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ABSTRACT. — A free boundary problem arising from the bidimensional
thermal modelling of aluminium electrolytic cells is studied. The medium
is assumed piecewise homogeneous and nonlinear. A fixed domain method
is proposed which leads to a weak formulation of the problem. Existence
of weak solution is proved by regularizing the contact condition between
the homogeneous subdomains and passing to the limit.
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RESUME. — Dans cet article on étudie un probléme de frontiere libre qui
apparait dans la modélisation thermoélectrique des cuves électrolytiques
d’aluminium. Le domaine physique est supposé homogene par morceaux
et nonlinéaire. On utilise une méthode de domaine fixe qui conduit a
une formulation variationnelle du probléme. L’existence de solution faible
est démontré par régularisation de la condition de transmission entre les
sousdomaines homogénes et passage a la limite.
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1. INTRODUCTION

In this paper, a free boundary problem motivated by the thermal modelling
of an aluminium electrolytic cell is studied.

Aluminium is produced by reduction of alumina dissolved in an
electrolytic bath based on molten cryolite (see [11]). This complex process,
called Hall-Héroult, involves thermoelectrical and magnetohydrodynamical
phenomena, electrochemical reactions, complex phase equilibria and so on
(see [12]).

The Hall-Héroult process takes place in an electrolytic cell (see Fig. 1)
which consists of a rectangular steel shell with an inner covering of
insulating and refractory materials. Inside this, there is a linning of prebaked
carbon cathode blocks with embedded steel current collector bars. Both the
liquid metal and the electrolytic bath are upon these blocks. A frozen bath
layer, the so-called ledge, protects the side wall of the cell from corrosive
electrolyte. This ledge also reduces the heat loss from the cathode and
works as a heat sink when extra power is supplied to the cell, thus playing
a major role in the thermal behaviour of the cell.

The outline of this paper is as follows: in section 2, we recall the main
features characterizing the thermoelectrical behaviour of an electrolytic cell.
The unknowns are the temperature, the electric potential and the profile of
the ledge which becomes a free boundary.

Theoretical analysis of this problem is extremely difficult due to the
coupling between thermal and electric equations, the nonhomogeneity of
the domain, the physical nonlinearities and the free boundary. In [4], a
discretized thermoelectrical problem is introduced and an iterative algorithm
is used to compute the solution for a test example and real industrial
electrolytic cells.

As a first step, in [6] we study the free boundary problem in the ledge
which is both piecewise homogeneous and nonconductor, and consequently
only the thermal phenomenon is considered. Both, existence and uniqueness
of solution are demonstrated assuming that the ledge is linear (i.e. the
thermal conductivity coefficients depend on space variables but not on
temperature).

In the present paper we also study the thermal submodel. The difference
with respect to the case considered in [6] is that now thermal conductivity
also depends on temperature. This fact leads to a nonlinear diffusion
term which makes more difficult the mathematical analysis. Indeed, since
thermal conductivity also depends on the space variable, to avoid this
nonlinearity by using a global Kirchhoff transformation is not allowed.
To overcome this difficulty we use domain decomposition methods by
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EXISTENCE OF SOLUTION FOR A FREE BOUNDARY PROBLEM 401

considering two homogeneous subdomains (which can be distinguished in
the ledge) corresponding to the levels of bath and aluminium.

In section 3 we introduce a weak formulation in a fixed domain.
Mathematically, this problem is a stationary one phase Stefan problem
with source at the free boundary (see [17]).

Section 4 is devoted to proving an existence theorem for an auxiliary
problem, depending on a parameter, which regularizes the contact condition
between the homogeneous subdomains. After setting some a priori estimates
in section 5, existence of a weak solution for the thermal problem is proved
in section 6.

2. THE THERMOELECTRICAL PROBLEM

In this section we describe the thermoelectrical behaviour of the cathode
of an aluminium electrolytic cell.

The voltage drop between the anode and the cathode causes an increasing
of the temperature due to the Joule effect. Likewise, the potential distribution
of the electrolytic cell depends on the temperature through the electrical
conductivities of the materials. Therefore, from a mathematical point of
view, the full problem couples both a thermal and an electrical problem,
and it is similar to the so-called thermistor problem (see [13] and the
references therein). However two additional difficulties appear in the present
problem. Firstly, the domain of the model is not homogeneous and then
physical parameters depend not only on temperature but on position z as
well. Secondly, there is a free boundary: the profile of the ledge, called
S in Fig. 1.

The boundary conditions for the electric problem are given by the
knowledge of the current density through the cathodic bar. Moreover, the
heat flux through the exterior boundaries due to the losses by convection
an radiation leads to the boundary conditions for the thermal problem.

The ledge, being a nonconductor, is actually a fundamental part of the
cell from the thermal point of view. In the recent years, several attempts
have been made to determine the heat flux through the surface S (see [1],
[18]). Since the temperature is almost uniform in the liquid phase due to
the strong horizontal flow caused by the electromagnetic field, we assume
that the temperature, T, is equal to the solidus temperature of the bath,
called T,, in S. The heat flux on S is given by

k(;c,T)g—Z; = h(z2)ni(z), (2.1)
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Fig. 1. — A section of the cell cathode.

where £ is the thermal conductivity depending both on the space variable
z = (x1,22) and on the temperature, n, represents the first component of
the outward unit normal vector to the ledge at S at point  and h(z2) is
a function to be given which only depends on z». In practice, & has to be
identified from experimental measurements because it depends on factors as
the electrolyte composition. In [3], a method to identify the function A from
experimental measurements of the ledge profile is developed. Including n;
is not only convenient from the mathematical point of view but it also
makes sense from the physical one because the heat transfer depends on the
slope of the free boundary: the greater the slope the greater the heat transfer.

In [5], this full thermoelectrical problem is discretized using pentahedral
finite elements of six degrees of freedom and numerical results are given
for real industrial situations.

The difficulties appearing on the theoretical treatment of this coupled
problem, as the nonlinearities on the physical characteristics of the materials
or the free boundary, lead us to consider a simplified problem taking place
on the (unknown !} domain occupied by the ledge.

3. STATEMENT OF THE PROBLEM

As a approach to the theoretical study of the full thermoelectrical problem,
we consider a simplified bidimensional submodel. The ledge is the domain
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EXISTENCE OF SOLUTION FOR A FREE BOUNDARY PROBLEM 403

where the problem is now posed,; it is formed by two layers corresponding to
the bath and the metal levels and, as a consequence, the thermal conductivity
is different in these two levels (see Fig. 2). Since it is a nonconductor
material, release of heat by Joule effect does not occur and then we can
consider only the thermal part of the problem which becomes a one phase
Stefan problem with source at the free boundary (see [17]). A similar
problem is developed in [16] for the evolutionary and multiphase version
but it does not cover the present situation.

X2

Fig. 2. -~ 2~ domain.

Let €2~ be the ledge. We assume that {2~ can be written as
Q" = {(z1,32) €R?, 0 < 22 <, fi(x2) < 11 < falz2)}, (3.1)
where o is a positive real number, f;, i = 1,2 are Lipschitz functions and

fl(l'z) < fQ(.’L'Q), V.’Ez € [O,G]. (32)

Actually, f, is an unknown function corresponding to the free boundary.
The solidified bath and metal are denoted by Q7 and €2, , respectively
and we suppose that they are given by
Q7 = Q" N {(z1,22) €R* b < 33 < a}, (3.3)
Q= Q N {(z1,22) € R%,0 < 5 < b}, (3.4)

where b is a positive real number such that b < a (see Fig. 2).
Let I'T, = 907 N8, and T'; and S be the graphs of the functions
fi1 and f5, respectively. Finally,

F; =00™ N ([IEQ = 0] U [.’132 = a]) (35)
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Notice that I'y U T, is the part of the boundary of {2~ different from
the free boundary S. We denote
S, =5nodN7, i=1,2. (3.6)
Since {1~ is piecewise homogeneous, the thermal conductivity can be
written as follows:

ky(T(x)) ifxzeQ

W, T) = {k;Q(T(:I:)) ifw €. (3.7)

On the other hand, a Robin boundary condition is assumed on I';
involving a convective coefficient « and the convective temperature of
surroundings, T..

We shall assume all along the following assumptions on the data
(H1) Fori=1,2, k;(s) : R — R are continuous and there exist positive
constants k.in and k..., such that &,,;, < ki(s) < knae-

(H2) T, is a positive constant.

(H3) h € L*™(0,a) is nonnegative where a is the height of the domain
(see Fig. 2). '

(H4) The function « only depends on the space variable and belongs to
L*>=(T';). Moreover, a(x) > quim > 0 ae. on I'y.

(H5) T.€ L*°(0,a), with 0 < T,,;,, < T. < T, ae. on (0,a).

(H6) hny + a(T, — T.) > 0 ae. on I';, where n; denotes the first
component of the outward unit normal vector to I';. We assume that
-1 <m < 0.

Physically, the assumption (H6) establishes an upper bound in the heat
source at the free boundary. From the theoretical point of view, it is needed
in order to prove that the solution of our problem is less or equal than 7.
In [5] and for a onedimensional version, solutions without this property are
obtained if (H6) does not hold.

Throughout this paper we use standard notations for Sobolev spaces and
norms. We also denote

H(div, Q) = {v € (L*(Q))% divv € L*(Q)}, (3.8)

Hé({Q(FO) = {pe L*Ty); 3z € H(Q)
such that z IFU:: 12 and z l(BQ\Fo): O}7 (39)

where I'g is an open set of the boundary of €.
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Let us consider the following free boundary problem:

e Problem (P)
Find T; in H*(Q7) and S;, 7 = 1,2 such that

kl(Tl(:r))%%(L) =0onl; NoQ, (3.11)

T;(x) =T, on S;, (3.12)

kz(ﬂ(x))(?;} () = h(z2)ni(z) on S;, (3.13)

kl(T,(a:))%z;l () + afz2)(Ti(z) = Te(z2)) =0 on Iy N O, (3.14)

for i = 1,2. Moreover, we must impose the transmission conditions on ['] 5:

Ti(x) = To(x), (3.15)

b (T3 o= (o) + ()

1 2

(x) =0, (3.16)

n.- being the outward unit normal vector to €2;°, ¢ = 1, 2. The conditions
(3.15) and (3.16) express the requirement for the temperature and the heat
flux not to have jumps on I'j,.

Equality (3.10) holds in the distributional sense and then k,(T;(x))VT;(x)
belongs to H(div,); ), i = 1,2. The boundary condition (3.11) holds on
(Hy)* (T N 89)) . and analogously with (3.13), (3.14) and (3.16).

For theoretical and numerical purposes, it is interesting to embed the
problem (P) into another one defined in a fixed domain. For this purpose,
we consider the sets 29 and Q3 called the fictitious domains (see Fig. 3).

1"118 &\\\ \\\\\ r}

Fig. 3. — © domain.
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We define €2; as the interior of the set 2. U S, U Q? and

Iy 2 = 082 N OQy, (3.17)
I =14 Nos, (3.18)
- =r;n dSZ" (3.19)
T% = {(z1,12) € s o1 = ¢}, I’s riur? (3.20)
I =90, \ (T UT;, UTEUTE), (3.21)
IL=T, UTY, Ty =T1uT?, (3.22)

where the meaning of c is clear from Fig. 3. We define €} as the interior of
the set 27 U 2o UT'y o with boundary I' = I"; UT's U I's. Moreover we set

HY Q) = HY () x HY(Q,), (3.23)
with the standard product norm, i.e.

I (uz,uo) 1= (w11 20, + w2 20,0 (3.24)

As H'(f) is continuously imbedded into H'(2), hereafter a function
T € H* () will be denoted by (T1,75) € HY{(Q) withT; =T |q,, i = 1,2.
We consider the weak problem:

¢ Problem (WP)
Find T = (T1,Tz) € HY(Q), ¢: € L>=(£%), i = 1,2 such that

2
Z/ (T VT szdx-{-Z/ hql d +Z/ (T, = T.)z:dl’
i=1

Z / hzidl,  Y(z1,2) € HY(Q) (3.25)

¢ E€HT -T,), i=1,2 (3.26)

where H denotes the multivalued Heaviside function given by

0 if <0,
H(ry= [0,1] if r=0, (3.27)
1 if r>0.
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For a solution of the problem (WP), let the sets 2, S, Q;, QY, I'y
and I';, be defined by

={ze€Q:T(x) < T,}, (3.28)

S =00 NQ, (3.29)
Q7 =07 nQ,, (3.30)
= Q\(Q7 U S)), (3.31)

r; =T,noq, (3.32)
', =007 NoQy, (3.33)

S;, I‘é‘ and Féo being defined in (3.6), (3.19) and (3.21) respectively.

Notice that ¢; is equal to zero in §2; by (3.26).

Remark 3.1. — If the solution (T}, T3) of the problem (WP) is continuous
and less or equal than T, and S has twodimensional Lebesgue measure
zero, then the set equality

Tio=T],Ul, (3.34)
holds where I'{ , = 9Q N 9QY (see [15] for further details).

ProposITION 3.1. — If there exists a regular solution (11,15, q1,q2) of the
problem (WP) such that T;(z) < Ty a.e. in Q; and furthermore I'y C 097,
s C 999 and Q7 and QO are open sets with Lipschitz boundary, (i = 1,2),
then (T1,T5, q1,q2,S) is a solution of the problem:

VY (k{(T(z))VTi(z)) = 0 in Q7 , (3.35)
Ti(z) <Ts, ¢q{x)=0inQ], (3.36)
~hz2) 5 94, (@) =00 (3.37)

Ti(z) = 0< ql<.1‘) <1in Y, (3.38)
(J;) T, on S;, (3.39)

ki(Ty (2 )) an L (1) = haa)as(w)ma () on S, (3.40)

ki (T; (1)) (:E) =0on Y, (3.41)
(Jg)qz(JZ) h(zz) on T, (3.42)

k(T (x)) (37) + a(xa)(Ti(x) — Te(z2)) = 00n T, (3.43)
(l‘) Ty(z) on Ty, (3.44)

R(T (@) 1 ‘9T1 (@) + ka(To(2)) ;f; (¢) =0onTis  (3.45)
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408 A. BERMUDEZ, M. C. MUNIZ AND P. QUINTELA

for i = 1,2 and ny as in equation (2.1).
In (3.40) ¢, represents the trace of ¢, restricted to Sl? on S;.

Proof. — If we choose z € D(§2; ) (the usual space of functions of class
C*> with compact support in €2;) and z € D(2¥), we classically have
(3.35) and (3.37) in D’(£27) and in D'(Q?), respectively.

By definition of 29 and €2, we have 7; = T in QY and ¢; = 0 in €2,
respectively. Thus, by applying the Green formula, equation (3.25) implies

Z/ ki (T, dT7(1r+/ oy (1)) =——— o, 2dD

furius, O Ty Ing,

+/FI» ko (T ng)z;dFJrZ/ hgi(—ny zdF+Z/ hg; z;dT
+Z/ T — T,)zdl = Z/ hzidD. (21, 2) € HY(Q), (3.46)

taking into account that V7I; = 0 in \ Q7. From (3.46), we deduce
(3.40), (3.41), (3.42), (3.43) and (3.45). Finally, since (Ty,T) € H'(Q),
(3.44) holds true. O

Notice that if ¥ is connected and T} C 99, (3.37) and (3.42) imply
hq; = h in Y, and therefore from (3.40) we deduce (3.13).

The problem (WP) is similar to those arising in the dam problem (see
[9]), and in the lubrication with cavitation problem (see [2], [10]). The
differences lie in both the coefficients of the partial differential operators
and the boundary conditions. In [6], an easier problem is considered, in
that thermal conductivity does not depend on temperature and hence the
differential operator in equation (3.10) is linear. For this problem, existence
and uniqueness of solution are proved. However, the technique developed
in that paper can not be directly applied to the present problem.

In the following sections we are concerned with existence of solution
of the problem (WP). The proof is laborious and is based on defining a
regularized problem using maximal monotone operators techniques.

4. THE REGULARIZED PROBLEM

In this section we introduce the regularized problem, called problem
(AP,). An existence result for this problem is given after both a Kirchhoff
transformation and an approximation technique are used.
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Let us consider the operator

’

A HY Q) x L2(0) x L2(Q) — (HY(Q)), (4.1)

defined by
2
< .A(Tl,Tz,ql,QQ), (21,22) > = Z/ ]{}z(TL)VTZVZZdﬁ
=17

2 2
" 0z
E } i ld E E idr~ 4.2
+i:1 /91 " oz, I+i:1 ./r;a ae 42)

and the element F of (H!(2)) given by

2 2
Flz1,20) = Z/_ aT.z;dl" + Z/_ hz;dT. (4.3)
i=1 7T i=1 YT

We are able to prove the following
PROPOSITION 4.2. — Let (T1, Ty, q1, q2) be an element of H*(§2) x L>(£2;) x
L>=(Qy) such that

F — A(T1,T2,q1,92) € 772010y (m,2(T1, T2)), (4.4)
G € H(T,—T,), i=1,2, (4.5)

then (T1,T5, q1,q2) is a solution of problem (WP), where:
o 0l;qy is the subdifferential of 1yoy which is the indicator function of
the set {0} in HY2(T'; ).
® 712 is defined by
Y2 HH(Q) — HY(T1,)
(21,22) — Z1 |F1,2 =22 |F1‘2
® 77, is the adjoint operator of 71,2.
Proof. — Since Igiq)y = Ijo) © 71,2, by using the chain rule of
subdifferential calculus we obtain
F— AT, T3, q1,q2) € 0l a)(Th,T). (4.7)
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Therefore,

< ATy, T2, q1, q2), (21, 22) — (11, 1) > + Ty (21, 22) — Iy (11, 1)
> F((21,22) — (T1, 1)), V(z1,22) € HI(Q), (4.8)

and we deduce that (77, T%) belongs to H'(}). Taking into account that
H'(Q) is a subspace of H1((2), we easily deduce

< AT Ty, 1, 02), (21, 22) >= F((21,22)), V21, 22) € H' (), (4.9)

and the proof is complete. [J
Taking into account (4.4), we define an auxiliary problem by replacing
the maximal monotone operator dI¢y by its Yosida approximation given by

IO ; (4.10)

e Problem (AP))
For a fixed A > 0, find (T}, T3, ¢, ¢3) in H1(Q) x L®(2;) x L>=(Qs)
such that

2

> / ki(TMVT? Vzidz
1=1 *

Q
2

J%; 2
hg? == dz T — T.)z;dT’
+Z/ I H;/qa(,, )

d TA A
+/ (_1,_712_)(21 — 29)dT
Ti2

A
2 .
= Z/ hzdD, Y(z1,23) € HY(Q), (4.11)
i=1 715
@ e H(T)-T,), i=1,2 (4.12)

Notice that this problem couples the subdomains 2; and €2, through the
integral on the boundary I';  in (4.11).

The following result establishes a lower bound for the solutions of the
problem (AP)).

ProOPOSITION 4.3. — Under the assumptions (H1)-(H5), let (Tf‘7 T3, g7, 7)
be a solution of (AP),), then Tf‘ > Topin ae. in 2, 1 =1,2
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Proof. — Let us choose z; = (Trnin — T{\)+ as a test function in (4.11),
we have

2
—Z/kﬂmwmm—wﬁﬁw
i=1 Y
2
+Z/ (T} = T)(Tomin — T)Tdl
i=1 YT}
T)\ _ T)\
+ /F (—1A—"’)<(Tmm =T = (Tnin = T3) )l

2
= Z/ (T i — T T, (4.13)
i=1 73

since ¢} = 0 if T} < Tyin. We distinguish the sets

B =T120[Trin > TN [Tonin > T, (4.14)
C1 =T1.9N [Tomin > TP N [Tnin < T, (4.15)
Cy = T120 [Trmin < TP N [Trin > T3, (4.16)

where hereafter ] denotes the set of points verifying the condition into
brackets. The third integral of the left hand side in (4.13) verifies

-7
J I e R N

A _ A2
:_/(T—)\T2_)__d[‘

+Z/ ’“——T“‘)( Tpnin — TN L. (4.17)

Since the right hand side of (4.17) is nonpositive, we deduce the same
property for the left hand side of (4.13) while its right hand side is
nonnegative. Therefore, (Trni, — T))*T = 0 on I'y, 4 = 1,2, and applying
the Poincaré’s inequality we obtain the result. L[]

4.1. An equivalent problem

We are now concerned with the existence of solutions of problem (AP,).
Let us consider the Kirchhoff transformation given in each domain §2; by
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the function §; : [Tin. +00) — R, defined by

Gi(t) = /01 ki(s)ds. (4.18)
We define U} as the function
U} = 0T}, (4.19)
and the constants
Uimin = Bi( Tinin)- (4.20)
Ui s = Bi(T,), (4.21)

¢ = 1,2. Notice that, in general, U ; is not equal to U ,.
The proof of the following lemma is easy to obtain and is given in [15].

LEmMaA 4.1. — i) Both §3; and 37" are increasing differentiable functions,
1= 1,2

it) B7Y(t) satisfies a Lipschitz condition with constant

iii) (B7H(8) = BT EN(E — ) > gt — B2
We state the following '

e Problem (AP,)

For a fixed A > 0, find (U, U3, q7, ¢5) in HY(2) x L>(Q) x L>(§2)
such that

2 .
> / VUMV zdz
i=1 v

2 2
dzi " —
+3 [ hagtae+ Y [ (a0 = T
=1 i i=1 1

=Ly _ a-lirra
n /r (B (U7) . By (Uz))(z1 _ )l
2
= Z/ hzdD, Y(z1, 2) € H'(9), (4.22)
i=1 713
@} € HU}-Ui,), i=1.2. (4.23)

- ProPOSITION 4.4. — The problem (AP, ) is equivalent to the problem (ZI\DA )
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Proof. — i) Due to the monotonicity of both 3; and 3;!, the following
set identities hold

[P < T = [U} < Ul (4.24)
[T} > T,) = [U} > U, (4.25)
[T} =T.) = [U} = U], (4.26)

and, consequently, we deduce the equivalence
A A A A o
qi E H(I_VI - Ts) @ qi E H(UI - Ui,s)7 1= 1, 2 (427)

ii) Let (T}, T5', g1, g3 ) be a solution of (APy). Since 3; is a differentiable
function, we have U} € H'(Q;) and VU} = k;(TMHVT?, i = 1,2 (see
[14]). Hence, from (4.11), (4.12) and tEg equivalence (4.27), we deduce
that (U}, U2, q7,q3) is a solution of (APy).

Conversely. given (U}, U}, ¢}, ¢}) a solution of (APy), we define
T} = 371 (UP), i = 1,2. Using that 8; ' has derivative and lemma 4.1 ii),
we obtain 7 € HY(Q;) and VI} = (k;(871(UM)IVUR, i = 1,2
Therefore, from (4.22), (4.23) and the equivalence (4.27), we deduce that
(T}, Ts, g7, q5) is a solution of (APy). O

Remark 4.2. — Notice that, given (T}, T5') € H'(R), the new variable
U}, U3) does not belong, in general, to H!().
1292 g g

COROLLARY 4.1. — Under the assumptions (H1)-(H5), let (U}, U3, qt, q3)
be a solution of problem (AP)) then

UD > Ui in a.e. in Q, (4.28)

where U; iy is given by (4.20), 1 = 1,2.

Proof. — As in the proof of the proposition 4.4, we deduce
that (871U, 851 (US), 4, q3) is a solution of (APy). Applying the
proposition 4.3 and the monotonicity of 3;, (4.28) is deduced. [

4.2. A penalized problem

The proof of existence of solution of the problem (@A) goes through
the definition of the following regularized problem:
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o Problem (AP),)
For fixed A > 0 and ¢ > 0, find (U},Us.) € H'(2) such that

2 2 .
VU,-i.Vzidw + / hH (U — U; ) —-dx
; /Qf ' ; Q ( )0-1'1

2
+ ;/Fl o7 (U) = Te)zidl

. -1 Ay -l A
+ /rm (ﬁl (Ule) : /32 ([]26))(21 _ Zz)dr

2 .
= Z/ hzidf, V(Zh 22) S 'H,l(ﬂ), (429)
=1 713

where U, ; is defined by (4.21), + = 1,2, and

0 if s <0
H.(s) = > f0<s<e (4.30)
1 if s >¢

is the Yosida regularization of the Heaviside multivalued function H.
Let A; : HY(Q:) — H(S;)" be the nonlinear operator defined by

» . jfl
< Ai(v), 2 >:/ Vou.Vzdz + / af3; H(v)zdl + / by (U)zdF,
O, Jr ' Jri, A
(4.31)
and, for w € HY(Q), let Fi(w) € H'(Q;) be given by
' az
< Fi(w),z > = — / hH (w —U; s)7—dx

Jo, Oxy

+/ aTczaT—i—/ gizdF+/ hzdl. (4.32)
Jr . A r;

i
1 3

The idea for proving the existence of problem (@Af) is to apply the
Shauder fixed point theorem to the operator

L: LAy 5) x L2(Ty ) — L*(T'12) x L*(T'y2)
(91.92) — L(g1,92) = (B 1 (Vie), BT Vi),

V;} being the solution of the following

(4.33)
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e Problem (ﬁ’i\ o)

For fixed A > 0 and ¢ > 0, and given g; € L*(T'; 2), find V> in H(€);)
such that

<AV, 2 >=< F{(V)), zi >, V2 € HYQ,), (4.34)

for ¢ = 1,2.

Notice that, in order to define the operator £, two uncoupled problems
posed in 2, and €22 have to be solved, namely (@;E), 1 =1,2.

Remark 4.3. - If we set g; = fB;'(V}}) for j # i in (432), the
equation (4.34) becomes (4.29) for the test function z; € H*(£;) and
zZj = 0 e Hl(Q])

We prove first that £ is well defined:

PROPOSITION 4.5. ~ Under the assumptions (HI)-(H5), there exists a
solution V) of problem (@Z)\e), 1 =1,2

13

Proof. — We consider L; the mapping which associates to w € H(;)
the solution of the nonlinear problem:

< AW,z >=< Fi(w),z >, Vz; € HY(Q). (4.35)

Step 1. — A; verifies the following properties:

e A; is a continuous operator:

Applying the Cauchy-Schwarz inequality, the lemma 4.1, ii) and the
continuity of the trace, we deduce

|< Ai('U,l) — Ai(U),Zi >I_<_ K H Up — U “LQ’QT.

Zq ||1,2,Q” (4-36)

where K is a constant depending on || « Hoo,l“zl, kpnin and .
e A, is a strongly monotone operator:
Using lemma 4.1, ii1), we have

< Ai(v1) — Ai(v),v1 —vg > > / | V(v —v2) |* d

man 1
+Zm” /1" (v — v2)%dl + o /rm(vl — p)%dl’

i
2 Ci* H v — U2 H%_g’gi‘, (4‘37)

with C} depending on &nin, kmae and A
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e A, is a coercive operator:
Choosing v» = 0 in (4.37) and taking into account that A,;(0) = 0,
we deduce

< Ai(vy), v >> CH || vy 'H%Q-Q;' (4.38)

and then

< Ai(v), v >

lim = +00. (4.39)

ol o, —oe |l U1 |l1.2.0,

Since F;(w) € H'(S;)', by applying the Minty-Browder theorem (see
[7]), we obtain the existence of a unique W7} € H'({;) such that

1€

A (W2) = Fj(w). Therefore, L; is well defined.

Step 2. — L; is compact.

Indeed, it is enough to prove the complete continuity of L,. For this
purpose, let {w,} be a sequence in H!((2;) which converges weakly to
w € HY Q).

Let {W2"} be the sequence defined by

WA = Li(w,). YneN. (4.40)

Then, W2 y W2 are the unique solutions of

< AWAM), 2 >=< Fi(w,), 2z >, Vz; € H' (). (4.41)
and
< A,L-(W,i),z,; >=< Fi(w),z >, Vz € H (), (4.42)

respectively. By substracting (4.42) from (4.41), taking z; = W2 — W3 as
a test function, and applying the definition of A; (see (4.31)), we deduce

<AW" = AdWa) Wit = Wi >

: TAn A
= _/ h(H (w, — U )~ H(w— UH))M

— dr. (4.43
Q; ().'171 ( )

From (4.37), the Cauchy-Schwarz inequality and the Lipschitz continuity
of H,., it follows that

| 7 ]oo.0,

CrI WY = Wi |20, < I w, —w lo.2.q, - (4.44)

Since H(Q;) is compactly imbedded in L?((};), the complete continuity
of L; is now clear.

Annales de ["Institut Henri Poincaré - Analyse non linéaire



EXISTENCE OF SOLUTION FOR A FREE BOUNDARY PROBLEM 417

Step 3. — L; maps H'(€);) in a ball.
Indeed, by taking z; = W7} as a test function in (4.35) and applying the
definition of A; we have

< AW, W2 >=< Fy(w), W) > . (4.45)

Using (4.38), the Cauchy-Schwarz inequality, the fact that | H.(s) |< 1
and the continuity of the trace we deduce

. oW
CHI Wi 113 2.0, <Nl B lloz, || llo.2.0,

+lla “ocI‘lH Tc Ho,2,r§“ W, ||0,2,r;

Wi llozr,.. + 11k llo.2,rill W3 llo.2.r;

<CI Wiz (4.46)

+ i lozreal
)\ gi 0,2,I"y »

therefore W) belongs to the ball of H'();) with center 0 and radius
C
Finally, the existence of a function V;} satisfying (4.34) results from the
Schauder fixed point theorem. O
The proof of the following result is similar to that obtained in [8], [9].

The difference comes from the boundary integrals of (4.34).
PROPOSITION 4.6. — Under the assumptions (H1)-(H5), the solution V' of
the problem (@;6) is unique, ¢t = 1,2.

Proof. — Let VX' and V22 be two solutions of (4.34) and Q) =
V2 — V22 We consider the function

_fa=-4H* si z>0
ps(z) = { 0 S r<0, (4.47)

for a fixed § > 0. Since ps is a Lipschitz function, ps(Q2) belongs to
H(£2;) (see [14]). From the equalities satisfied by V;* and Vf and taking
z = ps(Q2) as a test function, we obtain

I
’ / @p "
B(Q? —6)+

8 [ HV = U = BV = Uy S
Q, i€
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. /\ _ (‘)

+ [ ot o et
i QL

(B (VY = 871 (V) (@ — 9T
“h. 3 2

— (I

dr = 0. (4.48)

Taking into account the monotonicity of 3; !, the lemma 4.1, iii) and the
fact that A is a nonnegative function, we deduce

| V(Qi =)t I min [ | (@ = 8)T 2
5/91' (Q;\E)Q do+ kmal’ ./Fi Q?AE i

1 I (;?AE g) I
/\kmam /Ln QZA(
d(QlAg b)

<$é / h|H(VM? - U ) — H(V) - U L) | —‘9—35— dr. (4.49)
AL ’ (Qze>

Since H. is a Lipschitz function, by using the Cauchy-Schwarz inequality
we have

| V(Qi - 8)* ? Gmin [ | (Qi = 8)T
(5/97‘ dz + /F Q?E dr’

(Q >2 kma:z' ‘1
L[ [@Q=8"]
Le dr
+ /\kma:n /Fl,g Ql)\f
A5+
< 6|l A llog.e: || V( ie 6" | . (4.50)
€ 1€ 0,2,Q;
This leads to
— 5+ h )
!(IL_TM < Mlloze _ (4.51)
ie 0,2, €

with C. independent of é. Thus, dividing (4.50) by 6 and using the latter
expression, we have

| V(Qh - 8)T [P Qmin / | (@ - 8)* PP
B€ d$+ i€ dr
/ (@) Sk Jr; Q)

L[ L@ P
d < . .
t 3o /r o= (452

i€
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By passing to the limit when § goes to zero , we obtain that (Q} — )T = 0
a.e. on I'; and I'; 5. On the other hand, after an easy computation we deduce

(@ -8t V(@i -6
Vin (1 + 5 = Q7 ' (4.53)
and from (4.52) we obtain
A5\
/ Vln(l + &5—@—) dz < C2. (4.54)
Q;

Now by using the Poincaré’s inequality, and letting 6 — 0, we obtain that
2 < 0 ae. in §;. Interchanging the roles of V! and V;}?, we deduce
Q2 =0 ae. in Q;, i = 1,2 which completes the proof. [
We are now able to prove the following

ProPOSITION 4.7. — Let g; € L*(Ty 2) be such that g; < T, + a.e.

min

on I'1 2. :
Under the assumptions (H1)-(HG6), the solution V) of (XI\’:E ) verifies

BTNV < T4 —

kmin

ae in€y, i=12. (4.55)

+

test function in (4.34), we obtain
+
N o(P =T, - =)
/ ATV (P}e - T, - ) d:zr—l—/ h "7 da
Q; kmin Q;

83)1
¢ +
+/ a(Pé—Tc)(Pié—Ts— ) dr
.

i kmin
(P2 =95) ( p e \"
e =P -T, — dr'
* ./1"1'2 A * kmin
¢ +
:/ h(Pz.t—Ts— ) dr. (4.56)
1 kmin

3

Notice that H. (V2 —U; ;) = 1 ae. in N = [P} > T, + ~=]. Indeed, if

knin

(r1,72) € N then VX (z1,29) > Bi(T, + 7——), and taking into account
(H1), it follows that

Tyt =

VNz1,22) > Ui s + / " ki(s)ds > Uiy + . (4.57)
T
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Applying the Green formula in (4.56) we obtain:

4 +
[ wEiv(r-r- —) ® da
JQ; ) kmin

~ +
+ / (@(P) —T.) + hny) (P[) T, — ‘ ) dr
Jr

k"m in

g P — g , +
+/ ( Le)\ gi) (P,i—Tﬁ—k( ) dl' = 0, (4.58)
Jr., min

since h only depends on zs.
On the other hand, (H6) leads to

a(P} =T 4+ hny >0ae only, i=1,2. (4.59)

Therefore, we deduce that all of the terms in the left hand side of
(4.58) are nonnegative, and then all of them must be equal to zero. Thus

Py < T, + —6— a.e. on I, and applying the Poincaré’s inequality, the

result follows. O]

COROLLARY 4.2. — The Zssumptions being those of the proposition 4.7, the
inequality V) < U, , + M holds a.e. in §;, i = 1.2.
Proof. — By using the proposition 4.7 and the monotonicity of 3, we get

€

V2 < Bi(T, +

e —

) a.e. in £,. (4.60)

kmin
Finally, from the definition of 3; and (H1) we obtain

k'maace

- Ts Tt
VI? < / ki(s)ds +/ kl(s)ds <U.,+ A Li=1,2. O
0 T, min
(4.61)

ProposITION 4.8. — Under the assumptions (HI )-(H6/),\ there exists d
solution (U}, Us.) of the coupled regularized problem (AP).), defined by

(4.29), such that U} < U; , + —e ae. in Qi = 1,2.

min

Proof. — Let us consider the space L*(I'y 2) x L*(T'12) with the norm

[

(5. 9) eixzmn= (1 f Bers + 19 1B2r,.) s (462)
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and L the operator introduced in (4.33), where V) is the solution of
problem (‘@i\e) corresponding to g;, ¢ = 1,2. The propositions (4.5) and
(4.6) imply that £ is well defined.

Let {(g7,¢%)} be a bounded sequence in L?(I'y5) x L?(T'; o). Then,
{g7} is a bounded sequence in L*(I'y ), i = 1,2.

We denote by V2" the solution of (@;6) corresponding to ¢, ¢ = 1, 2.

If we set z; = V2" as a test function in (4.34), we have

<AV, VA S=< BV, VA S (4.63)

Applying (4.38), the Cauchy-Schwarz inequality and | H.(s) |< 1, it
follows that

crljvar 1120.<Il A llo.2,r I vin llo2.r:

a‘/ii‘" An
+ 1ozl o1 lozs: + Il & lloo,ri I e llo2ri I Vie™ llo2.rs
1 n n ~ n .
+5 g7 llo2roll Vit llozr o< C I VX 2, (4.64)
hence, )
| Vi 2o < C, (4.65)

where C is a constant which depends on A but not on . It follows that
{V2"} is bounded in H'(f;), and then it has a subsequence {V,\"*}
weakly convergent to an element V. in H'(€;), i = 1,2. Consequently,
(V2" 1 converges strongly to V;* in L?(T'; »). Hence ;! being Lipschitz
continuous it follows that {3; *(V,}"*)} converges strongly to 5, 1(V;}) in
L*(T'y o), i = 1,2. Thus £ is compact.

We define

M = {(91792) € L’(T'12) x L*(T12) :

€

k min

0< g <To+ ae. inTyy, i= 1,2} (4.66)

It is clear from proposition 4.7 that
LM) C M. (4.67)

M being a closed bounded convex set, the existence of a fixed point of £,
denoted by (U}, Us.), results from the Schauder fixed point theorem.
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Finally, from corollary 4.2 we obtain
A;7IL(1,;1‘ - . 9
U < U+ Toeae in, i=1.2 0 (4.68)
In the next proposition we pass to the limit in ¢.

Prorosition 4.9, — Under the assumpnons (H1)-(H6), there exists a
solution (U}, U3, g}, g3 ) of the problem (AP,\) defined by (4.22) and (4.23),
such that U» < U, ae in Q;, i = 1,2

Proof. — For a fixed ¢ > 0, let (U, U3) be a solution of (AP»,).

As in the proof of the proposition 4.8, we deduce that {(U{.,U3\)} is
bounded in H*(2) independently of ¢ and so we can extract a subsequence
of ¢ still denoted by € such that

{U2} — U} in H'(€;) weakly, (4.69)
{U2} — U} in L*(9Q;) strongly, (4.70)
{U2} — U} ae. in Q.. (4.71)

Moreover, {U}}} converges strongly to U7 in L*(T'; »), L*(I"}) and L*(T'}),
1+ = 1,2. From (4.68) and (4.71) it follows that

UMxz) < U, ae. inQ;, i =1,2. (4.72)

Since {H (U}, ~ Uy,), H(U3. — Uz,) } is bounded in L2(2;) x L*(s),
there exists (g7, ¢2) in L?(Q;) x L?(2) such that

{H(U} - U, )} — ¢ in L2(Q), i =1,2. (4.73)

On the other hand, notice that ¢} belongs to the closed convex set A;
defined by

Ni={fel>): 0< f<1lae in} (4.74)

since this set is weakly closed.
Finally, in the set [U} < U, ] we have

H(UX-U;,)—0ae., (4.75)
and applying the Lebesgue theorem we get
H (U} = U, ) — 0in LA([U} < U)). (4.76)
From (4.73), we deduce
HA(UX —U; ) — ¢ in LX([U} < U ), (4.77)
and by the uniqueness of the limit
@ =0ae. in[U}< U], i=12 (4.78)

which completes the proof. [l
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5. A PRIORI ESTIMATES

This section is devoted to obtaining some estimates for the solution of
the auxiliary problem (AP,).

ProrositioN 5.10. — Under /t\he assumptions (HI)-(H6), a solution
(UM Us, q3,q3) of the problem (AP) ), defined by (4.22) and (4.23), satisfies

U} < Uy ae inQ, i=1,2. (5.1)
Proof. — Taking (21, 22) = ((B7H(UM) =T+, (B H{US) ~T,)*) as a test
function in (4.22) and using VU? = k(87 (UM))VBT (U") we obtain
Z/ BEHUM) I VBTHUN) = T P da

B U =Tt
hq i d
+;/Q 1] z

81‘1

30 [ (g @) - T ) - Ty
L[ oo,

3 BHUD) ~ T — (8,1 (U3) ~ T,)*)dT

—Z/ h(B7HUR) — T,)HdT. (5.2)

Notice that ¢> = 1 ae. in [U} > U, ,]. By applying the Green formula and
taking into account that A only depends on z- it follows that

S [ BT 19O Ly s

Z / (B (U) = T2) + hma) (B (U = Ty+aT

_1_/F ‘(/31 ( ))\ﬁz ( ))((ﬁ1 ( ) T)+ (—1(U2)‘)—TS)+)dF:0-

(5.3)

From (H6) we deduce that a3, (U}) — T.) + hny > 0 ae. on I'i.
the other hand, as in the proof of the proposition 4.3, it follows that
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the third term of the expression (5.3) is nonnegative. Consequently all of
the terms of (5.3) are nonnegative and then they are equal to zero. Thus
(B7H UM —T,)T = 0ae in T, i = 1,2. By the Poincaré’s inequality
and the monotonicity of /)’1.“]. ¢+ = 1.2, we deduce (5.1). I

CoRrROLLARY 5.3. — Under the assumptions (HI)-(H6), a solution
(TP, TS, g7, q3) of the problem (APy) defined by (4.11) and (4.12) verifies
TA < Toae inQy. i=1.2. (5.4)

Proof. — As in the proof of proposition 4.4, we obtain that (U*, U3, g7, ¢3)
is a solution of the problem (XT’A). By applying the proposition 5.10 it
follows that U,f‘ < U;; ae. in£); and then using the monotonicity of
Bt i = 1,2, we have (5.4). O

ProposiTioN 5.11. — Under tfzg assumptions (HI1)-(H6), a solution
(U} U3, q}.q3) of the problem (AP)) verifies
Il BHUY) = 855U lloar, . < KAT, A >0, (5.5)

with K a constant which does not depend on .

Proof. — Taking (z1.2:) = (A7 (UD), B85 (U3)) as a test function
in (4.22), we obtain

Z hq o>
v A |2 § i i
/ Fi( U’\ | VUL de / L’\)audl

+Z / (B T(.)ﬁ;l(Uﬁ)dFJr/F (87 (U?)—A 41 (UR))

= Z/ h37HUMT. (5.6)

From proposition 5.10, we have U < U; , a.e. in €2;. Using both ¢} = 0
A7TA i

ae. in [U} < U;4] and %1— = 0 ae. in [U} = U; 4], the second term of

(5.6) vanishes and we have

Z/ U* | VU 2 d.L+Z/ (B 1 (UM))dT

o (/31 < 1);/32 O 4

2 . 5 )
_ 1M 41 UM |
= ;/F3 RB7H UMD + ;/F] o3 (UN)dD (5.7)
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Since all of the terms on the left hand side of (5.7) are nonnegative,

we obtain
/ (BHUD) - ﬂ;%U;))? ir
Tz

Z(/ hot UA)dF+/1 aTcﬂfl(U[\)dI‘) (5.8)

By the Cauchy-Schwarz inequality, it follows that

/ (BT = 851 (U2))”
i A |

| 874U Hloz,rs meas(Th)?

<Z|Ih||oorz

i=1

+ Z | e ||oo,1‘;” T, Ho,z,r;
=1

BIHUY) ||0,2.r;7 (5.9)

where here and in the sequel meas(.) stands for the Lebesgue measure
of the set in parenthesis.
Let K be the constant given by

2
=230 1A e, meas)

£ oI foars meas(F'ﬁ) (5.10)

i=1

Notice that K is independent of A. Thus, from (5.9) and taking into account
that 87 1(U)) < T, ae. on T and I'}, 4 = 1,2, we obtain (5.5). O

Remark 5.4. — By definition of §; and using (H1), it is easy to deduce
the following inequality

Ui)‘ S /B;I(UZ)\) knla:l;' (511)
Thus, from (5.7), we obtain

2 .
mar i1 Q; ’maz

1=1

Consequently, (U, U2) is bounded in Hl(Q) by a constant which is
independent of A.
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6. EXISTENCE OF A SOLUTION

We are now able to prove the main existence resuit

ProPOSITION 6.12. — Under the assumptions (HI)-(H6), there exists a
solution (T1,Ts, q1,q2) of the problem (WP), defined by (3.25) and (3.26).

Proof. — For a fixed A > 0, we consider (U;), U3, q7,q5) the solution
of problem (@,\).

From the remark 5.4, {(U;}, U3\)} is bounded in H#*(£2) independently of
A. Thus, we can extract a subsequence still denoted by A such that

{U}} — U; in H"(;) weakly, (6.1)
{U{\} — U in L*(S2;) strongly . (6.2)
{Uf\} — U, a.e. in ;. (6.3)
{U} — Uiin L*(Ty2). (6:4)

Furthermore, {U}} converges to U; strongly in L*(T%) and L*(T%),
1 = 1,2. Then, from (6.3), the proposition 5.10 and the corollary 4.1,
we obtain

Ui),n,jn < Ui < Ui,s a.e. in Qi, 1=1,2. (65)

Since {(¢7,¢5)} is bounded in L(Q) x L%(R,), there exists (g1, ¢2) in
L2(94) x L?(£3) such that

{0} = aqin L), i=1.2, (6.6)

and g; belongs to the weakly closed set N; defined by (4.74). As in the
proof of proposition 4.9, g; vanishes a.e. in [U; < U; 4], i = 1,2. Thus,
it follows that

g€ HU, = U,), i=1,2. (6.7)

On the other hand, if we take (z1,22) in H'(f) as a test function
in (4.22), we get

x 02
Z/ VU, Vzldx+Z/ q; 8;1
+Z/ BrYUN) - T.)zdD

S [ v, e m) € @), (63)
< r;
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and letting A — 0, we deduce

2 2 2

" Bzi 1
_5_ i-V2Zi +E i +E . (Ui) — Tt)zdl
2 /Qi VU, Vzdz 2 /Qi hq a,L.ld:z: 2 /F; a(B7(U;) - T.)z

2
= Z/ hz;dl’, V(Zl,ZZ) S Hl(ﬂ) (69)
i=1 Y13

For i = 1,2, we set T; = B;7'(U;). By taking into account the
equivalence (4.27), it follows that

2 2 2

0z;
E (Ti)VT;.Vz; E T E i —1e)zi
2 /Q ki(T;)VT; V= d:v—{~i:1 /Q hq 3-’171dx+1,:1 /rg a(T; — T.)zdD

2
s / heidl, V¥(z1,2) € HY(Q), (6.10)
i=1 T3

G €H(T,-T,), i=1,2. (6.11)

ThllS, both (Tl,TQ) € HI(Q) and (q1,q2) € Loo(ﬂl) X LOO(QQ)
verify (3.25) and (3.26).
Finally, (5.5) leads to

{B1U) ~ B71(U)} — 0in L*(Tyz). (6.12)

On the other hand, taking into account that ;' is a Lipschitz function
for ¢ = 1,2, (6.4) leads to

{BTHUD) = B (U} = Th = Ty in L*(Ty ). (6.13)
Thus
Ty =Ty in L*('; ), (6.14)

and then (71,T;) € H*(£)) which finishes the proof. [J
From the proof of the proposition 6.12, we deduce that T; < 7 a.e. in
Q;, » = 1,2. Actually this property holds for every solution of (WP):

ProposITION 6.13. — Under the assumptions (H1)-(H6), a solution of the
problem (WP) satisfies

T, <T,aeinQ; i=12. (6.15)
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Proof. — Let us choose z; = (T; — T)' as a test function in (3.25),
we have

+

Z/ W V(T - 1) |2da+Z/ e da
+Z/ (T; = T)(T; — T,)"dl' = Z/hT T, dl, (6.16)

since ¢; = 1 ae. in [1; > T,] , ¢ = 1,2. By applying the Green formula
and taking into account that A only depends on z; it follows that

Z/Q k(T,) | V(T: = T,)" [ da
* Z/ (hny + (T = T))Ti = T.)7dl' = 0. (6.17)

From (H6) we deduce that hny + (T; —T..) > hny+o(Ts-T.) > 0 ae.
on I, i = 1,2. Consequently, all of the terms of (6.17) are nonnegative,
and then they are equal to zero..Thus (1} — T,)* =0 ae. on Fi, 1 =1,2,
and by the Poincaré’s inequality we deduce (6.15). O

Remark 6.5. — A relationship between the parameters h, k;, T, T, n; and
¢ ensuring that S is indeed enclosed in €2 is an open problem. However,
the following properties are easy to verify:

) If hng + (T, —T.) = 0 ae. on I'}, « = 1,2, then T; = T,
¢ =1, ¢ = 1,2 is a solution of (WP), and, consequently, the liquid phase
fills up the whole domain.

2)If hny+ (T, —T.) < 0ae.on I}, i = 1,2, then there exists a subset
of 2 where the temperature is greater than 7. Therefore, the assumption
(H6) is necessary in order to obtain solutions of the initial problem (P).

3) The following “onedimensional” problem gives us an insight into the
shape of the solution of the problem (WP):

Let us consider the problem (WP) taking place in the domain
1 =[0,1] x [0,1}. Then n; = —1 on '}, ¢ = 1,2. We choose h, « and 7,
as three constants and k;(T) = 1, ¢ = 1,2. The solution is as follows:

(T, — T,)

3

ol. +h
a

T(x1,22) = hxy +
q($la$2) = Ua
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thus T < T, and no free boundary exists.

Q_TC
iy For 22Ty < or 1),
a+1

hay + oLt §f 3 <y
T“"“):{ T, i o>y

0 if 1<
q(xl’”):{l if ri>jy

where v is given by

a(Ts—T.)—h
V=
ah

The free boundary is given by S = {(v,z2), 0 <z, < 1}
iii) For h > (T, — T,),

aTl, +h

T(thQ) = a

q(l‘hmZ) = 17

and then condition T' < T, does not hold. Thus the liquid phase fills up
the whole domain.
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