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“Critical points at infinity in
some variational problems”
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standard three-dimensional sphere”
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New Brunswick, 08903 NI, USA.

In the sequel, [1] stands for the first reference (the Pitman Research Notes
n® 182) while [2] stands for the second reference (Journal of Functional
Analysis, Vol. 95, n° 1, pp. 106-172).

In [2], the arguments are more specific, since n = 3.

However at least for the first addendum, the modifications for [1] and
(2], are the same, up to the numeration of the formulae; therefore, we
present them together.

ADDENDUM 1

The argument fiven in (3.78)-(3.82), page 76, of [1] and in (B.35)-(B.41),
pages 169-170 of [2], should be modified, although the general line of proof
of Lemma 3.2 of [1) and of A.18 of Lemma A2 in [2] remains unchanged.

There is a misprint in (3.46) of [1], which should read:

- 1
h= —/ h.
/3131 A2 fop,
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734 A. BAHRI

Also in (3.77) of [1] and (B.35) of [2], which should read:

1 1/2
— (] ve 2) .
A;/Q 6?2/2 (n—2) (/ l [

A related misprint is completed in, (3.82) of [1] and (B.40) of [2], where
r™/2 should replace r(®~2)/2 in the definition of p.

8 .
’5‘(51—91)

n

/~ 51§41 | < C sup
w

oW

The conclusion of the proofs remain unchanged, up to this change of
exponent in the definition of p (when |zo| > 1, p is now upperbounded

x5 |7/2
by (|z2c|"-1 % ‘;2;‘“ )) :

These are minor modifications.

However, we need a more substantial change in the proof because
(3.78) of [1] and (B.36) of [2] are difficult to prove. It is not easy to

upperbound - although true —sup ‘ a% 6, E)% &
oW

by C sup
oW

We thus introduce the following modification in the proof :
Let G, be the Dirichlet Green’s function on w.

Then,
5, —8, = /~ Gy (2, y) 5§n+2)/(n—2) (z) dz
W
and
0z o 0 c(n+2)/(n—-2
= (5~ ) :/W 5o Gov (o, 1) E72/07 (0)

W is a ball of radius r. Therefore, for any y ow, CW is contained in
the half-space 7, whose boundary dm, is tangent to OW at y.

Thus,

2 (G| < | g

On, v

C

59| < Ty

Annales de Ulnstitut Henri Poincaré - Analyse non linéaire



ADDENDA TO THE BOOK AND TO THE PAPER 735

On the other hand, computing as if T/ was centered at zero:

(Tn—2)2 7“2.7) sz
GVV (‘Tv y) = Gﬁ/c ’$|2 B |y|2

T ey

(r is the radius of CW). For the unit ball

1 x z
G (0 2) = e B<|ﬂ2’vP>
Since W = r B¢,

n—2

1 T Yy T T TY
GW($7y):Tn—_2GBC(—-7_>_ GB( l27 )

r’r) T |y |2 [z]? |y ]2

_ (Tn—2)2 G- <T2(L' ,’,.Zy ))
oyl TPy )

Thus, since |y | = r, since | G, (', ¥') | <

2
c ry
and
e [vl?

9 ern? 1 2 1
— Gy <
'any W@V S TR T T T et
=7 — ¥ EId
c c
= n—1 + n—2
r|z|*2 Irwzl? -y rlz|r? [;”[2 -t
Since |y| = 7 :
e _yl_lz-y]
[z]? lz|
Therefore:
0 Clz| C
2 Gz, )| <
oy 5 0| < S

1 1
sc( t )
lz -yt rlz—y[*?

This inequality is translation invariant and therefore holds whatever the
center of W is (not necessarly zero, anymore).
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Thus, since —Ad; = 55"”)/("_2) in R :

0 1 c(n+2)/(n—2) 1<
an(51—91) < (/nlx——y]"‘_lél (z)dz + ;51(21)

s (/ ﬁ 81 (- y)<n+2)/(n—z>>
Rn

1 10C C\ -
+ ;61(y)< <W+ 7) 61 (y)

1 = e
+ [: ﬁ 61 (SE bt y)(n+2)/( 2).
le] <35 /14y 2 |z |

Observe now that, if |z| < 5 /1 + |y[2, either |y| < 1-then || < 2—
and

e < 81(z —y) < ey c2 < b1(y) < ey

where ¢; and c; are universal positive constants.
Thus:

1. _
/ L F (o — ) DID) < 0, (gD D),
n—1 —

i< & /9 E 2]

Or |y| > 1, then [z| < L|y|and 6 (z —y) < ¢1 6 (y). Thus,

- 61
/ms%\/myx? |z

X 1
n+2)/(n—2 2v1/2
< Co (y)" 2021+ |y 2 < (T [y )7

(z — )t/ (=D gy

Combining both estimates, we derive:

sup
aw

<C 1 -I-l 1
=\ Ut lape oz TF SR O a7 )

Thus,
£(nt2)/(n=2) (2 _ 7| o r 1
/W b1 (@=v) —C<<1+r2+lle2~zr|m>1/2 * >

,,.(n—2)/2 v 2
XAF 21 (2P = 2r e} (/' ¢'>
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We set then:
r(n=2)/2

T A+ 327 ) D

P

r
x 11 .
(+ e —zme)
The remainder of the argument is unchanged.

The proof of Lemma 3.2 of [1] and Lemma A2 of [2] is, now, fully
transparent.

ADDENDUM 2

In [1], F22 and F23 have not been established. Instead, slightly weaker
estimates, F22’ and F23’ have been established.

We neverthless used F22 and F23 when we described the normal form
of the dynamical system near infinity.

Checking F22 and F23 is a quite long process, that we never completed,
although the proof should be quite similar to previous estimates.

If we only use F22’ and F23', then the early estimates for the matrices
A and A’, in the section 4 of [1], are slightly changed, —the estimates are
numbered (4.16)-(4.22)—by the introduction of a logarithmic factor log si_jl

. . : 1 8 o 855

in certain terms, namely those corresponding to Sw Jv 3o V oy and
1 as;  96;

X, f \% Ox; VA] ox; °

Observe that—by very easy estimates—both terms are 0 (g;;).

Therefore, the remainder of the estimates on A and A’, in particular
in (4.53)-(4.54), holds without change. The remainder of section 4, in
particular Lemmas 4.1 and 4.2, is unchanged.

ADDENDUM 3

To the regret of the author, the misprints of [1] are many. Most are
meaningless and can be easily corrected.

A misprint in (7.21) of [1] has nevertheless obscured the proof of
Proposition 7.2. There is a misprint in the statement of Proposition 7.2
where —L should be replaced by —A. This holds also for the statement
of Theorem 1 of [2].
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738 A. BAHRI

Proposition 7.3 holds only for n = 3; it is used only in this case in [1]
and the proof of this Proposition-provided in the Appendix of [1]-displays
this fact clearly.

(ii) of Proposition 7.2 has been proved in [2], Lemma 5. We do not need
to repeat the proof here.

However, for (i) of Proposition 7.2, the only proof is in [1].

Unifortunately, in (7.21), the best estimate on | v |5 we can derive from
Lemma 4.1, in dimension n > 6, is:

vlg <O (|0 (Sog b + v) | + DelntD/2(n=2) log ;1) (nt2)/2n
1] i

which is only o () 5,142
kF# r

This is, in fact, only a misprint and the statement of (i) Proposition 7.2

(namely that the Yamabe flow satisfies the Palais-Smale condition on

decreasing flow-lines for the Yamabe functional on S™ equipped with its

standard metric) remains unchanged, as well as the essential argument.

)+ O (10T (Bag b +v) ).

Since the argument might have been obscured by the misprint, we provide
herre a slight modification, which clarifies the line of proof:

We first observe that the first part of the proof of Lemma 5 of [2] holds
in any dimension—as well as Lemma A1l of [2].

In particular A (100) of [2] holds. Using Lemma Al of [2], and the fact
that |v|* = 0(Zey,), we easily derive from (100):

by = cio (0 (w), )1 + 0(Ser) + O (107 (w) [2
M= g (0700 £ 5) #o@a) +0(05 ) )
Lo (8J<u>7 N ) £ 0(Ser) +0(10] (u) ).

J is the Yamabe functional on (S™, c).
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Using estimate G7 of [1] — observe that, since K is constant, the term
Og in G7 can be dropped out here; also, there is no boundary, therefore
other terms drop—we derive that

a6,
4/(n—-2) ; 4/(n—-2) _ . g _
(ai /aj =14o0(1); (v, /\3/\i>_L—O>

(EJJ (u). A z’?;\ii)_L - (EJJ(Eaj 65); A g—f\i)_L +0(Zerr) + O ([v]?)

Lo, (/ 510 l<n+2>/<n—2>)
jv|2eBa;8;

06;
= <6J (EO{]‘ 5]‘), /\z a—/\2> .

+0(Zek) + O (Jv ) + O, (/ |v |2"/<"—2>)

= (BJ (Sav; 65), s g—‘ji) Lt (Zewr) + O (107 (u) 12)

The F-estimates of [1] allow then to derive (7.24) (just as in (4.10)-(4.11)
of [1]). Proposition 7.3 is not needed for this purpose, contrary to what is
written in {1], and this is quite obvious. The remainder of the argument
of Proposition 7.2 of [1] is unchanged. It is quite similar to the proof of
Lemma 5 of [2]. QED.
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