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ABSTRACT. — The existence of spatially periodic solutions for a singular
perturbation of elliptic type is established. A rapid convergence method
is used to obtain the result.

REsuME. — On démontre I'existence de solutions périodiques par rap-
port aux variables d’espace pour un probléme de perturbation singuliére
de type elliptique. La démonstration repose sur une méthode de conver-
gence rapide.
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INTRODUCTION
Consider the equation
0.1 Lu= — Z (ai(X)uy )y, + u = &f (x, u, Du, D?u, D3y).
ij=1
In (0.1), x = (x,, ..., x,)€R", L is uniformly elliptic with coefficients a;;
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2 H. RABINOWITZ

which are periodic in x4, ..., x,, and ¢ R. The function f depends on u
and its derivatives up to order three and is also periodic in xy, ..., x,
with the same periods as the coefficients a;;. Our goal is to establish the
existence of periodic solutions of (0.1} for small values of | ¢|. This is a
singular perturbation problem since the f term is of third order while L
is merely of order two. We will show (0.1) possesses a one parameter
family of periodic solutions depending continuously on ¢ for small |&|
provided that the coefficients g;; and fare sufficiently smooth. Surprisingly
other than this differentiability requirement, no hypotheses are needed
concerning the dependence of fon u and its derivatives.

We assume the functions f and the a;; have the same period, say 27,
in each of x,,...,x, The analysis is unchanged if they have different
periods Ty, ..., T, with respect to x4, ..., x,. For notational convenience
we further set

F(x, u) = f(x, u, Du, D*u, D3u).

Note that when ¢ = 0, (0. 1) has a unique solution u = 0. A natural way
in which to attempt to solve (0.1) for small | ¢ is via the iteration scheme:
U = 0 and for j = 0,

0.2) Lu; . = eF(x, uy).

For various choices of function spaces, L can be inverted with a gain of
two derivatives. However since F depends on u and its derivatives up to
order three, in passing from u; to u;. ;, we have a net loss of one derivative.®
Thus if f € C™, we can only iterate for a finite number of steps and even
if fe C®, convergence of this scheme is unlikely due to the above loss of
derivatives phenomenon.

Methods have been developed by several authors to treat « loss of deri-
vatives » and « small divisor » problems. See e. g. Nash [/], Moser [2],
Schwartz [3], Sergeraert [4], Zehnder [5], Hormander [6], and Hamil-
ton {7]. We shall show how the approach of Moser can be applied to (0.1).
The main difficulty in doing so is in finding approximate solutions of the
corresponding linearized equation

0.3 lo=Lv—c¢ Z A WD =g.
lo|<3 5
In (0.3), the usual multiindex notation is being employed, A, = 6D{ for
u

| 0| < 3, and the dependence of A, on x has been suppressed. Approximate
solutions of (0.3) will be obtained as exact solutions of an elliptic regula-
rization of (0. 3):

(0.4) (— I)"yA™ + Lv = g
where A denotes the usual Laplacian.
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A RAPID CONVERGENCE METHOD FOR A SINGULAR PERTURBATION PROBLEM 3

In § 1, we will state Moser’s result from [2] and show how it can be used
to solve (0.1). With the exception of the technicalities associated with
(0.3)-(0.4), this is not a difficult process. The technicalities of treating
(0.3)-(0.4) are carried out in §2. In § 3, a local uniqueness result will be
obtained. Our approach to (0. 1) relies in part on ideas from [§8]. See also [9].

In {10], the written version of a talk delivered at the University of Ala-
bama in Birmingham International Conference on Differential Equations,
a one dimensional version of (0. 1), was discussed. As an outgrowth of that
lecture, Tosio Kato has found another approach to the problem using the
stationary version of his theory of quasilinear evolution equations.

§ 1. MOSER’S THEOREM
AND ITS APPLICATION TO (0.1)

Some functional analytic preliminaries are required before Moser’s
result can be stated. Let H™ denote the closure of the set of C* functions

on R” which are 2z periodic in x,, .. ., X, with respect to
172
(1.1 Ml = (Z j| Du tzdx) .
jti€m

In (1.1) and elsewhere in this paper, integration is over the set

{xeR"|x;e[0,2n], 1 <i<n}.

Let 0 < p < r and uge H". Set
U={ueH||lu—-ul, <1}

and U, = U~ H". Suppose & :U, » H® where s < r. The equation
F(u) = ¢ is said to have an approximate solution of order A(> 0) in U, if
for all large K, there exists u = ug € U, such that

| #Zw —¢llo<K* and  Jlul, <K.

For ueU,, let #'(u) denote the Frechet derivative of # at u. The equa-
tion #'(up = g is said to have an approximate solution of order u(> 0)
if there exists a constant ¢ > 0 and a function (M) such that whenever
uelU,, ge H®, and

(1.2) | #w) — ¢llo <K% and  Jul, <K.
then for all large Q, there is a v = v € H® satisfying

(1.3) | Z (wp — gllo < W(MKQ ™,

(1.4) Holl, < ¢ M)KQ,
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4 H. RABINOWITZ

and
(1.5) 1 Wwwllo = cllvllo-

For ueU, and ve H’, let
(1.6) 2u,v) = Fu+0v)— Fu — F'Ww.

THEOREM 1.7 (Moser [2]). — Let & : H” — H°® and suppose there are
constants ¢, p, 4, i, , and M and a function (M) such that

10 F e CY(U,, H°)

2° Ifue U, then || F(u) — dollo < M and || F(u) — ¢y ||, < 0.
3° For all large K, || # ()], < MK whenever ue U, and [ju||, < K.
4° The equation &F’(u)v = g admits approximate solutions of order p.
5 || 2u,v)|lo < MJlvl2 folf for all uel,, veH

6° (i) Be©,1)
ii) p/r<}4i2
1
A A+ 1
iv) 0<f <- J_<1—2’ )
A+ 1p+1 n+1

Then there exists a constant K, (depending on M, ¢, §, u, 4) > 0 such
that if

(1.8) i) ¢ — dollo<Kg?
ii) Huo ll, < Ko
and iii) ol < MK,

hold, the equation % (u) = ¢ possesses a sequence of approximate solu-
tions of order 4 in U,. Moreover the sequence is a Cauchy sequence in H?
with u,, — u, e U and F(u,) = ¢.

REMARK 1.9. — Moser states the result somewhat less formally in [2].
The proof of Theorem 1.7 shows that if # depends continuously on a
parameter ¢, then so does u.,.

We will demonstrate how Theorem 1.7 yields a solution of (0.1). Before
doing so it is convenient to make a technical modification of £ When £¢=0,
u=0 is the unique solution of (0.1). Therefore we expect a small solution

1
n || - {les for small ¢ so the behavior of fonly when e. g. || u{lcs < 3 should
be of importance. Therefore we can multiply f(x, &) (where & e Rt ¥+ +m?)
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A RAPID CONVERGENCE METHOD FOR A SINGULAR PERTURBATION PROBLEM 5

1
by a smooth function ¥(&) with (&) =1 if [&;] < 3 for all i and x(&) =0

if any | ;| = 1. Thus we can and will assume f(x, £) has compact support

with respect to £. Of course it must be shown later that || u(e) |lcs < l for
the solution we find. 2

To apply Theorem 1.7 to (0.1), set » = k + 3 and s = k where k is
free for the moment. We will determine lower bounds on k later when 5°

n
is verified. Choose p to be the smallest integer that exeeds 4 + 5 The Sobo-

lev inequality then implies ue C* whenever ue U. Define

(1.10) Fu) = Lu — eF(x, u).

Further set uy = 0, ¢y = F(0) = — ¢F(x, 0), and ¢ = 0. Our choice of p
shows there is a constant R > 0 such that

(1.11) lulls <R

for all ueU. Moreover # cCY{C3>nH®, C% and a fortiori # eC'(U,, H®)
so 1° of Theorem 1.7 holds.

The following « composition of functions » inequality from [2] is useful
in verifying 2° and 3° of Theorem 1.7 for (0.1).

PROPOSITION 1.12. — Suppose G(x, &) e C(R" x R'*"***" R)and G
is 2n periodic in x;,...,x,. If ueH™"3 A C?® with ||u|lcs <R, then
G(x, u, Du, D?u, D*u)e H". Moreover there is a constant ¢ = ¢(m, R)
such that

I G(x, u, Du, D?u, D3u) ||, < €, R) (1t llnrs + 1)

With the aid of Proposition 1.12 and our choice of p, 2° of Theorem 1.7
follows trivially. For 3°, by (1.10), (1.11), and Proposition 1.12, we have

| F ) [l < eyl ullerr + el 1Fx, w) [l

(413 Sagllullerz +lelck, R)([Jully+s +1) < MK

provided that |e¢] < 1 < K and «; + 2¢(k, R) < M. In (1.13), a; depends

A = lrsl'li%?;"”ainCkﬂ‘
To verify 4° some notational preliminaries are needed. Let
Al = 5 ()
0¢.

where & corresponds to the D™ argument of F. Define

Alup = Z A {wDv.
ol <3

Vol. 1, n° 1-1984,



6 H. RABINOWITZ
.

Set
AW |l; = Z Al

<3
In § 2, we will prove i

ProposiTiON 1.14. — If y > 0, a;;, feC*"', ueU,, and ge H*, then
there is an g, > 0 such that for | ¢| < g, the equation
(1.15) Lo=(—1)"A" + F'lup =g

possesses a unique solution ve H2"*k Moreover there is a K(M) such
that if u, g satisfy (1.2), K = K, and y < 1, then

(1.16) VIV llamr—1 + 10 lia < Bl gllk + &1l AW 1)

where b, depends on k, the ellipticity constant of L, and .o7.

Proposition 1.14 implies (1.3)-(1.4). Indeed by (1.16), (1.2) and Pro-
position 1.2,

(1.17) 10 les2 < bMK + [elek, RK + 1)) < 2b,MK
for [le] <1 <K and 2¢(k,R) < M. Also by (1.16) and (1.16),
(1.18) Hollamen-1 <7y~ '2bMK.

A standard interpolation inequality—see e. g. [2]—asserts if 0 < p < g,
(1.19) Iwllp < Cliwllg™ 24 wibe

for all we H? where Cis a constant depending only on p and g. Let w=D"
where | 7| = k + 2. By (1.19),
2m—4 1

(1.20) Iwlls <oz iwlig™ > wiBn-3.

Hence combining (1.17), (1.18), and (1.20) yields

1
(1.21) lollkes < 2037 2" *HMK.

__
Set Q=7 2™ 350 (1.21) becomes

(1.22) o ll+s < 2035,MKQ < y(M)RQ
where
(1.23) Y(M) = 2(1 + a3)(1 + ay)b M

and the constant «, is defined in (1.24). Thus (1.4) holds.
Next note that from (1.15) we get

(1.24) 1# W —gllo=71ID"0llo < Q " Vo, || vllam.
Choose m so that 2m =k + 2 if k is even and 2m = k + 3 if k is odd.
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A RAPID CONVERGENCE METHOD FOR A SINGULAR PERTURBATION PROBLEM 7

In the first case, (1.17) and (1.24) show

(1.25) | F (wp — gllo <(Q™%* Vay)2bMK.
In the second case, (1.22) and (1.24) imply
(1.26) N (wp — gllo < (Q F0g)20t35,MQK .

Hence in either case we have
1 F W — gllo < Y(MKQ™

where y = k — 1. Thus (1.3) is satisfied.

At this point 4° of Theorem 1.7 has been verified except for (1.5). In §2
we shall show that (1.5) holds with ¢ depending on the ellipticity constant
of L provided that |e] is sufficiently small.

Next let ue U, and ve H**3. Then u, ve C? and by Taylor’s Theorem
we have

(1.27) Hu,v) = ° :E: PF heuDr
. u,v) = — ——— D%wD%
2 860651
lol, it €3
where &, again corresponds to the D'u argument of F. In (1.27), F is eva-
luated at (x, u(x) + O(x)v(x)) where 6(x) € (0, 1) via Taylor’s Theorem.
By earlier remarks about truncating f, there is a constant a5 such that

(1.28) (ﬂmmhgsw5221wm?
Consequently e

(1.29) | 2(u,v) ]l < lelasllviicallvll5.
Applying (1.19) gives . s
(1.30) ol <oz llolE [olEds.

The Gagliardo-Nirenberg inequality [/7] further implies

k- 3+24

(1.31) vlles < o 1o ils™® NvlE*3.

)

Thus for | ¢ | <1 and M = apfa, + o), 5° of Theorem 1.7 obtains with
n
f= <6 + E)/(k + 3).

We turn now to the verification of 5°, determining k in the process.

k
If k>34 g, (i) holds and (iii) is satisfied via setting A = i 1. (Recall
1=k —1) To get (ii), we need

(1.32) LA Sty
k+3 k+4
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8 H. RABINOWITZ

Since p < s + g, it is easy to check that (1.32) holds fore. g. k > 12 + n.
Lastly (iv) requires that

6+
2 lk—4k-1

(1.33) ki3 2 k&

and k > 28+ 2n is sufficient for (1.33). Thus if k= 28+2n and | ¢ | <354 20
all of the hypothesis of Theorem 1.7 are satisfied and there is a Ko(M, ¢, f,
A, ) > 1 such that if (i)-(iii) of (1.8) holds, (0.1) has a solution. But by
our choices of ¢y, ¢, and ug, (ii) and (iii) are trivially true and (i) also
obtains if | ¢]| is so small that

(1.34) lel [1f(x0)llp < Ko *.

With this further restriction on | ¢ |, by Theorem 1.7 and Remark 1.9, (0.1)
with the modified f'possesses a curve of solutions u(x; &) € C? with u(x; 0)=0

1
and u continuous in &. Therefore for small |¢|, || u(x;¢) |lcs < — and (0.1)
is satisfied with the original . Thus we have shown: 2

THEOREM 1.35. — If f and the coefficients of L are sufficiently smooth
there is an ¢* > 0 such that for all [e]| < &*, (0.1) has a solution u(x; )
which is C? in x and continuous in & with u(x;0)=0.

REMARK 1.36. — Our above estimates show the conclusions of theo-
rem 1.35 hold if f and the coefficients of L lie in C?®#*2". However, this
is a rather crude lower bound for k.

§ 2. THE MODIFIED PROBLEM

The goal of this section is to find approximate solutions of #F'(ujv = g
in the sense of (1.2)-(1.5). This will be accomplished via Propositions 2.1,
2.18, and 2.36 below. The inequality (1.5) happens to be valid for all
ve H** 3. To make this precise a few notational preliminaries are needed. Set

Awp = Z AWD%  and  Asup = Z A (u)p

[fl<2 |c|=3
SO

Al = Alu)p + As(uwv

Annales de I'Institut Henri Poincaré - Analyse non linéaire



A RAPID CONVERGENCE METHOD FOR A SINGULAR PERTURBATION PROBLEM 9

Il A@) ller = Z TA) flc, T A3@) lle: = Z I A1) flcs

7] €2 |z|=3

Set

and R
HA@) [lco = [ A@) ller + ] As(w) |lc: -

The HC inner product will be denoted by (., .). Finally note that
F'(up = Lv — eA(u).
ProposITION 2.1. — There are constants g; and ¢ depending on the

n
ellipticity constant of L and on [ ai;llc: such that if [g] < g, ueU,,
and ve H?, =

(2.2) | F (wpllo = clivliz.

Proof.— To establish (2.2), we will estimate (a) (%' (w)v, v) and (b)(F ' (u) v,
—Av). The first quantity is easy to treat:

2.3) [1#F Wplio llvllo = (F'(wp,v) = (Lv,v) —
= lelllA@ llc: vl Tvlle — Te(As@) v, 0) |
Since L is uniformly elliptic, there is an @ > 0 such that

n

Z aij(x)éiéj = 6[512

ij=1
for all x, £ e R”. Therefore
(Lo, v) 2 wilv]

where @ = min (1, @). Expanding the last term in (2.3) gives
(2.4) (As(wv,v) = J z A (W) (D v)vdx .
[f}=3

Writing D0 = v,x 5, , @ typical term in (2.4) can be integrated by parts:

JAt(u)vxixjxmvdx = - J[(Af(u))xivxjxmv
+ AW, 0 )dX .

Thus (2.4)-(2.5) and crude estimates yield

(2.6) HAsw, v) | < [l As@)lle ol Tollz.

Vol. 1, n° 1-1984.
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10 H. RABINOWITZ
Combining (2.3) and (2.6) then gives

2.7) I F wpllo 2 wlloll; — lel TA@ e [ v1l2-

The estimate for (b) requires more care. As in (2.3) we have

(wo llo z 1D llo = (F (W, — Av) =

ol =2 = (Lu, — Av) + e(A@u)v, Av) + s(Asu)v, Av).

The terms on the right hand side of (2. 8) will be estimated separately. First

2.9) (Lv, — Av) = Z o I — Z It lic: vy Z D7 o -

Next lol=2
(2.10) | (A, Av) | < [ A@W) lles v ]l Z 1D lg.
A typical term in (As(u)v, Av) is =

(2.11) JA S

This must be handled carefully. Integrating by parts,
I={[-
(2 . 12) J'[ (Af(u))xivxjxmvxpxp (A (u)) xjx,,.v XiXp
+ Ar( ) x,-x,,,xp ‘xlxp ]dx

Interchanging the roles of i and j and adding the resulting expression to
(2.12) yields

{_ )x, XjXm + (At(u))xjvxixm ]vxpxp

+ (Ar(u))xp [vxj-xmvxixp + vxixmvxjxp]
+ ALV, Vix, ) § A -

(2.13)

Thus one final integration by parts shows

5
(2.14) [T < EIIAr(u)ch ol Z 1 Dvlo.
Consequently Il =2
5
(2.15) | (As(w, Av)| < 7n” Az lic: vl z 1 D% [lo
loj=2
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A RAPID CONVERGENCE METHOD FOR A SINGULAR PERTURBATION PROBLEM 11

and combining (2.15) with (2.8)-(2.10) shows

(2.16) | F (wpllo = w Z ool —

- 2 lale: ol = Tel B TA@) lles 0]l -
i,j=1

Adding B, times (2. 16) to (2.7) yields

2.17) A+B) I F Wl = (0— B, Z Mg llc) vl +

+ wﬂzz i Uy, Ni— 1+ B B) et AW I L vl
Choosing =t

2= w<2 Z I ay; “cl) ;e AW el 4B, B,)= %min (Czu’ Wﬂz)

and | e} < ¢, gives (2.2).

It remains to prove Proposition 1.14. Its existence and uniqueness
assertions follow from the next result and the estimates follow from Pro-
position 2.36 below.

PROPOSITION 2.18. — Suppose feC**! yeU,, geBHY m> 1, and
|e| < €. Then there exists a unique v H*™** satisfying (1.15) .

Proof. — First we will establish the existence and uniqueness of a weak
solution of (1.15). Regularity will then follow easily from elliptic theory.

For {eH?™, let Al ={ — B,Al. The estimates of (2.3)-(2.17) show
forle| < ¢4,

(2.19) (LAY =y Z IDCUG + el L13-

[t]=m
Let H™® denote the negative norm dual of H® with respect to H°. (Recall

G w

0 #weHs “ w IL

(2.20) el =

see e. g. Lax [/]]) Let ¢eC>® n H® Using e. g. Fourier series, it is easy
to see that there is a unique w e C® n H° such that Aw = ¢. Let y = £*¢

Vol. 1, n° 1-1984.



12 H. RABINOWITZ

where .#* denotes the formal adjoint of .%. Then by (2.19) and (2.20),
220 I Willwe 1 [ —me 1y Z W Y) = (W, %) = (Lw, §)
= (Lw, Aw) =y wlline s

where y, depends on y and ¢. Moreover

A
22 1éla= sip P2 wp DD < el w e

0 # zeH? HZHZ 0 # zeH? HZ”2

Consequently by (2.21)-(2.22),

(2.23) lli-2 <vall¥ -y

for all ¢ & C* ~ H.
Now for fixed g € H?, define a linear functional on C* n H® via

(2.24) ()= (¢, 8).

Setting i = £*¢, (2.24) can be used to define a new linear functional:
(2.25) *(p) = ()

for y e #*(C* ~ H°). By (2.23)-(2.25),

(2.26) IFW < vallgll T ll-gmen -

Thus [* is continuous on £*C* A H% < H ™'Y, Therefore by the
Hahn-Banach Theorem it can be continuously extended to all of H™ "+ 1
with preservation of norm. It then follows from a lemma of Lax [/]] that
there exists ve H™*! satisfying

(2.27) M) = (¥, v)
for all y e H™™*1 and

(2.28) Holler < vallgllz.
In particular for i = £*¢ with ¢ € C® n H°, by (2.24)-(2.25), (2.27),
(2.29) (d) = (b, 8) = "(Y) = (L%, v).

Hence v is a weak solution of (1. 15). The uniqueness of v follows from (2. 28).

It remains to establish the regularity of v. The following lemma is helpful
for that purpose as well as in the sequel.

LemMa 2.30. — If ¢,y eH" nCand [o] = r, then ¢y € H" and

(2.31) DoY) llo < (1 @ llL= 1, + W e 1 D 11,) -
If further ¢ e C!, then

(2.32) ID%(p¥) — oDV llo < el P llc il ll—s + {1l N1 @11

where ¢, depends only on r.
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A RAPID CONVERGENCE METHOD FOR A SINGULAR PERTURBATION PROBLEM 13

Proof. — We argue in a similar fashion to related results in [2]} or [8].
By the Hélder inequality

(2.33) j} DY) [2dx = J( Z D’qﬁD"x,b)zdx <

t+8=g0
< const Z jl D¢ | | D% [Pdx < Z 1 D*@)? [l 1 (DY) Iy =
t+8=¢ lsf+10]=r .
By the Gagliardo-Nirenberg inequality [//],ifae H" A L¥ and 0<|v| <7,
_b bl
(2.34) [Dalle < ¢llalii=" [lall -
Employing (2.34) in (2.33) and using Young’s inequality then gives (2.31).
Inequality (2.32) is proved in a similar fashion.

Completion of proof of Proposition 2.18. — Set
Lo = (— 1)"yA") + Lg.

Standard elliptic results [/2] [13}imply if # € H* there is a unique w e H*™**
such that Lw = h. Suppose fe C**!, ue U,, and ve H™*!. By Proposi-
tion 1.12, the coefficients of A(u) belong to H*. Hence Lemma 2. 30 shows
A(u)v € H where t =min (k, m+1). (For our application to Theorem 1.35,

k k 3
me [— + 1, > + 2] in which case t = m + 1.) Then by our above remarks

2
about L, there is a unique we H?"** such that
(2.35) Lw = g + cAu).

A fortiori w is a weak solution of (2.35). But we already have obtained v
as a unique weak solution. Hence v = we H*"*$ In particular if g e H,
ve H?>"*' A standard bootstrap argument shows ve H?"** The proof
of Proposition 2.18 is complete.

The estimate (1.16) requires a more delicate analysis.

PROPOSITION 2.36. — Under the hypotheses of Proposition 2. 18, there
are constants &, b, depending on k, w, and «f such that for |¢| < ¢, the
solution v of (1.15) satisfies

2.37) min (3, D10 llamix-1 + 0ller2 < B2 M+ e 1 A@) ] v lies)

k
If further u and g satisfy (1.2) with 4 = o 1 and y < 1, then there exists
a K = K(M) and % such that for K > K and |¢| <,
(2.38) Holles < 1.

Vol. 1, n® 1-1984.



14 H. RABINOWITZ

Proof. — By (2.19) we have
(2.39) Hgllo=cllvll,.
Suppose we have shown
(2.40) Hollg < cgll 8llg—2 + Tel llolles 1AG) 1l;-2) -

By (2.39), (2.40) holds for g=2. We will then establish (2.40) for g +1.
Consider

(2.41) (ZLv, A%) = (g, A%).
On the one hand,
(2.42) (8 A) < | gllg-1 Z 1D lo .

lol=q+1

On the other hand,
(2.43) (&Lv, Av)=(Lv, A%)— S(A(u)v, A®) — (A (v, v) =1 —e(I,+15).

Integration by parts and crude estimates show

g+1 n
244 Lizo z 1D I3 — o, Z Il as;llca 1Ll Z 1D [lo
lal=q ii=1 ol =g+ 1

where o, depends only on g. (A more careful estimate could be made using
Lemma 2.30.)

To estimate I, and I3, we will make use of Lemma 2.30. A typical term
in I, has the form

(2.45) (D°(A(w)), D

xpxp)
where | ¢| = g — 1. Therefore (2.31) implies
1L 1< [ A ||

g-1 IDvllo <

lol=g+1

(2.46) < B (AW = 0lige 1 + ol | A@) [l 1) Z D [l

A typical term in I has the form ol Zart

(2.47) jD"(Az(u)vxixjxm)D"vx,,x,,dx = jAz(u)wxix,-mexpx,,dXvL(% Wi x,)

where w = D°v. Comparing I, to (2.11), we have =l +1s
5
(2.48) Ll S SHALD) lles 10l Z D7D ], .
lof=q+1
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Next
(“2-49) IIsi< 2o Z {1 D7vlq

la|=gq+1

and by (2.32),
2.50) N2l < o (Il AL [lct 1vilg+1 + Nolles AL llg—1-
Now combining (2.41)-(2.50) yields

2.51) liglg-1 z E 1Dl — Ot;"[z aijllcallvilg
. lol=gq+1 iLj=1

el A lles Tollges + Hvlles TA@) -1 1.

' 1
Multiplying (2.51) by «, where ook Z a;tlca < 2 adding it to (2.40),
) ij=1 1
and choosing || < &,_, where &,_ 005 || A@W) llc: < 3 min (w, 1) yields
(2.40) with g replaced by g + 1. In particular we have (2.40)for g = k + 2
if e} <g. By (1.15) and (2.31),
(2.52) yIlA™ k-1 = [| Lv — eA(w)v — g4
< Bl(ilollr 1 +11g -1+ e HA@) - 1 T lles + 1T AW e ] 0 1+ 2) ] -
Using e. g. Fourier series, it is easily seen that
(2.53) FA™ -1 + tollo = Cllollamen—1-
Hence combining (2.40), (2.52), and (2.53) gives (2.37).
k
Lastly suppose u and g satisfy (1.2) with 4 = i 1.Set g=p —1
in (2.40). Recalling (1.11), by Proposition 1.12 and the Sobolev inequality
we have
2.54) Vlvlles <o llp-1 < cpilllgllo-s + Tel [vlles I A@) [l,-3)
S cpoalliglly-s +lel llollesdp—3, RN ull, + 1)
(with ||ull, < 1). By (1.2) and (1.19)),

p—3 p—3 p—3

N 1-223 £o3
(2.55) lgl,-s<cliglo * llglh* <M * K?
with 6 = 1 +47Y(p — 3 — k). The restrictions imposed on p and

k<p<5+z,k>28+2n>

show 6 < 0. By choosing ¢ = (4¢c,_,¢(p — 3,R))"! and |¢| < &, we find
p—3

(2.56) 72| vlies < eM F K?
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16 H. RABINOWITZ

p—3
and further choosing K > K where 2571 ¢M ¥ K < 1 gives (2.38). The
proof is complete.
Now finally Proposition 2.18 and 2.37 imply Proposition 1.14 and
complete the proof of Theorem 1.35.

§ 3. UNIQUENESS
In this section we will prove that u(x; ¢), the solution of (0, 1) obtained
in §1-2, is the only small solution of (0, 1).

THEOREM 3.1. — Suppose u;,u, € C* n H® and satisfy (0.1) for the
same value of &. If [| 4;]jce <R, i =1,2,and |e| < &, then u; = u,.
Proof. — Let v = u; — u,. Then

(3.2) F(uy) — F(uy) = 0= Lv — &gF(x, u;) — Fx, uy))

1 d
=Lv—e¢| —F(xu, + 0u, — u,)d0
o df

1
=Lv—c¢ J A(u, + Ovpd0.
0

Forming

(3.3) (F(u1) — F(u,), v — BrAv)

with f3, asin the proof of Proposition 2. 1 and arguing as in that proof shows
(3.4) 0=1Fu) — Fudllo=cllll,

for|e| < e&,.Hence v =0and u, = u,.
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