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ABSTRACT. — We study intersections of dynamically defined Cantor sets
and consequences to dynamical systems. The concept of stable intersection
of two dynamically defined Cantor sets is introduced. We prove that if the
stable and unstable Cantor sets associated to a homoclinic bifurcation have
a stable intersection, then there are open sets in the parameter line with
positive density at the initial bifurcating value, for which the corresponding
diffeomorphisms are not hyperbolic. We present conditions more general
than the ones previously known that assure stable intersections. We also
present conditions for hyperbolicity to be of positive density at homoclinic
bifurcations. This allow us to provide persistent one-parameter families
of homoclinic bifurcations that present both hyperbolicity and homoclinic
tangencies with positive density at the initial bifurcating value in the
parameter line.

RESUME. — Nous étudions des intersections d’ensembles de Cantor et
ses conséquences sur les systtmes dynamiques. Le concept d’intersection
stable de deux ensembles de Cantor dynamiquement définis est ici introduit.
Nous prouvons que si les ensembles de Cantor stable et instable associés
a une bifurcation homoclinique ont une intersection stable, alors il y a des
ensembles ouverts dans la ligne de parametres avec densité positive dans
la valeur initiale de bifurcation pour lesquels les difféomorphismes ne sont
pas hyperboliques.

Nous présentons des conditions qui assurent des intersections stables, plus
générales que les conditions préalablement connues. Nous présentons aussi
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742 C. G. T. de A. MOREIRA

des conditions pour que I’hyperbolicité ait densité positive aux bifurcations
homocliniques. Cela nous permet de présenter des exemples persistents de
familles de bifurcations homocliniques a un parametre qui présentent en
méme temps de I’hyperbolicité et des tangences homocliniques avec densité
positive dans la valeur initiale de bifurcation dans la ligne de parametre.

INTRODUCTION

The objective of this work is to study intersections of Cantor sets on
the real line which are typical of the Cantor sets that appear in dynamical
systems: the dynamically defined Cantor sets. Indeed, they appear naturally
in the study of hyperbolic sets, like Smale’s horseshoe, which is the product
of two Cantor sets of this kind. They also appear in different mathematical
contexts. For instance, for any m € N bigger than one, the set of numbers
in the interval [0,1] whose continued fractions have all its coefficients
less than or equal to m is a Cantor set of this kind. Roughly speaking,
dynamically defined or regular Cantor sets are Cantor sets that are defined
by expanding functions (see the precise definition in Section I).

The original motivation for this work was a conjecture of J. Palis,
according to which generically the arithmetic difference K1 — K, = {z—y |
z € K,y € Ky} of two dynamically defined Cantor sets either has
measure zero or else contains intervals. The study of measure-theoretical
and topological properties of arithmetic differences of subsets of the real-
line is particularly delicate for Cantor sets. For other classes of subsets of
R, the following results about arithmetic differences are known, and their
proofs are quite simple:

¢ A has measure zero and B is countable = A — B has measure zero;

e A is of first category and B is countable = A — B is of first category;

e A and B have positive measure = A — B contains an interval;

e A and B are residual => A - B = R.

On the other hand, concerning dynamically defined Cantor sets, several
relevant results have been obtained, such as:

o If HD(K;) + HD(K3) < 1 (where HD(K') denotes the Hausdorff
dimension of K) then K; — K> has measure zero;

o If 7(K1).7(K3) > 1 then K; — K, contains an interval.
Here 7(K) denotes the thickness of K (see Section II).
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STABLE INTERSECTIONS OF CANTOR SETS AND HOMOCLINIC BIFURCATIONS 743

These results can be easily proved, but involve subtle concepts with
relevant applications in dynamics. The second is proved in Section II in
a somewhat more general form, and the proof of the first one is sketched
in Section L1.

The concept of thickness was used by Newhouse [N1] to exibit open
sets of diffeomorphisms with persistent homoclinic tangencies, therefore
without hyperbolicity. It is possible [N2] to prove that in such an open set
there is a residual set of diffeomorphisms which present infinitely many
coexisting sinks. In [N3], it is proved that under generic hypotheses every
family of surface diffeomorphisms that unfold a homoclinic tangency goes
throught such an open set. A new and perhaps clearer proof is in [PT2].

In this work, we introduce yet another concept about Cantor sets related
to dynamical systems: we say that two dynamically defined Cantor sets
K, and K have stable intersection if for any pair of dynamically defined
Cantor sets (K3, K>), near (K1, K;) (in a certain topology), we have
that IN(I N 1?2 # (. The study of stable intersections of Cantor sets has
close relations with the study of arithmetic differences of Cantor sets. For
instance, if (K, K2) has stable intersection then K; — K, contains an
interval. Theorem I-1 presents a kind of converse to this fact. On the other
hand, it is easy to show that having stable intersection for two regular
Cantor sets 1s more general than having the product of their thicknesses
bigger than one.

This work is essentially dedicated to the study of stable intersections of
dynamically defined Cantor sets and its consequences about the study of
homoclinic bifurcations.

In Section I, we initially present some basic concepts and explain the
relationship between homoclinic bifurcations and intersections of Cantor
sets. In simple terms, we consider a one-parameter family (¢,), u € R, of
diffeomorphisms which unfold a homoclinic tangency at p = 0, associated
to a saddle point p belonging to a non trivial basic set A, ie., to a
hyperbolic maximal invariant set in which the periodic points are dense.
We can associate to A,, the continuation of Ag = A, two dynamically
defined Cantor sets (K1), and (K3),, the “factors” of A,, such that, if
(K1)uN(K2), # 0, then the stable and unstable foliations of A, have a point
of tangency. In turn, such a tangency can be approximated by homoclinic
tangencies associated to the point p, (the continuation of the saddle point
po = p). In particular, if (K,), N (K3), # 0, the diffeomorphism ¢, is
not hyperbolic.

We prove (Theorem 1.2), that if (K;); has a stable intersection with
(K2)o + t for some value of ¢t € R, then the set {x > 0| (K1), intersects
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744 C. G. T. de A. MOREIRA

(K2), stably} has positive density at ;. = 0. We also introduce the concept
of extremal stable intersection in Section I, and prove that if (( K)o, (K2)o)
has extremal stable intersection, then (K;), N (K>), # 0 for every p > 0
small.

In Section II, we introduce the concepts of thickness and lateral
thicknesses, that allows us, among other things, to give examples of pairs
of Cantor sets (K7, K3) which have stable or extremal stable intersections
and yet the product of their thicknesses may be smaller than one. Indeed,
these conditions we use in these examples concern instead the Hausdorff
dimensions HD(K;) and HD(K,) of K; and K,: We can give such
examples for Cantor sets K; and K5, with their Hausdorff dimensions

having any value between zero and one and their sum being bigger than
one.

In Section III, we discuss some examples about arithmetic differences
and stable intersections.

In Section IV, we discuss more general criteria for stable and extremal
stable intersections and provide examples of their applications.

In Section V, we exhibit conditions on the Cantor sets (K)o and (K3)o
which imply that the set {y > 0| ,, is persistently hyperbolic} has positive
density at . = 0. Besides, we give examples of open sets of one-parameter
families of diffeomorphisms which unfold homoclinic tangencies, such that
the phenomena of hyperbolicity and persistent tangencies between the stable
and unstable foliations have both uniformly positive densities at y = 0.

We also introduce the concept of extremal stable intersection, which is
stronger than the concept of stable intersection, and have relevant application
in dynamics: we say that (K, K3) have extremal stable intersection if the
right extreme of K coincides with the left one of K, and for any pair of
two dynamically defined Cantor sets (K7, K;) near (K, K5) which support
intervals intersects we have K; N K, # 0. It is easy to prove that, in the
case of homoclinic bifurcations as above, if ((K3)o, (K2)o) has an extremal
stable intersection, then (K1), N (K2), # 0 for every p > 0 small. We
shall study here conditions that imply extremal stable intersections.

In Section V we shall prove a theorem that, under certain hypothesis
about the Cantor sets (K)o and (K3)o assures that the set {u > 0| ¢, is
persistently hyperbolic} has positive density at = 0. Besides, we give an
example of an open set of 1-parameter families of diffeomorphisms which
unfold homoclinic tangencies such that the phenomena of hyperbolicity and
persistent tangencies between the stable and unstable foliations have both
uniformly positive densities at p = 0.
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This work is divided as follows:
Section I. Cantor sets and homoclinic bifurcations
Section II: Thickness and lateral thickness

Section III: Examples about arithmetic differences and stable
intersections

Section IV: Criteria for stable and extremal stable intersections and
generalized thickness test

Section V: Intersections of Cantor sets and hyperbolicity.

I. CANTOR SETS AND HOMOCLINIC BIFURCATIONS

1.0. Basic definitions

k
Given a diffeomorphism ¢: M < M of a surface and p a fixed point
of ¢, we define:

We(p):={zx e M| lim ¢"(z) =p} (the stable manifold of p)
W*(p):={z e M| lim ¢"(z)=p} (the unstable manifold of p).

It is possible to prove that if ¢ € C*, then W*(p) and W*¥(p) are C*
manifolds.

We say that x is a homoclinic point associated to p if z € W*(p)NW¥(p),
and that ¢ exibits a homoclinic tangency at z associated to p if W?*(p)
is tangent to W*(p) at =.

Let A ¢ M. We say that A is an hyperbolic set for ¢: M — M if
©(A) = A and there is a decomposition Ty M = E* & E™ such that Dy|g-
is uniformly contractive and Dy |g« is uniformly expansive. Given z € A,
we define:

We(z) = {y € M| lim d(¢™(y), ¢"(2)) = 0}
Wi(z) = {ye M| lim_ d(g"(s),¢"(z)) =0},
which are C* manifolds. The union of these manifolds forms foliations

F*¢ and F* which can be extended to a neighbourhood of A and which
are leaf-wise (-invariants.

The non-wandering set of ¢, Q(¢p), is defined by:

Q(¢): = {z € M | ¥ neighbourhood U(z), In € Z,
tq ¢"(U(z)) N U(z) # 0}.
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746 C. G. T. de A. MOREIRA

We say that ¢ is hyperbolic if €2() is hyperbolic. A 1-parameter family
{¢,} of diffeomorphisms of M? has an homoclinic €2- explosion at i = 0 if

i) for p < 0, ¢, is persistently hyperbolic;

i) 2(po) = AU O , where A is hyperbolic and O is an homoclinic
tangency orbit associated to a fixed saddle point p, such that W*(p) and
W™(p) have quadratic tangencies at the points of O.

A Cantor set of the real line is a compact, with empty interior and
whithout isolated points subset of R.

Given K C R a Cantor set and U/ a finite covering of K by open
intervals U = (U;);ier we define diam(U) = max{|U;|, i € I}, where |U,|
is the lenght of U,. Given o € R, we define H,(U) :l; |U;:1”.

The Hausdorff o-measure of K is m,(K) = gl_'Hé ( L{c(i\l;lefl.'sK HQ(U)).
diam(U)<e

It is easy to see that there is an unique real number, the Hausdorff

dimension of K, which we name HD(K) such that, o« < HD(K) =

me(K) = +oc, and a > HD(K) = m,(K) = 0.

L.1. Dynamically defined Cantor sets

Let us consider a homoclinic tangency associated to a saddle point p of
a diffeomorphism ¢ of a surface. Suppose that p belongs to a basic set A
of saddle-type (a horseshoe). The intersection of the local stable manifold
of p and A is a Cantor set which we will name K*®, and the intersection
of the local unstable manifold of p and A is another Cantor set which
we will name K*.

SN
o

‘Q&\
=
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If g is a point of tangency, unfolding the tangency by a generic family
¢ (wo = ) of diffeomorphisms, we will have a “line of tangencies” £,
where the leaves of the foliations F,; and F; are tangent. The projections
of K;, and K}; (the continuations of K* and K™) along leaves of the
foliations over £, give Cantor sets diffeomorphic to K and K, which
we call (K), and (K3),, respectively. If (K1), N (K3), # 0, there will
be a new tangency between W*(A,) and W*(A,), and ¢, will not be
persistently hyperbolic.

With some generic hypothesis we can conclude (perhaps reparametrizing
the family (p,)) that the pair ((Ki)u,(K2),) is close to the pair
(Ki,K2 + p), and then is natural to ask about the size of the set
{p| KiNn(Ke+p) #0} =K, — Ky ={z—y |z € K, y € Ka}.
We say that K; — K> is the arithmetic difference between K; and K.

The Cantor sets that we will consider (and in particular the ones above)
are of a special kind: the dynamically defined Cantor sets. We say that a
Cantor set K is dynamically defined if:

i) there are disjoint compact intervals K, K,,... K, such that K C
K, U...U K, and the boundary of each K, is contained in K;

ii) there is a C'™¢ expanding map 1/ defined in a neighbourhood of
K; U K, U...U K, such that ¥(K,) is the convex hull of a finite union
of some intervals K satisfying:

ii.1 For each i,1 < ¢ < r and n sufficiently big, ¥™*(K N K;) = K
2 K =N g (K1 UK, U...UK,).

We say that {K;, Ko,...K,} is a Markov partition for K, and that
D = Ui_, K, is the Markov domain of K.

If Ky = [a,b] is the left interval of has of the Markov partition it is usual
to suppose that ¢|g,: K1 — Ky is surjective, where K is the convex hull
of K, and increasing. In this case, there is a diffeomorphism a: Ky — Ko
(where K, is an interval) with a’(0) = 1 such that @ o ¢, o ™! is an
affine map, because [t);(a)| > 1. In this case the set K = a(K) defined
by the functions v; = a 0 ); o ' is auto-similar (has 1/31 affine), and is
called the linearized of K.

For a more careful discussion of the relationship between dynamically
defined Cantor sets, see [PT2].

The proof of the fact that if HD(K) + HD(K;) < 1 then K; — K,
has measure zero, and the study of dynamical consequences of this result
(prevalence of hyperbolicity near y = 0) may be found in [PT1] and in
[PT2]. Let we sketch the proof:
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Consider the map f:R? — R, f(z,y) = £ —y. Then K; — K, =
f(K; x K,), and it is possible to prove (see [PT2]) that if K,
and K, are dynamically defined Cantor sets, then HD(K; x K,) =
HD(K,) + HD(K,), which we suppose to be less than 1. Therefore,
K, - Ky = f(K; x K») is a Lipschitz image of a set with Hausdorff
dimension less than one, and so has Hausdorff dimension less than one,
and therefore Lebesgue measure zero.

1.2. Intersections of Cantor sets and arithmetic differences

As we have seen in L1, the study of homoclinic bifurcations leads
naturally to the study of intersections of Cantor sets, and to the study of
arithmetic differences of Cantor sets. About this, there is Palis’ conjecture
mentioned before, according to which the arithmetic difference of two
dynamically defined Cantor sets generically either have measure zero,
or Contains an interval. There is an example by A. Sannami [S] of a
dynamically defined Cantor set K such that K — K is a Cantor set with
positive measure. Bamon, Plaza and Vera also discuss this kinds of examples
in [BPV]. These examples are very rigid, and the Palis’ conjecture remains.
For affine Cantor sets (which we will define later) there is no counter
example.

In this work we shall study a concept as closely related to homoclinic
bifurcations as that of arithmetic difference: the concept of stable
intersections. We say that two dynamically defined Cantor sets K; and K,
have stable intersection if there is a neighbourhood of the pair (K, K>)
(in some apropriate topology; here we shall generally work with the C1+¢
topology, that we shall define later) such that for every pair (K1, K>) in
this neighbourhood we have K1 N K, # 0.

Here we will generally work with the topology C'*¢ in which a
Cantor set K defined by an expansive function 2 with Markov partition
{K,K,,...K,} is close to a Cantor set K with Markov partition
f(l,f(g,...f(s} if and only if r = s, the extremes of K, are near the
corresponding extremes of K;,i =1,2,...,r and, supposing ¢ € C1*¢
with Holder constant C, we must have 1Z € C1+¢ with Holder constant C
such that (C, €) is near (C,¢) and ¥ is close to 1 in the C! topology.

This is a natural topology because, on one hand it assures the control
of the distortion (see [PT2]). In particular, if K have small distortion,
then so does K (for instance, this holds when K is affine). On the other
hand, the sets K* and K™ associated to a diffeomorphism ¢ € C? depend
continuously of ¢ in the C'*¢ topology.
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There are relations between the concepts of aritmetic difference and stable
intersection. For instance, if K; intersects K, stably then ¢ € int(K; — K>).
In the direction of the reciprocal we have the following result:

THEOREM L.1. — Suppose that there is an open set U of pairs of Cantor
sets such that if (K1,Ks3) € U and t € R then K, does not have stable
intersection with (Ko + t). Then there is a residual set R C U such that
(K1,K3) € R = int(K,—K3) = 0; that is the interior of K1 — K is empty.

Proof. — Let {rl,rg,...,rn,...} be an enumeration of the rational
numbers, and let U, = {(K1,K2) e U | KinN (Ky+71,) = (Z)} By
this hypothesis, U, is dense, and clearly U, is open. Thus, R:=n32; U,
is residual, and (K1, K>) € R= (K1 — K2)NQ =0= int(K; — K2) =
g. |

Remark. — The results above are valid in any C* topology, k > 1.

We recall that a dynamically defined Cantor set is affine if the functions
¥;: = |K, that define K are affine and surjective. This implies that K is
similar to K N K;, 1< i< r.If we do not suppose the functions ; to be
surjective, we say that K is a generalized affine Cantor set.

Let us fix a notation for a certain type of affine Cantor set that will be
often used in examples.

Frequently, when we mention an affine Cantor set of the type

S e e

al 1 a ese

we mean the Cantor set with this Markov domain defined by increasing
and surjective affine maps.

The study of stable intersections of Cantor sets has more immediate
applications to dynamics than the study of arithmetic differences. As
an example, there is a theorem by Marstrand that implies that if
HD(K,) + HD(K,) > 1, then for almost every A € R, K; — AK>
has positive Lebesgue measure (see [PT2]); and there is a theorem by
Palis and Yoccoz, according to which if HD(K®) + HD(K") > 1, then
generically 1 = 0 is not a point of total density of hyperbolicity of (y,,)
(see [PY]). This theorem is, however, very difficult, and by no means a
trivial consequence of Marstrand’s theorem.

We will now see an application of stable intersections to dynamics.

THEOREM 1.2. — In the case of the homoclinic bifurcation, if there is
t € R such that (K1)q intersects ((Ks2)q + t) stably, where (K)o
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and (Rg)o are linearized of (K)o and (K»)o, respectively, then the set

{u >0 (Ky).N(Ks), # 0} contains an open set with positive density
at u = 0.

Proof. — Let (f(l)ﬂ and (kg)ﬂ be the linearized of (K), and (K3),,
respectively. Then (f(l)“ and (Kg)ﬂ are diffeomorphic to K}, and K},
and we have (A;),(K1), C (K,), and (Ag);l(KQ)H C (K3),, where
(A1), and (Xg), are the eigenvalues of the diffeomorphism ¢,. By the
differenciability of the family (¢, ) relative to y there is a constant C' > 0
such that |[(A;), — A;] < Clu),1 = 1,2, for |u| small. Besides, there
are C'*¢ diffeomorphisms (h;), and (hs), which depend continuously
in the C'*° topology on yu such that (K;), = (h1)((K1),) and
(K2)p = (h2)u((K2),), with (R1)o(p) = (h2)y = 1. We suppose, after
reparametrization of {,, that (K;), C (—o0,0},(K2), C [0,00),0 €
(Kl)p n (Kg)ﬂ,hl(()) = U and hg(O) = 0.

By the hypothesis, there is an ¢ > 0 such that if (K,K') is
near ((K))o,(Ka)o + t), with |t/ —t| < e then K intersects K’
stably. Suppose |A;] < 1,]A2] > 1 and let m,n € N be such that
[AT'AZ — 1| is sufficiently small. Then, if p € (A;7(t — ), \;"(t +
€)), where n is large enough, we will have (Ki), N (K3), # 0.
(/\l)zl(ffl)u C (f(l)ﬂ and (Ag);"(Kg)H C (K3),. It is enough to prove
that (hl)ﬂ((Al),’f(Kl)H)~ﬂ (h2)u((A2) " (K2),) # 0, or, equivalently, that
(M) - (ha)w((Aa) (K )) N (A)E™ - (ha)u((A2)) ™™ (K2),) # 0, but
this follows from the fact that the first set is close to (K)o + A] ™ and the
second is close to (K3)o, because (h),(z) ~ &+ p and (hy),(x) ~ z for z
near 0, and also AT*/(A;)7" and A} /(A2)}: are close to 1. This last affirmation
follows from [(A;), — Ai| < K{u| < K"A;™ < K”A}, where K, K’ and
K" are constants. Then, for instance, ((A1),/A1)™ < (1+K”A™~ 1™ ~ 1,
because m - A7""! — 0 when m — oc.

To conclude the proof it is enough to show that:

(*) there 1s N € N such that for each K € N there is m € N with
K <m < K+ N and n € N with |AT"A} — 1| suficiently small.

And (*) is a consequence of:

(**) there are N’, N” € N such that AN AY" is very close to 1.

Note that (**) is equivalent to obtaining N’',N” &€ N such that
N’log A1 + N” log As is close to 0, which it is possible if log A1/ log Az is
irrational by Dirichlet’s theorem and if log A;/log A2 = —p/q, p,g € N
we can take N = ¢, N” = p. To deduce (*) from (**) observe that
ANAN" = AT with |7| very small. We have 2 cases:

e 7=0:Take N =N, m=KN',n=KN'(K eN)
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]

and n = N"|[£]] (K € N).

« T#0uke N=[L]+1, N=NN, m=N[E]-K7

Remark 1. ~ If }3&:\\—1 ¢ Q, it is enough to suppose there exists A > 0
0g A2 -
and ¢ € R such that (K)o intersects (A(K3)o + ¢) stably.

Remark 2. — The hypothesis of the Theorem 1.2 are open, and
as a consequence of the demonstration we can obtain an uniform
positive estimate in a neighbourhood of the family (¢,) to 1igni(§1f

m({p€[0,6}|(K1),N(Ka2),.#0})
5 .

We say that the pair of Cantor sets (K, K;) have extremal stable
intersection if the right extreme of K; coincides with the left one of K,
and if (K, K>) is close to (K1, K3), and the support intervals of K and
K, intersects their K; N K> # (. This implies in particular that (K +¢, K3)
has stable intersection, for any ¢ > 0 small.

The importance of this concept to the study of homoclinic bifurcations
is that if the pair ((K)o,(K2)o) have extremal stable intersection then
{p > 0|(K1), N (K2), # 0} contains an interval [0, §] for some § > 0.

We shall study in this work conditions that imply stable intersections and
extremal stable intersections of dynamically defined Cantor sets.

We end this section with a problem that we consider to be very important
in our context: are the families {¢,, } satisfying the condition in Theorem 1.2
dense in the region {(y,) | HD(K®)+ HD(K™) > 1}? This is, in a certain
sense, a stronger version of Palis’ conjecture, and, if it is true, we will have
a stronger version of the results of Palis-Yoccoz paper [PY].

II. THICKNESS AND LATERAL THICKNESS

11.1. Definitions, examples and consequences of stable intersections
DEFINITION. — A gap of a Cantor set is a connected component of its
complement.

Given an U gap of a Cantor set K, we associate to it the intervals Ly,
and Ry, which are the intervals to its left and its right that separate it
from the closest larger gaps.
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We define mo(U) = Sl r(U) = e,
Tr(K) = inf{7g(U)|U bounded gap of K}, the right thickness of K
7r(K ) = inf{7,(U){U bounded gap of K}, the left thickness of K, and
7(K) = min{7g(K),7.(K)}, the thickness of K.

Remark. — Given a Cantor set K, a presentation of K is an enumeration
{U1,Uy,- -} of its limited gaps. We can define intervals Ly and Ry as
being the intervals between U and the nearest gaps of indexes smaller than
U. In an case we are using the presentation by order of the gaps’size, which
maximizes the thickness 7(K). See [PT2].

The importance of the thicknesses derives from in the following result,
which is an adaptation of the “gap lemma” ([PT2]).

ProposiTioN I1.1. — Given K, Cantor sets, if Tr(K1) - 70(K3) > 1 and
TL(K1) - TrR(K2) > 1, then either K, is contained in a gap of Ko or K, is
contained in a gap of K, or K1 N Ky # 0.

Remark. — This holds in particular if 7(K;) - 7(K,) > 1, which is the
hypothesis of the known gap lemma.

Proof. — Consider the case in which none of the K; is contained in
a gap of the other. There is, then, a pair of linked gaps, such as in the
figures below:

a)

el
[

'

)

|

1

[

1
Ny

Since 7r(U1)7(Us) > 1, we have |Ry,| > |Us| or |Ly,| > |Uy] = a
new pair of gaps exists like in smaller than the pair (U7, Us)
b)

K boro— (- - o - - - - )

As 1 (Uy)7r(Us) > 1, we have |Ly,| > |Us| or |Ry,| > |Uy] = anew
pair of gaps exists like in a) smaller than the pair (U;,U,).

In any case, we obtain a smaller pair of gaps, for instance in the sense
that the sum of the lenghts of its gaps decrease. Using repeatedely the same
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argument we obtain a seguence of pairs of gaps converging to a point that
necessarily belongs to K; N K,. N

We can define, for p € K, 7o.(K,p) = hmsup T(KN(p—e,p+e))

and similar (7g)ioc(K, p) and (7)10c (K, p). For dynamlcally defined Cantor
sets, Tioc(K,p) does not depend on p (see [PT2]), and the same proof
shows that (7g)i0c(K, p) and (71)10c(K, p) do not depend on p either. Let
us therefore, call them Ti,.(K), (Tg)10c(K) and (71)10c(K).

ProposiTioN II-1. - implies that if (7g)(K;) - (7)(K3) > 1 and
(t1.)(K1) - (tr)(K2) > 1 then K, — K, contains an interval.

As a result, if (Tg)ioc(K1) © (TL)oc(K2) > 1 and (71)10c(K1) -
(TR)10c(K2) > 1, then K; — K, contains an interval.

For this last result we need strict inequalities. Indeed, in Sannami’s
example of a dynamically defined Cantor set K with A(K — K) > 0 and
int(K — K) = 0 have 7o.(K) = 1. (See example II1.3).

Also as a result of Proposition II-1, if 7r(K;) - 77,(K2) > 1 and
T7L(K1) - Tr(K3) > 1, and if 7p and 7 are continuous in K; and Ko,
then, for every ¢ € R such that K; and K, + ¢ are linked, K intersects
K, + t stably.

Thickness 7(K) is continuous in the C'*¢ topology (see [PT2]). The
same thing does not occur with lateral thicknesses: as be seen in the
following example.

Example 11.1.1. — In the set

the lateral thicknesses are not continuous.
In fact we have, next to K, sets

ke
O
N
W

)

L3
7
Ut
~4i

K. K[! for which tp(K!) = 1=
1

1
7=z (= 2 when ¢ — 0), 7p(

— 1 when ¢ — 0) and 7,(K].) =

(
) = 2= (> 2 when ¢ — 0) and
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TL(K/l) = &= (— 1 when ¢ — 0), which shows that 75 and 7, are
discontinuous in K.

We shall prove in I1.2 that there is an open and dense set U in the C1*¢
topology where the lateral thicknesses are continuous. We shall also prove
that the lateral thicknesses are continuous in affine Cantor sets of the type

for which the right thickness 7r(K') = { and the left 7 (K) = 2.
Therefore, if 3 > 1 e $37 > 1, the sets

a by 1

.

a b c

have stable intersection whenever they are linked, and its arithmetic
difference will contain an interval. This phenomenon being stable among
dynamically defined Cantor sets.

There is an inequality whose proof can be found in [PT2] which states
that HD(K) > log2/log (2 + (LA)) which implies that if 7(K) > 1,
then HD(K) > log3/log2 > 0.6. Therefore, if K; and K, have Hausdorff
dimension 0.6 each, the product of their thicknesses is smaller than 1, and
consequently the test of thickness cannot guarantee the existence of stable
intersection between K; and K.

However, the notion of lateral thickness makes it possible to prove the
next result.

THEOREM II-1.2. — Given hy, and ho in the interval (0,1) with hy + hs > 1,
there are affine Cantor sets Ky and Ko with Hausdorff dimensions h; and
ha, respectively, that intersect stably. Besides we can obtain that (K, K3)
and (K3, K1 + 1) have extremal stable intersection.

Proof. — We shall look for examples of the type

K > I'_____..__)__—_______.g
1 ay o 1
K b— (-~ - - - =3 —
2 a by 2
In a set
1 {___,__ - — -
Ko a ~ b j c

Annales de I'Institut Henri Poincaré - Analyse non linéaire



STABLE INTERSECTIONS OF CANTOR SETS AND HOMOCLINIC BIFURCATIONS 755

withaa+b+c =1 we have HD(K) = X where X is the only real number
such that a* + ¢* = 1 (see [PT2]), Tr(K) = ¢/b and 7.(K) = a/b.

Hence, if we have % > 1 and % > 1, (Kj, K) will have stable
intersection, provided they are linked. Besides, when in the position where
the extremes touch, (K, K;) well have extremal stable intersection.

We shall try to obtain examples like the one above, with a1 + b; +¢; =

as + by +c3 =1 and ajcy = ase; (that is, 2_11 = z—z =:r), so that the
conditions % > 1 and %fo; > 1 are equivalent. Given h; and hs in

the interval (0,1) with &1 + hy > 1, we shall obtain these examples with
HD(K,) = hy and HD(K3) = hy, thatis, a® +¢™ = 1 and o222 = 1.

For a Cantor set

K | R S

with ¢ = ra,a+b+c¢ = 1 and HD(K) = h we must have

h ho_ _ _ Qg o1or
a+(7‘a)—l:>a— Tzl/handb———(w

1 _
(1+rh)L/ho €= (1+
In our case, we want a;cz > b1ba(< aze; > biby), and thus our problem
is to find

r > 0 satisfying

1 T
(14 7)o (L4 rha)i/ke
(L4 rh)/h 1 —p) (A4 7h2)l/hz 1 —p)
(l-I-T‘hl)l/hl . (1+7,h2>1/h2

(#) > ((L+rP)Yh L) (L4 k) he 1 — ),
We have

(L+rMYh—1—-9) 1

li = =
r—l»I(I;I+ rh h’
i (TR 1) (1 ) 1 =)
r—04 T
o (AR 1 =)
B ’r]irlgl+ 'rhl
. (1 + T‘h7>1/h2 —-1= 7-) . rhithe 1 1
1 -1 =_—._.0=0
r—l»%lJr rh2 r—l>%1+ T hi hy
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since h; + hy > 1, and thus, if = is sufficiently small, the right side of
(*) is less than the left one. Thus, for every r sufficiently small, we obtain
examples as desired

O G Ky (= == - y—
21 by ¢ a by <y
a; = (1+Th1i)1/hi7 C; = (1+rhri)1/hz" bi =1~ a; — Ci, forz = 1,2 |

Remark. — In the example IV.6 we will see another proof of this theorem.

IL.2. Continuity of the lateral thicknesses

We saw in the example 1 of this section that the lateral thicknesses are
not always continuous. However, there is an open and dense subset, in the
C'*¢ topology of dynamically defined Cantor sets whose elements have
these thicknesses varying continuously. To see this we shall prove that
there is an open and dense subset of dynamically defined Cantor sets U
in this topology such that if K € U then there exists § > 0 such that if
Uy # U, are gaps of K and if there is no gaps V between U; and U,
with |V| > 2max{|U;|,|Uz|} then:

(*) 146 < |Us/|Un] or [Ua|/IUL] <16

Such sets are points of continuity of the lateral thickness. In fact, in
this case, given a gap U of K and a gap U corresponding to U in a K
close to K, the gaps near U large than U which appear in the definition
of thickness correspond dynamically to the gaps near U larger than U.
This, together with the arguments of distortion of used in the proof of the
continuity of thickness in [PT2], implies that the lateral thicknesses are
continuous in a dense open set.

To prove the density of condition (*), we shall use the

LemMA I1.2.1. — Generalized affine Cantor sets are “dense” in the
topology C'*¢ in the sense that any K can be approximated by a K that
coincides as a subset of the straight line with a generalized affine Cantor
set (but it does not have to be defined by the same functions).
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Proof. — Consider an advanced step in the construction of K where K
is a given Cantor set. The functions that define K will be replaced by
functions that coincide with the preceding in the extremities of the bridges
of this stage, being affine in these bridges, remaining in class C.

We claim that, if we do this in an advanced stage of the construction of K
we can obtain a K set close to K in the topology C**¢, and which coincides
with an generalized affine set. For that purpose observe that if I; and I,
are consecutive bridges and ¢ € C1*¢ |¢/(z) — ¢/ (y)| < Clz — y|* Vz, 9,
and if U is the gap between I; and I, then there is a constant A with
|U| > A|I;| j = 1,2, by limited distortion. By the mean value theorem,
when we linearize (render affine) the function + in I; and I, we shall obtain
segments of inclination '(c;),¢c; € I;, j = 1,2. We want to extend the
function ¢ thus obtained to U. We shall do this by extending the derivative
of 9. Let U = (a,b), c = “T’Lb Suppose ¢ = Aji=1'(¢;) in I;. We make
¢/ affine in (a,c) and (¢,b), assuming the value A3 in c.
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where A3 is such that

/ B (8) dt = p(b) - (a)

- (3) () - (59 (55
= (b-ap/e), 3¢e ()
= d = 29/(6) - 2022 cayt(e) -

Y(er) + ' (c2)
-

’1:herefore, 1/;’ satisfies a condition of Holder with the same ¢ and constant
C = 2(A +2)C, and if we exchange ¢ for an £ a little smaller, we have
proved the nearness between 1 and v in the C**¢ topology.

Given the lemma, the result follows from the following observations:

i) the set of ratios {|U,|/|Uy| | U1, U, are gaps of K such that there
is no gap V of K with |V| > 2max{|U;|,|Us|} between U; and U, and
3 < |U2|/|U1l < 2} is finite when K is generalized affine, being equal to
the set of ratios between the gaps of the first steps of the construction of
K that are between 1/2 and 2;

1i) given a finite number of gaps in a generalized affine Cantor set it
is possible to modify a little the initial partition that defines the set by
keeping it generalized affine of the same type so that the ratio two of these
gaps never be equal to 1.

Since for generalized affine Cantor sets the distortion starting from a
certain stage of the construction is null, it is enough to make the ratio
between two gaps crated up to this step (a finite number) never equal to
1, so that (*) be satisfied, and we have a point of continuity of lateral
thicknesses.

Observe that the affine Cantor sets of type

e SETREE SE

a b c

are such that the ratio between the lenght of a gap and the lenghts of the
nearest gaps larger than it are always far from 1, and are therefore points
of continuity of the lateral thicknesses, as we have stated.
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III. EXAMPLES ABOUT ARITHMETIC
DIFFERENCES AND STABLE INTERSECTIONS

Example TI1.1. — Let us consider the sets

The Hausdorff dimmension of K, is equal to: —loglz’fi ) (see [PT2]),
and 7(K,) = 70(K,) = 1r(Ka) = 52 If @ > 3 we shall have
HD(K,) < i, and (K, — AK,) will have measure zero for every A € R.

If @ < %, 7(K,) > 1 and (K, AK,) will have stable intersection,

therefore K, — AK, will contain an interval, ¥V A € R*.

We shall prove hereby that, when —1:,; <a< %, K, — K, has measure
zero, but there are be intervals of values of A (that will depende on «) for
which K, — AK, contains an interval.

MLy

Proof. — Consider the set K = K, x K, ¢ R%-K, — K, is its projection
over R x {0} at an angle of 45° (Fig. 1).

N

At the first step of the construction of K, x K,, four congruent squares
remain and the lower left square projects itself exactly over the one at the
right higher corner (Fig. 2).

i

h
_

Therefore, by the self-similarity of K, the construction continues as
if they were one only square. In case a > % the projection of the
first stage of the construction is not all the interval [0, 1], but the set

[-1,-0o] U [251,552] U [a, 1] consisting of three connected components.
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From then on, the difference is constructed as an affine Cantor set, being
equal to the set

: () -3 ,
=1 —x [+ 1
e—1 )
2 2

which has measure zero (and even Hausdorff dimension less than one).

The usual Cantor set K can be approximated, on one hand, by sets
K1 ., € > 0 that have stable self-intersection (and even (K1_., Ki_.+1

has extremal stable intersection) and, on the other, by K lie, €> 0, that has
arithmetic self-difference with measure zero and Hausdorff dimension < 1.

If the projection of the first step of the construction of K, x (AK,,) is
surjective over the interval [— ), 1], the projections of all the stages will be
surjective by self-similarity, and we shall have K, — AK, = [—A,1]. We
shall determine when this happens:

S SR, S U Y S G
= = © sy gy

= [0, 452 - ACEIU LR - A 1A U[-ACSe), 52 U e -

Y= ) 1] which is equal to the interval [—A, 1] if (1—70 — A%y >

% AL =A%) 2 -A(45%) and 1—Ta > = - A(552)) or

122 - AHE) > -A(), 5 2> - X and 1 — A(H=) >

1%—/\(12")), that is, if (A > 22 and A < 1) or (A< 2% e A2 a).

As a > %,l—a"—a > 1 and the first possibility never occurs. However,
as a < 1/2, the interval [a, 222] is nonempty, and it is an interval
of values of A for which K, — AK, = [—)\, 1]. For self-similarity, if
AeuR, [(L;—a)ka, (“T“)k . 1—2_5],1{& — MK, will contain an interval.

An interesting observation is that the second part of this example is not as
rigid as it looks. In fact, if A € (a, Le), s <a<jandte (=A1) then
K, has an intersection with AK, + ¢ that we cannot prove to be stable, and
(Ko, AK, + 1) and (AK, — A, K,) have no extremal stable intersections,
as we shall prove in the next sections. However, these intersections cannot
be destroyed by applying diffeomorphisms ¢ and % C*-near the identity to
K, and AK, +t. More precisely, given t € (—A, 1) there exists § > 0 such
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that if |j¢ — Id||; < & and |j¢p — Id||; < é then p(K,) NY(AK, +t) # 0.
Besides, (K,,AK,+1) and (MK, — A, K,) have extremal intersections
such that there exists § > 0 so that if ||¢ — Id||; < 6 and ||v — Id||; < 6
then p(K,) NY(AKy + 1) # 0 and ¢(K,) N Y(AK, — A) # 0, provided
that their support intervals have nonempty intersections.

In fact, the ratio between the lenghts of a gap of AK,, and a gap of K, is

k
equal to A(l'T“) ,forsome k € Z.If A € (a, 12'—0") and 6 is small enough

then the ratio between a gap of (K, ) and a gap of )(AK,) will be larger
than 2% or smaller than 122, for all the ¢,% € C* with |p — Id||, < 6

and ||3) — Id||; < ¢. Therefore, as in the proof of “gap lemma”, if we have
linked gap pair (U, U), for instance as below

where we suppose U > U = U > 2= U, but we have 7, (Y(AKL,)) ~
L(Ka) =52 = |L| > |0‘ = we obtain a smaller gap pair. We proceed
as in the proof of “gap lemma” and obtain the desired result (that is,
if o(K,) and ¥(AK, + t) have a linked gap pair therefore they have
non-empty intersection).

Example 111.2. — We shall show here examples of afinne Cantor sets

whose Hausdorff dimension is very close to 1 and whose arithmethic
self-difference has measure zero.

Let F}c =

- - = - e IS o e w—
1. 4 & 8 4K=3 LK
4K+1 LK+1  4K+1 4K+1 ‘ 4K+1 4K+1

The pro[iection of the first step of the construction of K x Kj is

Ub__, %ﬁ_},%], which is not all the interval [—1,1] and by the

same argument of self-similitude applied to K, — K, K — K will have
measure zero (and even Hausdorff dimmension < 1: it will be an affine
Cantor set) for the first step of the construction of Ky x K will consist
of several congruent squares such that the projection of two of them either
coincide or have empty intersection.
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Another way of seeing this is to observe that K is the set of numbers
from [0,1] in whose representation in base 4k + 1 only the numbers
0,4,8,...,4k appear = K — Ky = K + Ky — 1, where K, + K}, is
equal to affiine Cantor set {z € [0,2] all digits of z/2 in base 4k + 1
are even}.

The Hausdorff dimension of K, is li)ogg( 4kk111)) (it is the only A such that
(k+1)- (4k+1) = 1; see [PT2]).

1
Therefore, as ILIIolo T(;)gg(—(/l%i_-lf_)j

= 1, we obtain the desired examples.

Example IIL.3. — Let K = {3°52, &; 6, € {0,4,6,8}}. K is an affine
Cantor set. We have:

K+K={z+4+y|lzeK,ye K}

gz

=1

:{ .,ule{0468}+{0468}—{046810121416}}
K-K={z-y|lzeK,ye K}

= {Z 5o A €10,4,6,8} —{0,4,6,8} = {-8, -6, —4,—2,0,2,4,6,8}}.

=1

Therefore, K+ K = {z e R| £ = S50, &, f1; € {0,2,3,4,5,6,7,9}},
which is an affine Cantor set, of measure zero and Hausdorff dimension
smaller than on, while

g+l = A
=Y T hefor 2,33475’6’7’8}}

Thus,

= %7 ﬂi€{072737475’6a779}}7

1=0

K-l—K:{xeR;
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which is an affine Cantor set, with measure zero and Hausdorff dimension
less than 1, while

R VR
K-K = {.’L‘ER T —_—Z"‘T, A € {0,1,273,4,5,6,7,8}} = [-—171].

Therefore, K + K has measure zero, and K — K is an interval.

Example 1I1.4. — Let us consider the examples of Sannami [S] and
of Bamén-Plaza-Vera [BPV], of dynamically define Cantor sets whose
arithmetic self-difference is a Cantor set of positive measure. In these
examples, the Cantor sets are central: a sequence ¢ = (011,012,0[3, ..) of
real numbers is given (in these cases we have lim o=z and a; >z, Vi)
and the central Cantor set K, is defined in the followmg manner: we take
the interval [0,1], make a gap with the proportion «;, at the center of the
interval, and at the first step two connected components are left out. At the
k-th step 2% connected components will be left out, and gaps of proportion
oy in each connected component resulting from step k£ — 1 will be made.
The intersection of the sets resulting from each step is the set K,. The
differentiability of K, is related to the speed of convergence of sequence
(a;). We can aproximate o by ao+¢€: = (; +¢€):ien, obtaining sets K, as
diferentiable as K. From the calculation of the measure of the arithmetic
self-difference of central Cantor sets (which is made in the referred articles)
we can deduce that, if ¢ > 0 then A(Ky4e — Koaye) = 0. On the other
hand, if ¢ < 0 we have Ty (Kate) > 1, and thus (Kyye, Koye) will
have stable intersection, and (Kq4e, Koye + 1) will have extremal stable
intersection. In our last considerations we are referring to the sequence a
that appear in the mentioned examples (for which hm ;= ) In this

cases we have Tio(K,) = 1, as we observed in the comments after the
proof of Proposition 1I.1.

IV. CRITERIA FOR STABLE AND EXTREMAL STABLE
INTERSECTIONS AND GENERALIZED THICKNESS TEST

We have seen in the preceding sections some examples of stable and
extremal stable intersections of dynamically defined Cantor sets. In these
examples the product of the right thickness of each of these sets by the left
thickness of the other was always greater than one, so that it was possible
to apply Proposition II.1.
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In this section we shall give examples of stable and extremal stable
intersections of Cantor sets with small lateral thicknesses, and we shall
give more general criteria for stable and extremal stable intersections that
generalize the idea of thickness. In the case of affine Cantor sets, it is
possible to test these criteria by a finite algorithm.

We shall also prove a theorem that characterizes when an arithmetic
difference K> — K, of two dynamically defined Cantor sets, such that the
right extreme of K; coincides with the left one of K, contains an interval
of the type [0,¢],e > 0. This theorem will give us several examples of pairs
of Cantor sets (K1, K>) which do not have extremal stable intersection.

Example IV.1. — Consider the affine Cantor sets

N S T S

0 (0%, ) QA2 Q.6 1
S S
0 0.35 0.65 1

We have 7(K) = 7/6 > 1, and thus K intersects itself stably. Observe
that K contains K (we simply forget the two central intervals of the
Markov partition of K, and consider the Cantor set defined by |x, and
¥|k,, which coincides with K).

For the same reason, a Cantor set K; near K contains a Cantor
set K| near K. This implies that (K, K) have stable intersection, but
tr(K) = 71(K) = % < 1. This example shows that the lateral thickness
test of Proposition 11.1 does not characterize stable intersections, and also
shows that we can have K C K with T(_I?) > 7(K) (same for 7g and 7).

We shall see now a criteria for stable and extremal stable intersections
which we will study first for affine Cantor sets, and later for the general
cases.

Let us consider the affine Cantor sets

K -l ) T —
a; by a; by az cae b1 8, Py
YN GRS S SR (- ==
3, B, & b, a5 eoe bp-1 8m bm

With Markov domains respectively P = Uj_,[a;, b;] and P =ur,(d, b;).
We say that (K, K) (or (P, P)) satisfies the Generalized Thickness Test
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(GTT) if for every t € R and every A € R}, either AP + 1t is contained in
a gap of P or P is contained in a gap of )\P +tor(AP+t)NP#0.

This is equivalent to the condition that the arithmetic difference P—- )P
contains the set of the ¢ € R such that, neither P is contained in a gap of
AP + t nor AP + ¢ is contained in a gap of P, for every ) € RY.

Geometrically, this means that every line that intercepts [a1, bn] X [@1, Dor]
and makes an angle between 0 and 7/2 with ther horizontal axis has an
intersection with [ay,b,] X [@1,bm], which is either contained in a vertical
strip (b, @i41) X [d1,b,m] or in an horizontal strip [a1,bn] X (biy Gi141), OF
then intercepts P x P.

Algebraically, the set of the t such that AP + ¢ is contained in some
gap (b,,aﬂ_l) of Pis UmT' {t € R|[Aay + ¢, b, + 1] C (b,,aﬂ_l)} =
Ut (b — Aay, @i — /\b ) and the set of the t such that P is contained
in some gap (Ab; + £, Aa; 41 +1¢) of AP+t is U, L (b — Aaig1, 81 — Aby).
Since the arithmetic difference P — AP is equal to

U [&z — /\bj, 51 - /\aj],

1<i<m
1<5<n

we have that (K, K) satisfies the GTT < for any A € R%,

() U 1@ = Abs,bi = Aag] D [ar — Aba, b — Aa1] \ (AU B),

1<i<m
1<5<n
where
— n—1
U (b — Aay, @i — Aby) and B = ] (b — Aaig1, 81 — Aby).
=1

Note that we have a finite number of possibilities for the relative
position of the intervals [a; — Ab;,b; — Aa;], (b; — Aa1,@iy1 — Ab,) and
(Em — Xa;y1,d; — Ab;), and to each possibility there corresponds a set
of values of )\ determined by a finite number of inequalities of the type
A—BX< C—DM or A— BX < C — D), which determine a real interval
of values of A\ whose extremes are functions of the a;,d;, b; and b The
GTT means that for each relative position of the intervals such that *)
does not hold we should have the corresponding interval of values of A
empty, which can be translated in a finite number of inequalities involving
the a;,@;,b; and b;. If these inequalities are strict, we say that (K, K)
satisfies the GTT strlctly.
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If (K, K) satisfies the GTT, then (AK + ¢, K) also satisfies the GTT,
VteR,V X e R Therefore, if (K, K) satisfies the GTT, I is an interval
of the i*" step of the construction of K (that 13, I is a connected component
of 4'=*(P)) and J is an interval of the j* step of the construction of K
then (K NI, KN J) satlsﬁes the GTT. If (U,U) is a pair of linked gaps, U
being a gap of the i step of the constructlon of K (y*(U) =U", U’ gap
of P) contained in some interval I of the i*® step, and U being a gap of
the j*% step of the construction of K, contained in some interval J, then,
applying the GTT to (K N I,K' N J), we will obtain a gap pair (Uy,Uy),
where U, is a gap of the it" step of the construction of K and U is a
gap of K of a step superior to the j, or a gap pair (U, ﬁl) where U
is a gap of K of a step superior to the 7! and U, is a gap of K of the

th step. (See the figure below). Consequently, if (K, K ) satisfies the GTT,
then either K is contained in a gap of K, or K is contained in a gap of
K or KN K # 0, as in Proposition IL1I.

.0
SRR 8 W SO S— S & SO, VAR W

If (K, K) satisfies the GTT strictly and there is a pair of linked gaps of K
and K, then K intersects K stably, and if the right extreme of K coincides
with the left extreme of K, then (K, K) has extremal stable intersection.

Note that the conditions of the GTT are closed, while those of the Strict
GTT are open.

To apply the GTT to generalized affine Cantor sets K and K
defined by expansive functions 1) and d) and with Markov partitions
{Ki,Ks,...,K,} and {Kl,Kz,.. K.}, we must apply GTT to any
pair (¢(K, )ﬁ Py(K;) N P), where P and P are the Markov domains
of K and K.

We shall see later how to apply the GTT when K and K are not affine,
and when some 1; or some Wi is decreasing.

Let us see now to apply the GTT when m = n = 2: Let
K: b~~~ - }—d ke byt
ay by a, b, ay by a, b,
Let I1:= [al - /\bz,i)l — /\ag] I = [(11 - /\bl,bl - /\al] I3 = [&2 -
)\bQ, b2 — /\ag] and I4 = [a2 - /\bl,bz — /\CLl]
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Since (51 —/\al, ELQ - /\bg)U(EQ ——/\042, C~l1 —/\bl) = COHV(IQUI:;)\(IQUI:;),
where conv(I; U I3) is the convex hull of I, U T3, we will have (*) satisfied
if and only if Iy N (Io U I3) # @ and I, N (Jo U I3) # 0,YA € R (note
that 7; N Iy = () is always empty).

We have:

Ilﬁlg;é@@i)l—élZ/\(ag—bl),hﬁh#@@@—glS)\(b2—a2)
ILNL#D e dy—b <Aby—ay), [,N I3 # 0 & by —dy > Aag — by)

Thus, ~ B
by —ay dg — by
Lhn(Lhulz) =0 & ——<A<——
ag—bl b2_a2
and - ~
: by —a ag — b
LN(LUL) =0 & 2792\ 227%
a2—b1 bl_al
The TEG will be satisfied <
Gy —by _ by —ay . Gy —by _ by — iy
bg—ag_ag—bl 1)1'—(],1_(12—1)17
that is, if and only if
bl—a1.b2—04221 and bg—ag.bl—a1>1

&2—[)1 a2_b1 &2—51 a2“b1_
< TR(KI)TL(KQ) >1 and TL(KI)TR(K2) > 1.

We also have that (K, K») satisfies the GTT strictly if and only if
TR(KI)TL(KQ) > 1 and TL(Kl)TR(Kz) > 1.

We shall see now how to apply an adaptation of the GTT to dynamically
defined Cantor sets, not necessarily affine. Observe first that applying the
GTT to a pair of affine Cantor sets (K;, K3) is equivalent to applying
them to (MK, uK>3),V A, u € R%. Consequently, we can suppose that the
support intervals of K; and K, are equal to [0,1]. We shall have in this
case the following normalized representations of K; and Ko:

e i o G (- y—
¢y d1 cs d2 ves n-1 a
K2 "'—'—"(,_ 'a")——(,_ ":") 1[7.’—-3—-7—'0
Cl 1 02 d2 cee dm—l -
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where ¢1+d;+co+do+. . . +d,,1+¢, = 1 and 61+d1+&2+(i2+. . .+(im_1+
em = L If o= (c1c,-++,¢n), &= (d1,...,dn1), &= (C1,...,Cm)
and d = (di,...,dmn—1) then the conditions of the GTT applied to
the pair (K1,K>) can be translated in a finite number of inequalities

of any steps of the constructions of K; and K, then applying the GTT to
(K4, K5) is equivalent of applying them to (I; N Ky, I N K5).

For a pair of dynamically defined Cantor sets (K, K3) choose I; and I,
intervals of some steps of the constructions of K; and K5, and apply the
GTT to (¢; ™ (P1) N 1I1,¢5 ™ (P2) N I2) (as for affine Cantor sets), where
P; is the Markov domain of K, 1); is the expansive function that defines
K and n; is the step of I;,4 = 1,2. This test, after normalization, can be
translated in inequalities f;(c(P?),d(P}),&(Py),d(PF)) >0,1<i < ¥,
where P* = ;" (P;) N I; = 1,2, which do not depend on the choice
of I} and I, if K is affine. In the general case, we say that (K, K>)
satisfies the GTT if

Aj(Ki, K2):= inf f;(c(Pr),d(PT), &(F7),d(P7)) 20 for 1< j </,

and that (K, K,) satisfies the GTT strictly if A;(K;,K2) >0, 1 <j <4,
Note that, as in the affine case, the strict GTT implies stable intersection
and extremal stable intersection of (K, K,) if there is a gap pair or if
the extremes coincide, respectively. Note also that ¢ depends only on the
combinatorial type of K; and K,. The first statement follows from the
continuity of the A;(K;, K3) in the C'*< topology, which follows from
the bounded distortion property for dynamically defined Cantor sets (see
the proof of the continuity of 7(K) in [PT2]). As for 7(K) we can define
(Aj)ioc(K1,K2),1 < j < £and if (A;)ic(K1,K2) > 0,1 < j < £ then
(Ki,K2) have extremal stable intersection, provided that the extremes
coincide.

Remark. — If any of the functions that define K; or K, is decreasing,

then we must apply the GTT for (AP; + ¢, P5), VA € R*, and not only
for A positive, that is, it is necessary to make sure that either AP} + ¢
is contained in a gap of P, or P, is contained in a gap of AP, +¢ or

(AP +t) N Py # 0, for every t € R, A € R*. This also applies to the
dynamically defined case.

Example IV.2. - If

Kl—Kzzo——l—(—-a——} 2 —
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then (K, K> + 8) have extremal stable intersection by the GTT. However,
if Kl, Kz is defined as below, by affine functions, then (Kl,Kz +8)
do not have extremal stable intersection. Inded, K, = K, has gaps near
the left extreme like:

and near the right extreme like

= [-8,-8+¢] ¢ Ky — K; Ve > 0.

e
2 I
2:40 4

. § S —
5 S
b L,rn+1 > Ln+l
-f{l = .f{z
8
! !
! i
! '
! t
t t
! 1
1 1
‘ i
1y 2 & 5
B 7
0 8

So, we see that it is really necessary to consider all the values of A € R*
if there is some decreasing function.

Example 1V.3. — Let

Ky N A N S N S A—
V1 Vo

— 7 Q- S -7 G- R S A—
K2 Wy W

we have Tr(K1)7.(K3) = 2-2 = 2 < 1, hence we cannot apply the lateral

thicknesses test of Proposition IL.1 to find stable intersections between K,
and K. However, (K}, K») satisfies the GTT strictly. Indeed, if a gap U
of K is of the type of V (there exists n such that Y™(U) = V1, where
is the function that defines K) then 72(U) = £ and 7,(U) = I Uisa
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gap of K of the kind of W, then 7x(U) = 3 and r,(U) = I U is of
the type of W, then 75(U) = £ and 7 (U) = Z,

Thus, a gap pair (U, U ) satlsﬁes the conditions of the gap lemma except
if U =: Uy is of the kind of V; and U= :Us 2 is of the kind of W5. In this

case, we will have a situation like:

Ul U2

Kz __{--_:1_ ... ) {--- ‘?")___.

K R S ST e
Ul [} 1

If|U0| > iLUz then | Luy| = 2|U8) > [U2,], because U2, | = 2|LL2{ and
2 < 3. Thus, necessairly we will have an intersection between (AP + t)
and P2, and (K, K3) satisfies the GTT.

Example IV.4. — If o € (3,3) then (K,,K,) does not satisfy the
GTT, the same ocurring in a neighbourhood of (Ko, K,). We will prove
later that if (K, K) is close to (K, Ko + 1) then (K, K) will not have
extremal stable intersection. Note that if o € (3, 1), then HD(K,) > > 1
and HD(K,)+ HD(K,) > 1 and thus extremal stable intersections are
not dense in {(K1, K3) | HD(K,) + HD(K;) > 1}.

Example IV.5. — Let us give now an example of a pair of Cantor sets
(K1, K37) which does not satisfy the GTT (and such that (K;, K, + t) do
not have extremal stable intersection, V ¢ € R) such that if we substitute
K, by an K, aparently “smaller”, (K, K,) does satisty the GTT. We will
also exibit an K; such that (f( 1 f(z) does not satisfy the GTT (and does
not have extremal stable intersection), but (f( 1, K9) satisfies the GTT. This
ilustrates the combinatorial character of the GTT.

Let
Ky 15 f_-%--).z.{_i,.}——————j————{
14
FFRUE IV V- L R
P 14
Ry ( - oo y2(e Oy 1
~ 8
Kl:lr 15 {_'A V/L 6 {‘_3>/L 4
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Surely (K, K5) and (K, K5) do not satisfy the GTT (and do not
have extremal stable intersections, as we shall see later) by the pictures
below:

8
K5 (B2 (L3
X —{- -~ ———e - - == ) ~
2 3003 é—( 29 ’ 14

L

%, 3 (-7 o y2( 5 ___y 14

We have 7(K1)7(Kz) = 2-2 = £ > 1, and thus (K), K) satisfies
the GTT.

For (P, 152), the only pair of gaps that does not satisfy the condition of
the gap lemma is (U, V). In this case, we have:

- A 2h 3 A

)\Iﬂl ;_.(__,L*__,)_<_;_A‘\ 8

e PSS (S M G . o
2 30 7 20 9u .

Also, to avoid intersections between AP, + t and P, we must have
24+ 7+3<3XA4+2X+4) =9 <8\ = the gap ofP2 of lenght 9 ends in
the interval of AP; + ¢ of lenght 8\ = (AP, +t)N P, # 0 = (Kl,Kg)
satisfies the GTT. Clearly, by the arguments above, (K, K,) and (K, K>)
satisfy the GTT stably.

Example 1V.6. — Let us give another proof of Theorem I1.1.2, in which
the sets K; and K, that we obtain are be simmetric, and can be seen as
stable and unstable Cantor sets associated to a horseshoe in the sphere (in
what follows, if ng = 2%, K; and K, have the same combinatories as the
k™™ power of the usual horseshoe).
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Let hy, hy in the interval (0,1) such that h; + hy > 1, and let a < h;
and b < hy such that a + b > 1. Consider for each ) € (0,1), the affine
Cantor set

A 2 2 AU { A 3
K +—{----- H-"")——{"“‘/ T3 T —
n — SRES nl-X ... NREDY n

(with [n*logn] gaps of lenght nl—*)

Since the Hausdorff dimension of a Cantor set

normalized such that Y7 a; + Z;‘;ll bj =1, is the only x € (0,1) such
that 37 | al =1 (see [PT 2}), we have HD(K)) = p, where p satisfies

"
n
2
(271 + 2([n* logn] — 1) + n1-A[pA logn])

9 I
+ ([n* log n] - 1)<2n +2([n* log] — 1) + n1-A[n logn]> -

If we denote by gx(n, ) the left side of this equation, and observe that
2n+2([n* log n]—1)+n'~*[n* log n] is of the order of n log n, we conclude
that p > A = lim gax(n,p) =0, and p < XA = lim ga(n, p) = +oo.
Thus, lim HD(K)) = ), and then there exists ng € N such that
HD(K; ) < hi and HD(K} ) < hy. We are

Ml [¢] N ce (o} Ml
O e S CEEEES - e
M 1-b n1-b n1—b M
2 [} 0 e o 2

where M; > ng and M, > ng are choosen such that HD(K,) = hy and
HD(K3) = hy (HD(K) depends continuously on K).
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(Kl,Kz) satisfies the GTT: We have L. - nlz_b > n—2——a°—b >2>1and

0

Mo . 1 — > 2 > 1. Thus, studying intersections of pairs (P, AP> + t),

TL

where P is the Markov domain of K; let us suppose, for instance, that the
right interval I; of P; (but not all the P,) is contained in a gap U = (a, b)
of AP, +t. Let U be the gap of P; that contains a and I = [c, a] the interval

of AP, +1 at the right of (a,b). We have 2f - {gf > iy - o8 > 1,

and || < |U| = || > 'f]l = P, intersects AP, + t. The other possible

positions of (P, AP, + t) have similar analysis. By the arguments above
it is clear that (K, K>) satisfies the GTT stably.

In the example IV.1, we have constructed a Cantor set K C K with
7(K) > 7(K) by simply forgetting some intervals of K, and considering
the Cantor set defined by the same function restricted to the remaining
intervals. This can be done even if some of the forgotten intervals are
extremal, provided that the Markov partition of K has more than two
intervals. In this case the description of K is slightly more complicated:
Indeed, let K be a Cantor set with Markov partitions {K;, K»,..., K,}
defined by an expanding function 1, such that 9|k, is increasing and
surjective. If 9|k, , is increasing and surjective, then |x has an
unique fixed point b. If 9|k, _, is decreasing and surjective, we take b
equal to the nght extreme of K,,_;. Then we have a dynamically deﬁned
Cantor set K contamed in K with Markov domain {K;,Ko,... Kn_1}
where K, Y[o,B) N K;, ¢ = 1,2,...,n — 1, defined by the (the
restriction of) 1/;.

n—1

PR —

|
'
!
i
1
f
l
i
]
)

P S

JF WU

Am e s

N U

3

S .

et

- st )
ky-471(00,51) Mol n i lto,e)) ¥l (o,b)

This Cantor set does not depend on K, or on |k, .

Vol. 13, n°® 6-1996.



774 C. G. T. de A. MOREIRA

As an example, if

L

FR= —31 (-1 . 1

then clearly the pair (K K ) does not satisfy the GTT, as showed in the
picture below:

} 5 {_1_\ 5 4{_,_2__)_1_4
—_—(----- Yot

2 ( 3 2

2 2 2

However, 7(K)7(K) = 21 =2 > 1, therefore (K, K + 3) has extremal
stable intersection, and so does (f( , K + 3), since K depends continuously
on K.

On the other hand, (K, K+ 14) does not have extremal stable intersection,
by Theorem IV.1 , and so the existence of extremal stable intersection
depends on the order of the pair of Cantor sets.

Let us make a definition: Given compact sets C; and C; with convex
hulls [a,b] and [c, d], respectively, we say that C; — Co: & (a < ¢,b < d
and ¢ < b).

TueoreM IV.1. — Let (K, K) be a pair of dynamically defined Cantor
sets whose Markov partitions are P = {Ki,Ks,...,K,} and P =
{K.,Ko,... , K} respectively, such that the right extreme of K coincides
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with the left one of K. Suppose that 1|k, and Ellgl are dffine, increasing
and surjective, and that log(¢’|k..)/ log(Ellfl) ¢ Q, where ) and
are the functions that define K and K. Then: K — K 7 [0,6],¥6 > 0 &
IAN>0,teRst. (MK +t) = Kand VDK +t)NK = 0.

Remarks.

e This last condition is equivalent to the existence of a straight line ¢
which crosses only the upper and the right sides of K, x K, and does
not intersect some step F; X P, of the construction of K x K, where
P, =" P),P; = El_z(f), and K, and K are respectively the convex
hulls of K and K.

N - E
—\“i NN i N\

A I

g
j//

N

|

S e
NS SN S

I
!

e We can supress the condition log(y’|k,)/log(v' /K1) ¢ Q if we
change the last condition by 3¢ € R such that (K +¢) — K and
(K+t)nK = 0.

o If |k, and | are increasing and surjective but not affine, then the
results are also valid, provided that we test the hypothesis for the linearized
of K and K (for which the analogs of 9|k, and E[?I are affine).

Proof. — Let Ay = 9/|g, and logAi/logls ¢ Q, there are, for
each 6 > 0, an infinity of pairs of natural numbers (m,n) such that
IAN7/AT — A < & Since t ¢ K — MK, there is § > 0 such that
' ¢ K- MK VXNt with [t—¢t] < 6 and A—N| < 6§ = t ¢
K—(A\3/AMK = A"t ¢ \;"K - A\[™K, with AP K +A;"t) — A\;"K,
and, since KoN(Ko+A;"t) = AT Ko+ A, ")N(A;"Kp), At ¢ K—K.
Therefore, K — K 7 [0,¢],V € > 0. The other implication of this theorem
is clear.

Remark 1. — The above demonstration also shows that, as in Theorem 1.2,
in the hypothesis of Theorem IV.1, (K, — K )¢ has positive density at 0. We
shall adapt this result in section V, to show that in the case of homoclinic
bifurcations, if K = K* and K = K" satisfy the hypothesis of the
Theorem IV.1, then we shall have ¢, persistently hyperbolic for a set of
positive values of u with positive density at p = 0.
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Remark 2. — If Ky and K, are affine Cantor sets satisfying the hypothesis
of Theorem IV.1, if there are A > 0 and ¢t € R such that K; — (AK3 +t)
and K, N (AKz +t) = ( then, by this theorem, (K7, K,) will not have
extremal stable intersection, since (Perhaps by changing slightly the pair
(K1, K3) to satisfy the hypothesis about A; and \,) its arithmetic difference
will not contain [0,¢],Ve > 0. Consequently, if

2 1
K: + 2 (-1 2 (--=--- ——

ke Lo ¢ 1y 1,

then (K, K + 8) will not have extremal stable intersection, as we stated
before. The statements in of the examples IV.4 and V.5 also follow.

Example IV.8. — Let

SN ¢
K '_a_(b !

K -
c b a

where a + b+ ¢ = 1. We remember that HD(K) = HD(K) = X, where
A is the only real number such that a* + ¢* = 1. Therefore, even if we
chose b small, we can choose a so small that HD(K) = HD(K) < 5. In
this case, since HD(K) + HD(K) < 1, we have m(K — K) = 0, and so
(K, K + 1) will not have extremal stable intersection, and K — K will not
contain any interval. However, to apply Theorem IV.1, we must consider
very advanced steps of the construction of K x K, even in this case, which
is combinatorially very simple.

5 TAS AN, TN

\

4

a.
b

o'
Q
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Example IV.9. — Let

The first step of the construction of K x K does not assure that
(K, K + 10) does not have a stable intersection, but the second step does:

1 2 e
5/2 {_3_/_2__) (______3____}____4}{

N N
NI\

V. INTERSECTIONS OF CANTOR
SETS AND HYPERBOLICITY

In [PT1], Palis and Takens proved the following theorem:

Let {¢, | p € R} be a family of diffeomorphisms of M? with an
homoclinic Q2-explosion at u = 0. Suppose that HD(K®) + HD(K") < 1.
Then

lim m({u € [0,8] | ¢, is persistently hyperbolic})

6§—0 é

?

where m denotes the Lebesgue measure.

Vol. 13, n® 6-1996.



778 C. G. T. de A. MOREIRA

In [PY], Palis and Yoccoz proved that if HD(K®) + HD(K") > 1
then generically

o) i . .
T sup m({p € [0,8] | ¢, is not ;)erblstently hyperbolic}) ,
&§—0

because we have new tangencies between W*(A) and W*(A) with positive

upper density at u = 0, where A is the basic set of ¢ assoc1ated to the
homoclinic tangency.

Here we shall prove that if K* and K™ satisfy the hypothesis of
Theorem IV.1, then we have hyperbolicity with positive density at x = 0,
even if HD(A) > 1. The proof of this result will be a combination of
the arguments in [PT1] and Theorems 1.2 and IV.1. We shall also give
an example of an open set of families (¢,) where the phenomena of
hyperbolicity and of new tangencies between W*(A) and W*(A) have
both positive density at p = 0.

THEOREM V.1. — Let (@,) be a family of diffeomorphisms of M? that
presents a homoclinic Q-explosion at p = 0 associated to a fixed saddle point
p that belongs to a basic set A, and let (K)o and (K3)o be as in Theorem 1.2.
Suppose further that there is t € R such that (K)o + 1) — (K)o and
((Ki)o + 1) N (K2)o =

Then

li%n i(I)lf m({p € 0,8] | ¢, is p(;rsistently hyperbolic}) >0

Remark. — In the hypothesis of this theorem, as in the hypothesis
of Theorem 12, we suppose that (K)o C R_,(Kz) C R, and
€ (K)o N (K2)o-

Proof. — Let O the orbit of homoclinic tangency, ¢° € O N W _(p) and
g* € ONWg.(p). Let g, € Wii'(p,) and g € Wi¥(p,) depending
continuously on 4 such that g§ = ¢° and ¢ff = ¢* and ¢% = ¢*, and let 0,
and O} their ¢, — orbits. Let A(u) = K;j UO; and B(u) = K3} U (’)}j,
where K, = Wil (p,) N A, and K} Wloc (pu) N A, (A,L is the
contlnuatlon of A). Choose parametnzatlons for W¥(p,) and Wi (p,.)

loc
(for which ¢ |ywen(p,) and ©ulw:(py) are linear maps) in such a way
that K and K coincides with (K ), and (K3),, and that A(y) and B(p)

are scaled sets, with scaling factors Ay (u) and Aa(u), respectively, where
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A1(p) and Ap(p) are the eigenvalues of ¢,. For a set A C R we define
sA ={z € R| 3z € A such that [z — /| < §|z'|}.

Let AXu(y) = 77.(AW) N [-Kp,Kp)), and BEX* =
WJVL,(EB(,U,') N [-Ku, Kpl) where n,, and =, , are the projection
associated to the stable and unstable foliations of ¢, over the line
of tangencies {,. Let C,. = {u’ € (0,u) | the distance between
BER(1') and (AK#(u') is greater or equal to eu}. If we could prove
that liminf, .o W > 0 for some ¢ > 0 then the result would follow
exactly as in [PTI1].

Let E@IS"’/K“ = W-;lll/(folsl/(:ul) 0 [_Ku7Kﬂ])s and E@Z;K.# =
ﬂ;y}t’(fob) N [~Kp,Kp]) then C, . = {¢ € (Opu) |

d(EAK“(;/),EOZ;K“) > ep and d(EOZ’,k“,EBK"(,u’)) > ep} is such
that given 6 > 0 there is £ > 0 for which we have lim inf W >1-46,

—

by the arguments of [PT1], since (9; and Ol’j are countable, and thus
have Hausdorff dimension zero.

Let EK'Z,’" = ﬂ;L,(ERﬁ, N [-Kp,Kpl), and C, .1 = {p € (0,4) |
d(c K. K;"') > ep}. Then we can prove, by arguments similar to the

arguments of Theorem 1.2, that if € > 0 is sufficiently small then lim i(r)1f
w—

> 0 (the essence of this argument is that “non-intersections”
are always stable). Thus, if € > 0 is sufficienlty small then is lim inf

n—0

m(C, 1)

m C/ .
m(Che) th') > 0, and the theorem is proved. W

Remark. — If log(A1(0))/log(X2(0)) ¢ Q, it is enough to suppose
that there are A > 0, ¢ € R such that (A(K1)o +t) — (K3)o and
(A(K1)o +1) N (K1)o = 0.

Example. — Suppose that K and K} are affine Cantor sets as in the
pictures B and C below, associated to a horseshoe as in pinture A, which
is combinatorially equivalent to the square of the usual horseshoe.

Let us suppose that (¢, ) presents a homoclinic §2-explosion at = 0
associated to the fixed point p in the left l[ower extreme of A. Then, since the
hypothesis of the Theorem V.1 are satisfacted, we shall have hyperbolicity
with positive density at p = 0.

On the other hand, as the picture D shows, K¢ contains an affine Cantor
set with thickness 17/10 (we “forget” the right interval). Similarly, we can
show that K} contains an affine Cantor set with thickness greater than
1 = there is a ¢ € R such that (K§ + t) intersects K stably, and so,
according to Theorem 1.2, there will be tangencies between W*(A,) and
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W*(A,) with positive density at u = 0. The same phenomena occur in a
neighbourhood of (¢, ), since the hypothesis are open.
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