,(j), be defined as the function such that if
we replace 6,(j; k) with 8,(j; k) in the definition (5.1.3) of S,(j), then
this operator diagonalizes F, (j; k) exactly. Let us suppose that 8, (j; k) is
chosen so that it results continuous in k and it vanishes at the endpoints
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of C, (j). A rather straightforward calculation gives the following result:
-1/2 1

8,(; k)= écos" 1 l:(%é”,, (k)*+€2w, (k)2> ) Eé",, (k)]. (5.2.38)
Since &, (k) #0 for all ke C,(j)\{j}, we have
—§<§,,(i;k)<§. (5.2.39)
Moreover, we have
E (t,k)—Ei(k)=¢&,(k)cos20,(j; k)—2¢,w,(k)sin20,(j; k)
=2 (%& (k)2 +82 w, (k)2>1/2 cos (26, (j: k)—8,(j: k) (5.2.40)
for all ke C,(M\{j}. If keC,(H\C, (), we set

0,(; K)=8,0; k) f 2e, " (k—j+e/) f Qe ™ (k—j—5") (5.2.41)

where f is the function defined in (2.2.12). (v) is clearly true. Moreover,
we have

16, G: k)| <|8,0: k)|<§ (5.2.42)
for all ke C, ())\C, (). Hence
0=2|8,(: 0-0,G: WIS2B,G:MI<E (5.2.49)

and from (5.2.40) we find

|Es (6,k)—E (k) {22 (%é"n k)*+¢e2w, (k)2>”2 cos (29, (j; k)

_Z_lé",,(k)l (5.2.44)
1 1
To prove (ii), let us notice that if 38;1 g/t <d(k, j)g—z-s,;‘ )4 and

B, (j; k) is the matrix in (5.2.16), then we have
IB, (s B)||=|eaw, U k) |<e]* +e,dk, j). (5.2.45)

This derives from £ (n) (v). Thanks to £, (n+1) (iv), if we expand in
geometric series as in (5.2.20), we find

P, (i k)—(é 3)!

< ) 2(Dya 204" d(k, ) "D Qe Fe,d ik, )Y

r=1 )

<16D,,2%4™g, <gl* (5.2.46)

|8,(; k|2
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because ¢ is so small that

8;/4§%D1—41 2= 0iam (5.2.47)

for all m=0. Thanks to (5.2.1), #,(n) (ix) and £ (n) (vi), in this case
we also have

l—d-(-llggn(j; k) §D142914md(k’ j)_l(8m+D14D312(°14+°31)m8m)

<3 dk, j) (5.2.48)

because ¢ is so small that

ght< %D;ﬁ D327 @0at00m (5.2.49)

1
If Ee; Lellt<d(k, j)<e,el’*, then thanks to £, (n) (ix) and £, (n) (vi),

we have

4

2 ~20 +am? 2 .—7/2 0,4+0
dic? SD1 22 1emre el e, 2 (gt Dy Dy 2014400 e )

8, k)

- - 2
+D,,2%4mg g7 M (g, + 4632 T4+ 2200
+66 D%4 D§1 2(2 014+2 631)"'8,2"8"_7/4)

<g)l?g 7 (5.2.50)

because ¢ is so small that

8$.’2§7L5D1_43D3_122*(3°14+2931”"+°‘"'2 (5.2.51)
for all m=0.

n— 1>

. . 1
Finally, if d(k, j)= —2—8; 1gl/4 . then thanks to £, (n) (viii), we have

|B.G: B} S| D3, Dy 20 s0mes e, (5.2.52)
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and hence

18,0 k)< Y, 4(Dy, 2% md(k, 7)1 (D2, Dy 22 01at0amE3 gy
r=1

< V4elt dk, )7t (5.2.53)
and (5.2.36) follows.

QED.
It is straightforward to extend the arguments above to prove the follow-
ing result:

LemMA 5.9. — For all ke C,()\{Jj}, we have

@) <D142°“‘2+"14"+“min (7, dk, j)™Y)  (5.2.54)

e .G k) <D%42“"2+“14"+8nﬁn(s;m, dik, /)™ (5.2.55)

Movreover, for all ke C,())\C,()), we have
(i)

_8—9 G k)“ <D, 26", (5.2.56)

@iv) “ e(] k) <D172“"2+"17"\/§: (5.2.57)

5.3. Proof of the Induction Hypothesis . (r+1), # 4 (n+ 1), F5(nt+1)
and F(n+1)

We have

LemMa 5.10. — For all jeJET | and all ke, (j), we have
() |Es(k)—E,(k)|Smin (e, e Dis2%8"d(k, /) D) (5.3.1

ol e
(ii) ‘EE(EH(’C) E,.(k))l

§2“"2+2min<1,%snDMZ"M"d(k,j)“) (5.3.2)

»(k)—E, (k) \

361)1 pzan+0uanmin (e 74, d(k, /)71 (5.3.3)

(iv) |Ei(t,k)—E; (k)\> D L2 %" max (e)/*, d(k, /) (5.3.9)
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Proof. — If keC,, (j), we have
E,(k)=E, (k) + (sgn &, (k))n, (k)
+e, (sgnw, (k) (1 =¥, (; k) v, (w,(k), k)sin26,(, k) (5.3.5)
The third term on the right hand side has support in the set

A, ()=C,(MN\C, () (5.3.6)
and it can be estimated with the help of Lemma 5.7. Thanks also to
Lemma 5.3, we have

lEfl(k)—En(k)léenmln (la %8"D142914"d(k,j)_1)

+2e2D,52%57 1 (k)
<min (g, e2D,42%4"d(k, j)~ 1) (5.3.7)
because

1
Ds= 5D14+4D12D15, 6,s=max(8,,, 6,,+6,5). (5.3.8)
This proves (i). We also have

d .\
'ZJ}E(E"(k) E,.(k),

§2""2“min<l, %e,,DMZ"M"d(k,j)‘l)
+1z,) (k) [e7 D, D, 5 20124019745 4 2 D, (2%167
+2¢,D,52°" s min(1, /5,2, d(k, j)N)]
§2""2+2min<1, %enD142°14"d(k,j)‘1> (5.3.9)

because ¢ is so small that

1
£, S Dy 20147 (Dy; Dy 2024197794 2016771 (5.3.10)

for all n=0 and -
€,_1 <278 D2 D?,22G12+014)n (5.3.11)

for all n=1. This proves (ii).
We have

2
%(E:(k)—En (k)< 5D, 2257918 "min (65 7%, d(k, j)~ )
+8,,D19 22 mn2+919 n IX,, 0 (k)

<6D,, 22" s min(e] 74 dk, /)Y (5.3.12)
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because
D,,=Di,, 0,,=20,, (5.3.13)
and ¢ is so small that
£,<2D,, D7l 2€127b1a)n (5.3.14)
for all n=0.
Finally, from (5.3.5) we find

|E; (1,k)— E; (k)|
1/2
22 (ié""(k)%e,f W,.(k)2> —4g, D257 g (k)

2Dy} 27% max (g4, d(k, j))—4el D, 2%5" 1z, (k)

1
> 5D1'4‘2""14"max €, dk, j) (5.3.15)

because ¢ is so small that
g, < lD;Z1 Dl D827 ®12*81at8ys5in (5.3.16)
~8
for all n>0.

QE.D.

LEMMA 5.11. — If jeJB?, is(n+1) degenerate of order m, the following
are ftrue:

O Ifdk, )< —12-8,;1 £l'*, we have
E; (k)=E, (k) (5.3.17)
@) If keC_()), we have
|Bs (k) E, (0| <z, (5.3.18)

and

‘d—‘j((Exk)—Exk)) <e, (5.3.19)

1
(iii) H58;183/4§d(k, NEe e, we have

> oo
w(En (k)—E, (k)

Proof. — (5.3.17) derives from (5.2.37). Moreover, for all keC,(j)
we have

E, (k)=E, (k) +2e,(sgn w, (k)) v, (w, (k); k) sin28,(j; k)

<e, e, 4. (5.3.20)

+(E, (t,k)—E, (k))sin? 8, (j; k). (5.3.21)
Thanks to .#, (1) (viii), we have
|E5(k)—E, (k) |S6¢€]*+ Dy, 2%1 g4 <¢, (5.3.22)
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because ¢ is so small that

gl2 < %(6+D312°sl")—1 (5.3.23)
1
for all n>0. If%s;l g/t <d(k, )< 58;1 g/, we have

d oo
ﬁ(E" (k)—E, (k)

SdetHa(e e, dk, )& d(k, )7

+D,, 2% g2 42Dy, 200" d (k, ). €22 . e d(k, )7

<g,. (5.3.29)
1
On the other hand, if d(k, j)= 58; lgll4 , we have
d
d_k(Ef.(k)—E.. (k))| <Dy Dy 20 214t 030 me8 gl
+3g]4 244+ D, ,D,, 201403 m*+5 o714
+D%,D,, 201 %20 m¥9 g2 < (5.3.26)
because ¢ is so small that M
£, D2 D527 0%a+03)m=10 (5.3.27)
for all m=0. Similarly, one can prove (iii).
QED.

LemmMa 5.12. — The induction hypotheses of the family S5 (n+1), hold.

Proof. — (i) is obvious. (ii) follows from Lemma 5.10 (i) and
Lemma 5.11 (i). Also (iii) and (iv) follow from the two preceding lemmas
because

D,,=4+D,,, 8,,=190,, (5.3.28)
and
D,;=6D,,+D,,, 8,;=max (8,4, 6,,). (5.3.29)

(v) follows from Lemma 5.10 (iv) and (vi) from Lemma 5.8 (ii) and (iii).
Since (viii) follows from Lemma 5.11 (ii), the only hypothesis left to
prove is (vii).

Let jelJ?,, be an (n+ 1)-regular jump of order m and let us set m'=m
if ”’=n, m'=n otherwise. If ke C,(j) is such that

d(k, )ZD,, 22" 027 g 1w ()], (5.3.30)
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then we have
28,0 | e, w, (k)|
2D 214 d(k, )7 (e, | W ()| £ d (K, )
<3D,, D, 201a- 0 m ~am? (5.3.31)

because ¢ is so small that
2

& D3, 27 032m mam (5.3.32)
for all m'>0. Hence
d
.k
‘dkn (k)
1 22y gz} ] ' 2 /
é _éon (k) +8n w, (k) ‘lnn (k)é"" (k)l+8n Iwn (k) Wy (k)l
2, w (k)’
<| 522 [ )+ wa (B)
g, (k) |
<6D,, D3} 2014832 m’ +g,, SD; 270%™ (5.3.33)
because
D;,=12D4 D33, 03,=01410;3 (5.3.34)
and ¢ is so small that
e < %D;J 27033 m (5.3.35

for all m' > 0.
Let us now suppose that (5.3.30) fails to hold. In this case, we have

d2

—n, k
dkzm( )
2

- ( L 2w, (k)Z)_m [1 (1& ®) &K — 2 w, () w, (k))
4 2\4
g2 g2
5 k2w, (02 + 8 ), (k)Z]
4 4
¥ (;l— £+ w, (k)Z)_ ” (— 66 () e, (B, (k))
;(%«s (k)2 + 62w, (k)Z)P_m. AT A0,

—-1/2
—(i«f (K + &2, (k)Z) (%lnn (R) & ()| + 2 | w, (k) w, &) |)
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- — o 2 P R -~ —
>D;22720am = 3em (g | w, ()| e, d(k, )P d(k, )73

_<ié"" k)*+€2w, (k)z)_ v le, w, ()| (| &0 (k) |+ | gawy ()])  (5.3.36)

If j has height »"=n, then we have

2
%nn(k);Dl_42D3_23 2_(2014+3 032)m—6am2_28n—1 I wn(]) l—1_22a"2+1

-1
g<n+ %) D;l2 tsam-6amiem1(j =1 (5.3 37)

because
, D,,=12D},D3},,  0,,=26,,+36;, (5.3.38)
and ¢ is so small that
8,,§D1_42 D3—23 2—(2614+3932)n—8an2—3 (5.3.39)

for all n20. On the other hand, if n'<n, i.e. if jeJ? and it is n-regular,
we have

;I;nn(k)z =2[&,(0) |7 e, w, ()| (| &7 R) |+, W, (R ])

v

_D142614"’+25;'1Iwn'(i)l_l-gn~22a"2+1
1 -1
[(n+ 2_> —n-lJD;;z—%w—ﬁamza;l|wn,(j)]—1 (5.3.40)

because ¢ is so small that

anén—sz‘f D3_41 2—(014+034)n—8an2-—4 (5.3.41)

v

for all n>1. This completes the proof of £, (n+1) (vii).
QED.

LeMMA 5.13. — The induction hypotheses of the family #,(n+1) hold.

Proof. — (1), (ii) and (iii) are obvious. To prove (iv), (v) and (vi), let
us notice that if jeJ2, ,, ®#0,(j) and ke C,()), we have

75 (0, k)=, (®; k)cos B, (j; k)
+(sgn w, (k) v, (0 — o, (k); ¢,k)sin b, (j; k). (5.3.42)

On the other hand, if o=w,(j), the function < (w,(j); k) vanishes for
keC,(j) and if ke C,(/)\C, () we have

2% (w0, (k); k)=, (0, (k); k) cos? 8, (j; k)
- % (sgn o, (k) &, (k) sin 28, (j; k)). (5.3.43)
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Hence, thanks to #4(n) (i), we have
Y15 (w; k)| £2+Dy52%5m, <3 (5.3.44)

because ¢ is so small that
g, D27 %5 (5.3.495)

for all n20. to Lemmas 5.7 and 5.8 and to #4(n) (iii), we have

d )
) ﬁvi(m; k)|S£D,, 207 *0san* S min (e, 714, d(k, /)™ )
+207  min (e, 714, d (k, j)Y)
+1An(j)(D122an2+012n+1 \/8"_1+D152an2+015n8n+3D162616n8")
<D, 24" *0ant S min (e 7, d(k, /)71 (5.3.46)
because
D, 227%+1 (5.3.47)
and

\/en—l §D12 2012 n(Dl—zl 2—an2—612 n—1
+D,2¢"*0sn 13D 206m L (5.3.48)
for all n>1. Finally, thanks to #4(n) (iv) we have

))

@

dz
?dzz‘vf.(ﬁ); k)
2 S 2
+1A,,(j)(k)(D%2 2an +2612n+2\/8"_1+D12D522an +(012+615)"+18"
T 2
+3D12D162an2+(912+616)n8n\/8’l_1+2D162an +916"8"

+4D}22 016" g2 +2 Dy, 22 0" fe T

—_<-Df4 92ant+28y4n+11 oo (8"—7/2, d(k, j)—2)

_S_D%422°”'2+29‘4"+12min(8;7/2, d(k,j)_z)
because
/8,,_1ész22012"(Df222a"2+2912"+2+D12D1522“"2+(012+915)”+1
+3D12D162a"2+(012+616)"+2D162a"2+016"
+4Df622°16"+2D172“"2“’17")‘1 (5.3.49)
forall n=1.
QE.D.

LEMMA 5.14. — The induction hypotheses of the family # (n+1), hold.

Proof. — (i) and (ii) are obvious and (iii), (iv) and (v) can be proven
as SF,(n+1) (@{v), (v) and (vi), respectively. If N=2, the function
K, (o, (k); k) defined by (2.6.24) requires a special consideration when
keC, (1)\('3,, (), j being a (n+ 1)-degenerate jump point in J2,,. In this
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case, we have

&r Iy (@, (k); k)= (6,0, (@, (k); k) + €7 h, (0, (k); K)) cos 6, (j; k)

79

1
- ?jsgn (o, k) &, (k)sin28, (J; k). (5.3.50)
1
If dk, )< 58;1 ¢!/*, we have 0,(j; k)=0. Hence we have
{62 I, (w, (k); k) |<e)/* +end(k, j)+e;
<2¢)*+e, d(k, ) (5.3.51)
and
—d—afhflz(u),,(k); k) §am(2—n'1)+a,f$am<1— ! ) (5.3.52)
dk B n+(1/2)
because ¢ is so small that
g,<n"? (5.3.53)
for all n=0. Similarly, one can prove (viii).
On the other hand, if%am_’ e/t <d(k, j)<e, te])/*, we have
g2k, (w, (k); k) <el*+2e)/*+e2+D,, D, 2014 *03)m*4 g7/d
<D, D,  201at0sm* 574 (5.3.54)
Moreover, we have
d 252 2 T/4 .3/4
ﬁan hn2 ((Dn (k); k) §28m+8n +68n/ 8m/
+ D§4 D31 2(2 014+63)m+1 Em
+16 D, D;, 201a*03)mglid
<D?,D,,2C@0%a*0)m*2¢ (5.3.55)
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and
2

dk?
<28, &) (13DF, Dy, 20 0a v osuim o)

2 5, (0, (K); &)

74 o5/2 .72 2am? . 3/4
+2¢,/% g2 g 24 22 em g3
2 20,,+90 -1/4 0 —1.7/4 o5/2 .—7/2
+2D7, Dy 20014700 me 27 L 2031 me 1 g714 51267
2 20,440 +2.-7/4
§D14D312( 1atb3)m €, ! (5.3.56)

QED.
Finally, let us mention without proof that estimates very similar to the
ones above, permit us to prove the following:

LeMMA 5.15. — The induction hypotheses of the SJamily ¢ (n+1), hold.

6. THE REGULAR PART OF U,

In this section we consider the regular part exp (e,R,) of the unitary
transformation U, and we prove the induction hypothesis £, (n+1),
Fgnt1), Fo(n+1)and #,,(n+1)in Section 2.7.

As explained in Section 2.7, the operator R, is skewsymmetric and has
the form

R= % Jdkr,.(co;k)ltmkxkl 6.1)
e \{0}JB
where
ry(®; k)= — & (o; k) v} (0; k). (6.2)
We have

LEMMA 6.2. — The following are true
(i) For all ke B, we have

ern(m; k)]§D242824" (6.3)

For all keB such that d,(k, &> 1, we have

(ii) 5 d—irn«o; k)| <D,, 2057 6.4)
42 2
) %] S5 05 )| S Dy 220 0sen (6.5)
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For all ke B\]J, , |, we have

) 3

o

v X

o

d%’" (; k)'gD%z““"zs"min &7 dk )™  (6.6)

2

7@ )| SDpy 25 S min e 7R, d )Y (6.7

Proof. — From £, (n+1) (iii) and £, (n+1) (iv), we find
Z[r"(m; k)|§3.D132°13"=D242°24" (6.8)
because
D,,=3Dy;, 0,,=0,3. (6.8

If ke B is such that d, (%, .57)> 1, then thanks to £ (n) (iii), (iv), (v) and
(vi) and from £, (n+ 1) (ii), (iii), we have

)

i)

4 @ B

an2+0,n+1 o
— <max(l, D;, 227021 fe <1 (6.9)

and
2

d I
e (03 )| smax (1, D},22m 20022 fe <1 (6.10)

)

o

because ¢ is so small that
g,y SDE27em 0i2n—1 (6.11)

for all n=1. Moreover, thanks to .#,(n) (viii), (ix) and to S, (n+1) (iii)
and (iv), we have

d2

sup | ——&, (o, k) §2D312931"+4D12Dzzzanzﬂe“””)"ﬁn

oeWUpt k
<3D,,2%" (6.12)
and
d2
sup _zév:(m, k) §22an2+1+4D12D2322an2+(012+023)n
©0eWUp+1

§5D12D2322an2+(912+823)n 6. 13)
because ¢ is so small that

1

&=, Dz D3/ Dy 27art 031010000 (6.14)
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for all n>0. Hence we have

) éZ(é"i(m; k)2

«w

d
—r,(o; k
= (o; k)

d
S (o; k)—&5(w; k
7 ( )dk( )}

16 (o k)-ld—ivz@; k)|>

<9D2,D,, 20034004 3D, , 20"

<D,g2%s" (6.15)
because
D,;=9D%,D,, +3D,3, 0,s=20,,1+8,,. (6.16)
This proves (ii). We also have
2
Z dijc_zrn((‘); k) §15]:)%3]:)12[)2322M2+(012+2613+623)'l

+27D3, D3, 2C 43+ 28300
+6D2,D,, 2031 %2830r 4 D 20
§D2822an2+628n 6.17)
because
D,s=15D%,D,;D,;+27D3},D3,+6D3,D,, +D,, (6.18)
6,5 =max(0,,+26,,+0,,,360,;+265,). 6.19)

This proves (iii).
If keB\J, ., we have

)

(0]

d 2
—r, ., (@ k)| LTD2,D,, 2% *022"
i +1( 1322

+D13D142an2+014n+6min(8n—7/4’ d(k,j)"l)
<D, 22" 026" min(e] 4, d(k, j)™ 1) (6.20)
because
D,s=7D1; Dy, +2°D3 Dy, 8,6 =max(8y,, 0;4).  (6.21)

Here, we make use of £, (n) (iii), £, (n+1) (iii) and £, (n+ 1) (v). Finally
on the basis of £, (n) (v), £y(n+1) (iv) and £, (n+ 1) (vi), we find

)

«w

2

ir,. (o; k)

de §19D?3D§2221nz+2022n

+7D%3 Dy 22en*+023 7 min (e, ™, d(k, )"
+4D,3D, Dy, 22“"2+(913+°14+622)"+6min(8;7/4’ dk, )™
+D,, D3, 220" ¥ 2004 n+ L2 min (6712 d (K, j)72)

<D,, 22 21 min e, "2, d(k, )~ 2) (6.22)
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because :
D,,=19D};D%,+7D?;D,3+2°D;3 Dy Dy, +2'2Dy3 Dl (6.23)
0,,=max (20,,, 0,3, 0,3+6,, 40,5, 28,,). (6.24)

Q.ED.
LEMMA 6.2. — For all ke B, we have

(i) |E,.1 () —E,(k)|Smin(2e,, g2 D3o2%0"d(k, 37, )7 (6.25)

(i) Tt (@ D] <1 (6.26)
(i) Yl hyer, w05 B)|S1 6.27)
Sor all N=2.

Proof. — (i) Due to #;(n+1) (ii), Lemma 6.1 (i), #,(n+1) (iv) and
S5 (n+1) (iii), we have

|E,+1 (K)—E, (k)| Smin (e, &, D;g2"8"d(k, 37.1)7")
+2D§42292“"83+ %23 Dg42392“"83

+3D,, 202472 + 6 D2, 22 247 g3
+5g24+10D,, 2%24"g3 +5¢]
<min(2g,, & Dy 2%0"d(k, 37, )71 (6.28)

because
D;o=D,;3+2D3,+3D,,+6, 030 =max (0,5, 20,,) (6.29)

and ¢ is so small that
1 -1
£,2D;, 2"30"(523 D3,23%24"+6D2,22%24" 410D, 2‘*24"+5) (6.30)

for all n=0.

(ii) From (2.7.8), we find
_ 1
s 05 ]2/ (2D3, 2207 20D 2007,

+3D,, 29247+ 6D2,22%4"g, +5

+10D242°24"e,,+58,,>§1 (6.31)
because ¢, satisfies (6.25) and we have
§,<(2D32,22%47+3D,, 2%24"+ 5+ D,y 2%07) 72 (6.32)

for all n=0.
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(iii) From (2.7.10) we find

Zlhn+1,N(m; k)|

1
€ — 2D 2924n 2N+____ 2D 2924 2N+18
< /o [(ZN),( 242°247) (2N+1)'( 24206 N e,

+ 3 (2D242624")2 N-14
@N-1) (2N)'
2N 1

5 2D 2624n 2N-N’
N§2(2N—N’)!( 242747)
2N+1 1

+8" 2D 2624n 2N+1-N"
Ngz (2N+1—N’)!( 242247) ]

< el A +e)exp 2 fe, Dy, 247 <1 (6.33)

(2D, 287N,

because ¢ is so small that

g, <min ! —e™ 4, LD“{‘2 4024m (6.34)
16 16
for all n=0.

QED.
LeEMMA 6.3. — For all ke B\J,, ,, we have

®) l%(EnH(k)—E,.(k)) <220V min(l, g,d(k, J,0 )Y (6.35)

<220V fe min(e, 4, d(k, 1)) (6:36)

d
X w1 (@; K)

(iii) For all N=2 and all ke B\JY, |, we have

d
dk

2=

(o]

s, N (0 k)‘<\/8 min (e, 7, d(k, )™ (6.37)
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Proof. — (i) Thanks to #,(n) (i), J;(n+1) (ili), £,(n+1) (v) and
Lemma 6. 1, from the expression (2.7.6) for E,, , (k) we find

d N
(%(Enﬂ (k) —E; (k)

<4¢2(4D2, 2247+ 30D, 2°24"+20)
x [2D,, 22" *022 " min (1, e, d(k, J,+1) ")
+3D, 2" 01en o min (e, 74, d(k, 1,417 ]

+208§<%D24 202474 3)D26 20+ 06 min (e 74, d(k, J,. )Y

< =220tV e2min(e, 74, dk, T,0 )Y (6.38)

|-

because a is so large that
2°"2>4(4D2,+30D,,+20)2D,,+3.2°D,,)
+20D,, (-;-D24 2"24"+3> (6.39)

1
agimax(2624+622, 20,,+0;,, 0,,1705) (6.40)

and ¢ is so small that
1

g,= §D2_41 27 82am (6.41)
for all n=0. Since we also have
1
2°2D,,, = 5622 (6.42)

(6.35) follows from (6.38) and £, (n+1) (iii). (ii) can be proven in the
same way.
(iii) If we start from (2.7.10), we find

d
—h .y, n(®; k)

de

L]

<5 83 N/8 (1+s&,)exp(2D,, 83/8 20824 m)
x [D, 2% *%26 "min (g, 7/, d(k, IV, ;)7
+2°”'2+3D142a"2+014"+6min(8n_7/4: d(k, 33 1) 7]

< \‘ya—N min (g 74, d(k, TN, )Y (6.43)
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because ¢ is so small that

€18 <min 1D{‘f.’).“’Z‘*",—1~2“‘”‘2
- 2 20e
(D, 2%26"+1 +3-26D,42°x4")—1) (6.44)

for all n=0.

Q.ED.

LEMMA 6.4. — For all ke B\J,, ,, we have

d2

® %(En+ 1 (K)—E, (k)

<222+ 0 " tpyin (g7 74, d(k, I, )7 (6.45)
d2
i’

) )

L]

n+1 ((0, k)

<22 D? Je min(e; 72, d(k, J,s1) ") (6.46)

(iii) For all N22 and all ke B\JY, |, we have

2
Z ii‘_hn+1,N("3§ k) _S_\“/E’?min(gn‘WZ’ d(k, J'nN+1 _2) (6.47)

dk?

Proof. — Thanks to £,(n) (v), F3(nt1)({v), F4(n+1)(vi) and
Lemma 6.1, we have
d2
@

(E,+1 ()~ E; (k) ‘

<g2(4D2,2%°%24"+30D,, 2924 "+ 20)
X [2D,, 2257 023 min (6,74, d(k, /)™ *)
+3D§422un2+2014n+12min (8,,_7/2, d(k, j)~2)]

+485<%D242024"+3)D26 2272+ 926 " min (] 74, d(kj)™?)

X [2D22 2an2+922n+3D142an2+014n+6min (8;7/4, d(k,])_l)]
+2083 [(%D242024"+3)D27 2un2+027n+D%622an2+2 926n]
xmin(e; %, dk, §,,,)"?)

< 312“‘"“’2 e2min(e] 72, d(k, J,+1)" %) (6.48)
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because « is so large that
229-2>(4D2,+30D,,+20)(2D,;+3D3))

+4(%D24+3>D26(2D22+3.26D14)

+20[(%D24+3> D27+D§6} (6.49)
and

1
o= 2(2 0,410,535, 20,,+20,4, 0,,+0,¢

+922’ e24>-+-626-+-6149 614»3 624+926)' (650)

By using (6.43) and £ ,(n+1) (iv), we find (6.45). Also (6.46) is a
straightforward consequence of (6.48). Moreover, we have

d2
% whn+1,N(m; k)
<5eCN8 (14¢)exp(2D,, £1/82%247)
X [(2Dy3 22 %0237 42D, 22 * 026y min (e, /4, d(k, I}, ) ™1)
_+_(3.Df422an2+2914n+12+6D14D2622an2+(014+926)n+6

+D%6 22an2+2 626n+D2722an2+927n) min (8,,_7/2, d(k, J’l’:i+1 -2)]

< Yemin(e; 2, d(k, T, )7?) (6.51)

because € is so small that
8;/8§min 1D2—41 2—92411, 1 [2D2322au2+623n+2D2622an2+026n
2 10e
_+_3D§422an2+2014n+12+6D14D2622an2+(914+626)n+6
+D§622 an?+2 026n+D2722an2+924n]—1> (652)

for all n=0.
QED.

LemMMA 6.5. — If jel?, | is an (n+ 1)-degenerate jump point of order m
and keB such that

1
dn+1<k’ [j_58;18314’j+%8;183/4:l)§13 (653)

then we have

. d o
2 E < 31m 6.54
(i) ] B (®]D5,2 (6.54)
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i 2an+0,5+1 6.55

(i) Fr ,,(k)l D,g2 (6.55)
d

.56

(iii) de (6.56)
2

i 6.57

(iv) y| 6.57)

I Y denotes the sum over @eU such that ®#®, (k) in case N=2 and
ke Z,, we have

(v) b l ih: N (6.58)

i) I

(6.59)

Proof. — 1If (6.53) holds, then thanks to #;(n+1) (viii) and
F, (n+1) (v) we have either

1
d(k, Jn+1)§583 (6.60)
or
d(k, JN)Z le—l 2—98(n+ 1)—n 2—(91 (n+1)+5)0g __ 182
n’= 2 . 2 n
2D,g 27 28" (6.61)
because
D,g 24Dy 2% %" 300 0,5=0,0,+ 64, (6.62)
and ¢ is so small that
g, S, /2Dg 2 271D 02e (6.63)
for all n=0. In both cases we have
E, (k)=E, (k), (6.64)
v (©; k)= v, (0; k) (6.65)
B (@; k)= hy (5 k) (6.66)
unless ke &,, N=2 and ® = o, (k). This follows from .#, (n+ 1) (ii) because
0,,=56,. (6.67)

In case (6.60) holds, this lemma follows from .#, (n), #4(n) and ¥, (n).
Otherwise, thanks to .#, (n) (iv), n' <n, we have

d

1
ZEWRs-+ Y 27" e dk,J,)!
g k)| = 3 "21 (k, J.)
<d(k, J,) 1 £D,g2%3"
<D,, 2% (6.68)
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because
D31 gDZS’ e31 2928 (669)
and ¢ is so small that
Y 22mg, <1 (6.70)
m=1
We also have
d—ZE (k) <1y z 22em® g, J )1
P I S P
ézzan2+1 d(k, Jn)—1§D2822an2+028n+1 (6.71)
because o is so large that
Yy 2Ll (6.72)
m=1

Thanks to 4 () (iii), (iv), (v) and (vi), we have

)

(0]

;};vj(m; k)| <max (1, 2"“"“’2\/8—,,D28 2028 ™) (6.73)

and
2
;‘%v: (; &)

)

(0]

§max(1,22“("“’2\/8—,'D282”28") (6.74)

because ¢ is so small that
\/8—"§2—2a(n+1)2D2—822—2928n_ (6.75)

The same argument proves (v) and (vi).
QED.

LEMMA 6.6. — The induction hypotheses of the family %, (n+1), hold.

Proof. — (i), (ii), (iii), (iv) and (v) are contained in Lemmas 6.2, 6.3
and 6.4. (vi) follows from ., (n) (vi) and (vii) and from .#, (m) (iv), m=n.
In fact, from (6.23) and (6.24) we see that
|En+1 (tnk)—En+1 (k)l

= %Dfi 27%14"max (g;/4, d (k, j)) = €3 D30 270"

n

>D; 27040 Umax (674, d(k, j)) (6.76)

because ¢ is so small that

el < ‘—llD;f D3 27 Cus*0s0m (6.77)
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for all n=20 and

0,.22. (6.78)
If jeJ?, | and keB is such that
1

dn+1(k’ []_ ESZ’4,j+ %83/4])§13 (679)

we have
d
QE(E" +1(k)—E, (k)
<4¢?(4D3,2%%247430D,, 29247+ 20) (D, 2%31 "+ 3)
+2Osf<%D242°24"+3)D252925”§8,, (6.80)
because ¢ is so small that

8n§[4(4 D2,22%24"+ 30 D,, 2°24"+20) (D5, 2%31 "+ 3)

-1
+2O<%D242°24"+3>D252925"] (6.81)

for all n=0. Hence, we have
IEn+1 (tnk)—En+1 (k) [;(D;} 2—014"_8n) d(k,j)
2D 270 D d(k, f) (6.82)
because
g, <Dy l2 %14+l (6.83)
for all n=0. This proves (vii). Also (viii) follows from (6.75). Finally, we
have
dZ
%(EH 1 (k)= E, (k)
thanks to (6.43), (6.44) and (6.45). This proves (ix).
(x) Let us suppose that ke B is such that

<lpramiirg (6.84)
4

d 1
—E i< -DIl2 9%t 6.85
dk n+1( ) =5 6 ( )
If k¢ \U &,, then we have
m=0
%En(k)lééDglz'es(n+l)+%Dlzzanzﬂiunef
= ;'Ds_lz_e”- (6.86)
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Hence
d2
di?

1
E,,H(k)l; R[l+n”‘]}»1—Df222“2+2012"af
1
glz[l+(n+l)"1]7\.1 (6.87)
because ¢ is so small that
83 §m1n (D6—1 D1_21 2—an2—(66+012)n—1, D1—22 n-2 22an2+2 81, n) (6 88)
for all n>1.
On the other hand, suppose ke \J &,, and let m, be the least integer
m=0
such that ke 9,,,0. Then, there must be a (n+ 1)-regular jump jeJE, | of

height n" and order m=m,, such that

d(k, )SD3, 22 02me, lw, ()| (6.89)

In fact, if this were not true, then thanks to .#;(m’) (vii),
my+1<m' <n+1, we would have

1 n+1 1 5
ne1 (K)[2ZDg 12 % mo— _ D;l27%am  —pem?e
|dk +1( )l 4 ; ( 33 4 m)
1
>5D6‘12'°6’"0 (6.90)

because

D;33=2D,, B33=0 (6.91)
and ¢ is so small that

g,y S4D;, 27033 mam? (6.92)

for all m'20. But (6.90) is absurd. Hence, thanks to .#, (n+1) (vii), we
have

2 -1
%E"H (k)lg[l+<n+ %) ]D3_412_°34'"‘6°""28;1 [w, ()] 71

_i'ZZa(n+1)2 Z(S—IIW (i)l 1)

2[1+(n+1) 1Dyl 27 sam6emig 2ty (|71, (6.93)
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92 C. ALBANESE

(xi) If e2¢l/*, then thanks to (ii) we have

——
B \(E,i1()—x)’+e* (B, (k)—x)*+&
_S_jdk 28(1+X)IE1+1(k)—En(k), _

B [(Bysy (k)= x)* +7][(E, (k) —x)*+&7]
S12ne g, <12mel/. (6.94)

_ (xii) It is easy to convince ourselves that there exists a smooth function
E, ., (k) agreeing with E, , , (k) for ke B’ and such that

d _ n
;~(E,.+1(k)—Eo(k)) < Y 2D, 20ttt 2g2
m=0

dk
se (6.95)
and
d—Z(E (k) —E, (k)< i 22, 92ami+20,m+a 2
iz Y =& 12 i
se (6.96)
for all k € B. Hence, thanks to Lemma 2.1, we have that either
2
- 1
;@Enﬂ(k)lgixl—s (6.97)
or
LB )|z ta,—e (6.98)
dk n+1 =2 2 . .
Since
£<min -1‘)\4 lk (6.99)
= 4 134 2 ) .

E,.; (k) has the same number ¢, of critical points of E,,, (k) and we
have

E 3/2
sup fdx[J dk _2}
0<e<1 g (EBur(B)—x)7+e

: 32
< sup J‘dx[J‘ dk— 3 _Z:l
0<e<1 g (Eei(0)—x)°+e

<27p7*+2°m 7 e (po Ay HPERAT M) (6.100)

(xiii) Let jeJ?,, be a jump of order m and height n'<n and let
E,. (k) be a smooth function defined for keC, ())\{j} and agreeing
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QUASIPERIODIC SCHRODINGER OPERATORS

with E, | (k) for all

keC,ON{}U U U Cu()
m=m+l jrerh N\
J'#j

and such that

d ( "+1(k) E,,,O (k)) Z Dlzzum’2+012m’+38’2n,
dk m=m+1
§8m+1

and

2
Z D2 22um +20;,m +582

m=m+1

& E k—-E, (k) }=
_ — <
dkz( n+1( ) m( )) =

§8m+ 1

Hence, thanks to .#, (m) (x), we have that either

1 1
l;;fzm(k)lgEDglz“’G"'—smHgZDg‘z“’G"'
or
d* ~ 1 2
prE) E,. (k) g D3l 27 fammoamie 1

because |w, (j)|<1 and ¢ is so small that

1
Em+1 S ZDG_I 27 %

for all m=0. If xeR, let us define the set
o, (x)={keC,():|Epri (B)— x|}

1/4

for all xeR. Since 0 <e<gl!*, we have

J € <gl/20,
E..(j)\d.,(x) (En+1(k) x)?+e?
Each set «/,(x) has at most four connected components
a=1,...,4. If

d(l 4y (%), )Z D3, 227402 " e [, ()|

then we have

€

f dk 5 2_4 _lD 206"'0

Ay g (x) (E n+1(k) x)+e

Otherwise, we have
j e 1 __Dlp120smt3anty
Ay q (x) (En+1(k) x)Z_S 27'[ n

Vol. 10, n° 1-1993.

(6.

(6.

(6.

(6.

(6.

(6.

(6.

(6.

93

101)

102)

103)

104)

105)

106)

107)

108)

A 0 (%),

(6.

6.

(6.

109)

110)

111)



94 C. ALBANESE

Moreover, the measure of the set X of the xeR such that o, (x) is
nonvoid is D¢ D! 2% ~%2'™ Hence, we find

€

£ 3/2
de J-dk _ _ <6344 161 I D2D 122 % f1m
(En+1(k)"x2+82 -

4+t Déaz 21/2 934m+3am28",
<7TDZD;} 2@ % t1m (6.112)
because € is so small that
6240+ -1 D2 12034 mt3am? e, <DZD;} 2% 01dm  (6.113)
for all m=20 and m<n' <n.
(xiv) Let us introduce the set
Z =UC, () (6.114)

where the union is over all (n+1)-regular jumps jeJZ,, of order m.
Thanks to (xiii), we have

Py 3/2
J‘dx J.,dk £ _ §7nDng—zl2(386+591—912*‘1)m+96+s
Fn Eppy(B)—x)2+€2

2 (6.115)

IIA

because
D,,27nD}.2%*3, 0,,230,+50,. (6.116)

In virtue of Holder’s inequality, we have

n+1 E 32
o2 ]
m=0J, (En+1(k)——x)2+82
n+1 2 1/2 nt+1 " E 32
< 27m 2Hem  dx dk =
(mgo ) mZ—':O J [J\f (En+ 1 (k) - x)z + 82}

m

S(1—-27¥H"lz(1-2-12)"1<y (6.117)

QE.D.
LEMMA 6.7. — The induction hypothesis of the family % 4 (n+ 1), hold.

Proof. — (i) follows from £, (n+1) (v). (i), (ili} and (iv) follow from
Lemma 6.2, 6.3 and 6.4.
Let us suppose that k€ B is such that

—1.7/4 —1.7/4
dm(k, [f— g o Dgl. (6.118)
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Thanks to .# 5 (n+1) (vii) we have

d
I%sn-é-l Vs 1 (@, (K); k)

-1
§2—(n+ %) +4g2 (4D3, 220247430 D,, 2°24"+20) (D, 2%1 "+ 3)

+208f<%D242°24"+3>D252°25"
<2-nt (6.119)

because ¢ is so small that
-1
\/Ené(n'l-—<n+ l) )
2
[4 (4D3,22%24"+30D,, 2%24"+20) (D, 2%31 "+ 3)
+20(§D242°24"+3>D252°25"] (6.120)

for all n=0. This condition implies also the following bound:

)

o+ o, (k)

If k satisfies (6.85), then thanks to .#(n+ 1) (viii) we also have

o (b1, (6.121)

dk

2 1IN 1
%%H Vpr1 (@; k)| =1 —<n+ 5) + Zzh(nﬂ)zgf
<l1—n"! (6.122)
because
JEnS4. 27200 (6.123)
for all n20. This bound also implies £ (n+1) (vi), i.e.
d2
= . (0 k)]<1 (6.124)
w%.(k) dk* "
QED.

LEMMA 6.8. — The induction hypotheses of the family #4(n+ 1), hold.
Proof. — (1) Follows from .#, (n+1) (v) and (ii), (iii) and (iv) follow from
Lemmas 6.2, 6.3 and 6.4 (v) and (vi) follow from (iii) and (iv) in case
N=14.

Let us suppose that N<13 and let kB be such that

d..+1<k, [j—%83/4,j+ %83“D§13 (6.125)
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Thanks to Lemmas 6.1 and 6.5, we have

d
Z ~h N (@ k)| <562 N8(1 +¢,)exp(2D,, £)/8 2024

we¥U dk
X [Dy, 291"+ 3+ D, 2028 " < | (6.126)
because (6.44) holds and
1
glid< Ia(DM2931"+3+D252"zsf')‘1 (6.127)
for all n=>0. We also have
d? :
% | s 03 K) [ S5625 (1 5 exp 2 D,y o 9207
weU
X [D,yq 2257 +025n+1 +D,5 Dy, 20257030
+3+6D,52%57+ D, 225" *02sM <] (6.128)
because
|
g/t < R)_e(Dzs 22an?torgn+ly D,5Dj, 2025030743
+6D,52%5"+ D, 22 en +orgm) 1 (6.129)
QED.

Finally, let us mention without proof that estimates very similar to the
ones above, permit us to prove the following result

LEMMA 6.9. — The induction hypothesis of the family #,,(n+ 1), holds.
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