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ABSTRACT. — We study the Cahn-Hilliard equation in a bounded domain
without any symmetry assumptions. We assume that the mean curvature of
the boundary has a nondegenerate critical point. Then we show that there
exists a spike-like stationary solution whose global maximum lies on the
boundary. Our method is based on Lyapunov-Schmidt reduction and the
Brouwer fixed-point theorem.
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montrons qu’il existe une solution stationnaire avec un pic qui atteint son
maximum sur la frontiere du domaine. Notre méthode utilise la réduction de
Lyapunov et Schmidt et le théoréme du point fixe de Brouwer.
© 1998 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1991 Mathematics Subject Classification. Primary 35 B 40, 35 B 45; Secondary 357 40.
Key words and phrases. Phase Transition, Nonlinear Elliptic Equations.

Annales de I’Institut Henri Poincaré - Analyse non linéaire - 0294-1449
Vol. 15/98/04/

© 1998 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



460 J. WEI AND M. WINTER
1. INTRODUCTION

The Cahn-Hilliard equation [5] is an accepted macroscopic field-
theoretical model of processes such as phase separation in a binary alloy.
In its original form it is derived from a Helmholtz free energy

B(u) = /[ (ulx)) -f2|vu ()2 di

where 2 is the region occupied by the body, wu(x) is a conserved
order parameter representing for example the concentration of one of the
components, and F'(u) is the free energy density which has a double well
structure at low temperatures (see Figure 1). The most commonly used
model is for F(u) = (1 — u?)2.

F(u)

Fig. 1.

The constant € is proportional to the range of intermolecular forces and
the gradient term is a contribution to the free energy coming from spatial
fluctuations of the order parameter. Moreover the mass 7 = |Tlf| Jo udz is
constant. Thus a stationary solution of E(u) under m = l_SIT_I Jo udz takes
the following form

e2Au — f(u) = o, in Q,
2u on HQ, (1.1)
f(zu = m|Q|

where f(u) = F’'(u) (see Figure 2) and o, is a constant.

There have been numerous studies of the Cahn-Hilliard equation. The
global minimizer of F(u) has a transition layer. More precisely there exists
an open set I' C €2 such that if . is a global minimizer then u. — 1 on
Q \T, 1w, — —1 on I and 8T N Q is a minimal surface and has constant
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 461

f(u)

/—1 1 u

Fig. 2.

mean curvature, see [16]. The dynamics of the interface have been studied
extensively, see for example [2], [3], [23]. Also local minimizers of E(u)
have been studied and their transition layer structure has been established
in [6] and [13]. In particular, Chen and Kowalczyk in [6] used boundary
mean curvature to construct local minimizers (therefore transition layer
solutions) for equation (1.1).

In this paper we are concerned with solutions of (1.1) with spike layers. In
the one dimensional case, Bates and Fife {4] studied nucleation phenomena
for the Cahn-Hilliard equation and proved the existence of three monotone
nondecreasing stationary solutions when 7 is in the metastable region
(\/iﬁ < m < 1), (a) the constant solution v = 7, (b) a boundary spike
layer solution where the layer is located at the left-hand endpoint, (¢) a
transition layer solution with a layer in the interior of the material.

Motivated by the results of [4], we shall construct a boundary spike layer
solution to (1.1) for ¢ << 1 in the higher dimensional case when 7 is
in the metastable region.

The existence of spike layer solutions as well as the location and the
profile of the peaks for other problems arising in various models such
as chemotaxis, pattern formation, chemical reactor theory, etc. have been
studied by Lin, Ni, Pan, and Takagi {14, 17, 18, 19] for the Neumann
problem and by Ni and Wei [20] for the Dirichlet problem. However, they
do not have the volume constraint and the nonlinearity is simpler than here.
To our knowledge the present paper is the first to establish this kind of
results for the Cahn-Hilliard equation in higher dimensions without any
symmetry assumptions on (.
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462 J. WEI AND M. WINTER

Naturally these stationary solutions are essential for the understanding of
the dynamics of the corresponding evolution process. While Bates and Fife
[4] prove some results in this direction for the one dimensional case these
questions are open for higher dimensions.

In [11] in the one dimensional case the number of all stationary solutions
is counted by arguments using transversality.

First we make the following transformation.

v=Tm — U,

g(v) = —f(m) + f(m — v).
Rewrite
9'(0) = —m, g(v) = —mv + h(v).
Then equation (1.1) becomes
{ e2Av — mv + h(v) - ﬁ Joh(v) =0 in Q,‘

v =0 ondQ.

(1.2)

(Figure 3 shows qualitatively how the graph of ¢ looks like.)

9(v)

Fig. 3.

To accommodate more general g we assume that
(1) g'(0) < 0, g(0) = 0, g € C*(R, R).
(2) g(v) has only two zeroes for v > 0, 0 < a; < ag and

az
/ g(s)ds > 0, ¢'(az) < 0.
0

Annales de Ulnstitut Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 463

(3) The function v — 2L jg nonincreasing in the interval (v, as) where

v—1up

vo is defined as the unique number in (a1, ag) such that [ g(s)ds = 0.
@ K (v)], W' (v)] < C for any w.

Remarks. — (1) Condition (3) can be weakened further. For example, the
conditions in [7] will be enough since we just need the uniqueness and
weak nondegeneracy of the ground state solutions of (1.3).

(2) Condition (4) is not a restriction physically since in the physical
world v is always bounded. Hence we can modify h near infinity so that
h satisfies (4).

It is easy to see that for f(u) = —2u(1 — u?) conditions (1), (2), (3),
and (4) are satisfied. Our main result can be stated as follows.

THEOREM 1.1. — Let §) be a bounded smooth domain in R™ (N > 2) and
Py € 0 be such that V., H(P,) = 0 and (VfPDH(PO)) # 0 where H(Fy)
is the mean curvature of Py € 0S) and V p, is the tangential derivative at
PBy. Then for € << 1 there exists a solution v, of (1.2) such that v. — 0 in
CL.(Q\ Py), v, has only one local (hence global) maximum point P, and
P. € 00, P. — Py,v.(P.) — V(0) > 0. Moreover

x— P, ' z- P\

G_N{/62 VUE—VV< 6) +/ ’UE—V< E) }—>0

Q € Q €
AV —mV + h(V) = 0,
V(0) = max,eqy V(y), V > 0, (1.3)

as € — 0 where V(y) is the unique solution of
V(y) — 0 at oc.

2

(By the results of [9] and [24], (1.3) has a unique radial solution).

The method of our construction evolves from that of [8], [21] and [22]
on the semi-classical (i.e. for small parameter k) solution of the nonlinear
Schrodinger equation

2
%AU—(V—E)U+UP =0 (1.4)

in RN where V is a potential function and E is a real constant. The
method of Lyapuhov-Schmidt reduction was used in [8], [21] and [22] to
construct solutions of (1.4) close to nondegenerate critical points of V' for
h sufficiently small.
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464 J. WEI AND M. WINTER

Following the strategy of [9], [21] and [22] we shall construct a solution
v of (1.2) with maximum near a given nondegenerate critical point of the
mean curvature Py on J€2. Heuristically we rescale (1.2) to obtain

(1.5)

9ue — on 09, p

{ Au —muc + h(u) = g fo , Muc) =0 in Qe p,
v,

where u.(z) = ve(z) for 2 = (. — P)/e, 2z € Q.p and Q. p = {2 €
RY|ez + P € Q} and v, is the unit outer normal to 99, p.
Taking the limit ¢ — 0, u. — V where V is the unique solution of

Aw —mw+h(w) =0  in RY.

w >0 in RY, (1.6)
dw __ N-1
5y =0 on RV x {0}

with V(0) = max RY V. Therefore the ground state solution V' restricted to
RY can be an approximate solution for u.. Since the linearized problem
arising from (1.6) has the (N —1)-dimensional kernel span{Z", ..., 52—}
we first “solve” (1.6) up to this kernel and then use the nondegeneracy of
H(P,) to take care of the kernel separately.

The paper is organized as follows. Notation, preliminaries and some
useful estimates are explained in Section 2. Section 3 contains the setup
of our problem and we solve (1.2) up to approximate kernel and cokernel,
respectively. Finally in Section 4 we solve the reduced problem.

2. TECHNICAL ANALYSIS

In this section we introduce a projection and derive some useful estimates.

Throughout the paper we shall use the letter C' to denote a generic
positive constant which may vary from term to term. We denote RY =
{(«',xn)|zn > 0}. Let V be the unique solution of (1.3).

Let P € 91). We can define a diffeomorphism straightening the boundary
in a neighborhood of P. After rotation of the coordinate system we may
assume that the inward normal to J€2 at P is pointing in the direction
of the positive zy-axis. Denote ' = (xy,...,25-1), B'(Rp) = {.’L" €
RN_II I.il]‘,l < Ro} and Q; = OB(P, R()) = {(LL'/,SCN) S B(P, RQ)IZEN -
Py > p(z’ — P")} where B(P,Ry) = {z € RY| |z — P| < Ry}. Then,
since 9¢) is smooth, we can find a constant Ry > 0 such that 8Q N Q; can
be represented by the graph of a smooth function pp : B'(Ry) — R where
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 465

pp(0) = 0,Vpp(0) = 0. From now on we omit the use of P in pp and
write p instead if this can be done without causing confusion. The sum of
the principal curvatures of 92 at P is H(P) = Zf_’_jl pi:(0) where

dp )
. (3
a.’l/'i/ ’ :

pi =

and higher derivatives will be defined in the same way. By Taylor expansion
we have

plz’ = P') =3 Z pij(0)(zi — Pi)(x; — Fj)

1]1

+5 > pir(0) (@i = P)(; — P)(wy — P) + O]z = P'|*)

i,5,k=1

. . . . faf
In the following we use p, to denote the multiple differentiation %;;p—,
where o is a multiple index.
For € 09, let v(z) denote the unit outward normal at z and 3/0v

the normal derivative. Let (71(z),...,7y—1(z)) denote (N — 1) linearly

independent tangential vectors and (> d . 873 ) the tangential derivatives.

In our coordinate system, for z € wy := 002N B(P, Ry), we have

1

v(z) = —’W(Vw% -1),

0

N-1
Pig—
al/ V]‘+|v ’pl2{]:1 '}

mi(x) = (0,...,1,...,0,p;(z)),

L]

zy—Pny=p(z'—P’)

0 1 0 a
i — AR V.
ot 1+ |V, pl? {dli r 333N} ,

xy—Py=p(z'~P")

For a smooth bounded domain U we now introduce a projection Py of
H?*(U) onto {v € H*(U)|0v/0v = 0 at U} as follows: For v € H*(U)
let w = Pyv be the unique solution of the boundary value problem

Aw ~mw + h(v) =0 in U,
g’;’ =0 on OU.
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466 J. WEI AND M. WINTER

Let h;}p(.’l;) = V(i;jj) _ PQ'.P‘/(.L':

€

L) where
Qep={z€R"|P+ez €.

Then h. p satisfies

ou _ oV
=5 on Of).

{ 2Av —mu =0 in Q,

We denote
vl = e N / [€|Vo]* + mv?].
Q

For z € Q set now

ey =2 — P, ,
{€y1\' =TN — PN‘ _— p(.’,l;/ . Pl) (22)

Furthermore, for £ € £2; we introduce the transformation

ﬂ(.’E/):CLL, 1,21,,N—1 (23)
Tn(z') =xzx — Py — p(a’ — P'). '
Note that then
1
y=-T{z).
€
The Laplace operator and the boundary derivative operator become
2 2 N-1 2 ()
Ay =Dy + |Vpl" 55 — — €A for z € Q2
Vol o =2 2 B N e )
(2.4)
5 d 0
14|V, p{—z pra +|prl) for z € wy.
(2.5)
Let v; be the unique solution of
Av—mu~0 ian,
ov ADN (26)
dun JJ[ 5 Zl =1 pl](o Yil; on dR+

where V' is the radial derivative of V, i.e. V/ = V,.(r), and r = ‘z £
Let vy be the unique solution of

N-1 . ;
{Av—mv—ZZijj_lpU(O)ylm =0 in RY,

v N-1 v,
%E = Zi,jzl pii(0)y; 3y on ORY.

(2.7)
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 467

Let v3 be the unique solution of

{Av~mv=0 in RY, (2.8)
Y ] e N-1 ; :
o = T1ars gkt Pisk(0)¥iyiyk  on IRY.

Note that v, ve are even functions in y' = (y1,...,y~n-1) and vz is an odd
functioniny’ = (y1,...,yn—1) Ge. vy, yn) = vi(—y , yn), vs(y L yn) =
—v3(—y ,yn)). Moreover, it is easy to see that |vy|,|vs|, Jus| < Ce#l¥l
for some 0 < g < /m. Let x(z) be a smooth cutoff function such that
x(z) = 1,z € B(0,Ry — 6) and x(z) = 0 for x € B(0,Ry)° (for a
positive number §). Set

he.p(z) = evy(y)x(x—P)+€* (va2(y)x(z—P)+vs(y)x(z— P))+e* V. p(z).

Then we have

ProposITiION 2.1.
1%c.plle <C.

To prove Proposition 2.1, we begin with

LEMMA 2.2. — Let u be a solution of

Au—mu+f=0 inQ,
g—’:: on 09,

Assume that [, |f|* < CeV, [, 1g]* < CeN=1. Then
llulle < C.

Proof. — Multiplying the equation by u, we have

62/|Vu|2+m/u2:/fu+e2/ gu.
Q Q Q a9

Lemma 2.2 follows easily by the following interpolation inequality (the
proof of it is delayed to Appendix A),

lullzz 0. ») < Cllulle

where Q. p = {2z| c =P +ez € Q} forafixed Pec Q. 0O
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468 J. WEI AND M. WINTER

Proof of Proposition 2.1. — We first compute the equation for ¥, p(x):

—EQA\DG,VP(.’L') + m¥, p(x)

1
=3 [ez{Aw(ele + e*(vax + ng))} — mevy Y — Me vy ~ 7TL€2’U3X]

1 2070 N, 0 !

-1 {Ayv1+|v$,p| 5~ ;p‘ayzam 2P —mm}X
+€{Ay’02 + |vx’pl2g 22 - ];‘;:4:1 pe (9;2;;\ ¢ ,08 ”LU2}X
+6{Ayv3 + |V£/p|22 11}23 - ]:jz—:;p‘ Baizjzv Ty ”LU3}X

+E(x)
_ _1‘2 {IV ,20 1 _ Apc‘) —Z:VJZ:Z(/)L fﬂij(o)yj)%;}

+x4 €|V l"’ 2 %:1 Tva__ 2y, 00
elVol* == - ; —EAp—
X 1\ pi 0 v:O0Yn payN

N—-1
U3 J v
+X{€|Vﬂ|2 E Pla 8y EZAPW;}}

1

= e

where E.(x) denotes all the terms involving derivatives of y. Since
[v1], lv2], lvs| < exp(—ply|) for some o < /m we have f. € L*(Q p)
and [, f2 < C. On the other hand, for z € 99 it holds that

a\Ilﬁ,P _
5, @)=

{‘;‘: 3(;;)() _ 2 (B(gix) N 8(;ix)> }
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 469

Note that

~Pu>
\/1+|V| =y S PV! V1+ |Vl

()@ PI{ 3 puvte, e - 1)

1,7=1

1 N-1
3D o0 = Py — Pk — P+ O~ P}

i,j. k=1

N-1
{ Z pi;(0)ysy; + % > pijk(0>yiyjyk}+o(€2eXp(_lel))‘

|y‘ i,7=1 1,7,k=1
Furthermore,
N-1
a’[}l a 81]1
1+ Vp2 = p 1+ T (s
7] Z v~ (L Vo5
N-1
B\I/E P 1 €
e—L(g) = ——e— Pl + 5 Pijk{0)yiy;yn
Ov V14 |Vpl2e Iyl{ e} o di,j,zk::l ’ ’

2P oy T D Dy
N-1
8’(13 8U3 2 8113 }
—€ — +e—+|Vp|*z— ¢ + E.
= ge(y)

where again E.(x) denotes all the terms involving derivatives of x. This
implies 5

R
ge < Cexp(—plz|) for |2/| < =2
Therefore

d\Ilep - P

< Cexp(—plz|) forz= z

(z)

Vol. 15, n® 4-1998.



470 J. WEI AND M. WINTER
Let @E,p(z) =V, p(z),z = P + ez. Then U, p satisfies
A\i}e.P - \ile,l—’ + fF =0 in Qe,Pa

oV, p
ov.

where f. € L*(Q p), g € L*(9Q, p) and both the corresponding norms
are bounded independent of €. Hence by Lemma 2.2

=g. ondf) p

”\Ije.PHf S C.

Therefore Proposition 2.1 is proved. [

We next analyze 8/07p Po, ,V(%=£). After choosing a suitable
coordinate system we can assume that 0/07p, = 8/0P;. Then
3/0P;h. p(x) satisfies

EAv—muv=0 inQ,

v 0 0 _[xz-P
a—y—-aa—Pjv< . ) on8§2.
We compute
9 0 [(z-P\ ~08 8 (z-P
1 p|}) — =V = —V ;
W+IVarl) g, 55 ( e ) 9z, o, ( ; )”'

__Nz‘l PV (s-P\ PV [(z-P
- o Ox;0z; € Pi OrnOx; € '

Now we have (let + = P + ¢2)

av Z;
NV Ny 2
Lo=viz,
*V zi%; 8ij %z
— Vl/ 1] VI _1,_7_ _ _l_i
oziz P { FREE }
PV(a—P)e) _ L [zl ple
OznOz; €2 |z|? [2[3
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 471

_ {w.&_ _ v'y_f}gﬁh.o.t.,

ly|? |y|?
?V((z—P)le) 1 2z 8ij 7z
RS SV Y AP | V2 et ied RUIE Vo0 B Zi%j .
dw:0z,; ZA M {|z| 2P }} oo

0 - P
(1+[Vpl )3—5;1/( . )
{V//yzyj Vl{%‘“yiyj}}tfgp'kyk
lyl? yl WPl =

— 1 V"y_J -V Yi_ _ei i
3 [y|2 |y|3 2 PrlYLYi
k,l=1

T (V” V’) +V'Nzl
= =15 Pril 75 — YeYiy PikYk
|25\l WP/ Tyl &

+ h.o.t..

+ h.o.t..

Let

[ v aPQE,PV] <a¢ -P

87’})]. a’TPj

€

) — wi(y)x(c ~ P) + eus(x).

Here w, is the unique solution of

Av—mv =0 in Rf,
v 7 4 N-1
azN =3 (I;T - %) Lkiz1 P(O)yryey;  on ORY. (2.9)
v’ N-1
191 k=1 Pik{0)Yk

Note that |w1| < Cexp(—ply|) for some pu < /m and w; is an odd
function in y . Then wy satisfies

(2.10)

62Aw2 — mwsz + l[EQAUth lel] =0,
% = 1LY — 2fui(y)x(s - P)))
Note that |ws| < Cexp(—puly|) for some p < \/m. Similar to the proof
of Proposition 2.1, we have

PropPOSITION 2.3. —

oV 0P,V
O7p, Otp;

[(255) = wsomto - P + usto)
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472 J. WEI AND M. WINTER
where w1 is defined above and
wslle < C.
Finally, let
Lo=A-m+h(V).

We have
Lemma 2.4. —

v v
Ker(Lo) N H%(RY) =5 an{—....,——}.
( 0) N( +) P 8y1 3y1v_1

where Hy(RY) = {u € H*(RY), ai—“N =0 on ORY}.
Proof. — See Lemma 4.2 in [19]. [J

3. REDUCTION TO FINITE DIMENSIONS
Let P €  and
Q.p={z€R"|ez+ P € Q}.
Let H3(f p) be a Hilbert space defined by

ou

P

€

HZZV(QC,P) = {’U, € HZ(QG,P)

=0on 6Q€,p }
For u € H%(Q. p), set

1
S.(u) = Au—mu+ h(u) — = / h(u).
€2 Jo
Then solving equation (1.2) is equivalent to
Se(u) = 0,u € Hy(Qup).
To this end, we first study the linearized operator

Le : u(2) = Au(z) — mu(z) + B (P, , V(2))u(z),

HZ%(Q.p) — L*Qep).
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 473

L. is not invertible due to the approximate kernel

OP, vV
Kep = span{ LT AL (2)
or

j:l,...,N—l}
in H%(Q. p). It is easy to see (integration by parts) that the cokernel of
L. coincides with its kernel. We choose approximate cokernel and kernel
as follows:

8PQ€YPV(Z)
an

J

Ccp=K.p= span{

j:l,...,N—l}.

Let 7 p denote the projection in L?(€) p) onto Clp. Our goal in this
section is to show that the equation

Te,p © Se(PQ&PV-I-(DE’P) =0

has a unique solution &, p € IC;%P if € is small enough.
As a preparation in the following two propositions we show invertibility
of the corresponding linearized operator.

ProrosiTioN 3.1. — Let L, p = m. p © I:E. There exist positive constants
€, A such that for all € € (0,¢)

| Le,p®llz2 (0. r) = All®l 20 ) (3.1)
for all ® € IC;%P.

PROPOSITION 3.2. — There exists a positive constant € such that for all
¢ € (0,€) and P € 9% the map

— L L
Le’p = Te,P OLe : K:E‘P s Ce,P

is surjective.

Proof of Proposition. 3.1. - We will follow the method used in [9], [21]
and [22]. Suppose that (3.1) is false. Then there exist sequences {¢}, { P},
and {®;} with P, € 9Q, ®, € K} p such that

”LEk,Pk (I)k”l/2 - 07 (32)
el =1, k=1,2, ... (3.3)

We omit the argument 2., p, where this can be done without confusion.

Denote 8 5
= —PFPo V/|m—Pq ,V
€k.j orp Q.. p /Hanj Qe p

i

L2
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474 J. WEI AND M. WINTER

Note that
< gy >=06ij+O(ex) ask — oc

by Proposition 2.3 and because of the symmetry of the function wy, which
was defined in (2.9), where ¢;; is the Kronecker symbol. Furthermore
because of (3.2),

N-1

o ®il2: = S ( /

=1

2
Eq@kek,j> -0 (3.4)

e Py

as k — oo. Let 3, x, p and T be as defined in Section 2. Then T has
an inverse 7~! such that

T=': T(B(P,Ro)N Q) — B(P, Ry) N 1.
Recall that ey = T'(z). We introduce a new sequence {(y} by

or(y) = x(T7 (exy)) @i (T~ (ery)) (3.5)

for y € Rf . Since T' and T~! have bounded derivatives it follows from
(3.3) and the smoothness of x that

||‘:0k|1H2(Rf) <C

for all k sufficiently large. Therefore there exists a subsequence, again
denoted by {¢i} which converges weakly in H?(RY) to a limit ., as
k — oo. We are now going to show that ¢, = 0. As a first step we deduce

51
o—=0, j=1,....,N—1. 6
/R © ap; J (3.6)

N
+

This statement is shown as follows (note that det DT = det DT~! = 1)

0P, V(T 1 - P
/ Sok(y) |: aﬂe,P ( (Eky) k)] dy
Rf TPk,J €k

OPa, V(=0

:eTN/ )@k (z dx
o[ xwe
- op,,v(=R)
:e,:N/ Dy (x)
Ja BTPIc,j
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STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 475

oP,, v (5)
_eN / By (z)
2w Ip,

z—Py
v [ 1= o) =)
1931

oV 0P ,V1(x- P
=0-6 /Q\Q1 () [BPk,j ~ orp,, ] ( )

V(=) op, V|/z-P
—i* [ 1= x@)oue) B(Pk, ). et | (22 01)
1 ) k.3

€k

z— Py
-e_N/ @k(x)———-—«av< > )
 Jaes OP; ;

e )
& [ 1= x5
where 2, is as defined in section 2. In the last expression the first two
terms tend to zero as k — oo since ¢, V@ is bounded in L*(£2) and
[...] — O strongly in L*(£2). The last two terms tend to zero as k — o0
because of the exponential decay of 9V/0P; ; at infinity.

We conclude

oo ()

This implies (3.6).
Let Ko and Cy be the kernel and cokernel, respectively, of the linear
operator Sy(V') which is the Fréchet derivative at V' of

lim sup
k—oo

3.7)

So(v) = Av — mv + h(v),

o H(RY) — IA(RY),

ou
=0;.

dyn }

oV
}Cozcozspan{—ljz 1,...,N—1}.
dy;

H3(RY) = {u e HY(RY)| 2%

Note that
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Equation (3.6) implies that ¢, € K. By the exponential decay of V and
by (3.2) we have after possibly taking a further subsequence that

Apoe — Mpoo + B (V)ps = 0,

i.e. Yo € Kgy. Therefore ¢, = 0.

Hence
¢r — 0 weakly in H*(RY) (3.8)

as k — oo. By the definition of ¢, we get &, — 0 in H? and
A (Pa, ,V)®k|lz2 — 0 as k — oo.

Furthermore,

J,

we have that

(A = m)®i|[zz = 0 as k — oc.

Since
VB2 + md? = / [(m — A) D] Dx

€p Pl st,Pk

< Cll(A — m)®y|| >

”(I’k”Hl —0 ask— oc:
In summary:
”A(I)k”L2 — 0 and ”‘I)kllHl — 0. (39)

From (3.9) and the following elliptic regularity estimate (for a proof see
Appendix B)

@kl 2 < CUIARK] L2 + [|Prllz2) (3.10)
for &, € H? we imply that
|Peligz — 0 as k — oo.
This contradicts the assumption
[Pl =1

and the proof of Proposition 3.1 is completed. [J
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Proof of Proposition. 3.2. — Assume that the statement is not true.
Then there exist sequences {ex}, {Px} such that ¢, — 0 as k — oo and
Py, € 09 and such that for all k, Le, p, : K, p, — C;; p, is not surjective.
Let K. p and C. p be the kernel and cokernel of L., respectively. Then
Te, Py C'ei’pk — CL p is not surjective, i.e. for all k there exists a

P, € CL p with &y 5 0 such that ¥ + &, & CL p forall ¥ € CL .

€, P,
This is equivalent to ®; € C,, p, and @, # 0. Because we can assume

that w.l.o.g. ®; = 1 this can be rewritten as follows. For all & there exists
a ¢, € C,, p, such that

[@xllze = 1, (3.11)

Now since
A®p —m®y + h'(Po, V)P =0
and because of the elliptic estimate (3.10) it follows that
||l < C

for some constant C independent of k. Extract a subsequence (again denoted
by {®i}) such that ¢, as defined in (3.5) converges weakly in H%(RY)
t0 Yo as k — oo and ¢, satisfies

A(poo — MPs + h/(V)QOOO =0 in R57

%‘ZZ" =0 in R¥"! x {0} (3.12)

with oy
/ Pooo—=0 j=1,....N—1. (3.13)

rRY  Oy;

From (3.12) we deduce that ¢, belongs to the kernel of S3(V') and (3.13)
implies that ¢, lies in the orthogonal complement of the kernel of S;(V).

Therefore ¢, = 0. As in the proof of Proposition 3.1 we show by
the elliptic regularity estimate (3.10) that ||®4||gz — 0 as & — oo. This
contradicts (3.11) and the proof of Proposition 3.2 is finished. O

We are now in a position to solve the equation

FE,pOSS(PQ(YPV+<I)€’p) =0. (314)
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. . . . -1 -
Since L., PlKiP is invertible (call the inverse L& p) We can rewrite

®=—(L pomep)(S.(Pa,,V)) = (L pomp)Nep(®) = M. p(®)
(3.15)
where

Ne,P((I)) = SG(PQE,pV + <D) - [SG(PQi.PV) + Sé(PQePV)¢]

and the operator M, p is defined by the last equation for ® € H% (Q. p).
We are going to show that the operator M, p is a contraction on

B.s = {® € H*(Qp)ll®lla2co..») < 6}
if 6 is small enough. We have

|Me,p(@)|| 20, )
< /\._l(”ﬂ-e,PNf,P(q))”Lz(QS,P) +lme.p(Pa. »V = VllL2@. ) -
< ATIC(c(6)8 +€)

where A > 0 is independent of 6 > 0 and ¢(6) — 0 as § — 0. Similarly
we show

IMe.p(®) = Mep()l 20 p) < ATTC(e+c(8)8)[|® — |l (02, )

where ¢(6) — 0 as 6 — 0. Therefore M, p is a contraction on Bs. The
existence of a fixed point ®. p now follows from the Contraction Mapping
Principle and @, p is a solution of (3.15).

Because of
[®epllmz(. ) S ATHINGP(Re P2 m) + I Pa, » V = ViL2)
< A7 (e + ()|, pllm2a )
we have
(1= A"'e(8)||®c. plla2 < Ce.
We have proved

LemMA 3.3. — There exists € > 0 such that for every pair of €, P with
0 < e < Eand P € O there exists a unique ®.p € Kp satisfying
Se(PQE‘pV + (I)s,P) € Ceyp and

|@e.plla2(0. ») < Ce. (3.16)

We need another statement about the asymptotic behavior of the function
@, p as € — 0, which gives an expansion in € and is stated as follows.
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ProposiTION 3.4.
@, p(z) = €(Ro(y)x(z — P)) + ¥, p(2)
where
[Veplle <C
and g is the unique solution of
Ady — m®Pg 4 B (V)®y — h'(V)v; =0, in RY,

9%
Oy~
D is orthogonal to the kernel of Ly

where Lo = A —m + h'(V), Ly : HL(RY) — L*(RY).
Proof. — Note that the kernel of L is

{ v
0y;

|®o} < Cexp(—ply|) for p < V/m.

=0 on 8Rf,

j=Le V1),

Furthermore we have

479

(3.17)

(3.18)

The notations for €3, x,p and 7" are as in section 2. QOur strategy is to
decompose ¥, p into three parts and show that each of them is bounded in

Il - |la1(q. ) as € — 0. That means we make the ansatz

U p(z) = Te(z) + U2 (z) + T2%(x)

where the functions W1, ¥2! W22 will be defined as follows. Let ¥} be

the unique solution of
AV ~m¥l =0 inQ,

ov!
ov

=g° on JdQ

where
3]

9(a) = ~ 5~ [@a()x(@)]

Vol. 15, n® 4-1998.
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Since ||g¢||z2 < C there exists a constant C' > 0 such that
g <. (3.20)

Define ¥2! by
U2l = —lﬁ'q)o(az)x — 70! (3.21)
€

where 7 is the projection in L?(€2, p) onto K. p. Because of the exponential
decay of @, the smoothness of x and and by (3.20) it follows that

et < C. (3.22)

Finally, define ¥2:2(x) to be the unique solution in H% (€2) of the following
equation

1

EAVZ? — mU22 4 B(Py, V)U2? = —6—2f6 in Q, (3.23)
ov:? .
5 = 0 on 00 (3.24)

where N
fo=L(®p— eDox — (V! 4+ T21Y).

Note that the right-hand side of the last equation lies in Cﬁfp since
P p—e®ox — (V! + U2Y) € HY.

This is clear for ®.p by definition. By construction we have that
—e®Pox — €?(Ul + ¥21) satisfies the Neumann boundary condition. By
(3.18) and the smoothness of ¥ we conclude that ®ox € H?. By (3.19),
¥l € H?. Finally, since ¢; € H? where

ov

€ = —
J an]

av

67’13]

L2(Qe.p)

we have U2 ¢ H2. Therefore f. € ij. Furthermore, the following
lemma is true.

LEMMA 3.5.

I fellzz e py < Cé.
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Proof. — We have
fo = 8/(Pa pV)(®. — ebox — (T + U21)
= —h(Pqo, ., V) + h(V) + eb'(V)uix + N/ p(®.)
where
/ 1 / 1
(@) = = / W (Pa, V)@, + = / h(Pa. ,V) — h(V)]
il /s o /s

—[W(Po, .V + @) — h(Pqo, V) — b (Pq, . V)®]
1

T / 1(Pa, ,V + &) — h(Pa, V) — H(Pa, , V)]

Q

+e@o(y)[A — m + 1 (P, , V)Ix(2) + € < Vo @o(y), Vo D(2) >
+€2H (Po, , V)L + € [A —m + W' (Pq, V)| U2
Note that

| = h(Pa, V) + h(V) + eh'(Vivix(z)l|z2

<l =h(Pa. V) + (V) + eb (V|2
Hle(=h'(V)vr + A (V)vix)| L2
< (€ + exp(—ply))
by the definition of x and the exponential decay of V. Furthermore
N p(®)lzz < Ce?.

This proves Lemma 3.5. O

By Lemma 3.5 and the invertibility of
L.: Hin IC;‘:P — Cip

Proposition 3.4 follows. [
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4. THE REDUCED PROBLEM

In this section we solve the reduced problem and prove our main theorem.
By Lemma 3.3 there exists a unique solution b pe ’Cip such that

r—P
Se(ue) = Se (PQLPV(J; P > + (I)e,P)

= e Au, — mu. + h(ue) — —-1-—/ h(ue) € Ce p.
12] Jo

Our idea is to find P such that

SE(UE) 1 Ce’p.

1 8Pq,V
WeslP) = e [ (000752 ).

or P;

Let

W (P) = (W.1(P),.... W n_1(P))-

Then W(P) is a continuous map of P.
Let us now calculate W, (P). First of all, from condition (4) on h, we have

|R(t)] < Ct*.

Therefore

/Qh(uf) < OV,

Hence by Proposition 2.3

1 oPq, .V 1 0Pq. .V
€, —_ h €,
EN+1‘/Q(‘/;2 h‘(“f)) 3Tp]. /Q (uf)€N+1 n a,rpj

= o) [+ wsloixta = P) + i)

€N1+1 [(’)(exp(~0/e)) be /Q w2]

— O(EN/2)

= (")

because ] ]
E—N/ng < €—N75\|w§”L2(ﬂ)
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and Proposition 2.3. On the other hand, since

0P, .V 0P, .V av
2A e, P o €, P hl V ~ = 0‘
¢ 871:. m 57’13]. + ( )3P] '

7

we conclude
OPq, ,V
BTPJ

/Q[ezAuE — mue + h(u.)]

APy V(&=L dPy. V dPy .V
/{h(ue)————g"” (5 )+ |:62A Dop’ g ]ue}
Q

- 8’7’}3]. anj 67’}3]
dPq, ,V(=£) v (==£)
Y N VYO Yl U A W A N2V il W0 B
/Q (ue) ors, V) ar, "
Py .V
- / [W(Po, .V + ®. p) — h(Pa,, V) = B (Pa, ,V)®, p] st
JQ anj
’ 8PQE,PV ’ ov
+ [ ptpa st -y

b [ b, v) =)

=I'+T17+ U,

where I}, I2, and J. are defined by the last equality. We first calculate I?.

P, ,V (
2= / h/(PQG‘PV)—‘&I‘J—‘— - h'(V)i‘i— (e®o(y)x(z—P)+2V (z))dx
Q orp, Otp,

OFq, ,V oV
— ! V €, P _ 7
[ oo et ) et

7

0P .V av
2 / P e, P !
R ALCRUE

= eI?! + €122
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Note that
OPq .V
(P, ) ety I
' BTP,'
OFq, 0P .V oV
— h/ P V P i,/ V €, P -
(o, V) = HOV)] 2 >{ e
and OPq, ,V
[P ) =
JQ TP,/
P,V ' dPg, .V
= / W' (V)(Pa, ,V=V) =550+ / B (01)(Pa,  V=V)* =5 =@
Ja Tp; Tp;
+0O(exp(—6/€))
= O(eNH)
since ®¢ is even and V — Py .V = €V} where V] is even. By Proposition
2.1
/|‘IIF|2 < Cev.
Hence
[122] < O(eM).
So

17| < O(N72).
We next compute [

' 0P V ' 0Pg, .V
[1 — h// P. (I)Z ;P h,/// ., P 1% (I).i T ek T
€ /Q ( Qe,P e, P 37‘1:7 + /ﬂ (Ul + o p ) e, P an

OPa, ,V

= / B'(Po, ,V)E[®2x* + 2¢Box V. p + € V7 p] + OV )
JQ ) ’ 87’}3].
— O(€N+2>
since ®, is even. Finally, we compute the term J..
' oFg, ,
t]f = [h(PQ(,PV) h(V)]T_
Q TP;
dPo .V AP,
= / h’(V)(PQE,PV-V)%—H "(V)(PoV— V)Zﬁ—w(a\’”)
Q TPJ’ 7
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' ! 2 aV ¢
=¢ | K (V)(vrix + e(vax + vax) + €V )| == + wy + ewy(x)
Q OP;
OPa, ,V

o N+2
anj + (6 )

+e’ /Q R'(V)(0ix® + €(27)?)

' oV
2 1 T N+2
=¢ ./Qh(V)v‘;an+(’)(e )

= —NH / h’(V)vggl/— + O(V )
Qep Ay,

. v Y
= V! / h'(V)vg—a— + O(NT2).
RY Yj

19}
ov
h’Vv—:—/

/R ()Bayj R

N
+

But

( oV oV )
A—— —m— lu,
¥\ 9y Oy

/ v OV 9 OV
ory Oyn By; Oy Dy,

N-1

1 v\’
:‘5/ . (m) 2 prunOmndy
R’ -1

k,J,m=1

V! 2 N-1
/N ( ) Z ykylynlyjpklm(o)dy
JRN-1

|y| kI m=1

Ll =

N-1

1/ Vi\?
= -3 T Y, mHMjlm Od
3/RN1 (lyl) VY Ympiim (0)dy

Lm=1
= vp;re(0)
= I/VJH(P)

where
N-1 ,

1 V2
v=-— —/ (—) Y5y dy # 0.
=1 3 Jrv-1 \yl
Combining I, I?, J., we obtain
W.(P) = vV g, H(P) + W/(P)

where W/(P) is continuous in P and W/(P) = O(e) uniformly in P.
Suppose at Py, we have det(V;V,H(F,;)) # O then standard Brouwer’s
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fixed point theorem shows that for ¢ << 1 there exists a P. such that
We(Pe) = 07PE - [)()~
Thus we have proved the following proposition.

ProposiTiON 4.1. —  For € sufficiently small there exist points P, with
P. — Py such that W, (P.) = 0.

By Lemma 3.3 and Proposition 4.1 we have
Se(ve) =0,
ie.
2 1 .
e“Av. — mu, + h(u.) — — | h{v.) =0 inQ,
12 Jo
Ove

ov
Hence |,v. = 0. Let u, = 7l — v.. We have

=0 on 0f).

€2Auf - f(us) = 0Ok,

Ou./0v =0 on 90

/uE — 0],
Q

i.e. u. is a solution of the Cahn-Hilliard equation. Moreover

’Uf——V<$_P€>
€
and P, — P ¢ o,

Finally, we study the shape of the solutions v.. Let P. be any local
maximum point of v.. Then by (1.1),

— 0

€

1
mue — h(ve) + — / h(ve) < 0.
12 Jo
But eV JoMue) = [pw (V) > 0, hence
+

muve — h(ve) < 0.

So v.(P.) > a1 > 0. On the other hand, from our construction,
1
ol = 5C [ IV 4 my?).
2\ f
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Similar proof as in Theoremv 1.2 of [18], we conclude P. € 952 and there
is only one such P..

Appendix A: Trace Inequality
LeMMA A.l. ~ Let 0 < € < 1. Then

(A.1) 1@llzz00. ) < Cll®l a1 (0. p)

for all ® € HY(Q) where the constant C is independent of .

Note that the constant C' in (A.1) is required to be independent of
¢. Therefore Lemma A.1 is special although trace inequalities are quite
standard.

Proof of Lemma A.1. — For ® € H' () p) define ¥ € H(Q) by a
linear transformation:

U(z) = ®(z) where z = a:_—_P
€

Observe that [|913:50. .y = € NPl epay i@,y =
NP2 ) and [[VO|T2q, ) = € VIIVY|32 ) Therefore (and
after translation) (A.1) is equivalent to

1
(A.2) 01172 00y < CElVE|320) + ;”‘I’”%%Q))
for all ¥ € HY(Q) and 0 < € < 1 where C is independent of e. The

proof of (A.2) is standard and is omitted here (see for example the proof
of Theorem 3.1 in [1]). O

Appendix B: An elliptic regularity estimate

In this section we prove the following inequality

(B.1) W@l 2. ) < CUIA®] 20, o) + |11 (00 5))

for all ¢ € HJ"’\,(QE,p), 0 < € < ¢ where {1 p is as defined in Section 2
and C is a constant independent of ¢. For a point P on 9 we can find
a constant Ry > 0 and a smooth function p : B’(Rg) — R such that in
B(P, Ry) the boundary 952 is described by the graph of p where p satisfies
p(0) = 0, Vp(0) = 0 (compare Section 2). Furthermore there exists a map
n = T(£) with DT(0) = I (the identity map) from a neighborhood Up of
P onto a ball B(0,R;) (compare Section 3). By a linear transformation
we naturally get a map 7 from Us = {(z — P)/¢|z € Up} onto a ball
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B(Ry/e€) with center at 0. We set y = 7/c. Then the Laplace operator
becomes €A, = A, + A® where

2 N )
A = Voo oS gl AL g2
Vool Ay, ; g Oy 0yn ‘ pa?/N

Observe that for given 4 > 0 we can find R, > 0 and ¢ such that for
0 < e < e
(B.2)

Vo pPllLo=(B(Ro ) < 8, NPl (B(Ro sy < 6, 11€A, pllo= (B(Ro ) < 6

In the same way we transform

0 N-1 d 9
. =11+ V‘,[’ 21-1/2 — (14 vr’ 2 :
gz = (1 19000 S g — (15190l

0
= —— —+—B€
8y]\r

where B¢ is a differential operator on B(R;/e)U{yx = 0} with coefficients
which are bounded in L*>° for 0 < ¢ < ¢g (compare section 2). From
{Up|P € 99} we select a finite subcovering of 9§ and denote it by
{Us,...,U,}. Choosing Uy = 2 the set {Uy,...,U,} is a finite covering
of Q consisting of open sets. We keep this covering fixed from now on.
Let {fy,...,6,} be a partition of unity subordinate to this open covering.
Denote 65(y) = 6; o T (ey). Since

=0
we have
B3)  lullieq. . < 15l ) + D 15ullie, ,)-
=1
Since 65 has compact support in RY
HH(GJU’”%I?(RN) = |AB5u)I2rny + 105wl g

Annales de I'Institut Henri Poincaré - Analyse non linéaire



STATIONARY SOLUTIONS FOR THE CAHN-HILLIARD EQUATION 489
(see for example [10], Corollary 9.10). Because of

A(85) = 650w + 2V - 5 + ulb

and

(V05| = ry € Ce, 18601 (r) < C€,
we obtain
(B.4) 05ull32 . oy < C(HOSAUH%(Q(,,)) + lull . )
We are now going to estimate 0fu, ¢ = 1,...,n. Note that

1 € * € € *
B5) SO gy < W0l < Ol ey
where £ = 0,1, or 2 and

o () = (=T (en)

€
for v € H*(Uy). Then

2

10620)" e < (1000

d
2 — (B
s(ry + 'l (65u)
L2( ,+) 6:(/1\] HY2(RN-1x{0})

(B6) HIO )
(see for example [15], Theorem 4.1). Now (B.2) implies that

[ENCADN

2 € *
L2(RY) < 62”(0iu) ||§11(Ri’)'
Therefore from (B.6)

(1= C)I(05w)" Iz nr)

2

Vel € € \* a € \%
< C(H(A + A%)(0;u) “iz(ﬁf) + H%(GLU)

HI/Q(RN‘IX{O})
+H(9§u)*|ﬁ11(1{f)) .
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For the operator B we can calculate in an analogous way. The trace
theorem implies

(1 C8%)||(¢5w)"]

2
H2(RY)

2

€ € * a € € *
< o8 + 400 gy + | (505 + 5 )00

H/2(RN-1x{0})
O s )

Since~6~‘ is by construction independent of ¢ we can choose § so small that
1 — C8% > 1/2. This implies

€ € a € :
B W5l < € (18EIEa, + | g O
€ HY/2(80 p)
650l 0.1 )
Similarly as before
(B.8) A(QEU)HQL?(QM) < C(HGEA“”QLZ(QE‘P) + ”uﬂip(mpﬂ
and
8 2
(B.9) @) <Ol
€ HY2(9%. . p)

because of du/dv, = 0. Combining (B.7) - (B.9) we get
(B.10) “957’”%12(9(_;)) < C(HHEAU”%Q(QE‘,?) + ”U”?{t(ng\,;))‘
We conclude, using (B.3), (B.4) and (B.10), that
”U“%{?(n(,p) < C(Z HeiAU|IZL2(Q<,p) + (n+ 1)HU“§N(Q¢_P))
i=0

< ColllAulltaqe, ) + lulline, )

where C, depends on n. Since n is independent of e the proof of (B.1)
is finished. [
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