Ann. Inst. Henri Poincaré,

Vol. 13, n°® 6, 1996, p. 691-705 Analyse non linéaire

Remarks on W1P-stability of the
conformal set in higher dimensions

by

Baisheng YAN

Department of Mathematics, Michigan State University,
East Lansing, MI 48824, USA
e-mail:yan @math.msu.edu.

ABSTRACT. — In this paper, we study the stability of maps in W1? that
are close to the conformal set K; = RT - SO(n) in an averaged sense
as described in Definition 1.1. We prove that K; is W1?-compact for all
p > n but is not WP-stable for any 1 < p < n/2 when n > 3. We also
prove a coercivity estimate for the integral functional [p, d% (V¢(z))dx
on WhP(R™; R"™) for certain values of p lower than n using some new
estimates for weak solutions of p-harmonic equations.
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RESUME. — Dans cet article, nous étudions la stabilité des applications
dans WP qui sont proches de ’ensemble conforme K; = Rt - SO(n)
dans un sens moyenné décrit dans la Définition 1.1. Nous prouvons que
K, est WhP-compact pour p > n mais n’est pas W'P-stable pour tout
1 <p < mn/2sin > 3. Nous prouvons aussi une estimée de coercivité
pour la fonctionnelle [ df (V¢(z))dz on WHP(R™; R™) pour certaines
valeurs de p inférieures a n en utilisant des estimées nouvelles pour des
solutions faibles d’équations p-harmoniques.
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692 B. YAN
1. INTRODUCTION

Let n > 2 and M™*™ denote the set of all real n x n matrices. For
each [ > 1, we consider the following subset K; of AM™*™ in connection

with the theory of [-quasiregular mappings in R™ (see Reshetnyak [21]
and Rickman [22]),

Ki={A € M™™| A" < I det A}, (1.1)

where ||A|| is the norm of A € M"™*™ viewed as a linear operator on
R™, ie,

141 = max |A | = max VAT AT Ah. (1.2)

When [ = 1, set K is the set of all conformal matrices, which will be
called the conformal set in this paper. Note that K, = R* - SO(n). We
also consider the set R(n) of all general orthogonal matrices in R", i.e.,

R(n) = {A € M™"| AT A = AI for some \ > 0}. (1.3)

Let §) be a domain in R™, which is assumed throughout this paper to
be bounded and smooth. We recall that a map u € WHP(Q; R") is said
to be (weakly, if p < n) Il-quasiregular if Vu(z) € K, for aex € Q,
see [13], [14], [21] and [22]. The Liouville theorem asserts that every
1-quasiregular in W'"(£2;R™) is conformal and thus is the restriction of
a Mobius map if n > 3.

An important result proved in Iwaniec [13, Theorem 3] is that for
each n > 3 and [ > 1 there exists a p, = p(n,l) < n such that every
weakly [-quasiregular map belonging to W17« (£2; R™) belongs actually to
Whn(Q; R™) and is thus an I-quasiregular map as usually defined in [21]
or [22]. Such higher integrability results depend on some new estimates
for weak solutions of p-harmonic equations in Iwaniec [13], and Iwaniec
and Sbordone [15].

In this paper, we shall study some properties pertaining to the stability
of weakly quasiregular maps. We shall consider the stability of maps
in W2(2; R™) when their gradients are converging to the conformal set
K, =R"-50(n) in the averaged sense described by (1.4) in Definition 1.1
below. The study is originated from a study of the structures of Young
measures whose supports are unbounded. For references in this direction,

we refer to [2], [3], [16], [17], [19], [23], [25], [26], [29], [30] and
references therein.
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W1P_STABILITY OF CONFORMAL SET 693

We need some notation to proceed. For a function f defined on M™*"
we use Z(f) and f# to denote the zero set and the quasiconvexification of
f, respectively. For a given set X C M™*™ denote by dxc(A) the distance
from A to K for all A € M™*™ (in any equivalent Euclidean norm), and
let K# be the quasiconvex hull of K. See Dacorogna [8], Yan [26] and
Sverdk [23] for the relevant definitions.

In this paper, we use the following definition, see also Zhang [30]. We
refer to Ball [2], Kinderlehrer and Pedregal [17] and Tartar [25] for more
connections of this definition with the Young measures theory.

DerINITION 1.1. — We say K is WP-stable if for every sequence u; — ug
in WHP(Q; R™) satisfying
lim [ d&%(Vu;(z))dz =0, (1.4)
J—00 [¢]
it follows that Vug(z) € K for ae. z € Q. We say K is WYP-compact if
every weakly convergent sequence u; — ug in W?(Q, R™) satisfying (1.4)
converges strongly to ug in WH1(Q; R™). In terms of Young Measures, K is

WLP-compact if and only if every WYP-gradient Young Measure supported
on K is a Dirac Young Measure on M™*™,

It should be noted that in many cases dy. in (1.4) can be replaced by other
functions f that vanish exactly on X and satisfy 0 < f(A4) < C (JAP +1).
For example, when K is homogeneous, then di. in (1.4) can be replaced by
any non-negative homogeneous functions of degree p that vanish exactly
on K.

We also note that it follows from the result in Zhang [29]-[30] that if a
compact set K is W1P-compact for some p > 1 then it is WP-compact
for all p > 1. One of the main purposes of this paper is to show that this
result fails to hold for unbounded sets K. Our counter-example is provided
by the conformal set K; = R* - SO(n) defined above. More precisely, we
shall prove the following result.

THEOREM 1.2. — Suppose n > 3. Then set Ky = R* - SO(n) is
WYP-compact for all p > n, but not W P-stable for any 1 < p < n/2.

The W?'™-compactness of K, follows from a stronger theorem
(Theorem 3.1) proved by using the result of Evans and Gariepy [10]
(see also Evans [9]) and the theory of polyconvex functions. Note that the
W1P-compactness of K; for p > n has been proved in Ball [3] using
the Young measures and polyconvex functions; see also Kinderlehrer [16].
Using the similar techniques of biting Young measures, one can also prove
the Wl m™-compactness of K; without using the result of [10]; but we do
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694 B. YAN

not pursue such a method in the present paper. For more on biting Young
measures, we only refer to {6], [17] and [28].

It is also noted that K; = R™ - SO(n) is unbounded and contains
no rank-one connections, but our theorem says that it may or may not
support nontrivial gradient Young measures. This phenomenon also makes
the conjecture in Tartar [25] more interesting for Young measures with
unbounded supports; of course, this conjecture (in the case of compact
supports) has been very well understood and resolved in Bhattacharya et
al. [7], see also Sverdk [24].

It has been proved in Yan [26] (also Zhang [29]) that if K is compact then
K# = Z(dﬁ). For K = K, the conformal set, if n > 3 it is easily seen
from the proof of Theorem 3.3 that the set R(n) is contained in Z(df).
More recently, using this observation and the rank-one convex hulls, we
have proved in Yan [27] that dﬁl actually must be identically zero. For
more on the growth condition for conformal energy functions, we refer to
the forthcoming paper Yan [27]. Therefore in general the previous result
K#* = Z (dﬁ) does not hold for unbounded sets X (an example when
n = 2 was given in Yan [26]).

The proof of Theorem 3.1 uses the polyconvex function G(A) defined
by (2.1) which vanishes exactly on the conformal set K, and is uniformly
strictly quasiconvex in the term used by Evans [9] and Evans and
Gariepy [10]. The proof using biting Young measures as in Ball [3] also uses
such polyconvex functions. However for p < n both proofs break down
since there is no counterpart of polyconvex function G(A) that vanishes
exactly on K, and grows like |A|P when p < n, see Yan [27].

To study the case for p < n, we make use of some new estimates for
p-harmonic equations obtained recently by Iwaniec [13, Theorem 1] (see
also [15]). We shall prove the following coercivity result for the functional

| & (9ote) dr

on WyP(Q;R") for certain p < n, which follows obviously from
Theorem 4.1.

THEOREM 1.3. — Let n > 3 and K, = RT - SO(n) be the conformal set.
Then there exist constants a(n) < n < B(n) and co(n) > 0 such that for

all p € [a(n), Bn)]
co(n) / V()P do < / &b (V(z)) do < / V()P dz  (1.5)

for all ¢ € Wy (Q;R™).
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W1-P.STABILITY OF CONFORMAL SET 695

This theorem implies that for certain values of p lower than n, any
weakly convergent sequence {u;} in W, ?(€; R™) that satisfies (1.4) must
converge to 0 in W17 (Q; R™). For functions ¢ with the conformal linear
boundary conditions, we do not know whether a similar estimate like (1.5)
can be obtained; see the remarks in the end of the paper.

Finally, we point out that the estimate like the second one of (1.5) can
not be expected to hold for a constant a(n) < n/2.

THEOREM 1.4. — Let a(n) < n be any constant determined in the previous
theorem. Then it follows that a(n) > n/2.

We now give the plan of the paper. In section 2, we review some
notation and preliminaries that are needed to prove our main theorems.
In section 3, we prove the W?'P-compactness of the conformal set
K; = Rt - SO(n) for p > n and study the W1P-stability of K; for
p < n/2. In section 4, we prove the coercivity property (1.5) of the integral
functional [;, df (V¢(z))dz on WHP(R™;R™) for certain values of p
lower than n. We also prove that such a coercivity estimate is not true
for p < n/2. Finally, in section 5, we make some remarks regarding the
WhP_compactness of set K; for certain lower values of p < n.

2. NOTATION AND PRELIMINARIES
For n > 2, let us define
G(A) =n""2 A" —det A (2.1)

where |A[? = tr (AT A). It is easily seen that G(A) > 0 is polyconvex and
vanishes exactly on K1 = R*-S0(n) and is uniformly strictly quasiconvex
in the sense defined by Evans and Gariepy in [10], also [9] and [11].

Lemma 2.1. — Let G(A) be defined by (2.1). Then for any € > 0, there
exists a constant C, > 0 such that for all A € M™X"

G(A) < Codi (A) +€|Al™ (2.2)

Proof. — This follows easily from the homogeneity of G(A) and
dy (A4). O ‘

In order to use the estimates for p-harmonic tensors, we need some

notation on exterior algebras and differential forms on R™. We follow the
notation in Iwaniec and Martin [14].
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696 B. YAN

Let e;,eq,- -+, e, denote the standard basis of R™. For [ = 0,1,
we denote by A’ = AY(R™) the linear space of all I-tensors spanned by
{er = e, Nei, Ao~ Ney} for all ordered I-tuples I = (iy,ip,--- i)
with1§i1<i2<--~<z',Sn.DeﬁneAl:{O}ifl<00rl>n.
The Grassmann algebra A = ®A' is a graded algebra with respect to the
exterior multiplication.

For @ = 3 a'er and B =3 Ble; in A the inner product is defined by
-Yes,
T

where the summation is taken over all I-tuples I = (iy, 4, - ,4) and all
integers [ = 0,1,---,n
The Hodge star operator * : A — A is then defined by the rule that

xl =e; Aeg A---ANe,

and
a A (xf) = B A (xa) = (@, B) (x1)

for all @, € A. It is straightforward to see that * : A’ — A™~! and the
norm of & € A is then given by the formula

la|® = (@, a) = *(a A xa) € A°.
For each [ = 0,1, -, n, a differential form « of degree | defined on 2
o= Z a (z)der = Z (Y day Ada, A - Adag,

can be identified with a function o : Q@ — A!(R™) with the same coeffients
{a'}. 1t is appropriate to introduce the space

D/(9; A) = &D/(9; Al)

of all differential forms whose coeffients are Schwartz distributions on €.
We can also define LP(€2; A), WHP(Q; A) or other spaces by requiring all
the coeffients belong to the suitable function spaces.

We shall make use of the exterior derivative

d: DA - DAY, 1=0,1,...,n
and its formal adjoint operator, commonly called the Hodge codifferential,
d* : D' AT — DAY,
defined by d* = (—1)™*! x d« on (I + 1)-forms.

Annales de Ulnstitut Henri Poincaré - Analyse non linéaire



W1-?_STABILITY OF CONFORMAL SET 697

The following observation will be useful in proof of Theorem 1.3.
LemMma 2.2. — Suppose F' € K1 = R* - SO(n). Let f; be the j-th column
(or row) vector of F for j = 1, ...,n, each being considered in A*. Then
fo A Afal= A1 1<ii<---<i<n, 1=12,..,n
and .
CUPTHAA A fard T (LA A fast) = %

Finally we need the following estimate on the weak solutions of
nonhomogeneous p-harmonic equation in R™ proved in Iwaniec [13]
and [12]. We refer to the recent paper of Iwaniec and Sbordone [15]
for more discussions.

THEOREM 2.3. — For each p > 1, there exists v = v(n,p) € (1,p) such
that for every s > v every weak solution u with du € L*(R™;A) to the
p-harmonic equation

d*[lg + dulP~%(g + du)] = d*h in R" (2.3)

satisfies for a constant C(n,p,s) > 0

[ tdul < cups /R (lgl + 1017, (2.4)

Moreover, the constant C(n,p,s) can be chosen independent of s for
v <s < n.

Proof. — This is Theorem 1 in Iwaniec [13]. [

3. WHP-COMPACTNESS OF THE CONFORMAL SET K,

Let K; = Rt - SO(n) be the conformal set defined before. In what
follows, we assume n > 3. We first prove the W1 -compactness of the
set Kl.

THEOREM 3.1. — Suppose u; — ug in WH™(Q; R™) and satisfies

lim %, (Vuj(z))dz = 0. (3.1)

J—o0 Q

Then ug is a conformal map and moreover u; — uo in W1({; R™).
Consequently, K1 = R* - SO(n) is W ™-compact.
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698 B. YAN

Proof. — Let G(A) is defined by (2.1). By Lemma 2.1 and (3.1), since
{IVu;{l~()} is bounded, we easily obtain

lim I{u;) = lim | G(Vu;(z))dz = 0. (3.2)

j—o0 j—oo fo

Since G(A) is polyconvex and satisfies 0 < G(A4) < C'|A|"*, therefore by
the theorem of Acerbi-Fusco [1], the functional

I(u):/QG(Vu(x))dx

is weakly lower semicontinuous on W1({;R™) (see also Ball and
Murat [4] and Morrey [18]) thus it follows that

0 = I(up) < liminf I(u;) =0

J—oe

which implies u is a conformal map and u; — up in WH™(Q; R"™) by
the result of Evans and Gariepy [10] since G(A) is uniformly strictly
quasiconvex. Finally by definition it follows that K; is W' -compact. O

The W l™-compactness of K, can also be proved by using biting Young
measures as in Ball [2] using Young measures for p > n. However, both
methods do not work anymore for p < n mainly because in this case there
is no counterpart of the polyconvex function G(A) vanishing exactly on
K, and with growth like |A|?; see Yan [27].

Before considering the W!?-compactness of set K; for 1 < p < m,
we make some remark about the non-W1?-compactness for a general set
KcCcM>X and 1 < p < o0.

Let A € M™™ we consider the following system of equations or
differential relations,

u € WHP(Q; R™),
Vu(z) € K, foraex €, (3.3)
u(z) = Az, forz € O

Generally, the solvability of (3.3) relies heavily on the structure of K. It
is expected that nontrivial solutions of (3.3) (if exist) should be highly
oscillatory if set K does not have certain nice structures.

When K is the compatible two-well in two dimensions, Miiller and
Sverdk [19] recently proved that for certain matrices A ¢ K, Problem (3.3)
has Lipschitz solutions.
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W1tP_STABILITY OF CONFORMAL SET 699

We now prove the following result. The argument is closely related to
that in Ball and Murat [4].

THEOREM 3.2. — Suppose u, K and A solve system (3.3). Then A € Z(dﬁ),
and K is not WhP-stable if A ¢ K.

Proof. — First we remark that without loss of generality we can assume
) to be the unit cell Q, centered at origin, since otherwise, using the Vitali
covering and the affine boundary condition of u(z), one can construct a
solution v € W1?(Qq; R™) to a system similar to (3.3) only with {2 being
replaced by Q.

For each k = 1,2,---, we divide Qg into 2"* sub-cells with side 27k,
and denote these sub-cells by {Q¥} with 1 < j < 27*. Suppose

bF=af+27%Qp, j=1,2,---,2"% (3.4)

j =

We now define a map u* : Qo — R™ as follows,

J

k ok, okl _ k : k :

u*(z) = Aa¥ +27Fu(2%(z — a7)), if z € Q; for some j, (3.5)
Az, for other z € Q.

It is easily seen that Vu*(z) € K for ae. z € Qp and u* € WHP(Qo; R™).

It is also easy to see for all functions W (A) defined on M"*" that

W(Vu*(z))dzr = W(Vu(zx)) dz. (3.6)
Qo Qo

A calculation also shows that (see e.g., Ball and Murat [4, Corollary A. 2])
uF — ug in WHP(Qg; R®)  as k — oo, (3.7)

where ug(z) = Axz. Since di(VuF(z)) = 0, therefore, it follows from
theorem on weak lower semicontinuity (see [1], [4], [8] and [18]) that
Vuo(z) = A € Z(dF). If A ¢ K, then Vuy(z) ¢ K, thus by definition
and (3.7), this shows that K is not W1?-stable. We thus complete the
proof. O

It is proved in [13] that there exists a p. = p(n,l) < n for each
n > 3 and ! > 1 such that every weakly [-quasiregular map belonging to
Whr«(Q; R™) belongs actually to W1 (2; R™); thus is an [-quasiregular
map as usually defined in [21] and [22]. The general conjecture is that
Pr = l:lr_lﬁ see also [14]. From this it follows that problem (3.8) can not
have a solution when p > p, = p(n) and [ = 1 unless A € K;.

The following results are based on the existence of weakly [-quasiregular
maps that are not [-quasiregular when n > 3. Recall that R(n) is the set
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700 B. YAN

of all general orthogonal matrices in R™ defined by (1.3). See also Iwaniec
and Martin [14, section 12].

THEOREM 3.3. — Let 1 < p < z+1 and A € R(n) with det A = —1. Then
the following problem has a solution:
u € WP (B;R™),
Vu(z) € K, fora.e. x € B, (3.8)
u(z) = Az, forx € OB,
where B is the unit open ball in R™.

Proof. — For a given | > 1, define a radial map @, : B — R" as follows:

1

i) = (=

]

When [ =1, &, is the inversion with respect to the unit sphere.
It is easily seen that ®;(z) = x for x € OB and that

Ve(z) = (|1[)1+% (I‘ltl |$|®}i|)

14+
) 'z forx € B. (3.9)

Thus

Ve (2)||* = |2] 7+ = — det V&, (z) forxze B\{0}. (3.10)
For A € R(n) with det A = —1, define u(z) = ®,(Az) for z € B. We
claim that u solves (3.8) for any 1 < p < 1’

Note that Vu(z) = V&,;(Az) A for z € B\{0} and |Az| = |z| for any
z € R™. Therefore by (3.10), it follows that ||Vu(z)||" = I det Vu(z)
for z € B\{0} and u(z) = Az if z € 0B. What is left to check is

u € Wl’P(B R™) forany 1 < p < z+1 Our calculation shows

IVu(z)||P = |z| P+ for z € B\{0}.

/HVU |]pd:v— (l+1) < 00,

where w,, is the area of dB. Thus u € W“’(B R") forany 1 <p<
We thus complete the proof. O

Combining Theorems 3.2 and 3.3, we have proved the following
corollary.

Thus

l+1

CoroLLARY 3.4. — Foranyl > 1and 1 < p <
WhP-stable. Moreover, R(n) C Z(df).
As mentioned in the introduction, using rank-one convex hulls, we can

prove R(n)# = M™ " for n > 3. Therefore the previous corollary actually
implies that d#l must be identically zero. See Yan [27] for more.

1+1v the set K; is not
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W1-»_.STABILITY OF CONFORMAL SET 701
4. THE COERCIVITY OF fRn d’kl(Vu(:n)) dr ON W”’(R”;R”)

Let K = K; = R*-S0(n) be the conformal set. This section is devoted
to proving the following result.

THEOREM 4.1. — For each n > 3, there exists a(n) < n such that for
all p > a(n)

n

| s@Pd<con [ #(va@)as (e
Rn
for all $ € WHP(R™;R"™). Moreover, 1 < C(n,p) < C(n) < oo for
a(n) < p < n.

Proof. — We have only to prove (4.1) for ¢ € C§°(R™; R™). Let us
assume

Vo(z) = A(z) — B(z), A(z) € K1,|B(2)| = dx (Vé(z)),ace.  (4.2)

We can also assume B has compact support and is bounded. Let ¢; be the
t-th coordinate function of ¢, then d¢; is a 1-form. Let 5;(x) be the i-th
row vector of B(z) considered as a 1-form. Since V¢(z) + B(z) € K,
thus by Lemma 2.2, we have

(di, + Bi) A -+ A (depi, + B,
:ld¢1+/81|l71_<_i1<"'<ilSn7 l:]-a?v""n; (43)

and

[(dpy + B1) A+~ A (dbn_1 + Bu1)| "3 (depy + B1) A+ A (A1 + Brurr)
= (=1)""" x (d¢n + B)- (4.4)

Let
U= Pp1dpr A ANdpp_2, du=(=1)"dds A Ad,_1,

9= (=1"((dp1 + B1) A+ Adpn—1 4 Ba—1)) — (dp1 A -+ Adpn_1)],
h=—x0,.

Then it follows from (4.4) and d*+ = xd on 1-forms that

d*[|lg + dulP"*(g + du)] = d*h in R®, where p = nL—l (4.5)
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702 B. YAN

Therefore by Theorem 2.3, there exists 1 < v < 5 such that forall s > v,

/n |du|® < C(n,s) /Rn(|g|5 + |h{5(n—l)). (4.6)

By (4.3) and definition of du and g, it follow that for each 7 = 1,2,...,n,
s 0% < g+ duf + (8,1 < gl + Idul” + 181"
and
lgl* < ldi, Ao Ay [°1B5, A A B, L7

where the summation is over all [ + m = (n— 1) and [ > 0, m > 0 and
iy < (n —1). From this we have

n—1

lgl* < €D (ldg; 1" V) + C(e)| B,

=1

where € > 0 is arbitrary. Combining these pointwise estimates, integrating
over R™ and using (4.6), we obtain for each 7 = 1,2, ...,n,

n—1
d 1s{n—1) d 1s(n—1) s(n—1)
f e s | o +Cns,e) [ |BPD,

n

for a different arbitrary € > 0, to be chosen later. Summing this inequality
for j from 1 to n and choosing € = 1/(2n), it follows that

> [ w0 < [BEe. @)

for all s > v. Now let a(n) = v(n — 1) then a(n) < n. For this a(n) it is
easy to see (4.1) follows from (4.7). The proof is thus completed. [

THEOREM 4.2. — Let a(n) < n be any constant determined in the previous
theorem. Then it follows that a(n) > n/2.

Proof. — We suppose a(n) < n/2. Let ®; : By — R"™ be the inversion
with respect to the unit sphere as defined by (3.9). Let A € R(n) with
det A = —1. Define u(z) = ®,(Az) for € B;. Then

Vu(z) = VO, (Az) A € K1 =R -50(n), a.e. z€ Bi.
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W1.P_STABILITY OF CONFORMAL SET 703

Now let p € Cg°(R™) with p(z) = 1 for € By and p(z) = 0 for
z ¢ Bp, and

0< p(z) < 1, |V(a)] < 2.
Let ¢(z) = p(z)(u(z) — c), where c is a constant to be chosen later. Then

¢ € WHP(R™;R") for all 1 < p < n/2.
For 0 < e < Z—a(n), applying (4.1) to ¢ € WhE~¢(R™; R"), we obtain

/ [Vu(z)|t < dz
B2
< C(n)/B d?(_e(Vp(a:) ® (uw(z) — ¢) + p(z)Vu(z)) dz,

from which and using dx (A + B) < dx(A) + | B] it follows that

/BW |Vu|? = < C(n) /B W

2 3n-—2e

SC(n)( /B |V "375—22’1‘) . (4.8)

where we have chosen ¢ = ﬁ J5, v and applied the Sobolev inequality.
In (4.8), letting ¢ — 0 we would have

u(z)|™? dx n u(z)|™ 373/2 00,
[, wu@rrae < e[| vuer ) <

which is a contradiction, since u ¢ W™/2(B, /»; R™) as we showed before.
We have thus completed the proof. [

5. A CONCLUDING REMARK

As we mentioned before, it is proved in Iwaniec [13, Theorem 3] that
there exists a minimal p. = p(n) € [n/2, n) for each n > 3 such that if a
map u(x) belonging to W17+ (€; R™) satisfies Vu(z) € K; = R*-5S0(n)
a.e. then it belongs actually to W' (Q; R"). Note that p. = n/2 when n
is even, by the results in [14].

For a weakly convergent unperturbed sequence {u;} in W (Q2; R™)
with Vu;(z) € K, for ae. z € Q, the strong convergence follows easily
from Theorem 3.1 and this higher integrability result.
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Now, if we only assume the distance from Vu;(z) to the conformal set
is small and approaches zero as j — oo, then we do not usually have the
higher integrability for u; € W1#+(; R™). In the even dimensions, there
are some linear structures (see [14] and [27]) among the subdeterminants
of half dimension size, that may compensate some loss of the stability
due to the weak convergence of {u;}. But I have not come up with the
definite results in this aspect even in even dimensions. Therefore, it would
be interesting to consider the following problem.

PROBLEM 5.1. — Determine whether K1 = R™ - SO(n) is WY“P-compact

for some p < n. If it is, whether the minimal value of such p is equal to
D+ given above.

Remark. — Most recently, in Miiller, Sverdk and Yan [20], it is proved
that for even dimensions n > 4 the minimal a(n) in Problem 5.1 is n/2.
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