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ABSTRACT. — We prove a pointwise estimate for the solution u of a
nonlinear variational inequality in terms of a function which is solution
of a suitable variational inequality with spherically symmetric data. Using
this result a lower bound for the measure of the set {z : u(z) = 0} and
a priori estimates for the L”-norm and the W, ®-norm of u are obtained.
An existence result is also given.

RESUME. — On démontre une estimation ponctuelle pour la solution u
d’une inéquation variationnelle non linéaire en fonction de la solution
d’une inéquation variationnelle opportune dont les données sont a symétrie
sphérique. En utilisant ce résultat on obtient une borne inférieure de la
mesure de I’ensemble {z : u(z) = 0} et une estimation a priori des normes
LP et W,” de u. De plus est donné un résultat d’existence.

1. INTRODUCTION

Let €2 be an open bounded set of R™. We consider the operater
(1.1) Lu = Au+ H(z,Vu) + g(z,u)
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578 M. R. POSTERARO
where Au = —div a(z,u, Vu) and
a:Q2XxRxR" - R", H:QxR"—R, g:OxR—-R

are Carathéodory functions which satisfy the following conditions:
@) a(z,n, &) & > (&P forae z€Q,VE€eR, p>1

(i) |H(z,€)] < BlgpP~? for ae. z € Q, V§ € R™

(iii) g(z,mn > 0 for ae. z € 2, Vn € R.

Let us assume that there exists a function u € W, ®(£) solution of the
variational inequality

(1.2) < Lu,v—u>
= /Q[a(x,u,Vu)(VU — Vu) + H(z, Vu)(U - v) + g(z,w)(U — v) | dz

2/ f@)U —-w)dz YU e WyP(Q), U,u>0
Q

In this paper we will prove a pointwise comparison between the function
u solution of (1.2) and the solution of a suitable variational inequality
defined in a ball with spherically symmetric data. More precisely we
consider the problem
X

/ |VulP~ 20, (V — v),, + B|VUPP?v,, —(V — v)
Q# x|

> [ fEF@)(V-v)dz VYV e WyP(Q#), V,u>0
Q#

where Q# is the ball of R™ centered at the origin with measure || and
f#(z) is the spherically symmetric decreasing rearrangement of f. In § 2
we will prove that this problem has a unique spherically symmetric solution
v(z) = v¥#(z) and u*(z) < v(z) holds a.e. in Q*. This result allows us to
obtain sharp estimates for u in terms of the function v, moreover we can
find an optimal lower bound for the measure of the coincidence set of w.
The proof of this result is based on properties of the level sets of u and
uses as main tools the isoperimetric inequality (see [11]) and the coarea
formula (see {14]). The method was introduced by Talenti ([22]) who get a
comparison result for the solution of a linear elliptic equation, and then was
developed by many authors in different directions (see for example [23],
[24], [1], [13] for linear and nonlinear elliptic equations). In this contest
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ESTIMATES FOR SOLUTIONS OF NONLINEAR VARIATIONAL INEQUALITIES 579

the first results for variational inequalities are due to Bandle-Mossino {sh
and Maderna-Salsa ([17]); other results can be found in [2], [19] and [20].

Using this comparison result we give a priori estimates for the LP—norm
of u and of Vu in terms of the norm of f in suitable Lorentz spaces (see
also [23], [24], [6], [12] in the case of equations). As a conseguence we
obtain also an existence result for problem (1.2). Other existence results for
problems involving operator of the type (1.1) can be found in [9], [12] for
elliptic equations and in [10], [8], for variational inequalities.

2. COMPARISON RESULTS

Firstly we recall some definitions about rearrangements. If {2 is an open
bounded set of R", we will denote by || its measure and by Q# the
ball of R™ centered at the origin whose measure is [Q2|. Moreover if ¢
is a measurable function,

w(t) = {z € Q: o(z) > t}], t e R,
is the distribution function of ¢ and
©*(s) = sup{t > 0: u(t) > s}, s € 10,12,

is its decreasing rearrangement. If C,, is the measure of the n-dimensional
unit ball,

o*(z) = p*(lz]) = ¢*(Culel"), = €QF,

is the spherically symmetric decreasing rearrangement of ¢(z). For an
exhaustive treatment of rearrangements we refer, for example, to [4], [18].
Let us consider the problem

1) [ DV )+ BT (V=0

> [ AV -—v) VYV eWPQ#*), V,v>0
Q#

We will prove that such a problem has a unique spherically symmetric
solution which is decreasing with respect to the radius.

Vol. 12, n°® 5-1995.



580 M. R. POSTERARO

If R is the radius of # the function

w(z) = w(lz]) = /l I sign (/OP exp(—Br) f#(r)r"! dr)

’ P
X pl—”exp(BP)/ exp(—Br) f#(r)r" 1 dr
0

dp.

is the unique spherically symmetric solution of the Dirichlet problem
L¥w = “(lvwlp_zwzi)zi
(2:2) +B|Vw|1’“2wm%l = f#(z) inQ*

w=0 on 8O#*

The derivative of w(p) is given by
p
—w,(p) =sign / exp(—Br) f#(r)r*~tdr
0

1

p—1
X

P exp(By) [ exp(-Br#nr i
0

Firstly we observe that, if f,(z) = {max f(z),0} = 0, then v(z) = 0
R
is solution of (2.1); if / exp(—=Br)f*(r)r"~tdr > 0 then w(z) is
0
solution of (2.1). Let us consider the non trivial case f,(z) # 0 and
R

exp(—Br)f#(r)r" 1 dr < 0. In such a case there exists 0 < p < R
sgch that

p
/ exp(—Br) f#(r)r" " dr =0
0
Edl
(2.3) / exp(—Br)f*(r)r*~tdr >0 if z<p
0
=]
/ exp(~Br)f*(r)r"tdr <0 if z>p.
0
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This means that w(z) takes the minimum value on the boundary of the
sphere of radius p. Let us put ~K = m},& w(z) = w(p)
€

If v(z) is solution of the variational inequality (2.1), then in the set
E = {z : v(z) > 0} v(z) verifies the equation
L#y = f#

v(z)=0 onJE.

Therefore v(x) is such that

(w(lz)) +h)+  if o] <p
v(je) =

0 if |z| > p

where h < K. We want to show that the only possibility is h = K. To
this aim we choose as test function in (2.1)

w(|z]) + K if || < p
V(lz]) =
0 if |z| > p

. 1/n
Then set p, = {z : v(:c)l/> 0}
C'™

we have

(B —h if |z} < py
V(z) —v(x) = { Y@ +K ifp<lel<p

0 if |z] > p

Vol. 12, n® 5-1995.



582 M. R. POSTERARO
which gives

ov

0> /Q# (—B|Vv|”'1a——— + f#($)> (V—v)dz

|z]
R ov
=C, / (—B]V’u|”—1— + f*(C’nr")) (V- v)r"‘1 dr
0 or

P1 p
>Co(K — h) / FH(Cor™)r"tdr + Cp / FH(Car™)(V = vy dr
0 £1

p T
=-C, /p1 (/0 f*(Cpo™o™ 1 da) (?3—1: dr

This quantity is strictly positive because for r < g, by (2.3), we have

/T f#(o)o™ tdo > /T exp(—Bo) f#(o)o™ 1 do > 0.
0 0

Since the problem (2.2) has a unique spherically symmetric solution,
the above arguments show that also the variational inequality (2.1) has a
unique spherically symmetric solution.

Therefore we have proved the following

THEOREM 2.1. — If w(z) = w(|x|) is the solution of the Dirichlet problem
(2.2), the variational inequality (2.1) has a unique spherically symmetric
solution v(z) = v¥#(z) given by v(z) = 0 if f# < 0; v(z) = w(z) if

R
/ exp(—Br) f#(r)r"~'dr > 0; and

0
w(lz|) + K if || < p
v(lz]) =

0 if |z > p

where —K rnir;%E w(x) = w(p) in the remaining cases.

z€Q

Now we will prove the pointwise comparison between the rearrangement
of a solution u of the variational inequality (1.2) and the solution v of the
symmetrized variational inequality (2.1).
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THeOREM 2.2. — If u is solution of the problem (1.2) with conditions (i),
(i1), (iii), we have

(2.4) u#(z) < v(z) Vz a.e in Q¥

where v(x) = v¥(z) is the solution of the problem (2.1).

Proof. - The proof is based on techniques used, for example in [23],
[1], [13], [6] in the case of equations and in [2], [S], [19] in the case of
variational inequalities. If u = 0 (2.4) is trivial, so we will suppose that
u is not identically 0. Taking h > 0 and ¢ € [0, sup u[, we choose as test
function in (1.2) U = u — ®;, where

h ifu>t+h
(2.5) Bp(z) =< (u(z)—t) ift<ulz)<t+h
0 otherwise.

We have

%(La(w,u,Vu)@hdx+/9H(3:,Vu)<1>hdw+/gg(x,u)<1>h dx)
1
< E/Qf(:r)q)hdx

and by (i), (ii), (iii), letting h go to 0, we obtain

d
(2.6) —a/ |[Vulf de < B/ [VuP~! dz +/ f(z)dzx.
u>t u>t u>t

Isoperimetric inequality [11], Fleming-Rishel formula [14], and Schwartz
inequality give (see also [1], [23])

“1/n d
(2.7) nCa/"p(t) =" < _E/ [Vul
u>t

<towp (<4 [ )

We evaluate the first term on the right hand side of (2.6) using Hoelder

Vol. 12, n°® 5-1995,



584 M. R. POSTERARO

inequality and (2.7); we have

(2.8) /u [vupi < /t ” (~dis L y |vu|P—1) ds
<[ ey (-4 f Ivap) " 4

< [ w4 [ 19 Juts = as

Since Hardy inequality gives

n(t)
| t@ass [ s
u>t 0
by (2.6), we have

@9 - [ 1w s [Cewen(- [ o)

u(t)

x pu(s)/" 1 ds + f*(s)ds
0

Now we put

olt) = { —%/ [VulP dz for ¢ s.t. p'(t) exists
- u>t

0 otherwise
and then (2.9) becomes

o(u(s)) < HCL/ / o () dr / Cf(r)dr

for ae. s € [0,|u > 0|[. With standard tools (see for example [1], [2],
[25]) we obtain

1/n s B’I"l/n
(210)  p(u"(s)) < exp (%) [ e (—W)f*(r)dr

forae.s €[0,|u > 0|

Annales de !'Institut Henri Poincaré - Analyse non linéaire



ESTIMATES FOR SOLUTIONS OF NONLINEAR VARIATIONAL INEQUALITIES 585

Using the definition of ¢(t), by (2.7) (see [25]) we have

2
Iy

o(u*(s)) > > POy s 0P (—%u (s)) for a.e. s € [0, |u > 0]

and then, by (2.10), we get
d 8(1/17.—1);)' le/n
(2.11) - U *(s) < e exp l/n( Y

X {/Osexp( ng/i”)}c (0)d }P— for ae.s € [0, |u > 0[]

Now we consider the solution v(z) = v#(z) of the problem (2.1). By
theorem 2.1 setting s = C,|z|™ we have

d 1/n=-1)p’ 1/n
(2.12) ~ Ly = T [ B
ds ' 8™ cr™(p—1)

s 0,1/11, P—if
X [/0 exp( Bcl/n)f (o)d } Vs e [0,|lv > 0]

Now we will prove that

(2.13) —d%u*(s) < —disv*(s) s € [0,]u > 0l].

Clearly, because of (2.11) and (2.12), (2.13) holds in [0, min{|u > O], jv >
0/}[. We will show that |u > 0] < |[v > 0. If [v > 0] = || there is nothing
to prove. If [v > 0] < |2 we suppose ab absurdo that |u > 0] > |v > 0]
If [u>0]>s>|v> 0| setting

1/n—-1)p’ B 1/n

8 8

Wls) = — —m x| —m——
n?' Cp, Ch'"(p-1)

by (2.11) we have

p-1 [v>0] sl/n
(2.14) (—disu*(s)) S‘Il(s)p‘1 [/0 exp( 121//,1 >f (s)ds
s Bsl/n
i /[v>0] exp( Cl/n ) f (8) d8:|
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By theorem 2.1 we have v* (Ju > 0]) = 0, that is

fv>0] 1/n
(2.15) / fr(s) exp (— le/ ) ds=0
0 C'"

n

Moreover since f*(s) is decreasing

y Bsl/m™
(2.16) / F*(s)exp| ———— ] ds <0
fo>0) ) o/

holds and then (2.14), (2.15), (2.16) give (—u*'(s))"_l < 0 that is absurd.
Thus we have |u > 0] < |v > 0] and integrating (2.13) between s and
|lu > 0] we obtain

(2.17) u*(s) < v*(s) Vs € [0, |u > 0]}

that implies (2.4). =
The comparison result just proved gives an optimal upper bound for the
measure of the set {z € Q : u(z) > 0} or, that is the same, an optimal

lower bound for the measure of the coincidence set of u. In fact theorems
2.1 and 2.2 give the following

THEOREM 2.3. — If u(z) and v(x) are solutions respectively of problems
(1.2) and (2.1) we have

lu> 0] <jv>0|

More precisely

lv>0]=0 if f#(z)<0,

lv > 0] = Q| if /R exp(—Br) f#(r)r* ' dr > 0;
0
otherwise |v > 0| is the unique solution of the equation
F(s) = /5 exp(—Br) f#(r)r" ' dr = 0.
0
Techniques used to obtain the pointwise comparison between the solutions

of the variational inequalities (1.2) and (2.1) allow us to establish a
comparison between the LP—norm of the gradients of v and v.
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THEOREM 2.4. — Under the same hypotheses of theorem 2.1, if u and v are
solutions of the problems (1.2) and (2.1) we have

[Vull, < IVl

Proof. — Starting from (2.10) we obtain

d B,u(t)l/" u(t) Bri/n
_Z P e ST * =2
. |VulP < exp ( C’,l/" /0 f7(r)exp C’Tl/" dr

As we have already seen (see proposition 2.1) we have

l/n
/f exp( 7 )do’ZO Vs < |lv >0,

then, using (2.7) we get

_ i |Vl < [—'(t)] N(t)(l/"‘l)p/

dt Just - ' C%/™
P
p/Bu(t)l/n u(t) i Bsl/m
xexp(—————C}/n ; fr(s)exp —E{/_" ds

Now, integrating between 0 and +oo we have

Ju>0}
“Vu”{; ___/ W“lp < __1_,__/ S(l/n—l)p/
u>0 ' C7™ Jo
B 1/n p
xexp( l/n )[/ (e exp( Ul/n )d} ds
{v>0}
o1 / S1/n=1)p’
= pror/m
IB 1/n B 1/n v
xexp( ls/n >[/ F( o’)exp( O;/n)da} ds

By proposition 2.1 it is easy to show that the right hand side of this
inequality is ||[Vv[[p. =

7
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588 M. R. POSTERARO
3. A PRIORI ESTIMATES

The comparison theorems establish an optimal upper bound for the L?-
norm and the WO1 "P-norm of a solution of the variational inequality (1.2) in

terms of the norms of the solution of a suitable variational inequality. Now
~ we will give these a priori estimates in terms of the norm of f in suitable
Lorentz spaces (see also [24], [6], [12]). To this aim let us introduce the
Lorentz spaces. Let ¢ be a measurable function; for 1 < p < oo, we put:

1/q

+oo
(/ [ /]cpl s} tq/”t) if 0 < g< oo
lellpe =
sup /P 1/ lol™ (s if ¢ = oo,

We say that ¢ belongs to the Lorentz space L(p,q) if ||¢llp.q < 0o. It is
well known that L(p, q), 1 < ¢ < oo, with this norm, is a Banach space.
An important property of Lorentz spaces is that they are “intermediate”
between L? spaces. More precisely, L(p, p) coincides with L?(2) and, for
1< p<ooand0 < g < oo, the following inclusions hold:

LP(Q) € L(r,q) € L7(), p>r,0<g<r,

L™(2) ¢ L(r,q) c L*(92), p<r,r<qg<oo.

Moreover we will denote by L(1,q), 0 < g < oo, the space of function
@ € LYQ) such that

ke ¢ q 1/q
llollig = (/0 [%/0 lcpl*(s)ds] t"%) < +00.

For an exaustive treatment of Lorentz spaces we refer to [7]. Finally we
recall a result wich will be useful in the following (see [15]).

ProPOSITION 3.1. — Suppose that ¢ > 1 and K (s,t) is non-negative and
homogeneus of degree —1 and

+oo +o0 ,
K(s,1)s7Yds = KA, Y9 dt=M
0 0

+o0 400 a +o0
/0 ( ; K(s,t)f(s) ds) dtSMq/0 fi(s)ds

If K(s,t) is positive, there is inequality unless f = 0.

Then

Annales de IInstitut Henri Poincaré - Analyse non linéaire



ESTIMATES FOR SOLUTIONS OF NONLINEAR VARIATIONAL INEQUALITIES 589

Now we can prove the estimate for the norm of the solution v of the
problem (1.2) in W,?(Q).

THROREM 3.1. — If u is a weak solution of variational inequality (1.1) with

conditions (i), (i), (iii), fy = max{f(z),0} € L(—PL ifp<n

/
e
and fy € LY(Q) if p > n the following estimate holds

IVull < COn B D) 4Py, P
(3.1)

IVul < C(n, B, |, p) 2277 '”' TNl e

n(p - 1)
where
'BIQ 1/n

3.2 C B,Q _eXp(p C!’ll/L )
( M ) (n7p7 ,I I) - nP,Cgt/n

Proof. — In theorem 2.4 we have obtained

IVullp < [[Vollf

=_~_1— fv>0] s(l/n—l)p' exp plle/n
n? CE/™ Jo o

[/ f(o) exp( l/i)d rds

and then, defining C as in (3.2),

0 s v
|Vullp < C’/ slt/n=bp (/ fi(o) da) ds
0 0

which gives (3.1). =

The following theorems give a priori estimates for the L-norm of the
solution of the problem (1.2).

Vol. 12, n® 5-1995.



590 M. R. POSTERARO
THEOREM 3.2. — If u(x) is solution of (1.2) with conditions (1), (ii), (iii)

1
and f, € L ﬁ, p— with p < n then the following estimate holds
p p—

Julle < Ca(m,p, Byl £ 5

where
ool )
Cl/n —1
(33) Cl(n7p$B> IQD = P’ C;E '[n )

Proof. — We start from (2.13). Using (2.12) and defining C; as in (3.3),
we have

d d s P
— 7w (s) S = ==v™(s) S Oy sU/mTUR ( /0 f(o) do)

Then, integrating between 0 and |u > 0] we get

o e 1
u"(0) = Jlufloo SCI/O st/n=lp {/0 fi(o) da} ds

and then the assert. =

THEOREM 3.3. — If u is solution of variational inequality (1.1) with
conditions (i), (ii), (iii) and C1(n,p, B, |Q]) is defined as in (3.3) we have

(3.4) lelle < Cr(mp, B 12D) g 14y

np n nr(p -1
wherep<n,—p,<r< ___(_p___)_
n+p

= )

p n—rp
Proof. ~ By theorem 2.2 we have ||ull, < |jv]|, where v is solution of
(2.1). Then, using (2.12) and defining C;(n,p, B,|{?|) as in (3.3), we have

] l 11 q
g < o [ [/ PR ( / £ a)da> dt} is
0
0o “+ o0 (L_ 11 q
s (s )
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1
then, using proposition 3.1 with K(s,t) = max(s. D)’ we obtain
+o00 1
35) s [ kel [ at
0
where

too  o-1/q +oo t_1/q’ q2
M= / ds = / dt = .
max(s, 1) o max(1,t) g—1
Then by (3.5), (3.4) easily follows. =

Proceeding as in the theorem 3.3 we can obtain also estimates of the
norm of u in Lorentz spaces (see also [24], [6]).

4. AN EXISTENCE RESULT

In this section we will use the a priori estimate obtained in § 2 to obtain
an existence result for the variational inequality (1.2).

THEOREM 4.1. — Let hypotheses (1), (i), (iii) be satisfied and let the
Sfollowing conditions hold
(V) la(z,m,0)] < k(z) + [P~ + [P~ k() € L¥ (9)
) (a(:v»n, &) — a(z,m, 52)) (1 —-&) >0 & # &
i) g(z,n) < col@)nl® € [Lp=1] ifp<m, e l,+o0] if
P >n, cr) € L™®(Q)

I

Iff-f-EL( +,7p

function u € W,F(Q) solution of (1.2) exists.
We remark that the condition (vi) on § is given just to guarantee that the
formulation of the problem (1.2) makes sense.

,ifp<n oand fr € LY(Q) if p > n, then a

Proof. — We consider the operator Lu = Au + H + g defined as in (1.1).
We will prove that it is pseudomonotone (see [16] for p < n, § < p* — 1).
We take a sequence u; weakly convergent to v in Wol”’ () and we suppose

(4.1) limsup < Lug,ur —u >< 0.

k—o0
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Firstly we observe that by Rellich-Kondrachov theorem there exists a
subsequence (still indicated with ;) such that

Up — U a.e. in{d.
Moreover, since g(z,u) is a Carathéodory function,
g(z,ur) — g(z,u) a.e. inQ

If AC Qby (v), if p < n, we have, Vv € WP (Q),
[ 19t w)olds < feo(@)e [ il de
A A

< lleo(@)lloo e 15,0 10l] o+ ca)

and then Vitali theorem gives

(4.2) g(z,ur)v — g(z,u)v  in LY(Q)  Yve WyP(Q)
Moreover (vi) and Fatou lemma give

(4.3) limkinf/(;g(x,uk)uk dz > Lg(.’c,u)udm

and then by (4.1)

limsup < Aug,ux —u > + < H(ug, Vug),up —u >< 0.
k

Since the operator Au + H is pseudomonotone (see [16]), we have

limkinf < Aug + H(ug, Vug),up —v > > < Au+ H(u, Vu),u —v >
Yo € Wy?

This means that (4.2) and (4.3) gives

limkinf < Aug + H(ug, Vug),up —v > + < g(z,up), ux — v >

>< Au+ H(u,Vu),u —v >+ < g(z,u),u —v > Vv € Wy?

that is the pseudomonotonicity of Lu.

Annales de Ulnstitut Henri Poincaré - Analyse non linéaire



ESTIMATES FOR SOLUTIONS OF NONLINEAR VARIATIONAL INEQUALITIES 593

Now, following classical tecniques, we consider the problem
(4.4) / a(z, ug, Vug) (VU — Vug) + H(z, Vugr)(U — ug)
Q
+ gz, u)(U — ug) > / fU-w) VUEE,
Q
where Ej = {v € Wy?(Q) : ollwrr < kv 2 0}. We have that E} is
bounded, closed and convex, then (see [16], Th. 8.1, p. 245) there exists

a function u; € Ej that is solution of the problem (4.4). Moreover the
function U = u; — ®; where

h if uk(x) >t+h
Or(x) =  up(z) — ¢ ift<up(z) <t+h
0 otherwise

is in Fy. This means that we can repeat the proof of theorem 3.1 to get
that the functions uj are bounded in W;?(Q) uniformly with respect to
k, therefore we can find &k such that [|uk||W1 » < k. Then, arguing as in
[21] (see theorem 2.5) we can say that uz is solution of (1.2). In fact
uk(x) > 0. Moreover for all v € Wy(Q), v > 0, there exist a function
w € B and € > 0 such that

w — u = (v — ug)-
Therefore from (4.4)

€ < Lug,v—up >=< Lug,w—u >>< fw—ur >=e < f,v—up > =

5. EXTENSIONS

In this section we will show that the results of the previous sections
can be obtained also if in the variational inequality (1.2) we substitute the
hypotheses (ii) with the hypotheses
(i) |H(z, &) <b@)lP  blz) € L'(Q), 72 p, 7> n.

We consider a function B(s) such that

(5.1) /u @) = /0 " B (o) do

Vol. 12, n° 5-1995.
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According with a lemma in [3] the function BP(s) is weak limit of functions
which have the same rearrangement of |b(z)[P. Moreover let v(z) be the
solution of the variational inequality

/ VP20, (V = v), + B(Cola]")| Vol 20, %(V )
(52 V> [ V-
JQ#

YV € WP (QF), Vo >0

with B(z) defined as in (5.1). Arguing as in theorem 2.1 it is possible
to prove that this problem has a unique spherically symmetric solution
v(z) = v¥#(x). Moreover the following theorem holds

THEOREM 5.1. — If u is solution of the problem (1.2) with conditions (1),
(ii"), (iii), we have
u¥(z) < v(z) Yz ae inQ¥
and
IVaull, < [[Vollp
where v(x) = v¥#(z) is the solution of the problem (5.2).

Remark. — We observe that in this case the *“symmetrized” problem
depends not only on the data of the problem (1.2}, but also on its solution

Proof. — Proceeding as in the proof of theorem 2.1 and using the function
B(s) defined in (5.1), instead of (2.8) we obtain

/ b(2)| VP~ dz
Ju>t

[ wr) (L)

A
«-N
8
oy
—~
=
»
Nt
}
t\
S
i~
)
|
Q..lg_‘
S
v
")
<
S
I
N’
-
~
)
o
@

e [ B @I~ [ s
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Arguing as in theorems 2.2 and 2.4 we obtain the desired result. =

As far as the a priori estimates concern, using the function B(s) defined
in (5.1), we can obtain results analogous to theorem 3.1 and 3.2. For
example we get the following

THEOREM 5.2. — If u is a weak solution of variational inequality (1.1) with
!

np .
——,p' | ifp<n

conditions (i), (i), (iii), fy = max{f(z),0} € L( _——

and f, € L*(Q) if p > n the following estimate holds

IValls < Cln, [bll-» 12, 2) nf+n’;,f_”p, p<n
(5.4)
» [
IVully < O, Il 190,7) = IIET P>
@—U
where

1 PUBILIQIF (r—n \Y
C(n, ||bl|-, |2],p) = ; .
(Tln H “ | | p) TLP'OZ n exp( i/n TL(’I‘ — 1)

Proof. — By the previous comparison theorem we have obtained

IVullp < IVollf =

1 >0l (1/n-1)p’ 1/n—1
<— s(/m= 1P ey "' B(p)d
T or/m /0 P /o (o) dp

1 f*(a)exp( [ omon)al]

and then Hoelder inequality gives

o () )

nP05/"
P

192 s
X/ s/n=Lrp (/ fl(a)da) ds =
0 0

Vol. 12, n® 5-1995.
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Using theorem 5.2 and proceeding as in theorem 4.1 also the existence
result can be stated

THEOREM 5.3:. — Let hypotheses (i), (il'), (iii), (iv), (v),(vi) be satisfied.
Iffe L( P ,,p’), ifp<mn and f € LY(Q) if p > n, then a function

n+p
u € WyP(Q) solution of (1.2) exists.

REFERENCES

{11 A. ALviNo, P. L. Lions and G. TroMeETTI, “Comparison results for elliptic and parabolic
equations via Schwarz symmetrization”, Ann. Inst. Henri Poincaré, (2), Vol. 7, 1990,
pp. 37-65.
[2] A. Arvino, S. Matarasso and G. TROMBETTI, “Variational Inequalities And
Rearrangements”, Rend. Acc. Naz. Linc., (IX), Vol. 3, 1992, pp. 271-285.
[3] A. ALvino and G. TrRoMBETTL, “Sulle migliori costanti di maggiorazione per una classe di
equazioni ellittiche degeneri”, Ricerche Mat., Vol. 27, 1978, pp. 413-428.
[4] C. BANDLE, Isoperimetric Inequalities and Applications, Monographs and Studies in Math.,
No. 7, Pitman, London, 1980.
[5] C. BANDLE and J. MossiNo, “Rearrangement in Variational inequalities”, Bull. Soc. Math.
France, Vol. 96, 1968, pp. 153-180.
[6] M. F. BETTa, V. FERONE and A. MERCALDO, “Regularity for solutions of nonlinear elliptic
equations”, to appear on Bull. Sc. Math.
[7]1 C. BENNET and R. SHARPLEY, Interpolation of operators, Academic press, 1985.
[8] L. Boccarpo and D. GIAcHETTI, “Strongly nonlinear Unilateral problems ”, Appl. Math.
Optim., Vol. 9, 1983, pp. 291-301.
[9] L. Boccarpo, F. Murat and J. P. PugeL, “Résultats d’existence pour certains problémes
elliptiques quasilinéaires”, Ann. Scuola Norm. Pisa, Vol. 11, 1984, pp. 213-235.
[10] L. Boccarpo, F. Murat and J. P. PugL, “Existence of bounded solutions for Nonlinear
Elliptic Unilateral Problems”, Ann. Mat. Pura ¢ Appl., Vol. 152, 1988, pp. 183-196.
[11] E. DE Gioral, “Su una teoria generale della misura (rr-1)-dimensionale in uno spazio ad r
dimensioni”, Ann. Mat. Pura e Appl., Vol. 36, 1954, pp. 191-213.
[12] T. DEL VECcHIo, “Nonlinear elliptic equations with measure data”, to appear on Potential
Analysis.
[13] V. FeroNE V. and M. R. PosTERARO, “On a class of quasilinear elliptic equations with
quadratic growth in the gradient”, Nonlinear Analysis TMA, Vol. 20, No.6, 1993,
pp. 703-711.
[14] W. FLEMING and R. RisHEL, “An integral formula for total gradient variation”, Arch. Math.,
Vol. 11, 1960, pp. 218-222.
[15] G. H. Harby, J. E. LirtLEwooD and G. PoLYa, Inequalities, Cambridge University Press,
Cambridge, 1964.
[161 J. L. LioNs, Quelques méthodes de résolution des problémes aux limites non linéaires,
Dunod, Paris, 1969.
[17] C. MADERNA and S. SaLsa, “Some Special Properties of Solutions to Obstacle Problems”,
Rend. Sem. Mat. Univ. Padova, Vol. 71, 1984, pp. 121-129.
[18] J. MossINO, Inégalités isopérimétriques et applications en physique, Collection Travaux en
Cours, Hermann, Paris, 1984.
[19] M. R. Posteraro and R. VorriceLLl, “Comparison results for a class of variational
inequalities”, Rev. Mat. de la Univ. Compl. de Madrid, Vol. 6, No.2, 1993.
[201 1. M. RakoTosoN and R. TEMaM, “Relative rearrangement in Quasilinear Elliptic variational
Inequalities”, Indiana Univ. Math. Journ., Vol. 36, 1987, pp. 757-810.

Annales de Ulnstitur Henri Poincaré - Analyse non linéaire



ESTIMATES FOR SOLUTIONS OF NONLINEAR VARIATIONAL INEQUALITIES 597

[21] G. STAMPACCHIA, “Variational Inequalities”, in Theory and Applications of monotone
operators, (A. Ghizzetti ed.), Proc. of a NATO Advanced Study Institute, Venice, 1969,
Edizioni Oderisi, Gubbio, 1969, pp. 101-192.

[22} G. TaLenTi, “Elliptic equations and rearrangements”, Ann. Scuola Norm. Sup. Pisa, (4),
Vol. 3, 1976, pp. 697-718.

[231 G. TaLeNTL, “Linear Elliptic P.D.E.’s: Level Sets, Rearrangements and a priori Estimates
of Solutions”, Boll. U.M.L, (6) Vol. 4-B, 1985, pp. 917-949.

[24] G. TaLENTI, “Nonlinear elliptic equations, rearrangements and Orlicz spaces”, Ann. di Mat.
Pura e Appl., (IV) Vol. 120, 1979, pp. 159- 184.

[25] A. ALviNo, P. L. Lions, S. MATARASSO and G. TROMBETTI, work in preparation.

(Manuscript received March 17, 1994;
accepted March 23, 1994.)

Vol. 12, n° 5-1995.



	Estimates for solutions ofnonlinear variational inequalities



