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ABSTRACT. -— In this paper (sequel of Part 1) we investigate further
applications of the concentration-compactness principle to the solution
of various minimization problems in unbounded domains. In particular
we present here the solution of minimization problems associated with
nonlinear field equations.

REsuMmE. — Dans cette deuxiéme partie, nous examinons de nouvelles
applications du principe de concentration-compacité a la résolution de
divers problémes de minimization dans des ouverts non bornés. En parti-
culier nous résolvons des problémes de minimisation associés aux équations
de champ non linéaires.
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INTRODUCTION

In Part 1 ([24]) we introduced a general method for solving minimiza-
tion problems in unbounded domains. In particular a general principle—
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224 P. L. LIONS

called concentration-compactness principle—was shown, indicating, roughly
speaking, that for general classes of minimization problems with constraints
in unbounded domains all minimizing sequences are relatively compact
if and only if some strict subadditivity inequalities hold (while the large
subadditivity inequalities always hold). These inequalities involve the
value of the infimum. In particular the value of the infimum has to be
compared with the value of the infimum of the « problem at infinity »—for
more precise statements we refer to [24]—. This principle was derived,
at least heuristically, by a method based upon the fact that, essentially,
the loss of compactness may occur only if either the minimizing sequence
slips to infinity, or the minimizing sequence breaks into at least two dis-
joint parts which are going infinitely far away from each other. Roughly
speaking, this principle can be applied and thus leads to the solution of
all minimizing problems with constraints in unbounded domains with a
form of local compactness or in other words problems which if they were
set in a bounded region would be treated by standard convexity-compactness
methods.

As we indicated above the concentration-compactness principle is purely
formal and has to be rigorously derived on each problem, following the
general lines of the heuristic derivation we gave in Part. 1. In [24], we
already explained how this can be done on two examples, namely the
so-called rotating stars problem and the Choquard-Pekar problem. Here,
we present other applications of the principle and of its method of proof.

In section I, we consider two minimization problems (closely related)
which are motivated by the question of the existence of standing waves
in nonlinear Schriodinger equations (see B. R. Suydam [39], W. Strauss [37],
H. Berestycki and P. L. Lions [6]). We look for solutions of the problems:

1) Inf {J | Vu > — Flx, wdx/ue HY(RY), |ulfmn =1 }
RN
where F is a given nonlinearity like for example: F(x, t) = | t|?;

(2) Inf { J | Vu |2 + V(x)u?dx/uc HYRN), J\

R

Kx)|uPdx =1 }

where K, V are given potentials and p > 1.

Finally in section I, we recall the results of T. Cazenave and P. L. Lions [/4]
which yield the orbital stability of the standing waves determined by (1),

the proof being a direct application of the concentration-compactness
principle.

Section II is devoted to the study of minimization problems associated
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THE CONCENTRATION-COMPACTNESS PRINCIPLE . 225

with the nonlinear fields equations. To give an example we completely solve
the problem:

(3) Inf{J iVulzdx/J F(x,u)———/l}
RN RN

where F(x, t) is a given nonlinearity and 2 is prescribed. In particular
we will treat the so-called « zero-mass case », the case N = 2, the case
of systems and higher-order equations where we prove the existence of a
ground state without restrictions to spherically symmetric functions. A very
special case of (3) is the case when F does not depend on x: this case was
studied by many authors, Z. Nehari [34]; G. H. Ryder [36]; C. V. Coff-
man [1/7]; M. Berger [/2]; W. Strauss [37]; Coleman, Glazer and Mar-
tin [/8] and the most general results were obtained in H. Berestycki and
~P. L. Lions [6] [8]—Ilet us mention that in [7] [8] was also treated the
question of multiple solutions while here we consider only the ground state
—if N = 3, and the case when N =2 was considered (independently of our
study) in H. Berestycki, T. Gallouet, O. Kavian [5]. But in all these refe-
rences the fact that F is independent of x is crucial since all authors reduce (3)
to the same problem but with u spherically symmetric. And as it is explained
in P. L. Lions [25] [26], the symmetry induces some form of compactness.

Finally sections III, IV and V are devoted to various other applications
of the method:

— unconstrained problems: ex. Hartree equations (section III)

- Euler equations and minimization over manifolds (section I1I)

—- problems with multiple constraints (section 1V)

— problems in unbounded domains other than RN (section V)

— partial concentration-compactness method (section V) and appli-
cations to problems in strips, half-spaces (vortex rings, rotating stars...).

Finally let us mention that some of the results presented here were
announced in P. L. Lions [27] [28].

I. EXISTENCE OF STANDING WAVES
AND POHOZAEV PROBLEM

[.1. Standing waves in nonlinear Schriodinger equations.

Consider a nonlinear Schrédinger equation given by:

0 0
@ 22 (aij(x> (f) + e =flx ¢) in RYx 0,00

where q;;, ¢ are coefficients satisfying conditions detailed below and f(x, t)
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226 P. L. LIONS

zZ
is a nonlinearity satisfying: f(x, z) = f(x, | z1) 7 forallxe RY,zeC—{0},

and f(x,0) = 0. A standing wave is a solution of (4) of the special form:
¢(x, t) = @“'u(x) where weR and u is a scalar function (for example).
Therefore we look for couples (w, u) satisfying:

& - i(aim a‘“) +out+ ou=flou) in RN
0x; Ox;

J

In addition it is natural to assume that ¢ and thus u are in L*(RY); and
since (if a;; is symmetric) it is well-known that for any smooth solution
of (4) | ¢(.,t)] is constant for all ¢+ = 0, we look for couples (w,u) in
R x L%RY) solving (5) and such that |u|f> is prescribed. Therefore it

is clear enough that we will find such a solution if we can solve the following
minimization problem:

(6) I, = Inf { w)fuec H(RY), |ulf@y =4}
where A > 0 and & is defined on H! by:

1 P 1
%) Eu) = LN 5 au(x)a_ii %‘; + el — F(x, uldn

where F(x, t) = jt flx, s)ds.

In order to make the problem meaningful (and I > — c0) we will
assume:

8 {ai,»(x) = a0 e CRY,  ay) — ay as |x| - o
>0, VxOeRY,  amEE > vIER;

+ 1 + ; N

¢ €l V6>0, c"les;el? with —VIi<p<o

© N 2
¢ el? + L7 with 5V1<p,q<002.

0 flx, ) eCRN x R), f(x,t) - f(t) as |x] » oo

(10) uniformly fof ¢t bounded,
lim F(x,t)t"2 =0,  lim F(x,0)|t|7' =0
lr}~0 It uniformly in x e RN

. 2N + 4 - t_
with | = , F(t) = J‘f(s)ds.
N : 0

As we did in Part 1, we next introduce the problem at infinity:
(11 If = inf { &=(w)ue H'RY), [ulf = 1}
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THE CONCENTRATION-COMPACTNESS PRINCIPLE 227

with . o 0
gwwyzL Sy M Fwdx.

Nzaija_xj' axl

From the general arguments given in section I of Part 1, we immediately
obtain the following inequalities:

L <L + 1%, Yae [0, 4]
The following result then states that the concentration-compactness prin-
ciple is indeed valid for problem (6):
THEOREM 1.1. — The strict subadditivity inequality
(8.1) <L+ 12, Yae [0, A]

is a necessary and sufficient condition for the relative compactness in H(RY)

of all minimizing sequences of (6). In particular if (S.1) holds, there exists
a minimum of (6).

THEOREM 1.2, — If a;;, f are independent of x and ¢ = 0, then the strict
subadditivity inequality :
{S.2) L <L +12,, Yae ]0, A{

isa necessdry and sufficient condition for the relative compactness in H{(RY)
up to a translation of all minimizing sequences of (6) (= (11)). In particular
if (S.2) holds, (6) has a minimum.

ReEMARK 1.1. — We explain below how it is possible to check (S.1)
and (S.2).

ReMark 1.2. — It is possible to extend a little bit the assumption on
the behavior of F as [t| — oo by assuming:

ﬁmFmﬂm”<M<CMW, Vx e RN
[ hmde o)

where C, is the « best constant » in the inequality:

1 Ou du N
LN luldx < Cp (LN 2 5;! 5;1 dx)(LN uzdx> Yue HYR™)

this inequality is obtained combining Hdolder and Sobolev inequalities.
Let us also mention that if F(x, t)t~2 converges as t — 0, to some
constant u, we can apply the above results: indeed it is then enough to
observe that substracting ut? to F(x, t) does not change neither problems
(6)~(11) since {u[f2 = A nor the inequalities (S.1)«(S.2). It is also possible
to extend the conditions on the behavior of F at 0 by assuming:

Vol. 1, n® 4-1984.



228 P. L. LIONS
either

Hm F*(x, )|t} 2 =0, limF(x,t)|t] 2> — o,
=0 =0

uniformly for | x| large
or

%iﬂn& F(x,t)|t]"2 = — oo, uniformly for | x | large
4C > 0 such that for | x| large, 0<s<t<1
F (x,s) S CIF (x,t) + |t ]* + |t |PNN=2]
(f N < 2, 2N/(N — 2) may be replaced by any g > 2).
ReMARK 1.3. — We could treat as well problems where the second-

order operator is replaced by a higher order self-adjoint operator, or
where the L? constraint is replaced by a L? constraint, or where

is replaced by a convex function j(x, Du) with growth properties like
| Du |? with p € ]1, oo [ - then we need to work in W!-#(R") instead of H* — ...
For example, if we consider the following nonlinear Schrédinger equation:

@) i%‘f (= A = f(x $)

with m = 1, then the associated minimization problem becomes:

(6") I, = Inf { L ID™u |2 —F(x, wdx/ue HY(RY), |ulf.=4 }

. 2m
and [ is replaced by V' =2 + N [ ]

We now discuss inequalities (S.1)-(S.2). We begin with (S.2), as we remar-
ked in Part 1, it is enough to prove

Ig5 < 617 < 0, Vo > 1, YA>0;
and this is the case if I, < 0 and F satisfies:
(12) V0> 1, 30" >0, FOt)=0F1t)=>0 VieR.
Indeed if I < 0, then there exists § > O such that:

I° = Inf{é”‘”(u)/ueHl([RN), lulz: = A, J

R

F(udx > 5}
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THE CONCENTRATION-COMPACTNESS PRINCIPLE 229

and thus

1 < Inf{ £°(/Ou)fuec H'(RY), |u =4, J

(i

Fwdx > 6 }

ou 9 _ _
< Inf{J‘ Qﬁl—u —0Fuwdx/ueH*, |ull=4, J Fuwdx = 5}
RNZ i xj RN
< 81%.

Let us also point out that this inequality also holds if I < 0 and N = 1:

indeed
I3 = Inf{cﬁ“’(u(é))/ueHl, lulp: = l}
5“(( ‘IJIVZd Hj_d
1)), a1 —o | Fo

< 667 (u), if u=0.
Next, we claim that I? < 0 if either F satisfies:
(13) lim (o) 1|~ = + oo
t—
orif 1 is large and F satisfies:
(14) lim F(0)[¢]7 = + o0
tj—w

Indeed, in the first case, observe that if ue Z(RY), |u|?. = A then

&® H—N/Zu - —_ l la%a—u dx — HNJ f(H;N/Zu)dx
6 62 RN 2 J axi ax] RN

and we conclude using (13). In the second case one just considers \/éu
with ue Z(RN), |u it = 1.

In conclusion (S. 2) holds if we assume either (12) or N = 1, and either (13)
or (14) and ] large. In a similar way (S.1) holds if (12) holds uniformly in
xeRNandif I, < IP. This last inequality is in particular valid if we assume
I < 0 and:

(aifx) < (@), dx) <0, Flx,t)=Ft) on R,  VxeRN
and one of these inequalities is strict for some x.

We now turn to the proof of Theorem 1.1-1.2: in view of the general
arguments given in Part 1, we only have to prove that (S.1)-(S.2) are suffi-
cient conditions for the compactness of minimizing sequences. Indeed
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230 P. L. LIONS

if u, 1s a minimizing sequence of (6) or (11), we first claim that (u,) is bounded
in HY(RM). Indeed observe that in view of (10) forall ¢ > 0 we can find ¢, > 0
such that:

|FCe, )| < e[t + [t ]+ e ltl, VteR  ¥YxeRM

where o is taken in ]2, I[.
Then we argue as follows:

J {F(x,u,,)\dxéel—i—sj
RN

R

| u, 'dx + CEJ | u, |*dx

RN

<el+ ECOAZ/NJ ou, Ou,

aij -
RN 6x,- an

dx + c.|uy|f2| Vu, 12

for some constants >0, 0 <y < 2;

1
and choosing & = i (coA*™~1 we obtain:

1 ou, Ou
F'x’ n. d < —’—., i'_n "
LNI b w) [ dx < ¢ 4Lna’axiaxj

It is then easy to deduce from that bound that (u,) is bounded in H!.

We then want to apply the scheme of proof given in section I of Part 1
with p, = u2 (Lemma I.1 in [24]). Exactly as in the case of the Choquard-
Pekar problem (section III of Part 1) we show that dichotomy cannot
occur: here we use the form of Lemma I.1 given by Lemma III.1 of Part 1
and we observe that because of (13) there exists ¢ > 0 such that:

dx-i—cqu,,}{z.

[FOo, )| < e[le] + ]t VieR, Vxe RN,

Next, we observe that vanishing cannot occur since if vanishing did
occur, using the following Lemma I.1 and the condition (13), we would

deduce: J F(x, u)dx — 0, j cuZdx — 0; therefore this would imply:
>0, J& B ’

This would contradict (S.1) or (S.2) since in view of (13) for any p > 0:

< é’w(a_wzu(i)) with ue (RN, lulf. = u
¢

1
I? < _ZJ | Vu |2dx — O'NJ\ F(x, o™ N2u)dx
G~ JRN RN

p—
*8

®

and when ¢ — oo, the right-hand side goes to 0 in view of (13).
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N,
LEMMA I.1.—Let1<p<oo,1<q<oowithq;éNp if p <N
—-P

Assume that u, is bounded in L{RN), Vu, is bounded in L*(RN) and :

sup J lu, %dx — 0, for some R >0
y+Br "

yeRN

: Np
Then u, — 0 in LYRN) for « between q and N

REMARKS 1.4, — This kind of lemmas admits many extensions to more’
general functional spaces which are proved by the same method that
follows.

Proof of Lemma1.1.— Letus prove this lemma with u, bounded in L®(R™).
Np
Then clearly we have for all § > min <q, N ) B>qifp>= )

Supj lu, [Pdx — 0.
y+Br "

yeRN

We introduce g such that: g > g, o0 > (g—1)p’ > g. By Holder inequalities
we see that:

SupJ lupg 1971 | Vu,|dx - 0.
yeRN 4 Bg "

N
Then by Sobolev embeddings, if y € }1 -———[ there exists a constant ¢,
independent of y such that: N-1

j [, |Pdx < (J P 7+ 4| iy 171 Vu,| dx)y
y+Br y+Be

ng‘lf L |+ Gl |71 | Vi | dx
y+Be

where ¢, - 0. Then covering RN by balls of radius R in such a way that
any point of RN is contained in at most m balls (where m is a prescribed
integer), we deduce:

j [u, |Pdx < maﬁ_l‘[ [ g [T 4 Gl a3 1| Vi, | dx < ce2™?
RN RN

and we conclude easily.
In the general case we observe that for any C > 0, v, = | u,| A C still
satisfies the conditions of Lemma I.1 and therefore by the above proof
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N,
we obtain, for a between g and N P , v, — 0 in L*RM). Next if g lies
_.p n
between g and L4 ‘and f > o, we remark:
—P

J | U, Pdx < J | v %dx + J [t "L (i 20X
RN RN RN

1
< U, [%dx + —— | 1, |Pdx
JRNl l Cﬂ « J{RN

Tl.m_J | Uy *dx <
n [RN

thus:

K
e, forall C>0
Ch=
and we conclude letting C — + co. ]

Since we ruled out the occurence of dichotomy and vanishing (cf.
Lemma 1.1 in Part 1) we see that there exists y, in RN such that:

Ve > 0, IR < o, J Jup |2dx = A — €.
yn+Br

Denoting by u,(-) = u,(. +y,), we see that %, converges weakly in H!,
a. e. and strongly in L? to some function e H" such that | % [?. = A.
It is now easy to conclude (exactly as in section III of Part 1), remarking
that (S.1) implies that I, < I and this yields the fact that (y,) is bounded.

||

We conclude this section with some examples:

ExaMpLE 1. — F(x, t)=K(x) | ¢t |? with KeC(RY), K(x) e K and

[

2<p<l=2+ N Of course Theorem 1.1 applies to this situation

and we have to check (S.1). Two cases are possible:

1) K < 0. In this case, [? = 0 for all A > 0 and thus (S.1) holds if and
only if I, < 0.

2) K > 0. In that case, we already know that I < 0 for all u < 0 and
we check easily that (S.1) holds if and only if

I, <I?.

Let us finally point out that if (a;{x)) < @y, ¢(x) < 0, K(x) > K on RN
with one of the inequalities strict somewhere, then this strict inequality
is satisfied; while if (a;{x)) = a;;, ¢(x) = 0, K(x) > K, then clearly I,=1%,
and a minimum does not exist (except if a;(x) = 4;;, ¢(x) = 0, K(x) = K):
indeed if u is a minimum, we have &*(u) < &(u) = [, = I{, which contra-
dicts the definition of 1.
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Bxampie 2. — Flx, 1)=—K(x) |  |” with KeC®Y), K(x) > K >0

and 0 < p < 2. To simplify the discussion we takea;{x) = a;;=4;;, ¢ # 0.
Of course (10) is violated because of the behavior of F near 0, but F satisfies
the conditions listed at the end of Remark 1.2; and we may still apply
Theorem I.1-1.2. We now have to discuss (S.1)-(S.2).

First of all K(x) = K, then for 8 > 1, A > 0:

0 < Ip; = Inf{J 0| Vu |2+ 677K | u |Pdx/ue HYRY), |uffa=2 }
<o1,

and thus (S.2) holds and the problem at infinity is solved.

In the same way if K = 0, then Iy, < 61, and thus (S.1) holds if and only
if I, < IY.

1.2. Pohozaev problem.

If we consider the nonlinearity given in the example discussed at the
end of the preceding section that is F(x, u) = K(x)|{u|?, we see that the
equation (5) which determines standing waves in some nonlinear Schré-
dinger equations may now be written:

0 ( 0u> Zs . N
—— | a;(x) — ) + V(x)u = pK(x) | u "™ “u in RN,
0xi 0XJ

Clearly enough, in order to find a solution of this equation, one can solve
the following minimization problem:

ou du
(15) I,1=Inf{ J a;{x) A—E-V(x)uzdx/ueHl(RN),J‘ K(x) | u|?dx=4A }
RN 0x; O0x; RN

13 xj

where A > 0. Indeed if u is a minimum of (15) then the above equation
is satisfied up to a Lagrange multiplier which is taken care of by multi-
plying u by a convenient constant. We could treat as well much more
general problems including ones where K(x) | u|? is replaced by a general
nonlinearity: however in that case minima of (15) lead to solutions
(L weR x HYRN) of the following nonlinear eigenvalue problem:

0 ou .
— (ai,(x) —) + Vx)u = Af(x,u) in RN, u#0.

0x; 0X;

Such minimization problems were studied by S. Pohozaev [35] in the case
of a bounded region.
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2N
We will always assume (8), 2 < p < N=3 (p < o0 if N < 2) and:

N
V*teLi(RY), V™ eLYRY) with 5 Vi<g< o,

VY 5 V>0 as |x| »
(16)
ou ou ) )
Iv >0, VYuec2(RY), aifx)=— — + Vx)uldx = v || u |lip
RN axi 0X;

K e CRMY, K* #£0, K->X as |x] »

We may then introduce the problem at infinity:

ou du — _
(17) I¥=Inf Eij—u—u +Vitdx/ue HY(RY), Kj | u |Pdx=A
RN axi ax]' RN
if K > 0; while if K < 0 we set I? = + oo.
By the general arguments we introduced in Part 1 [24], we have:
I <1, + I, Yae [0, 4] ;

in addition if K < 0, the inequalities are obviously strict strict ones.
In addition, because of (16), we have: 0 < I, = A2/?1;; therefore:

L < L+ <L +17,, I <Ip+I., Vae [0, A].
Hence (S.2) holds, while (S.1) holds if and only if:
(18) L<I5.
This explains the:

THEOREM [.2. — We assume (8), (16) and 2 <p <

if N23,
N-2
2 <p< o if N< 2. Then all minimizing sequences of (15) are relatively
compact in HY(RY) if and only if (18) holds. In the particular case when
a; = @, V(x) =V, K(x) = K > 0; all minimizing sequences of (17) are
relatively compact in HY(RN) up to a translation.

REMARK I.5. — As we did in section 1.1, it is possible to give condi-
tions on a;;, V, K such that (18) holds. Of course (18) holds if K < 0. Let
us consider the case, for example, of a;; = a;; = &;;, V(x) = V and K > 0.
Then clearly (18) holds if K(x) > K and K(x) # K ; while K(x) < K and
K # K, not only (18) is false i. e. I, = I but there is no minimum in (15).
It is interesting to recall (cf. [35] for example) that in a bounded domain
there is always a minimum. Let us also point out that even if there is no
minimum in (15), this does not mean there does not exist a solution of
the corresponding Euler equation: indeed if we consider, for example,
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THE CONCENTRATION-COMPACTNESS PRINCIPLE 235

K spherically symmetric such that K(|x]) < K, K # K; then in view
of the compactness arguments in [6] [25] [26], there is a minimum in (15)
if we restrict the infimum to spherically symmetric functions (of course
in that case the value of the infimum is changed giving a bigger value than1)).

RemARK 1.6, — If K > 0 and if (18) does not hold i. e. I, = 12, then
the proof below actually implies that all minimizing sequences of (15)
are relatively compact up to a translation in HY(RY).

Proof of Theorem 1.2. — Let (u,), be a minimizing sequence of (15).
In view of (16), (u,) is bounded in H(RY). We want to apply Lemma 1.1
of Part 1 with p, = | u,|?: at this point we would like to emphasize the
fact that we have some flexibility in the choice of p,, we would as well
take p, = u? or p, =|Vu,|* + u> ... To be more specific we have to
remark that without loss of generality we may assume that

:1,,=J prdx - 1>0,
RN

1
and we apply in fact Lemma 1.1 of Part 1 to 0, = = p,.

We first need to rule out vanishing: indeed if we had

Supj |u, [Pdx - 0O, YR < w0
y+Bg "

yeRN

2N
then by Lemmal. 1, u, - 0in L¥RMforp < o < N_2 But u, is bounded

in L%RM), therefore by Hélder inequalities: u, — 0in L” and this would
contradict the constraint.

We next rule out dichotomy: we denote by Q,(f) the concentration
function of p,

Qult) = Supj pudx .
y+B;

yeRN
In view of the proof of Lemma 1.1 of Part 1, we may assume:

Q) » Q), vt=0, lim1QE)=aelo, i[
tt+
Let &€ > 0, we choose R, such that: Q(Ro) = & — & For n > ny, we have.

Q.Rp) = J | u, |Pdx = & — 2¢ for some y, in RN, In addition there

. yn+Brg
exists R, — oo such that Q(R,)<a+e Let &, ¢ e C satisfying: 0< &, o < 1.
Suppl = B,,é=10nB;, ¢ =0o0n By, ¢ =1 on RY — B,; we denote

by ¢, =¢ (;yn s P = q)<‘ I;y"> where R, is determined below.
1
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First of all we observe that for R, large enough (in particular larger
than R,) and for n large enough:

j F2a ) 2 P g j ) e o) (kx| <
, RN 5xi ax} RN

Ou, Ou
20, T M dx ~ d
\[RN (p,,a”(x) aXi axj dx J‘ ”(X) ((pnu ) ((pn n) X

Then if we set u} = &,u,, u2 = @,u,, we find for n large enough:

~

o —(ut +u2) I < 3e, < Ce

ou, au oul, oul ouz ou?
| aifx) == o, ox, = l,(X) G, o, au(X)

Ox; Ox;
j Vtu,)dx = J V7 (up)?dx + f V*H(u?)dx .
RN RN RN

In addition we deduce from the fact that u, is bounded in H' and the assump-
tions on V™ the following inequalities:

/I—J K |us |P+K | uz |Pdx
RN

j

\

it — (U + )= < O0fe) > 0 as & >0
J V~(u,)%dx — J V7 (up)* + V7 (uf)2dx
RN RN

Without loss of generality, we may assume that we have:

<ue) > 0 as ¢ » 0.

j Klu,}]"dx—:/ll, J K{u?|Pdx — A*
RN RN "

and thus: |4 — (A' + 43| < Ce.
If A* (resp. 4%) < 0, then remarking that in view of (16):

35 >0 J ()a” Oty
’ RN ”xaxiax]

ou? 8
(resp. J a;(x) au al; + V(u2)dx > (5>;

we would have letting n — oo:

V(up)?dx = 6

+ V(uy)?dx

. ou? ou? e
+lim | ay{x) — — + V(u2)dx
RN X
=26+ 1, (resp.o+1,).
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But 4, (resp. 1) = A — Cs, and if we let ¢ — 0, we would reach a contra-
diction. Therefore we may assume that 4!, 12 > 0.

Next, two cases are possible: first, | y, | (or a subsequence) goes to infi-
nity. Then since Supp u, < y, + Bg,, we have:

oul dul oul oul .
AX) — —= + V(u})¥dx — | a;— - + V(ul)*d
LN alj(x) ax[‘ axj (u ) X J;QN aJ axi axj + (u ) X 7 0

J‘ Klu,}]"dx ‘;’ /"\.1.
RN

If on the other hand | y, | remains bounded, since Supp u? = RN — (y,+Bg,)
and R, - oo, we may replace u, by u2 in the above limits.

In both cases we find: either I, > I + I, or I, > I + I,,. Recalling
that| 2 — (4; + 4,)| < Ceand sendinge — 0, we see that these inequalities
contradict the strict subadditivity condition (S.1). This contradiction rules
out the possibility of dichotomy.

Therefore, we deduce that there exists y, in RN such that:

Ve >0, 3R < oo, J lu, |Pdx > A, — &
ynt+Br

This implies that u,(y, + .) converges strongly in LP(RN) and weakly

in H'(RY) to some ueH'(RN) satisfying: Kx)julP =1 if | y,| is
RN
bounded, or KJ lul? = Aif |y,|is unbounded (up to a subsequence).
[RN
It is then easy to conclude. [ ]

I.3. Orbital stability of standing waves
in nonlinear Schridinger equations.

Let us consider the following example of nonlinear Schrédinger equation:

d
% AG=KIGPTH i B x 0ol bl = by

4
where ¢ c HY(RY), ¢ C([0, T]; HY(RY) VT < 00), 2 <p <2+ N and

where K e C(RM), K(x) - K as |x| — . We saw in section I.1 how
it is possible to find some standing waves with prescribed L? norm via
a minimization problem. We want to recall here results of T. Cazenave
and P. L. Lions [I4] which show the relevance of knowing that all
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minimizing sequences converge compared with an existence result only.
If 1 > 0 is given, we recall the associated minimization problem (6):

I, = Inf{Jv 1|Vu|2 — lKlul”dx/ueHl([Rl"’), uliwn = ).}.
e 2 p

In view of Theorem I.1 and various remarks made in section 1.1, we see
that if I, <I¥, then all minimizing sequences are relatively compact
in H'(R™). We then denote by S the following set:

S={¢d=¢% with 6eR, uecH'RY), lulfz=4 &w=1,}
this set consists of the orbits of the standing waves determined by the
minima of I,.

The main result of [/4] then states — still assuming that [; < I —that S
is orbitally stable that is: for all ¢ > 0, there exists é > O such that if
inf |} ¢ — do l@ny < 8 and if @(¢) denotes the solution in C([0, co[; HY(RY)
PeS

of the nonlinear Schrédinger equation corresponding to the initial condi-
tion ¢, then we have for all ¢t = 0:

inf|| ¢(t) — ¢ “H‘(RN) <e&.
¢eS
In the special case when K(x) = K > 0, in view of Theorem 1.2 and the

form of the nonlinearity, (S.2) is satisfied and thus all minimizing sequences

are relatively compact up to a translation in H*(RY); in that case in [/4] the
same stability result is proved.

The proof of the orbital stability of S is a simple application of Theo-
rems [.1-I.2 and of the conservation laws of the nonlinear Schrodinger
equations: indeed multiplying by ¢ and taking the imaginary part we find

forallt =0 R 5
| () 2@y = | doliemny s

0
while multiplying by a—(f and taking the real part we obtain

1 1 1 , 1
SIVe@) P — Ko@) |Pdx = | S1Vdol|* — —K| dolPdx
RN2 p RN2 p

Then roughly speaking if ¢, is near S, then the last functional above is
near I, for all t > 0 and | ¢(t)|%: is near A for all ¢ = 0. But Theorem 1.1
then yields that ¢(t) is also (for all t = 0) near S !

II. NONLINEAR FIELDS EQUATIONS

II.1. The case of positive mass.

Throughout this section we will study various variational problems
associated with nonlinear fields equation. We will begin by the scalar
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case (sections II.1-4) and then we will consider extensions in sections II. 5-6.
In the scalar case the equation may be described as:

— _a_<aij(x) gli) = f(x,u) in RN ux) - 0, u#0
Xj

8xi [x|= e

where f(x, 0) = 0 and a;{x), f(x, t) satisfy various conditions listed below.
One way to obtain solutions of this equation is to consider the following
minimization problems:

(19) L = Inf { Sw/u e H'RY), Jw) =1},

where 4 > 0, and the functionals &, J are given by:

ou Ou
&) = J a;{x)— —dx
RN

8xi an

Jw) = J F(x, u)dx, with Flx, t) = f f(x, s)ds .
RN o}

Of course if we solve (19) for some 4 (or for each 1) we do not solve exactly
the above equation but instead we obtain (6, u) e R* x H'(RN) solution of:

0 Ju .
— 7<aij(x) —) =0f(x,u) in RN,  u#0.

8xi an

However, in the case of particular interest when a;;, f are independent of x,

the Lagrange multiplier 8 may be eliminated by a scale change: indeed

consider u :7: = u, u is now a solution of the equation. In addition as
0

it was remarked in Coleman, Glazer and Martin [/8], the solution thus

found enjoys minimum properties (recalled below)—such minimal solu-
tions are called ground-state solutions.

We will always assume that a;(x) satisfies (8) and that f, F satisfy at least:

[ f,)eCRN x R),  flx,1) > f(t) as [x] =
uniformly for ¢t bounded
. . . . 2N
lim F(x,t)]¢t|"' =0 uniformlyin xeRY, with [|=_——
Jt] = N-2
Jue (RN, J F(x, wydx = A '
RN

(10")

\

(we will consider here only the case N > 3).
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The so-called positive-mass case corresponds to the following addi-
tional assumption:

36>0, {fut)=f)}tt - 0 as |x| — oo,
(20) uniformly for |¢] < 8.
—oo < lim f(x, et < Wrolf(x, t)t™' < 0, uniformly for x large.
= t—

t
We will denote by F(r) = J f(s)ds; and (as usual) we introduce the pro-
blem at infinity: 0

21) 12 = Inf { £=(u)/u e H'RN), I°() = A}
ou @ B
where  &°(u) = j = gy, J°°(u)=J Fluydx .
RN axian RN

If for some p > 0, the constraint set { ue HY(RY), J®(u) = u} is empty,
we set I = + co.

We may now state our main results:

THeOREM I1.1. — Let N = 3, we assume (8), (10”) and (20). Then the
condition

(S.1) L<IL+1°, Vae[01]

is necessary and sufficient for the relative compactness in H'(RY) of all
minimizing sequences of (19).

THEOREM I1.2. — Let N > 3, and assume that a;;, f are independent of x
and that (10), (20) hold for F. Then all minimizing sequences of (19) (= (21))
are relatively compact in H'(RY) up to a translation.

ReMARK I1.1. — If f(x, t) = f(t) for all x, the condition (10") is then
equivalent (see H. Berestycki and P. L. Lions [6]) to:

lllim Fo)lt] '=0; 3eR, FO>0.

In addition in [37] [6], the restriction on the growth of F is shown to be
in general necessary.

RemMark I1.2. — Condition (S.1) can be quite difficult to check. There
are a few simple situations when it is possible to check it: first, if
F(t) < 0 then I = + oo for all 4 > 0 and (S.1) obviously holds. Next,
if (for example) F(x, 1) = — c(x)t? + Fo(x, ) withM = c(x) = m > 0,F; >0
satisfying:

Folx, t)jt |77 is nondecreasing (resp. nonincreasing) for ¢ = 0
(resp. for t < 0)
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for some p > 2; then we claim that (S.1) reduces to:
I, <Ip

which can be discussed as we did many times.
Indeed we show that: I,, < 01, if ue10, A[, 1 <6< A/u; then this yields:

L<L+L_,<L+I2, VYaecl0,A[.

To show the above strict inequality, we firxt observe that there exists § > 0
such that:

I, = Inf { Ewue HYRY), Ju) =y, j

R

Fo(x, wydx = & }

But if u satisfies: J(u) = x and J

[

Fo(x, w)dx = 6 ; then v = \/éu satisfies:

J Fo(x, v)dx > 67126
and *

I(v) =f —Oc(x)u? 4 Fo(x, \/éu)dx P J —Oc(x)u? + 072Fo(x, u)dx
RN

RN
=u>0u.

Hence:

01, = Inf{ Ew)/ue HYRYN), Ju) = h, J

R

Folx,u)dx = ¢’ > 0 } .
Next we remark that if u satisfies: J(u) > u> 6y (and J Folx,u)dx =& > 0)
RN

then there exists T [0, 1] such that Tu satisfies J(zu) = Ou. If we show
that 7 is bounded away from 1 uniformly for such u, we will have shown:
01, > Io,. Let us argue by contradiction: if there exist 7, — 1, u, € H'(RY)

with J(u,) = L, j Folx, u)dx = & > 0, J(tu,)=0u and &(u,) < K, then

R
we would have (Vu,) bounded in L? and thus

j c(Xuz < B+ J Fo(x, un)dx
RN RN

<K+ J elun [ + Coluy [PV 2dx
RN

<u+elu, i+ Ch.
Thus (u,) is bounded in H(RY). Next in view of (10", there exists w, -0

Vol. 1, n° 4-1984.



242 P. L. LIONS

such that: |Fo(x, t)—=Folx, t.t) | < @, if [t] < 1/8; for any given 5> 0.
Therefore:

1
J | Folx, uy) — Folx, t,u,) | dx < w, meas {5 < | u,| <5}+
[RN

+ J‘ 1F0(x> un) - FO(x, Tnun)‘ {1(lunl$5) + 1| |2 1 }dx
RN Un /‘5'

2N
< w, meas {5 < |u,| < 1/6} +8(5)J Lun 12+ | u, N 2dx
[RN

with &) — 0 as 6 —» 0,. And we finally get:
wn
J‘ | Folx, tn) — Folx, taus) | dx < J uldx + Ke(d)
RN 5 RN
and if we let n — oo and then 6 — 0, we obtain: J(u,) — Jtu,) — O,
contradicting the choice of 7, and u,. The contradiction proves our claim.
| |

ReMARK I1.3. — To explain Theorem II.2, we just need to point out
that if ag;;, f are independent of x, then (S.2) automatically holds since:

[, = Inf { &w)/J(w) = 4}

o) -

N-2

= XTII .

Let us also remark that such a scaling argument could be used in order to
check (S.1) with some convenient assumptions on the x-dependence of a;;, f.

REMARK II.4. — Tt is possible to extend a little bit assumption (20)
by assuming instead:

mF(x,t)|t]72 <0,  uniformly for | x| large
(20/) i—0
IC>0, VO<s<t<1l, F(xs)<CF (x,t) for |x]| large,

in addition we need some technical condition for the behavior of F as
|x] — oo that we skip here.

REMARK II.5. — Let us remark that I; = [? = 0 if 4 < 0. Indeed we
have 0<I;,<1I7; and if A=0 we may choose u=0, while if 2 <0 there
exists (u,), in H'(RY) such that: Vu, - 0 in LARY), |u,|..=1. Thus

_ _ 2N
Fr(u,) o Osince F*(£) <l + ¢ PVN"2] 4 Crowith2 <o < -,
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and j Fu,)dx= —a, - —a<0. If we consider u,= u,,(94> with

RN n

—A 1/N
6, =< > . J°(U) = 4 and £°(u,) > 0. W

Op

In the introduction we gave many references concerning the case when
a;;, f are independent of x, the most general results being obtained in H.
Berestycki and P. L. Lions [6] [7]: in Theorem II.2 we not only recover
the results of [6] [7] but in addition we obtain the compactness (up to
a translation) of all minimizing sequences, and we saw in section 1.3 that
this additional information may be useful.

Theorems II.1-II.2 are proved in the next section. We want to conclude
this section by a few considerations concerning the case when g;;, f are
independent of x and to simplify the presentation we will assume that
a;{x) = d;; = ;. The remarks that follow are taken from [6] [7]. In view
of Theorem II.2, we obtain a minimum u of (21)-(19): of course if F = F
is even, then (—u) is also a minimum and u*—the Schwarz symmetrization
of u—is also a minimum. In addition with very little additional assumption
on f, one can prove (see B. Gidas, W. H. Ni and L. Nirenberg [22],
or A. Alvino, P. L. Lions and G. Trombetti [/]) that any minimum is,
up to a change of sign and a translation, radial decreasing and thus positive.

We now want to describe some important property of any minimum u

of (21)(19). As we remarked before, for some ¢ > 0, %(.) = u() is a solu-
tion of 7

(22) —Au=f@m in RN, ueHY(RY, #z#0

_N+2
<here we need to assume that: |1[irn I f@©)] Jt] N2 = 0).
H o]

The scaling invariance of the problem implies some conservation law
— often called Pohozaev identity [35]—for any solution v of (22):

N-2

23 —_
) 2N Jr~

| Vo |2dx = J’ F(v)dx .

Heuristically this identity may be obtained as follows: if v solves (22),
v is a critical point of the action S:

1
S(e) = J' 5 [Vo |* — F(p)dx .
RN

= 0; and we obtain (23). A rigorous deri-

d .
Then we have: — S<v<~>

do o
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vation is given in (23). As a consequence of (23) we see that for any solu-
tion of (22):

1 2
S(U) = ﬁ LN ] Vv lzdx = N—z‘LN F(v)dx > 0.
In addition:

J' [ Vulldx=d""21,, J F@dx = N4
RN 'N

N—2 M2
and, using (23), we deduce: ¢ = A~ /2 (-EN—I ) .

On the other hand if v solves (22) and u = J‘ F(v)dx, by the scaling
RN
invariance of (21) (cf. Remark II.3) we deduce:

LN | Vo 2dx > LN w(é)
> N2 U }Vulzdx> =0, >
N2
>u N ) Ng -2 U [Vulzdx>

N-2

N-2 N
>y N (J | Vu Izdx><J F@) dx)
N
> (J [Vo ]de> ( [ Vu lzdx>
RN

or J |Vvlzdx>J‘ | Vi1 |%dx .
RN RN

And using again (23), this finally yields: S(u) = S(@) > 0.

In conclusion, we just showed that any solution of (22) obtained via
the minimization problem (21) realizes the infimum of the action S among
all solutions of (22)—such a solution is called a ground state.

2

dx,  where 0 = (/)M

Remark II.6. — We want to mention the following open question:
if F is not even, is the ground state spherically symmetric and with constant
sign?

REMARK I1.7. — The analogous of Theorems II.1-11.2 hold for the
-following minimization problems (« dual of (19)-(21) »);

Inf { — J(u)/ue H\(RN), Ew) = A}
Inf{ — J°(uyuec H(RY), &) =1}.
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Let us also remark that we could treat as well functionals & of the form:

ou ou ’
&) = a;{x) — = + c(x)u’dx
RN 8xi an

with convenient assumptions.

II.2. Proof of Theorems II.1.-11.2.

We begin with a few preliminary observations: first of all we already
know that:
O<I, <1, + 12, VYae [0,A].
It is also easy to check that I, I}? are continuous functions of pe {0, 1]—
here and below, we assume to simplify the presentation that there exists
{eR such that F({) > 0 and this ensures that I? < oo, for all 1. Let us
also observe that if u > A then I, > I, : indeed if we take u e H'(RY) satis-

fying
Jw=p EW<I,+¢;

then we can find 7€ ]0, 1[ such that J(tu) = A, therefore
L<E(tw=16w <1, +¢.

Finally, in view of the general arguments of Part 1, we see that we only
have to prove in Theorem II.1 the fact that (S.1) is a sufficient condition
for compactness.

Let (u,) be a minimizing sequence in (19) or (21), then obviously (Vu,)
is bounded in L?@RM) and by Sobolev inequalities (u,) is bounded in
L2N(N=2(RN) In view of (10), we observe that for all ¢ > O there exists C,
such that: N

24) Fr(x,0) < e[t? +[tN" 2]+ Cltl* onR, for |x]|=Re

N
(25) Fr(x,t) < et? + C, |t N2 on R, for [x]| = Re
%) F(x,0)<e|tPNO"D 4 C, 1] onR, for |x|=Re
25 [t < C[F (x,t) + |t ]2 on R, for |x] = Ro

for some ae ]2, 2N/IN—2)[, and for some Ry = 0. .
Hence using (25%) we find:

2N\
J w2dx < C + Cf F~(x, u,)dx + C(J [ 14y [N_zdx>
RN RN B,

<C+ C[— A+ J Ff(x, u,,)dx:l
RN

<C+ CJ F*(x, u,)dx
Ix]>Ro
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using (24") <C+ CJ eu? + C,|u, |PV®-2gx
[x|ZRo

<C, + CBJ uldx .
RN

And choosing ¢ small enough, we obtain that {(u,) is bounded in HY(RY),
Weare next going to apply Lemma 1.1 of Part 1 [24] with p,=| Vu, "+ 2.
Observe that without loss of generality we may assume that

J- p,,dxzjl,, - 7120,
RN

and that 2 = 0 would imply easily: J(u,) - 0, contradicting the constraint.
Hence 4 > 0and we may apply Lemma I.1 of Part 1 [24] to p,{or to p,,/;i,,).
If vanishing occurs, applying Lemme 1.1 (section I), we see that this would

2N
imply: 4, — 0 in LHRY) for 2 < a < N3 Then in view of (24), this

would yield: F*(x, u,) — O0in LYRY), contradicting the constraint.

Next, if dichotomy occurs, then arguing exactly as in section 1.2 we

would find, for all & > 0, (y,) in RN, R, - +oo, ul, u2 bounded in HY{(RN)
such that:

{ Supp (uz) = ya + Bg, for some Ry < 00, Supp () = R¥N—(y,+Bg)

N — (2 + wD) <6 bl = A, U2l > 4, > 0;
of course u}, u2, Ry, :11, 2 depend on ¢, but we know that:
A= :11(8), A, = :12(8) zv>0.
Clearly this yields:
J | Fx, un)— { F(x, up) + F(x, 1) }1dx < ple) > 0 as e > 0.
RN

Without loss of generality we may assume that:

-J F(x, uj)dx - A= Afe) for i=1,2.
RN

If 24() < 0 (or A,(e) < 0) then either (taking subsequences if necessary)
/1(€) < 41 < 0 or A44(e) > 0. In the first case we argue as follows:

1, = lim &(u,) > lim &(u}) + lim £(u2) — Ce

>5+112_C8

and A, > A — A; — u(e) = 4, > A for ¢ small enough; this yields a contra-
diction in view of the following:
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LeMMA II.1. — Under the assumptions of Theorem 11.1, if A < u then
I <1,.

Proof of the lemma. — If I, = + oo, there is nothing to prove. If I, < oo,
let (u,) be a minimizing sequence for I,: we know that (u,) is bounded in
HY(RM). There exists (t,), € ]0, 1[ such that, J(t,u,) = 4. We will argue by
contradiction; hence we assume that t, - 1. Let 0 > 0, there exists
w, — 0 such that: | F(x, t)—F(x, 7,t) [ < w, on RN if | ¢] < 1/6.

Therefore we have:

J | F(x, tt)— F(x, t ) | dx < 0, meas {0 < |u,| <1/6}
RN

+ | F(x9 un)—F(xs Tnun) I I{MH]Sde +
JRN
r

+ 1 F(.x, u,,) —_ F(x, T"un) I 1],‘"‘ ;(l/g)dx
N

JR
c © 2N
< [ F(X, un)—F(x9 Tnun) | llunlgédx+ —6_;_ I Un [I%Z +8(6) J [ Up |N—2 .
JRN RN
To conclude we observe that for 0 < r < §:
t .
| Fx, 1) —F(x, 1,0) | j flx,8)| < C¥(1-1}), for |x|=R,

Tnt

and this enables us to get: j | F(x, u,)—F(x, t,u,)]dx - 0, and the
RN n

contradiction proves the lemma. [ | 7

In the second case that is if A;(s) — 0 (or if A,(¢) —» 0)ase — 0; we
observe that &(u}) is bounded away from 0 independently of n and &: indeed
if it were not the case, we would have: F*(x, ;) —» 0inL',Vu, —» 0inL2

But since J F(x, u,)dx — A1(e) — 0, this would yield: F(x,us) > 0

RN
inL'and thusu! — 0in L2 And we would reach a contradiction.

In conclusion, we see that we may assume that A, (= 1,(¢)) and 1,(=4,(¢))
are both positive. If (y,) is unbounded, then we show as usual that this
implies

I, > lim &(u;) + lim &u?) — Ce > 1L + 1,, — Ce

while | 2 — (11 + A2) | < u(e). If (y,) is bounded, a similar inequality holds
with A, replaced by 4,. In both cases, letting ¢ — 0, we reach a contra-
diction with (S.1) which proves that dichotomy cannot occur.
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Therefore we have proved the existence of (y,) in RN such that:
Ve > 0, IR < oo, J | Vu, |2 + u2dx < e.
[x—ylZR

Now if £eCPRN), 0<é<1on RN ¢=1o0nRN—B,, £=0on By;
we see that we have, denoting by &, = &(y» + .)/R):

2] u, 1%
J [ V(Eait) |2 + EFug < l;’;|L + 26 < 4e
RN )

choosing R large enough. By Sobolev inequalities this yields:

J I énun |2N/(N—2)dx < CSN/(N_Z) .
RN

Therefore we have shown:

2N
Ve > 0, IR < oo, J [V 12 + 12 + 1u, N 2dx < e
Ix—ynlZR

Then in the case of Theorem 1I.1, if y, is unbounded we easily show that
this would imply: I, > 1Y, and we get a contradiction with (S. 1). Hence ( y,)
is bounded and u, converges weakly in H!, a. e. and strongly in L? for
2 < p < 2N/(N — 2) to some u € HY(RN) which satisfies obviously: J(u)=4,
&(u) < lim &(u,) = 1;. Hence u is a minimum and u, converges strongly

in H! to u. We argue in a similar way in the case of Theorem I1.2. .

11.3. The zero-mass case.

We want now to relax assumption (20): we will begin with the transla-
tion invariant case that is (21). We will now assume
2N 2N

26)  lim {tf(0)}" el N2 =0,  lim [F@)| [¢] N 2=0

jt]= 0

where we set f=f, F=F, and we will also denote a;; = @;;. Of course we
assume:

Q7 >0, VEeRN, ay& = v[ER.

We have now to precise a little bit the functional space in which we need
to work: let H be the Hilbert space which is the closure of 2(RY) for the

scalar product ((u, v)) = J Vu - Vudx. Because of the Sobolev inequalities
RN

we have: H < L2N®=2yRN) Then we want to solve:

' ou 0
21y I = Inf{j aija—u dx/ucH, Fu)eLYRYN), J F(u)dx= A }
BN i

0xj RN
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By the scaling argument of Remark 11.3 above, we know:

N2
0<IP =4 N2

and (S.2) still holds. We then obtain the:

THEOREM II.3. — Let N > 3, we assume (26)-(27) and that F() > 0
for some (. Then all minimizing sequences u, of (21’) are relatively compact
in Hup to a translation and F(u,,) is relatively compact in L* up to a translation.

RemMarxk II.8. — Thefact that a minimum exists was proved in H. Beres-
tycki and P. L. Lions [6] by the use of symmetrization and of the
compactness induced by spherical symmetry.

Sketch of proof of Theorem 11.3. — We first introduce a function f; as
follows:

fi=ft if o<egt, =f if |t|>1, =—f" if —-1<r<0.

We then set: Fl(t)szl(s)ds if |e]<1, Fy(t)=F*() + F,(1) — F*(1) if
0

[t} > 1 and F,(¢t) = F;(t) — F(t) on R.

Obviously F;, F, are nondecreasing on [0, 1] and nonincreasing on
[— 1,0};in addition we have: 0 < F*(t) < Fi(t), 0 < F (1) < Fy(t) on R,
and

lim Fiy)[¢] N0 =0, lim Fyfo)| ¢V <0,
=0 Jt| > o

lim Fy(t)|¢|"2VN-2 =0,
Jt] =0
We are going to apply the concentration-compactness method with
going pply . in
Pn = |V, |* + | u, |PNN"2D 4 Fy(u,) where u, is a minimizing sequence.
First of all we need some a priori bounds on u, : of course u,, is bounded in H
p .
and thus in L2N®™N-2) But clearly there exists C > 0 such that:

0 < Fy(t) < Cle N2,

and thus F;(x,) is bounded in 1.!. Therefore F,(u,) is bounded in L? since
Fu,) = Fy(u,) — Fa(uy).
To rule out vanishing we use the following:

LemMma I1.2. — Let (u,) be a bounded sequence in H and let G e C(R)
satisfy:
lim G(t)|t|~2NV®N-2 = 0, lim G(t)|t| " 2N®N-2 — ¢,

lt]=0 Jt]—>
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Assume that for some R < oo, we have:

2N
Sugj IV | 4+ lu, [N %dx > 0
y+Br n

yeR
Then Glu,) — 0 in LY(RM.
Proof of Lemma 11.2. — We first assume that (u,) is bounded in L2(RM).

Then, in view of Lemma I.1, we deduce: u, > 0in L for 5 < g < 0.

To conclude we then just remark that for all ¢ > 0, there exists C, > 0

such that:
2N

GO <eltF2 + CJrj*  onR
2N
N-2
Next, if (u,) is only bounded in H, we observe that for all M > 0 the

function v, = max (min (u,, M), — M) satisfies the same assumptions
than u, and is now bounded in L*®. Therefore by the above proof:

G(v) » 0 in  L'RY).

To conclude, we observe:

for some g >

J I Glun) [ dx < J | G(v,) | dx + J | Get) | Ljun >apdx
RN RN RN

SJ ‘G(vn)ldx+s(M)J |, PN 2y
RN .

with M) —» 0as M — + o.

To rule out dichotomy, we just have to observe that with the notationg
of the preceding sections we have:

J [ V) =& | Vu, 2| dx<C
RN

J | V&, Puadx
RN

1/2
+ CJ | V&, Puldx ;
RN

and
J | V&, Pundx =J | V&, Putdx
RN R<[x—y,[<2R

2/N N/N-2)
< (J Ve, \N> (J | tn IZN/(N_Z)dx>
RN R <|x—yn|<2R

N/(N—2)
< C(J' lun ‘ZN/(N_Z)d_x) < Ce
R<|x—yn| <2R

if we choose Rg < R < R,/2 (for n large enough).
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The remainder of the proof is then totally similar to the proofs made
in the preceding sections. [ ]

We now consider without proof the x-dependent case: we will always
assume (8), (10”) and

HE
(28) }Lng {tf(x,t)}" 1t} N2 =0, uniformly for | x | large.

We need some additional technical assumptions (which might not be
necessary):

29 [F () =F () <e®)(F () + VN2 for Jr<1,

for [x|=R
where gR) - 0 if R - +oo0.
We need to define precisely problem (19) as follows:

ou 9
(19) Ix=Inf{ j aij(x)a_”gi dxfucH, F(x,u)eLl,J F(x, u)dle}.
» i -

iOAj
THEOREM I1.4. — Let N = 3, we assume (8), (10') and (28)-(29). Then
the condition
(S.1) I <, + 13, Vae [0, A]
is necessary and sufficient for the relative compactness in H of all minimizing
sequences of (19°). In addition if (S.1) holds, ¥F(x, u,) is relatively compact

in L' for all minimizing sequences u, and thus in particular there exists a
minimum in (19).

11.4. The case N = 2.

To explain the difficulties and the results, we begin by the translation
invariant case and we take f = fe C(R) (f(0) = 0), a;; satisfying (27) and
4

we denote by F(t) = | f(s). Then for 4 € R, we consider the minimization
problem 0
ou 0
I, = Inf { f ay; 2 L dxjue R), j Fludx = A }
R2 a.xj a.x] R2

First of all, we remark that I, = I, if A4, p > 0 or if 4, 4 < 0: indeed if
we replace u by u<i> (with ¢ > 0) then £®(u) = & m<u<i>) while
¢ c

LN F(“(é))‘i" =’ L Flu)dx.
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Next, if there is a minimum of I, satisfying: Vu e L*(R?), F(u) e L}(R?);
then the Euler equation implies via (23)

j Fuwdx =0.

Therefore the only A for which we can hope to find a solution is 4 = 0.

And since we want to avoid the trivial absolute minimum 0, we finally
have to consider

ou
(30) 1=Inf“ a ua—udx/ueKo}
RZ

ij'é;i ~
where Ko = {ueL/,(R?); Vi >0, |u|lgsneLl'; Vuel?; Fuel!
and J F(u)dx =0 }

RZ

We need the complicated form of K, in order to be sure to deal with
functions which « vanish at infinity »: indeed functions in L!_(R?) such that

loc

F(u) e LY(R?), Vue L%(R?) need not to vanish at infinity (they may even
be unbounded). Observe also that if ue K, then for all g > 1.

J‘ lu ‘ql(lulzt)dx < 0, Vit > 0.
R2

Indeed let us denote by H(s)=(s—t)*. Then v=H( | u|) satisfies Voe L}(R?).
ve LYR?). Therefore by Sobolev inequalities

1/q
(| rorax) " < 1votifiy o126
R

1/g
(J 1ulqlau.>ndx) <l vlle + tmeas (fu] > 1)
RZ

< lfvllpa + 17 J P Ly > 0dx
RZ

and thus

l/q

We will assume

(31) 3>0, tf(t) <0 if 0<|t]<d; IeR, FO)>0
(32) |llim F()|t|7" =0, for some y > 0.
t|— oo

THEOREM II.5. — Under assumptions (31), (32), any minimizing sequence
of (30) is relatively compact up to a translation and a scale change i. e. for any
minimizing sequence (u,) there exist (y,) € R?, (6,) e RY such that the mini-
mizing sequence U, = u,((. — yn)/o, ') satisfies:

Vi, is relatively compact in LA(R?), F(u,) is relatively compact in LY(R?)

and U,1z,>n are relatively compact in LYR?) for all 1 < g < oo and
for allt > 0.
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ReEMARK I1.9. — Independently of this work, H. Berestycki, T. Gal-
louet and O. Kavian [5] proved the existence of a minimum in the posi-
tive mass case and with the use of Schwarz symmetrization. Of course in
the positive mass case, the compactness of F(,) in L* implies the compact-
ness of %, in L? and thus in HY(R?).

ReMaRrK II.10. — Since in two dimensions, because of (23), the action S
1 ou Ou

reduces to — a;; — ——dx for solutions of the fields equation; it is
2 R2 axi (3xj

clear that all minima of (30) are ground states.

REMARK II.11.— We could as well treat the case when (32) is replaced by:

lim F(t)e " =0, for some 0<7y<2.

Jt]= o0

We treat here only the case of (32) to simplify the presentation.

Remark II.12. — If we are interested in positive solutions of the fields
equation (Euler equation) then we may assume without loss of generality
that F is even, and using the maximum principle we see that we can treat
in fact the case of f satisfying (31) and

{ either I >, [fO <0

or lim F(t)e " =0, forsome 0<7y<2.

|t

where we denote by (, = inf({ > 0, F({) > 0) > 0. [ ]

32y

Sketch of proof of Theorem 11.1. — We begin with a few preliminaries.
We introduce a function F, satisfying:

F, e CY(R), T, is increasing for ¢t > 0 and decreasing for t < 0
F)(t) = — F(r) if [t] <6, |l|im FE@)jtl"*=1, F,2|F| on R
] 0

with the same 7y as in (32) (we may always assume that y > 1).

In view of the properties of elements of K, we see that for any ue K,,
F(u)e L.

Let (u,) be a minimizing sequence of (30), Vu, is bounded in L% We

choose g, such that, if Zt,,:u,,(), I Fy(ti,) |1 € [o, B]for some 0 <a < ff< o0
&

(for example, take o, = ; !/? with 0, = J

RZ
the compactness up to a translation of the new minimizing sequence 1, that,
to simplify notations, we still denote by u,. If we set F; = F, + F, F, is

Fz(u,,)dx>. We want to prove
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nonnegative and vanishes on [— 8, + §]. We want to prove that F,(u,)
is bounded in L!: to this end we just need to observe that:

0 < Fy(u,) < Fa(u,) + | Flu,) | < 2Fx(uy)

Next we claim that for all ¢ > 0 and for all g > 1, there exists C inde-
pendent of n such that:

j [z ndx < C, meas (|u,|=t)<C.
[R2

Indeed observe that we have:

meas (u,| = 1) <

Fz([) J‘Rze(u,,)dx < C.

And for all t > 0, there exists v > 0 such that: Fy(s) = v(|s| — ¢)*. This
yields easily:

J Pt |1y 20dx < C.
R 2
And by an argumént given above (after the definition of K,) we conclude:
Vg=1, Vi>0, 3C=C(q,t)>0, J P | (2 ndx < C.
. Rl

We are going to apply the concentration-compactness method with
Pn = | Vu, |* + Fy(u,). In view of the choice of (g, 4,), we may assume

without loss of generality that: pndx 5 A>0.If vanishing occurs,

R

we remark that v, = max [min (u,, M), —, M] (for 0 <M < o) satisfies
for some R < o0:

Sup J | Vu, 1 + Fyv)dx - 0.
y+Bgr "

yeR2

In addition we have:

O<a< J Fo(u,)dx = J Fi(u,)dx
R2 R2

< J Fi(v)dx + j\ Fi(ua) 1wy > mydx
R2 R2

< J Fi(v)dx + CJ | v "1 oy > wpydx
R2 R2

< f Fi(v)dx + Cj‘
R2 R2
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and if we show that J Fi(v,)dx - 0, we will reach a contradiction which

[Rl
rules out vanishing. To prove this claim we recall that F; = 0 if | t] < 6;
and wetake d’ € J0, 6 [, weset H(t) = ( |z} — &")*. Remarking that w, = H(u,)
is bounded in L'(R?) and that Vw, is bounded in L(R?), we obtain by Sobo-
lev inequalities:

p/2 4
J widx < C { (J | Vw, |2dx> + (j w,,dx> },
y+Br y+Br y+Br

for all p > 2, where C is independent of y e R2.
Then we observe that: H(t) < CF,(t) for some C and thus:

f widx < 8;.[ | Vuu [> + Fa(vg)dx
y+Br v t+Br
where ¢, - 0. Covering R? with balls of radius R, we deduce that w,

converges to 0 in LP(R?) for all p > 2; in particular for p = y. And we
conclude observing that, F; << CH?, for some C > 0. ‘

We then rule out dichotomy exactly as we did before, let us only explain
the main two new points. We first explain how to use the cut-off functions:
with the notations of the preceding sections, we see that we have to bound:

j ]V&nlzufdxsézj |VE, |2dx+L | VE, 2u2l,, 5sdx  for all &> 0,
[RZ [RZ 2

1/2 12
SU V¢ lde)52+<J Ve I4> (J lunl41[un|>éd-x>
R2 (5) R2 R2

<G8 + —=
R

and choosing é small and then R large, we see that we can now follow the
arguments of the preceding section.
Next, we have to prove that for any a > 0

ou 0
I< Inf{ aij—u——udx/ueKa
R2 5xi an
where

K= {uell(R?, Vuel? |ul|lys,eL!, Vi>0, Fu)el',
J F,(wdx < C, J Fwdx = o } forsome C > 0.
2 R2

To prove this strict inequality we argue as follows: we first observe

that if ueK, then there exists 8]0, 1[ such that: J F(6u)dx = 0. If we
R2
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show that 0 is bounded away from 1 uniformly for u € K,, then the strict

inequality is proved. If there exist u, € K,, 0, — 1 such that

J F(f,u)dx =0,
R2

then it is easy to show that:

j Fi(u,) — Fy(Onu,)dx - 0.
RZ
Then

x = J F(u,)dx = j Fi(u,) — Faluy)dx
RZ R2
= linmJ Fi(0,u,) — Fy(u,)dx
R2

= h,}n j FZ(Bnun) - Fz(un)dx
R2

and this is not possible since: F,(6f) < Fy(t)for0 <8< 1,teR.
We thus have proved the existence of y, in R? such that:

Ve> 0, IR < oo, j [Vu, 1? + Fo(u)dx < ¢.
jx—ynlZR

We then denote by ﬁ,. = u,(. + y,), extracting a subsequence if necessary
we may assume that %, converges a. e. to some u € L}, (R?), V1, converges

weakly in L? to Vu and that F,(%,) converges in L' to F,(u). It is then easy
to conclude. ||

We now turn to the case of nonlinearities depending on x: in that case
the situation is even more complicated. To simplify the presentation, we
will only consider a typical situation where:

du Ou

&u) = J ay(x) =— 5, ——dx

Ju) = J Kx)ful|? — co(x) | ulPdx
R2
where (a;(x)) satisfies (8), where 1 < p < g < oo and where K, ¢ satisfy:

(33) V<v<pu<owo, v<KX),c(x)<p on RY; K(x) » K=,

dx) » ¢® as |x| - .
We then consider for Ae R the minimization problem:

= Inf { &(u)/Vu e L¥(R?), ue LP(R?), Ju)y=1}
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(notice that if u € LP(R?), Vu € L*(R?) then by Sobolev embeddings u € L*([R?)
for all « = p).

For A < 0, we claim that I; = 0: indeed there exist (u,) satisfying:

Vg lLr@ey = 1, [ Vi |2 + 1y, | 2 0.

Then we may assume that 6, =J () u, P — K(x) | u, |%dx - 6> 0
R2 "

hence we can find 1, > 0 converging to (4/0)'/? such that J(A,u,) = A and

E(Antty) — 0.

We will consider the case A = 0 later on and the case 1 > 0is solved by the

TeeEOREM I1.6. — Under assumptions (8), (33) and if A > 0; then we
always have: 1, < 1§, where 1§ is given by:

I§=1Inf { E2(u)/Vue LA(R?), uel’R?), J°u)=0, u=0}
and

a )
£°(u) = J a2 Mg, o) = J K*|ul? — ¢® | u|Pdx.
R2 axi an k2

If 1, <13, then every minimizing sequence (u,) satisfies : u,, Vu, are relati-
vely compact in (resp.) L?, L.
If 1, = I, there exists a minimizing sequence which is not bounded in

LP(R?) (or in LYR?)); in addition all minimizing sequences are either rela-

tively compact up to a translation as above, or satisfy for some o, - 0:

id.) = ud — ] is relatively compact up to a translation as above and all
On .

limit points of u, are minima of the problem I3.

Sketch of the proof of Theorem 11.6. — Let us first explain why I, < I§:
let uy be a minimum of I (use Theorem I1.. 5), uy € L? N LYR?), Vu € L*(R?)-
and using the Euler equation we see that ug € CL(R?). Define u,() = uo(6, )
where 6, > 0 is determined below, then

aun au X auo auo
(¢ = d = 'T1 Brull Brusnlrens d
éo(un) J\ !j(x) ax! ax Ll a;j (9"> axi axj X

T, = J K() | a1 — () | t |de=9—1i L Z K(%) m lq—c(gn) | uo |7dx

On the other hand

J‘ ( ) Oug Oug Oug Oy
a;; —~a;
w2

Ox; 0x Y ax, 0x
Vol. 1, n° 4-1984.
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with 6 = 0, for all ¢ > 0. In a similar way

L2K<§n>luo!“—C<g;)|uo|"dx=u.. - 0.

We may then choose 0, — 0 Am = 1 such that: J(4,u,)=4 and clearly
E(Auuy) - 1. Next, if (u,), is a minimizing sequence of problem I, and if

0n=J |ty 17dx — oo
2 "

—'> with o, = 0, V% we deduce:

n

. . X aan aa"
I, = h{,n Eu,) = 11£n - aij 0'—" ox, a—xj dx

. ( o, au,,
= lim a;
“n Jr2-B,, 0x; 0x;

) du, ou,
> lim a; dx
n R2-B,, ax ax

(or a subsequence), then defining U, = u,,<

for some sequence ¢, — 0.
n

We then consider: 5,,=£(—.> with £ =0 in B,, 0<e<t, e CP(RY),
E=11if|x|> 2 Then En ,

_ ou, au f ou, au,,
i =— n 1
R2-B,, ~ O%; ax 7 ox; 0x;

J | V& Purdx
R2
On the other hand if & = p/2

j | Ve Pundx < J | VE, 12 J iy
R2 R2

Therefore:
L > lim 6°(&,).

On the other hand we have:

2= Ju,) = %L K(aﬁ)[ ]9 — (:(:)1 W |Pdx

and thus: J®°(u,) — 0. Next, we remark that:
J |, |29
R2

1/2
J |1—&21%dx
R2
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and similarly:
J | |2 — &8 | Uy [Pl dx < Ce,.
R2

Therefore: J®(&,4,) - 0, and it is easy to find k, — 1 such that
Jo(k,&,t,) = 0. This yields I, = I and thus I, = Ig.

In particular if I; < Ig, (u,) remains bounded in L?. Since (Vu,) is bounded
in L2, we deduce that (u,) is bounded in L* for p < a < co. We may then
apply the concentration-compactness method with p, = | Vi, | + | u, |?
and we conclude easily remarking that we have:

0<Tl, <0, forall A>0 0>1.

Indeed if u satisfies: Vue L2, J(u) = 1, ue L?; then first of all it is easy
to see that | Vu | . remains bounded away from 0. Indeed if this was not
the case, remarking that:

va lunl"dxsuj [unlqusulwnlﬂ;"f |ty [Pl
R2 R2

R2

we would get a contradiction. Next, we claim that there exists y=g(u) > 1
such that: J(uu)=04 and p < 0% Indeed observe that

Glzj Kl,uu]q—cluull’de,uqJ
R2

Kluli—clulPdx = ui.
R2

Then:
Iy < Inf{ p(uy&w)uecl?, Vuel? Ju) =i} <021, <01,. n
We now conclude this section by a few considerations on the case A=0:
I,=Inf { &u)/Vue L}(R?), uel?R?), u#0, Ju=0}.

We claim that we have: I, < Inf2 I*,
‘where xeRt
ou 0
[* = Min { J a;{(x) o dy/Vue LA([R?), uel?(R?*, u#0,
R2 ay! ayj
J K() | ul(y) — cx) | ulP(y)dy = 0}-

R

In addition we can show that if I, < I° = Inf I*, then all minimizing.

xeR?

sequences are relatively compact, but we do not know if this strict inequa-
lity is satisfied (by modifying artificially &, we can treat similar problems
where the above strict inequality is satisfied). We now show the above
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large inequality: let x, € R? and let u, be a minimum — which exists by

x0> where 0, — 0.

n

Theorem I1.5—of I™; we then set u,( ) = ol -

ou, Ou,
Ey) = | a;fx) — U ix
JR2 i axj
i ) )
= | ayfxo + 0,0 22 () 20 (x)dx
Jr2 Ox;  Ox;
r
(314 (3u au a
= aij(x0)-9—0dx + Jv aij(x0+6,,x)—aij(x0)_oﬂdx
JBr (3xi (3xj Br (3xi axl

and thus: lim &(u,) = I*. On the other hand we have:

J(un)=f K(x)[u,,]q—c(x)lu,,lpdx=9,%J K(xo+0nx) L ug |
R2 R2

= dxo+0,x) | ug |Pdx,
clearly:

J K(xo+0,x) 1o [* — c(xo+8,x) | uo |Pdx — 0

R2

and we can find k, - 1, such that:
J- Kxo + 8,0k ug |2 — c(xo + 0,x)kE |ug 1Pdx = 0.
R2 :

This proves 1o < I*0. Of course if there exists xo € R? such that I, = I*
the above proof shows that there exists a minimizing sequence which is
not relatively compact.

II.5. Extensions and variants.

In this section we will state without proof some results concerning
variants and extensions of the previous problems namely problems with
higher order derivatives, systems, different powers or in integral form.
In order to restrict the length of this section, we will consider here only
problems that are translations invariant but it will be clear enough that
we could treat as well problems with functionals « depending on x ». In
addition, in order to keep the ideas clear, we will not try to obtain the
greatest generality.

We begin with systems of the form:

{ —alfut =fiu', ..., u") in RN,

- a:"}aijum :f,,,(ul, s u"') in RN,

(34)
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2

_where 9;, 0;; denote —

i 5 and ajj, ...,al} are symmetric N x N
_ Vo x; 0x;0%;
matrices satisfying: ! =

(35) Jv > 0, () = vIn for I<k<m.

and m is a given integer > 1. Our main assumption will be that the sys-
tem is potential that is: f; e C(R™), f(0, . . ., 0) = O and there exists F e C{(R™)
such that:

oF

6—t(t1’ et =filty, ..ty on R™, F@O,...,00=0.

It can be useful to point out that the system may turn out to be in poten-
tial form after some change of variables: the simplest example being the
multiplication of ¥’ by e R — {0}.

As was remarked in H. Berestycki and P. L. Lions [6] [9] [/0]; in order
to find a solution of (34), we may consider the minimization problem:

(36) I, = Inf { J’ Z a0t ot dx/Vur e LARY),  uF e LNVNTI(RN),
RN
k=1

F@?, ..., ume LY{RY), J Ful, ..., uMdx = 4 }
RN

where A > 0 and N = 3 (to simplify).

Then if (u?, ..., ™) is a solution of this minimization problem, in gene-
ral there exists 8 € R such that:
—aout =0/, ... ,v™)  in RN, for 1<k<m.

Now the analogue of Pohozaev identity (23) holds and yields:

N-2
R z J a;outoutdx = HJ Fu!, ..., u™dx = 02
2N RN RN
k

thus # > 0, and considering u*-) = u"(e—”;) for 1 <k <m, we find a

solution of (34) and in addition by the same argument than the one made
in section II.1 concerning the solutions obtained in Theorem II.2, any
minimum in (34) yields a ground state of the system 34)1.e.u = (u', ..., u™)
satisfies:

0 < S(u) < S(v) for all v solution of (34)

with Voe LR, ve L2N®N-2(RM), F(y)e LY(RY) and

1
S(w) = 5 ZJ a;;0,w o whdx — J F(w)dx .
T RN RN
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We now state the assumptions we need on F, f-very much similar to
those used in section II1.3:
2N

(37) ]llimo{tkﬁ((t)}Jr]tl_N__—Z:O for 1<k<m,
.
Jim [ Fe)] [¢]72V0"2 = 0;
|2

(38) dt e R™, F(t) > 0.
And we obtain the

THeOREM I1.7. — Under assumptions (35), (37), (38), every minimizing
sequence u" = (u}, ..., ul) satisfies: there exist (y.) € RN such that (Vi"),
F(u") are relatively compact in L?, L' respectively where u"(-) = u™(- +y,).
In particular there exists a minimum in (36).

Observing that in view of easy scaling arguments I, = AN~ 2/N[| with
I; > 0, the proof is very much the same as the one of Theorem II1.3; we
apply the concentration-compactness method on

pu = Z( | Vids P+ |k | 290N 2) 4 Fyu,)

k
where F, is built in a similar way as in the proof of Theorem II.3.

ReMark I1.12. — In [9] [10] the existence of a minimum among sphe-
rically symmetric functions (u', . ..,u™) is proved when daf; = d;; for all k
by methods using the « compactness of spherically symmetric functions ».
An interesting open question in this particular case is the symmetry of

" the ground state solutions of (34) which is proved to exist by Theorem I1.7.

We now turn to higher order equations like for example:

(39) Au = f(u) in RN

where fe C(R),f(0) = 0and we look for a solution u 2 0 that goes to 0 at co.
To simplify we will assume N > 5 (the case N = 4 is very much similar
to the case N = 2, section I1.4) and:
2N 2N

@0 lim {ef@} 1l =0, lm Fole] T =0
(41) FeR, FQ>0

t
where F(t) = J~ f(s)ds. We introduce the minimization problem:
0]

(42) I, =Inf { J | D2u |2dx/D?ue LARY), ue LANN-4RN)
RZ
F(u) e LY{RY), f Fudx = A }
RN
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where 1 > 0. Observe that by an easy integration by parts we have:

j | D%u |2dx = J | Au|2dx .
R2 R2

N-4
By scaling arguments, we find that I, =1 ~ I; with I; > 0 and that

any minimum of (42) yields a solution of (39) which is a ground state. Applying
the concentration-compactness method to

N EL
pn = D%y [* + [ Dty N2 + [, [N + Fyu),

we obtain the:

THEOREM 11.8. — Under assumptions (40)-(41), any minimizing sequence
u, satisfies: there exists a sequence (v,) in RN such that D*u,, F(u,), u,
are relatively compact in L2, L, L2N®N~% respectively where ta(.)=un(. + yn).
In particular there exists a minimum in (42).

REMARK 1I.13. — Exactly as in remark II.12, an interesting open
question concerns the symmetry of ground states of equation (39) or of
minima of (42) (since up to a scale change they coincide). The only very
partial answer we have is in the case when F is increasing for ¢ > 0 and
even. In this case we can prove that any minimum u is necessarily positive,
spherically symmetric decreasing and (— Au) is also positive, spherically
symmetric, decreasing. Indeed if « is a minimum we consider » solution of

—Av=(—Aw* in RN, peL2NN-9RN),  ype L2NON-2(RN);

where f* denotes the Schwarz symmetrization of f.

Then by an easy adaptation of the main result of G. Talenti [40], we see
that we have: u* < v in R". In addition in view of the results of A. Alvino,
P. L. Lions and G. Trombetti [/], we see that:

j Fuwdx = J F(u*)dx < J F(v)dx
”N RN RN

or there exists yo € RN such that: u(. + yo) = u*, — Au(. + y,) = (— Au)*.
Therefore, if we argue by contradiction, we find v such that.

J | Av [*dx = j D% 2dx = 1,
R2 RN

J F(v)dx > 4.

R2 ’
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and there exists § < 1 such that 7 = v<;> satisfies: J F(v)dx = A and
g RN

J | D27 |2dx = 68*1, < I,. This contradiction proves our claim.
RN

ReEMARK II.14. — We could treat as well problems where we replace
| D?*u|? or |Dul? by | D™u|? with m > 1, 1 < p < co. Then we need to

N
assume N > mp and p is then replaced by

— N—mp’
We now conclude this section by looking at another variant of the above
minimization problems:

43) L. =Inf { % J‘j‘ K (x — y)u(x)u( y)dxdy/F(u) e LY(RY),

j‘ Fwdx = A }

(44) KeMPRY), forsome 1<p<o or KeLYRY

where K, F satisfy:

iC>0, Ft)=Cltl*; F0O)=0, FeCR);
@9 | ImEOI= o fim FO)j e,

Vo > 1, 3C()> 1, F@O) < COFI) on R

with a = 2p(2p — 1)~ L.

ExaMPLE. — An example of particular interest is the case K(x)= X
N X
with 0 < u < N. Then of course p = —. Observe that in this case, by
scaling arguments we see that: H

i) I,=A2""N,<0 andthus I,<I +I,_, VAi>0, Vae]0,Ai[.
ii) If u is a minimum of (43), then u solves for some 6 > 0:

*u=0f(u) in RN

Ix[*

. N ~f - 1
fFeCland F’ = f. And () = u<w> with § = N is a ground state

solution of the equation:

—

* 1 = f(u) in RN,
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iii) Notice that if for example p = N — 2, then the above equation
is equivalent to

—A(f(w) =Cyut  in RY;

and if f is invertible, ¥ = f(#) solves some scalar field equation. [
THEOREM 11.9. — Under assumptions (44), (45), the condition:
(S.2) L<L+1,.,

is necessary and sufficient for the relative compactness in LYRY) of all mini-
mizing sequences up to a translation. In addition if (S.2) holds then any mini-
mizing sequence (u,), satisfies: there exists a sequence ( y,) in RN such that u,,
F(u,) are relatively compact in L%, L! respectively, where we denote by
(") = u,(- +y,). In particular if (S.2) holds, (43) has a minimum.

n

Remark II.15. — IfKe M? + M?with 1 < p < g < oo, then denoting

2p 2q
by a = >f = , we need to assume
2p -1 2g —1
. F() . F(@)
FOy=C{lt]*+[t|?}, lim— = + oo, I =4w.
(t) {1t +1e)1%} oy ItII_I}lm|t|a 0

While if Ke M? n M? (with 1 < p < g < o0), we just need to assume:

: _F@) _FQ)
Fe)=CMin {|t]5 [t]|#}, 1 =+ 00, liml —— = + oo,
v HER s e =t g =

III. UNCONSTRAINED PROBLEMS
III.1. Free minimization problems.

We begin by a few heuristic considerations: let &(u) be a functional defined
on a functional space H which commutes with translations and such that
£(0) = 0. Take for example:

Eu) = f JAu(x))dx, VueH

where je C(R™) and Au is a nonlinear operator defined on H, commuting
with translations, with range in a functional space with vector-valued func-
tions with m components (example: Au = (Vu, F(u), u? * K)) where A0 = 0,
J(0) = 0. Then we denote by:

I =1Inf{&w/ucH}.
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In general, we remark that either = — o0 or I =0 and 0 is a global
minimum. Indeed if T < 0, then let ue H be such that:

I<&uw<12<0

then clearly if we consider the new test function u where « we add to u
the same u but translated to infinity » we find:

&) = 28w) < 1
and our claim is proved.

Next, we consider more general situations where & is no more trans-
lation invariant like:

&) = J Jlx, Au(x))dx, YueH;
RN

where j(x, q) — j*(q) as | x| — oo, for ge R™
We then denote by:

I = Inf { &u/ucH }, I° = Inf { &°(w)/ucH }

with &°(u) = J J®(Au(x))dx. Clearly, we have: I < I®.

RN

Therefore if we want I to be finite, we need to assume that I® = &*(0).
If it is the case, the question of the existence of a minimum and of the
compactness of minimizing sequences reduces to the obtention of a priori
estimates in H on minimizing sequences, if we assume some form of local
compactness (that would imply the solvability of the problem if RN is
replaced by a bounded region): a typical example of such situation is
given in P. L. Lions [29] and concerns Hartree theory.

II1.2. The artificial constraint method.

In [I5] [16], C. V. Coffman considered a general method to reduce the
question of the existence of a non-trivial critical point to the solution of
a minimization problem on a manifold. More precisely if & is a C! func-

tional on a Banach space H such that: £’(0) = 0; then we look for nontrivial
solutions of the equation :

(46) &w) =0 u#0  ueH.

Remarking that solutions of (46) always satisfy some identities like for
example:

0=1Juw=<_8w,u>,
it is tempting to try to minimize & on the set M={uecH/Jw) =0} i e.
47) Inf { Su)ueH, wu#0, Juw=0}.
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Now if 0 is « isolated in M » and if & satisfies for example:
EeC?; (E"wuud — {&w,udd0 YueH — {0};

then one checks easily that a minimum of (47) is indeed a solution of (46).
In [I5] [i6] C. V. Coffman applied this general idea to solve various
semilinear elliptic equations or integral equations in bounded regions.

Here, we want to combine this general idea with the concentration-
compactness method. We will treat only one example:

0 ou .
48) — ;<aij(x) ) + cx)u = f(x, u) in RY u#0
0x; 0x;

where u satisfies: Vue L*(RY), ue L*N®N-2(RY) for example. We will
always assume that (a;{x)) satisfy condition (8).
We will just treat the case corresponding to « positive mass » i. €.:

(49) cx)eCRY), cx)>0 on RY ¢x) > ¢>0 as [x]| > o;

0
fe COYRN x R), %EBUC(RN x [-R, +R]) for all R <
(50)
Lt 0
30e 10,1, Oéf(xt )<95{(x,t) on RNxR;

_N+2
(51) lim f(x,t)|t] N2 =0, lim |f(x,¢)|> 0, uniformly in xe RN;
|t] = oo t]=> o0

(f N < 2, (N + 2)/(N — 2) may be replaced by any finite power),

flx,t) = f(t) as |x| — oo, uniformly for ¢t bounded
2 { 36>0, [fx,t)—f)I <e®)|t> for |x|=R, |t]<3s.
with gR) - 0 as R - +oo.

We then set: F(x, t) = Jt f(x,s)ds, F(t) = Jt f(s)ds, and

0
1 1 2 1 N
Eu) = 3 a; {x)0:ud ju + 2 c(xu* — F(x, udx, Yue H'(RY)
RN
1 1
Eu) = J 3 a;0udu + Ecu2 — F(uwdx , vue HYRN)
RN
Ju) = J a;{x)0udu + c(x)u? — f(x, uyudx, Yue HYRY)
RN

J*u) = f a;;0u0u + cu? — f(uyudx, Yue HYRY).
RN

And we finally consider:
(53) I = Inf { &(u)/ue H(RY), u# 0, Juy=0}
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(54) [ = Inf { £°(w)/ue HY(RMN), u#0, J*°w)y=0}.
We have the:

THEOREM III.1. — Let N = 1. Under assumptions (8), (49)-(52); every
minimizing sequence of (53) is relatively compact in HY(RY) if and only if
I < I®. If this condition holds, then there exists a minimum in (53) and any
such minimum is a solution of (48) in HY(RN).

In the particular case when a;{x) = a;;, c(x) = ¢, f(x, 1) = f(t), then every
minimizing sequence of (54) is relatively compact in H{(R™) up to a transla-
tion ; hence there exists a minimum of (54) and any such minimum is a solution
of (48) in HY(RM).

In the zero-mass case, we take ¢ = 0 and we assume in addition to (50),
(51):

_N+2
(55) }LI{)lf(x, it N2 =0, uniformly in x € RN

f(x,t) - f(¢t) as |x| - co, uniformly for ¢ bounded
N+2

36 >0, |fx, 1) —f@) | <eR) [t/N"2 for |x| =R, |t] <6

(52')

with &R) — 0 as R — oo. We now replace H!(RN) by the space
H = {ucLMMN-2RY,  VyeLARM ).

THeorReM 111.2. — Under assumptions (8), (50), (51), (55), (52’) and if

N = 3, ¢ = 0; the conclusions of Theorem 111.1 hold if we replace H(RY)
by H.

Remark III.1. — In the case of coefficients independent of x, the

existence result is of course contained in the results of section II (at least
if N = 3).

Remark III.2. — It is possible to relax considerably assumption (50),
but we will skip such extensions here. Notice that (50) holds if

f(x,t)zzai(x)ltl"“lt, where m=1, o;,=2a>0 and p;>1.
i=1

We will only describe the main new points in the proof of Theorems I11.1-2:
first of all, we remark that if (4,) is 2 minimizing sequence of (53), then (u,)

is bounded in H'. Indeed we only need to observe that in view of (50)
we have:

0
0<F(x,t)<mf(x,t)t on RN x R;
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therefore if J(u,) = O we have:

C> &) = J 306t — Fx,
RN

1 0
P s Yn nd
(2 1+9>LNf(x“)“ X

= ||ty |l -
We next apply the concentration-compactness method with
Pn = Vi, 1 + ug
if vanishing takes place, we already know by Lemma 1.1 that:

2N

u, - 0 in LYRN), for 2<a< .
" N-2

Then, because of (50), (51), this implies: j
[RN
and since J(u,) = 0, we finally obtain: u, — 0Oin H(RM). Next, remarking

that in view of (50), (52) we have:

S, uu,+F(x, uy)dx - 0:

2N
0<flx, )t <eft]>+CltIN"2  VieR, VxeRY;

we deduce from the constraint J(u,) = 0,

v [, |l Sj

RN

2N
f(xa un)undx <& l Uy, ]iz + Ca j\ l Uy, ‘Ez_ 2dx
RN
<ellu, e + Collu, [V

And if |y llge — 0, this would imply for n large enough: u, = 0. The
contradiction rules out vanishing.
To rule out dichotomy, we just need to observe that:

1
()<I<I_a=Inf{£(u)—§J(u)/ueH1, J(u)=—a}, VYa > 0.

Indeed if ue H', J(u) = — «, there exists t = t(u) € 10, 1[ such that: J(zu)=0.
In addition one checks easily that for all ue H' satisfying:
I_,<6w<C Juy = —«a

then r = #(u) < k < 1. If it were not the case there would exist (u,) bounded
in H', t, — 1 such that: J(tu,) = 0, J(u,) = — a. Therefore we would
obtain:

J Fx, taug)u, — fx, uupdx - — o< 0.
RN
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But clearly since (u,) is bounded in H!:

J |f s tathn )t = (x, uphiy | dx < e(8) + j S (e, tattn) —f (o, 1) | |1t | dx
RN

S€ |un|<1/8
<é&(d)+pd meas { |u,| =6}
1
<e(8)+ul 2
with &8) — 0 as 6 — 0, y5 — 0 for § > 0 fixed. And we conclude. It
is then straightforward to complete the proof of Theorem III.1. ]
We conclude this section by another minimization problem over a

manifold given by a constraint necessarily satisfied by the solutions of
the scalar fields equation:

Iun II%Z

—a;i0u=f(u), in RY, VueL*RY), ucL®™N"2(RN) F(u)eLY(RN
where f satisfies (26), (27). We already saw that any such solution satisfies:

N-2

23 -
(23) SN

i a;;0u0 judx = J‘ F(u)dx .

RN

Therefore the general idea given in the beginning of this section motivates
the introduction of the following minimization problem:

(56) I= Mln { J’ aualuajudx/Vu € Ll(RN), ue LZN/(N7 2)(RN) 5
[RN

N-2
u #0, F(u) e LY(RN), S aijaiuajudXZJ F(u)dx } .

2N RN R

This problem when the minimizing functions u are restricted to be sphe-
rically symmetric (if a;; = J;;) was considered in M. Struwe [38]. We
have the:

THEOREM I11.3. — Under assumptions (26), (27) and if N =2 3, F({) > 0
for some { in R, then any minimizing sequence (u,) of (56) satisfies, up to
a translation, the following properties: Vu,, u,, F(u,) are relatively compact
in L2, L2NN=-2 11 respectively.

We skip the proof since it is very similar to those we already made.

IV. MULTIPLE CONSTRAINTS AND SYSTEMS

We consider first the analogue of the heuristic principle given in Part 1
for problems with multiple constraints. In the following sections we pre-
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sent some examples of such problems. With the same notations as in sec-
tion I of Part 1, we consider:

Iy, .. Ay = Inf { Sw)/ueH, T =4, 1 <i<m}

where J; are of the same form as J in Section I of Part 1, where m > 2 is
given. We again introduce the « problem at infinity »:

I°(Ay, .., Ay = Inf { 2°(W)/ueH, JPw)=A;, 1<i<m}.
Then exactly as in Part 1, we see that we have in general:
IAq, ooy d) < Loty ooy 0) + 1% —ay, . A —a,) forall a,e]0, 4;].

Then the following analogues of (S.1)-(S.2) are equivalent to the compact-
ness of all minimizing sequences:

(S.1) Iy, .. A) < Lotg, ..oy o) 1Ry —aty, ooy Ap—

for all a;e[0,4;] such that: Za <2

(S.2) I®(Ay, .. A < 1%y, ..., 00 + I°( —oy

forall o;€ [0, 4;] such that: 0<Za <Z

Many problems of this kind arise when u is vector-valued and some

constraints are imposed on each component of u (see section IV.1 below
for an example).

IV.1. Examples.

We will first begin with the easy example of Hartree systems: then,
see for example E. H. Lieb and B. Simon [23], we consider

I= Inf{ J ZIVu 12 — V(x)uZdx
Z U SOTO) e HR), gl = 1};
wixms | X — Y]

Zi
where m = 2, V(x) = Z l— and z; > 0, x;e R®. We denote by
X — X;

i=1
Z = EZi, and by I(4,, ..., 4,) the same problem with the constraints
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| u;|f2 = A;. Clearly 1®°(uy, ..., 4y) =0, for all y; >0 and I is a non-

increasing function of each variable A;. Therefore (S.1") is equivalent to:
I<Ii,...,an...,1) forall o;e[0,1], forall 1<i<m.

And this will be the case if

m—1
Inf{ J [ Vu|?— 2dx—}-z ! J‘ uz<w§ *—1—>dx/ueHl([RR3), Jul=1 }
L2 e x|

- < —-a<0

for some a independent of w,, ..., w, _, satisfying: w;e H', | w,; |, = 1.
Choosing radial test functions u, it is easily seen that this condition
holds if Z > (m — 1): indeed we have for such u

Jqu]z—}-V de—}-Z H WD)
RS x k3 Max ( IXllyI)

Ivup V(x)u2+(m_1)

u?dx .
2 | x|

We see that we recover the main result of [23] (observe that the above
argument is in fact the same as the final argument in the proof of [23]).

We now explain how one adapts the concentration-compactness method
to such problems: we consider now a problem slightly more difficult than
the preceding one (since in the following example & is no more weakly
lower semicontinuous). We study the « system » analogue of the Cho-
quard-Pekar problem:

N i
I — Inf E Lovu P + L vioudx
L IRN 2 2

1 2 2
— 2_“‘ dedy/uiGHl(lRN), lu;[2.=1 forall 1<i<m }
';&-4 RN xRN | X — V|
Lal)

where m > 2 (the case m = 1 was treated in Part 1 [24]) and where
N
Ve LARY) + LYRY) with 3 <pg<oo,foralll <i<m

Then the heuristic principle briefly sketched in the introduction of this
section states that all minimizing sequences u* = (u}, ..., u}) are relatively
compact in HY(RY) if and only if: m

<TI0y, ..., o)+ 1(1—ay, ..., 1—a,), Yo;e [0,1], 0<Zai<m;

i=1
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where I(44, ..., 4,,) denotes the value of the infimum of the same problem
but with constralnts u; 12, = d; = 0.

Indeed we use the concentration-compactness method with p, = z (uF)?:

i=1
ifQ,t) - Qt)on R, and I= lim Q(t), then 0<I<m. If I = 0, we argue
n t— + o
as usual; while if € 10, m{, we decompose p, and thus all the (u}); simulta-
neously in two sequences v" = (v], ..., vy)and w* = (w], ..., wj) such that:
lu* = (" + w) il < &,

EW"y = (W) + E7 W) ~ d(e) with o(e) = 0

dist (Supp | |, Supp | w"[) — + o0, {Zlv?liz—ltés

Therefore without loss of generality we may assume that | v} |2 -

m

Y-l

i=1
using the strict subadditivity inequalities. And we conclude easily by argu-
ments very similar to those made before.
The above argument shows clearly that all the results we had with only

one constraint may be easily transposed to systems, where we replace
{S.1)-(S.2) by (S.1)-(S.2".

where: 0 < a; < 1,

¢. It is then easy to rule out this case

IV.2. The case of L.* constraints.

It is then clear enough that the idea of the concentration-compactness
method rests on the splitting of integral functionals. Therefore it is not
clear how the method should be applied on everywhere defined constraints
like for example L® constraints. We explain how the method has to be
adapted on a problem arising in astrophysics (see Auchmuty [3],

P. L. Lions [301]) involving two constraints one of which being a L® type
constraint:

(57 1,=Inf { ‘U K{(x— y)p(x)p(y)dxdy/0< p<1 on RN, J pdx=2A }
RN xRN RN

where 1 >0and Ke M? + Mwith 1 <p<g<oo (if p=1, we set M'=L").
THEOREM IV.1. — The condition

(S.2) L<L+1,_, Vael0A[
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is necessary and sufficient for the relative compactness in L! up to a transla-
tion of all minimizing sequences. If (S.2) holds, then all minimizing sequences

are relatively compact in LARY) (Vp < o) up to a translation and there
exists a minimum.

1
ReMark IV.1. — If K(x) = — = with 0 <p <M, then by an easy

x ¥
scaling argument we obtain: I, = 22 7#N[| with I, < 0and thus(S.2)holds.
The proof of the above result is exactly the same as those made before
(see in particular section IT of Part 1), remarking that the constraint 0 < p <1
is conserved when we split the minimizing sequence p, into two parts pl,
pZ as we did in the proof of Lemma 1.1 in Part 1 [24].

ReMArk IV.2. — If wereplace the constraint 0<p < 1by:0 < p< p(x)
where (for example) p e C,(RM), p(x) - p® as | x| — oo; then the same
result holds replacing (S.2) by:

S.1) L<L+I2,, Vae[0,A[

where I is the same problem but with the constraint: 0 < p < p®.

V. VARIANTS AND EXTENSIONS
OF THE CONCENTRATION-COMPACTNESS PRINCIPLE

V.1. Unbounded domains.

We first want to explain that if we consider the analogues of the pre-
ceding problems in unbounded regions different from RY then, for general
unbounded domains Q, condition (S.1)—where the problem at infinity
is defined as before—is necessary and sufficient for the compactness of
all minimizing sequences. More precisely (S.1) is always sufficient while
it is necessary if, for example, Q satisfies:

(58) YR Ix,e RN | X, | , .+ Brc Q.
< oo, dx,elx’, Xn —">+oo X, + Bg <

Let us consider one example corresponding to the determination of
standing waves for nonlinear Schrodinger equations in an unbounded
domain Q of RY:

(59) Ilenf{JIIVulz—i—1V(x)u2—llu]"dx/ueH(1)(Q), |u|fz=l}
92 2 P

N 4
where Vel¥Q)+LAQ) with 5<a,[3< o and 2<p<2+ N A>0.
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We introduce the problem at infinity:
1 1
60) 17 = Inf{j‘ §|Vul2 —;\ul"dx/ueHl([R{N), lujt. = 1}.
RN

THEOREM V.1. — Under assumption (58), the condition:
I <Iy

is necessary and sufficient for the relative compactness in H(Q) of all mini-
mizing sequences of (59).

The above result is just a consequence of the fact that (S.1) is in fact
equivalent to the above strict inequality since we have easily by homo-
geneity: Is; < 01,<0, V8> 1, VA > 0. Then the fact that (S.1) is equivalent
to the compactness of all minimizing sequences follows from the concen-
tration-compactness method considering here (for example):

pn = lo(x)uy .

It is now clear that we can adapt all the results of the preceding sections
to the cases when the problems are given now in general unbounded
domains Q instead of RN.

We next want to consider problems which are specific to unbounded

domains (distinct from RY) namely problems associated with (for example)
the equation:

0
61) —Au=0 in Q a—u:f(u) on 8Q, u#0
n

in addition one wants u to « vanish at infinity ». Here f e C(R), f(0) = 0
and n is the unit outward normal to dQ. To simplify the presentation we
will only consider the case when Q = {x = (xy,...,xx), X, >0} —Q
is an half-space, but it will clear from the arguments given below that
we could treat as well much more general equations and domains. We will
introduce two different minimization problems: the first one is given by

(62) 1,,=1nfU | Vi |2dx/ue LAQ), ue LAN®=2(Q) F(u)e L1(5Q),
Q

J Fuwdx' = A }
20

Recall that, in view of the trace theorems, if Vue L3(Q), uec L2N®-2(())

then one may define by density the trace of u on dQ and u e LY0Q) where

g = 2(N — 1)/(N — 2). To simplify we will assume N > 3. We will assume
t

that f, F = | fds satisfy:
0

63) Hm (f@}T =0, fim Rl = 0.
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The second minimization problem is given by:

64 I,= InfU | Vu? + dx)uzdx/ueHl(Q),j |u|Pdx’ = A}
Q a0

where 2 < p < ¢ and

(65) cx)eCQ), cx) > ¢ >0 as |x| - o, cx)>0 on Q

We then introduce the problem at infinity:
(64" I = Inf {J | Vu|? + c®u’dx/ue HY(Q), J |ulPdx’ = 4 }
Q aQ

THEOREM V.2. — We assume N = 3, (63) and F({) > O for some { e R;
then all minimizing sequences of (62) satisfy up to a translation of the form
Y=, ya, ..., y0):

Vu,, u,, F(u,) are relatively compact in L(Q), L2N®N=2(Q), L1(0Q) respectively.

In particular there exists a minimum.

REMARK V.1. — Obviously any minimum of (62) satisfies:
. ou
—Au=0 in Q a4=9f(u) on 0Q,
n

" where 6 > 0. Then choosing u(.) = u<§>, we obtain a solution of (61)

—and it is easily proved that the minima of (62) lead by this argument
to ground-state solutions of (61). |

THEOREM V.3, — We assume 2 < p < q(q = + oo if N < 2) and (65).
Then all minimizing sequences of (64’) are relatively compact in HYQ)
up to a translation of the form y, = (0, y2, ..., 7).

Then condition: 1, < 17, is necessary and sufficient for the relative compact-
ness of all minimizing sequences in H'(Q).

First of all, let us explain these results by remarking that, in the case

N-2
of Theorem V.2, we have: I = AN, > 0 (scaling) and thus (S.2) holds.
While in Theorem V.3, the result follows from the fact that (S.1) reduces
to I, < I{ since we have:
I, =A%, > 0.

These results are still proved by the concentration-compactness method
that is applied to sequences of bounded nonnegative measures instead
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of L' functions: indeed in the first case, we introduce for any minimizing
sequence (u,), the measure y, defined by:

V(P € Cb(RN)’ Jv(PdAun = J\ (PFZ(un)dx’
o

where F, is built in a similar way as in the proof of Theorem II.3.
In the second case, p, is defined in a similar way replacing F,(u,) by | u, |?.
Then the concentration-compactness method is applied to the measures:

Pn = { |Vun |2 + ]un|2N/(N‘2)} lﬂ + Ha
or

P, ={[Vu,[* +ul} g + s,

V.2. Partial concentration-compactness.

In this section, we want to explain on a few examples—motivated by
Mathematical Physics—that the concentration-compactness principle
and method can be adapted to problems where the unboundedness (or
translation invariance) of the domain « takes place only in some direc-
tions ». For example, let us consider the following problem motivated by
fluid mechanics (see Amick and Toland [2], J. Bona, D. K. Bose and
R. E. L. Turner {/3], M. J. Esteban [20]):

66y 1,= Inf{J‘ a; {x)0ud ju+ c(xudx/u e H},(Q),J K(x){u|?dx=2A }
Q Q
. . 2N
where Q = @ x R™, and @ is bounded in R*, m > 1; where 2<p<——
ifN > 3,2<p<o0if N=2and N=n+m; and where N-2

67 { o(y,2) = ¢®(y)as|z| - co, uniformlyin ye@, for p=a;; c,K;
aj=a;, ¢, Ke Cb(ﬁ);

(68) Iv>0, YueHL), j a{(x)0ud u+ c(xu’dx = v| Vuli..
Q)

THEOREM V.4. — We assume (67), (68). All minimizing sequences of (66)
are relatively compact in HY(Q) if and only if 1; < I, where

66 I9= Inf{ J' aB(y)oud u+ c*(ynldxjue H(), J K*(y)|u|Pdx=4 }
Q Q

_ _ _ o L
In the case when a;; = aff, ¢ = ¢*, K = K®, all minimizing sequences of

(66) (= (66") are relatively compact in HE(Q) up to a translation of the
form x, = (0, z,) with z,e R™

Vol. 1, n° 4-1984.



278 P. L. LIONS

REMARK V.2. — It will quite clear that we could treat as well much
more general problems, that we can replace the Dirichlet boundary condi-
tions by Neuman nconditions (or even nonlinear ones as in section V.1).

Let us in particular consider the following variant (adapted from sec-
tion I11.2):

1 1
(69) I =Inf { Jﬂi a;{x)0;udu + 3 c(¥)u? — F(x, wdx/ue HY(Q), u#0,
J ag(x)8udu + c(xu® — f(x, Wudx = 0}
Q
t
where F(x,t) = J f(x, s)ds, fe C(Q x R) satisfies:
0

_ 0 =
fe CoL(Q x R), 51{5 BUC(Q x [— R, + R]) forall R<w

(507

e 10,1, 0<f(xt’t)<9%{(x,t) on QxR:

_N+2 _
(519 l1Iim fo, )l ¥2=0, \1lim | f(x,t)] > 0, uniformlyin xeQ,
t[2 o t|—= o

. N+2 .
if N =2, N3 may be replaced by any finite power.};
fnz,t) - fo(y,t) as |z} - o0, uniformly for ye @,
(529 t bounded
B>0, [f(yz0)=f(y,)|<e®)|t|* for [z| =R, [t][<3
with ¢R) - 0as R — oo.

We denote by I* the Infimum corresponding to a}, ¢, f .

THEOREM V.5. — We assume (67), (68), (50", (51, (52"). Then any
minimizing sequence of (69) is relatively compact in H§Q) if and only if
1 < I*. If this condition holds, there exists a minimum u of (69) and this
minimum satisfies:

9 2
- ~<ai, D) b cu=fen) in @  ueHNQ), wu#0.
Ox; 0x;

If a;;=a;, c = ¢®, f = f®, any minimizing sequence of (69) is relatively
compact in HY(Q) up to a translation of the form x, = (0, z,) with x,e R™;
and the above conclusion holds.

REMARK V.3. — The conditjion I < I holds if for example: (a;;) <(a7;).
c<c® and F > F*®, with some strict inequality at some point of Q.
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The proof of these results is easily adapted from the concentration-
compactness method and the arguments of section I of Part I [24]: indeed
consider, for example, p, = | Vu, |* + u2 and introduce the (partial) concen-
tration function Q, on R :

zeR™

Q) = Supj | Vu, | + u2dx .
Ox(z+By)

Then it is easy to adapt the proof of Lemma 1.1 of Part 1 [24] and we
may mimick the arguments we did before.

By the same type of arguments, one may treat the problem of global
vortex rings (in two and three dimensions): we may then recover the gene-
ral existence results obtained by H. Berestycki and P. L. Lions [//], extend-
ing those of Fraenkel and Berger [2/]. In addition we obtain the com-
pactness of all minimizing sequences up to a translation of the form x,=(0, z,)
with x, e R.

We can perform a similar treatment of the rotating stars problem—
thus recovering results of P. L. Lions [30]—i. e.:

11=1nf<U j(p)+V(r)pdx—1ﬁ P 4ayo < p, peLARY),
w3 2 R3 x &3 ] X—y {

p(x, v, 2) = p((x* + yH)2, z), J pdx = A }
RS

where V>0, r = (x? + y)Y2, 1> 0, je C,(R,) satisfies:

J0)=/(0)=0, j is strictly convex, lim Jo 4P = 4+ oo

Then we can prove that any minimizing sequence of the above problem -
is relatively compact in L*(R?) up to a translation in z if and only if I, < 0.
We just need to apply the above arguments with:

Q,(t) = Sup J pulxs ¥, n)dxdydn .
(2 +y2+(n—2)2<1?)

zelR

V.3. Applications to best constants.

The concentration-compactness method may be applied to show that
best constants in various functional inequalities are attained: we will give
here a few examples (the list of applications is by no means complete);
the main restriction being that we need some form of local compactness
which excludes the interesting limit cases (for the treatment of such cases,
see P. L. Lions [3]] [32] [33).
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Np

if p<—, 1< g < oo, and if we denote by I the open interval with end-

Example 1. — If D"uelP, uelfwithm=21, 1<p < w0, q#

points g and

. N N
if p<—, + oo if — < p), then:
m m

—mp
lu \Lx(RN) < Clu \?ﬂ(RN) | D™u \i;(gw)

Np + mpo— No
where G—q i aecl.

~ aNp + mpg — Ng~

. N
Example 2. — If DueL?, ueL? with 1 <p < 0, g #N P

if p <N,

1<q<oandifa, , paresuch that: 0 < p < N,0 < a0 < 00, 0<f <0
and

1
9‘_+ﬁ:1+_’ forsome rel;
r N B
then
1/a
Luff > | x|# I_E(nazw)< | Du I("“”“R“)l u lIl-"_(ﬂgel“)
- N-— N
where 0 satisfies: Hp —g— 2 +({1-6-—.
& p
) Np .
Example 3. — If Duel? ueld w1th1<p<oo,q;éN if p <N,
. 20 W
1<g< o and if o, p are such that: 0<u<N, O<a< o0, —+N—=2,
r

for some r e1; then

@ @ 1/2a
{ﬂ de}/ < C1 Du Lo # lachny
RN x RN ]x_yi

IN— N— N
where 0 satisfies: — - = § 2 4 (1—0)—.
2 P q

o

Example 4. — If ue WhP(Q) with Q = {x = (x1, ..., xn)/x1 > 0},

(N—-D)p

1<p< o0, and if we denote by I=:\p, N )[(4—00 if N < p); then:
4

[ lixaey < ClVu [lI;_P(n) lu Ii;{&)

N _
forael,where9=f—N 1.
p o

Example 5. — If uelL’nL? with 1 <p<g< +o0 and if o, f, u satisfy:
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O U 1
O<u<N, O<a<oo, 0<f< o0, _+1TI: 1 +B with re 1p, q[; then:
r
1/a
ful®= < Clulislults®
| x|*|Ls
—up

where 0 satisfies:

N N
—0—+(1—-6"—.
P q

Example 6. — If ueLP n L1 with 1 < p< g < + oo and if o, are such that:

2 .
O<a<oo, 0<u<N, ﬁ%—%: 2 with re lp, q[; then:
r

a @ 1/2
{ﬂ _lul(x)lumdxdy} < Clufl, lulls?
RN xRN

[x—yl*

2N—u N N
where =0—+01-08)—.
20 )4 q

In all these examples, we can prove not only that the best possible constant C
is attained but that all minimizing sequences are relatively compact up to a
translation and a change of scale. Indeed it is obvious that all these inequa-
lities are scale invariant and thus we may without loss of generality look
at the associated minimization problem with two constraints like in
Example 1:

(4, u)zlnf{ - J | u|dx/| D"u | e L7, ue LS, | D"u |, =4, |ulf, = u};
RN

for some A, u. Now using the homogeneity and again scaling arguments

we find:
I(A, w) = A7p°1(1, 1) < O

with y=(Ng— Na)(Ng—mpqg—Np)*, §=(No— mpa— Np)(Ng—mpq— Np)~*.
Remarking that y + 6= (Ng— mpa—Np)(Ng—mpg—Np)~ ! > 1, we deduce:
(A4 w<I(e, )+ T(A—a, u—p), Yaec 10, A[, VBe 10, u[. And in view of the
arguments of section IV.1, we may conclude and our claim is proved.
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