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degenerate elliptic operators and applications
to symmetry and monotonicity results
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ABSTRACT. — We prove some weak and strong comparison theorems for
solutions of differential inequalities involving a class of elliptic operators
that includes the p-laplacian operator. We then use these theorems together
with the method of moving planes and the sliding method to get symmetry
and monotonicity properties of solutions to quasilinear elliptic equations in
bounded domains.
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RESUME. — Nous prouvons quelques théorémes de comparaison faible et
fort pour solutions de certaines inéqualités différentielles liées a une classe
d’opérateurs elliptiques qui comprend le p-laplacien. Ces théorémes sont
utilisés avec la méthode de « déplacement d’hyperplanes » et la méthode de
« translation » pour obtenir des propriéis de symétrie et de monotonie des
solutions d’équations elliptiques quasilinéaires dans des domaines bornés.
© 1998 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. INTRODUCTION AND STATEMENT OF THE RESULTS

In recents years several researches were devoted to the study of properties
of solutions to elliptic equations involving the p-laplacian operator (see

1991 Mathematics Subject Classification. 35 1 70, 35 B 50, 35 B 05.
Annales de UInstitut Henri Poincaré - Analyse non linéaire - 0294-1449

Vol. 15/98/04/
© 1998 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved



494 L. DAMASCELLI

[1], [4]), [7]-[11] and the references therein). The difficulties in extending
properties of solutions of strictly elliptic equations to solutions of p-Laplace
equations are mainly due to the degeneracy of the p-laplacian operator. In
particular comparison principles widely used for strictly elliptic operators
are not available when considering degenerate operators. In this paper we
consider a class of second order quasilinear elliptic operators with a ”growth
of degree p — 17, 1 < p < oo, which includes the p-laplacian operator and
prove for them some comparison results. More precisely we consider the
operator —div A(x, Du) in an open set & C RY, N > 2, and we make
the following assumptions on A:

(1-1) A e C%Q x RY;RY)n CHQ x RV \ {0};RY)
(1-2) A(z,0)=0 Vze®
Y104,
a2 ,’(m)‘g P Ve neRY\ {0}
i,5=1 t
N
DA;
(14) > T (@ ML 2 P IE
ij=1 ?

VreQ,neRV\{0}, £EcRY

with 1 < p < oo and for suitable constants v,I" > 0.

In the case of the p-laplacian operator A = A(n) = |n|P~n.

In section 2 we prove different forms of weak and strong (maximum and)
comparison principles. The proofs are based on simple estimates contained
in Lemma 2.1 below that “explains” why maximum principles hold without
special hypotheses about the degeneracies, while comparison principles are
not in general available if p # 2 in their full generality (see the remark
after Lemma 2.1).

We begin with forms of weak maximum and comparison principles that
extend to general p a similar theorem proved in [3] for p = 2. If the constant
A which appears in these theorems is zero then they are formulations of
classical weak principles, while if A > 0 they are weak formulations of
the ” maximum principle in small domains ” proposed in [2] for strong
solutions of strictly elliptic differential inequalities.

In what follows Q will be an open set in RN, N > 2 and A a function
satisfying (1-1)~(1-4) for p € (1, 00). Moreover all inequalities are meant
to be satisfied in a weak sense.
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THEOREM 1.1 (Weak Maximum Principle). — Suppose 2 is bounded and
u € WHP(Q)NL*2(R), 1 < p < oo, satisfies

(1-5)  —div A{z, Du) + g(z,u) — AjufP™?u <0 [>0] in Q

where A > 0 and g € C(Q x R) satisfies g(z,s) > 0if s > 0 [g(z,s) <0
if s < 0] Let ¥ C Q be open and suppose v < 0 [> 0] on 0V
Then there exists a constant ¢ > 0, depending on p and on v, T in (1-3),

T
(1-4), such that ifA(%) <cthenu <0 [>0]in$ (where| | stands

for the Lebesgue measure and wy is the measure of the unit ball in RY ). In
particular if A = 0 then Q' can be an arbitrary open subset of ().

Let us put, if u,v are functions in W1>(Q) and A C Q

My = My(u,v) = sup(|Dul + |Du)),

ma =malu,v) = i%f(|Du[ + |Dvl)

THEOREM 1.2 (Weak Comparison Principle). — Let Q) be bounded and
u, v € WH(Q) satisfy

(1-6) —div A(z, Du)+g¢(z,u)—Au < —div A(z, Dv)+g{z,v)—Av in

where A > 0 and g € C(Q x R) is such that for each x € Q g(x,s) is
nondecreasing in s for |s| < max{||u||pe,||v||L=}. Let &' C Q be open
and suppose u < v on OY.

@ fA=0thenu<vinQ,Vp>1

(b) if p = 2 there exists 6 > 0, depending on A and v, I in (1-3), (1-4),
such that if |¥| < 6 then u < v in V.

(c) if 1 < p < 2 there exist 6, M > 0, depending on p, A, v, T, || and
Mg, such that the following holds: if ' = A; U Ay with |A; N As| = 0,
|A1] < 6 and M4, < M then u < v in 0.

(d) if p > 2 and mq > 0, there exist §, m > 0, depending on p, A,
v, T, |Q] and mq, such that the following holds: if O = A; U Ay with
|A; N As] =0, |A1] < 8 and m, > m then u < v in Q.

Remark 1.1. — As we shall see from the proof if p > 2 it is enough to
suppose u,v € WHP(Q) N L>(N). If p > 2 and A > 0 to use the theorem
we need to know that |Du| + |Dv| is bounded from below by a positive
constant, and this is a serious restriction in applications. On the contrary
if 1 < p < 2 we do not have to worry about the degeneracies (provided
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496 L. DAMASCELLI

u,v € WHo°(Q) if p < 2) and this makes the theorem useful, as we shall
see in section 3. [

Remark 1.2. — The typical way we use Theorem 1.2 is the following.
Suppose that 2 is a bounded domain, f € C{Q2 x R) and u,v € W!>(Q)
are respectively a weak subsolution and a weak supersolution of the equation

(1-7) —div A(x, Dz) = f(x,z) in{

Then v and v satisfy (1-6) with g(x,s) = As — f(x.5), VA > 0.

(i) Let f(z,s) be nonincreasing in s for x fixed and [s] <
max{||u| =, [|v]|L=}. If u < v on O for an open subset ' of 2, then
u < v in ' by Theorem 1.2 (a). This particular case of Theorem 1.2 (a)
has been proved in [10] by Tolksdorf.

In particular if « and v are both solutions of equation 1-7 and have the
same boundary data on J€! then they must coincide.

(i1) Suppose next that f(x,s) is not nonincreasing, but there exists
a A > 0 such that g(x,s) = f(x,s) — As is nonincreasing in s
for |s] < max{||u|r=,[|v||z~} (e.g. f(x,s) is (semi)locally Lipschitz
continuous in s uniformly in z).

If 1 < p € 2 by Theorem 1.2 (b) and (¢) (with A, = ) there exists
& > 0 such that for any open set ' C Q with || < 6 the inequality v < v
on 0fY implies that « < v in §V.

This is a weak formulation and an extension to the case 1 < p < 2 of the
“maximum principle in small domains” of [2]. If p > 2 we get analogous
results under nondegeneracy hypotheses.

(ii1) In the case 1 < p < 2 Theorem (1.2) (c) implies a quite interesting
and singular result. In fact suppose again that f(z, s) — As is nonincreasing
in s for s in the range of v and v and that 1 < p < 2. Then by Theorem 1.2
(c) (with A; = @) there exists M > 0 such that for any open set {2’ C )
the inequality v < v on 02 implies the inequality v < v in 2 provided
Mq = supg (|Du| + |Du]) < M.

Note that this statement is a comparison principle which holds without
any assumption on the size of €’ but rather on the smallness of |Du| and
|Dv]. This is, in general, not true even when p = 2.

Furthermore, as we shall see in section 3, we can use the theorem more
generally when we can decompose the domain in two subdomains, one
having small measure while on the other the functions involved has small
gradients. [

Next we deal with a form of the strong comparison principle. The strong
maximum principle is well known for the kind of operators we are talking
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about and can be obtained via Hopf Lemma (see [10] and [13] for particular
cases) or as a consequence of a Harnack type inequality (see section 2). We
shall follow the second approach to derive a strong comparison theorem.
First we prove the following Harnack type comparison inequality.

THeEOREM 1.3 (Harnack type comparison inequality). — Suppose u, v satisfy
(1-8) —div A(z, Du) + Au < —div A(x, Dv) + Awv, u<wv in §

where A € R and u,v € WE(Q) if p # 2 w,v € WEAHQ) 0 L2.(9Q) if

loc loc loc
p = 2. Suppose B(xo,56) C Qand, if p # 2, inf gz, 55y (|Dul + | Dv])>0.

Then for any positive s < V—ZV_i we have

(1-9) v — ul

N .
L (Bl 2oy S eb7 inf (v —u)

where c is a constant depending on N, p, s, A, b, the constants v,T in (1-3),
(1-4), and if p # 2 also on m and M, where m = inf (., 56) (| Du| + | Dv|),
M = supp(y, 56 (|Dul + | Dvl).

Theorem 1.3 implies the following strong comparison principle.

TueorEm 1.4 (Strong Comparison Principle). — Let u,v € C1(Q) satisfy
(1-8) and define Z = {x € Q0 : |Du(z)| + |Dv(z)| =0} ifp #2, Z =0
ifp=2

If zo € Q\ Z and u(zo) = v(xo) then u = v in the connected component
of U\ Z containing .

Remark 1.3. — By the previous theorem if u, v satisfy (1-8) in a domain {2
and |Du|+ |Dv| > 0 in Q then u > v in €2 unless » and v coincide in 2. In
[10] Tolskdorf proved (via Hopf Lemma) a strong comparison principle for
solutions of a suitable quasilinear equation, under the hypothesis that one of
the two functions is of class C? with its gradient away from zero. Since the
solutions of problems involving the operator A are usually (for p # 2) in the
the class C1* (see [4] and [11]), Theorem 1.4 is more natural and allows
the functions to have vanishing gradients, although not simultaneously if
p # 2. Moreover u and v need not to solve a particular equation. [

If in (1-8) A = 0 we can get further results, as the following corollaries
show. The first one is a corollary to Theorem 1.2 (a) and, in the case when
the set S defined below is compact, it has been proved in [8] by another
method. The second one is a corollary to Theorem 1.4 (and Corollary 1.1).
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498 L. DAMASCELLI
COROLLARY 1.1. — Suppose u,v € C*(Q) satisfy
(1-10) —div A(z, Du) € —divA(z,Dv), uw<wv inQ

Let us define S = {x € Q : w(x) = v(z)}. If S is either discrete or compact
in Q) then it is empty.

CorOLLARY 1.2. ~ Let u,v € CYQ) satisfy (1-10). Let us define
Z ={x € Q: Du(z) = Dv(z) = 0} and suppose that either

(a) Q is connected and Z is discrete
or

(b) Z is compact and 2\ Z is connected.

Then v < v unless u = v.

Remark 1.4. — Let u,v € C1(Q) N L*°(§2) be respectively a weak
subsolution and a weak supersolution of equation (1-7) with © < v in €.
Suppose that there exists a A > 0 such that f(x,s) + As is nondecreasing
in s for ¢ in the range of « and v (e.g. f(z,s) is (semi)locally Lipschitz
continuous in s uniformly in z). Then « and v satisfy (1-8) and Theorem 1.4
applies. In particular if f(x,.) is nondecreasing we have (1-8) with A =0
and we can use Corollary 1.1 or Corollary 1.2. []

In section 3 we apply the previous comparison theorems to the study of
symmetry and monotonicity properties of solutions to quasilinear elliptic
equations. For simplicity we consider here the case of the p-laplacian
operator that we denote by A, so that —A,u stands for —div (| Du|P~2Du),
but the same method applies to any operator that satisfy conditions (1-1)-
(1-4) as well as natural symmetry conditions (see [3] for the case p = 2).
Let  be a bounded domain in R, N > 2, which is convex and symmetric
in the z;-direction and consider the problem

—Apu = f(u) in
(1-11) uw>0 in
uw =10 on 90

In their famous paper ([5]) Gidas, Ni and Nirenberg used the method
of moving planes to prove (among other results) that if p = 2 every
classical solution to (I1-11) is symmetric with respect to the hyperplane
Ty = {z = (21,2") € RY : z; = 0} and strictly increasing in z; for
x1 < 0, provided 2 is smooth and f is locally Lipschitz continuous. As a
corollary if ) is a ball then « is radial and radially decreasing. Since then
many papers extended the results and the method in several directions. In
particular Berestycki and Nirenberg in [2] improved the method by using a
form of the maximum principle in domains with small measure. If p # 2 the
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problem is much more difficult since the operator is degenerate and partial
results were obtained under special hypotheses on the solutions and/or on
the nonlinearity. In [9] it is proved, using symmetrization methods, that if
2 is a ball, p = N (the dimension of the space) and f is continuous with
f(s) > 0if s > 0, then u is radial and radially decreasing. In [7] symmetry
results are obtained for solutions that in suitable spaces are isolated and
have a nonzero index. In [1] symmetry in a ball is obtained under the
crucial hypothesis that the gradient of the solution vanishes only at the
center of the ball (which is then the only point of maximum).

Here, using the method of moving planes as in [2] and the above
comparison results, we obtain the symmetry of the positive solutions when
1 < p < 2 under quite general hypotheses on the set of the points where the
gradient of the solution vanishes. In the general case we slightly generalize
the result of [1] with a simpler proof. To state more precisely the symmetry
results we need some notations.

Let 2 be a bounded domain in RV, N > 2, convex and symmetric in
the z;-direction (i.e. for each 2’ € RV ! the set {z; € R: (z1,2') € Q} is
either empty or an open interval symmetric with respect to 0). For such a
domain we set —a = inf cq x; and for —a < A < a we define

Th={zeRY:z;, =)}, W={zeQ:z; <)}
P ={reQ:x >N}

If z = (z1,2') let x = (2X\ — z1,2') be the point corresponding to x
in the reflection through T and if v is a real functioy_ in £ let us put
ux(z) = u(zx,) whenever z,z, € Q. Finally if u € C'(Q) we put

Z ={z € Q: Du(z) =0}
and

Zyx = {z € Q : Du(z) = Duy(z) = 0} for —a<A<0
Z* = {z € Q" : Du(z) = Duy(z) = 0} for0<A<a

THEOREM 1.5. — Let 1 < p < 2 and u € C1(Q) a weak solution of (1-11)
with f locally Lipschitz continuous. Suppose that the following condition
holds:

—if A < 0 and C, is a connected component of Q2 then Cy \ Z is
connected, with the analogous condition satisfied by C* \ Z* for A > 0.

Then u is symmetric with respect to the hyperplane Ty = {z € RV :
z1 = 0} (ie u(zy, o) = u(—2z1,2") if (x1,2") € Q) and u(zy,7’) is
nondecreasing in x; for x1 < 0 (and (zy,z') € Q).
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500 L. DAMASCELLI

The condition in the above theorem is in particular satisfied if the set Z
is discrete. In this case the solution is strictly monotone:

CoroLLARY 1.3. — Suppose that Z is discrete (and 1 < p < 2). Then
u(xq,z’) is strictly increasing in x1 for 1 < 0 and if Q@ = B(0, R) then u
is radial and radially strictly decreasing.

THEOREM 1.6. — Let u € CY(Q) be a weak solution of problem (1-11),
where p > 2 and f is locally Lipschitz continuous. Suppose that the
set where the gradient of w vanishes is contained in the hyperplane
To = {x € RN : x; = 0}. Then u is symmetric with respect to Ty and
u{xy,x') is strictly increasing in xy for x; < 0.

COROLLARY 1.4 [1]. — Let Q be a ball B(0, R) in RN, N > 2 and suppose
f is locally Lipschitz and u € C*(Q) is a weak solution of (1-11) whose
gradient vanishes only at the origin. Then u is radial and radially strictly
decreasing.

Next we apply the previous comparison principles together with the
sliding method” as in [2] to get the monotonicity of solutions to suitable
quasilinear elliptic equations. We illustrate the method with a simple
problem which is a generalization to the p-laplacian operator of an analogous
problem studied in [2]. It shows that in some case the sliding method yields
better results than the moving planes method for degenerate equations. This
happens because we have a strict inequality between the functions involved
on the boundary of suitable open sets and we can use Corollary 1.1. Let
us begin with some notations. Let ) be a bounded domain in RN, N > 2,
convex in the z;-direction and consider the problem

—Apu = f(u) in
(1-12) { Z =4¢ on 92

with f continuous and ¢ € C1(99) satisfying the following condition: if
¥ = (z1,y), 2" = (2,y) € 00 and z| < z} then

(1-13) $(z') < ¢(z”)

We consider solutions of (1-12) satisfying the following condition: if
z',x"” € I are as before and = = (x1,y) € Q with 2} < 21 < z{ then

(1-14) $(z') < u(z) < (")

If 7 > 0 let us put &, = Q — 7e; (where e¢; = (1,0,...0)) and
ur(x) = w(z + 7ey) for £ € .. Then we define D, = QN Q,,
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7 =sup{T > 0: D, # 0} and Z, = {z € D, : Du(z) = Du.(z) = 0}
for 0 < 17 < 7y.

THEOREM 1.7. — Let u € CY(Q) be a weak solution of (1-12), (1-14)
with f locally Lipschitz continuous and 1 < p < 2. Suppose that for
each T € (0,71) and each connected component C. of D, the set
C.\ Z; is connected. Then w is nondecreasing in the xi-direction (i.e.
w(wy,y) < u(xe,y) if ¥1 < z2) and if the set Z = {x € Q : Du(z) = 0} is
discrete then u is strictly increasing in the x-direction.

THEOREM 1.8. — Suppose that f is continuous and nondecreasing and
u € Cl(ﬁ) is a weak solution of (1-12), (1-14) with 1 < p < oo. Then

u is strictly increasing in the x-direction and is the only solution to the
problem (1-12) that satisfy (1-14).

Remark 1.5. — Note that no hypotheses on p, Z or Z, are required in
Theorem 1.8 by assuming f nondecreasing and only continuous. [

2. PROOF OF COMPARISON THEOREMS

In this section we prove the comparison theorems stated in section 1.

Throughout this section  will be an open set in RY, N > 2, and A a
function that satisfy (1-1)-(1-4) for a p with 1 < p < oo. We begin with a
simple lemma that provides the estimates necessary for the sequel.

LemmMmA 2.1. — There exist constants ci, ca, depending on p and on the
constants vy, T in (1-3), (1-4), such that ¥ n, ¥ € RN with |n| + /| >
0,Vx € QO

(2-1) |A(z, ) — A(z, )| < el + 101" 2 — /|
22 [A(z,n) = Az, )] - In =0 > eolnl + 10D — ')

where the dot stands for the scalar product in RN . In particular, since (1-2)
holds, we have for any x € Q, n € RV:

(2-3) |A(z, m)| < exlnfP~
(2-4) A(z,n)-n 2 calnl?
Moreover for each x € Q, n, 7' € RN we have:

(2-5) |A(z,n) — A(z,n)| < erln—nP~' if1<p<2
(2-6) [A(z,n) — Az, 7)]-[n—7"] >coln—1n|P if p>2
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502 L. DAMASCELLI

Proof. — Since (2-1) and (2-2) are symmetric in 7,  we can suppose
7’| > |nl, |7'] > 0. From (1-1),(1-2) we get for j = 1...N:

1 N

Aj(x,m) = As(z,1) /Za

Using (1-3), (1-4) we have that

) — n;) dt

o1
@7 |Azn) - Ale.)| < Tln - o] / I+ t(n — )P dt
0

1
28) [Aw,n) - A1) -[—1] > vln—n'|? / I+ b — )P dt

Since |n' +t(n — ') = (L= t)n' +tn| < |n| + || Vte[0,1]if p>2
(2-7) yields (2-1), while if 1 < p < 2 (2-8) yields (2-2).
To get (2-1) for 1 < p < 2 we have to prove that

1
2-9) / 7+t — )R < e(lnl + )P (L<p<2)

Analogously to get (2-2) for p > 2 we have to prove that
. -2 -2
@10 [ W et = P2 el W (> 2)
0

To this end observe that if |y — /| < l"—z/' then (since |n'| > |n|)

Inl s 7+l

I+t =) > -ln-7> % 1

so that (2-9) and (2-10) hold with ¢ = ( w2,
If instead |n — o'| > I" | > 0 and we put ¢ = _#z_n)’_l € (0,2) then
"+ tn— ")l > [In'] — tin — ']

= Ito — t|ln — ] > Ito—tl@ Inl+ 17

> to—t 1

If 1< p< 2 for any ¢, € (0,2) we have that fo [tg — t|P~2dt <
2[ 2P~ 2dz————sothat(29)holdsw1thc—( )” 2 2 Ifp > 2, for

any ¢y € (0,2) we have that fo [to — t|P~2dt > f 2P~ 2olz = (3P
so that (2-10) holds with ¢ = (3)77?15(3)P~
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Finally (2-5) and (2-6) are immediate consequences of (2-1) and (2-2)
because |n — 7’| < || + || Vo, € RY. O

Remark 2.1. — In our applications 7, 1’ will be gradients of C!(Q)
functions, so that they will be bounded but possibly approaching zero. If
1 < p < 2 then (2-1) blows up when |n| + |7| approaches zero and the
natural estimates are (2-5) and (2-2). Unfortunately (2-5) and (2-2) are not
symmetric, in the sense that the former is an estimate “of order p”, while the
latter is an “order 2” estimate. Analogously if p > 2 the natural estimates
are (2-1) ("of order 2”) and (2-6) ("of order p”) which are asymmetric.
This is the reason why we are forced to use (2-1) and (2-2), both of the
same “order 2”, when studying comparison principles. If p # 2 this causes
problems when the gradients of the functions involved are close to zero
and requires special hypotheses on the sets where their gradients vanish (of
course no problem arises when p = 2). Note however that (when 7' = 0)
(2-3) and (2-4) are both of the same “order p” for each p > 1 and this
explains why maximum principles hold without restrictions for any p > 1,
while comparison principles are, in general, not available when p # 2. O

If u,v € WEP(Q)N LR () and B € C°(Q x R) we say that (in a
weak sense)

(2-11) —div A(z, Du) + B(z,u) <

{-—div A(z, Dv) + B(z,v) Q
n
0

if for each nonnegative ¢ € C°() we have
(2-12)

| (. 00)- Do+ pla,u)e) da< [alA@, Do) - Do+ (s, vyl da

0

If Q is bounded and u,v € W'P(Q) N L>(Q) since B is continuous
and (2-3) holds, by a density argument (2-12) holds for any nonnegative
v € WoP(Q).

Similarly by v < v on 99 (in the weak sense) we mean (v — v)T €
WP (). Of course if w and v are continuous in €I and satisfy v < v
pointwisely on 912 then they satisfy the inequality also weakly.

In the sequel we shall use the following

Lemma 2.2 (Poincaré’s inequality). — Let € be a bounded open set and
suppose ! = AU B, with A, B measurable subset of Q. If u € WyP(Q),
1 < p < o, then

(2-13) Mullzr@) < wy™ (277 [[A]¥ || Dullrsa) + | Bl || Dul|r ()]
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where P/ = ;f—l.

Proof. — We slightly modify the proof in [6], where the lemma is proved
for A =, B =0, using potential estimates. Define h(z,y) = |z — y|' ="
and suppose C is a measurable subset of ). If R > 0 is such that
|C| = |B(z, R)| observe that

(2-14) / hdy = / h dy+/ h dy
c CNB(z,R) C\B(z,R)

<[ ndgs [ hay
CNB(x,r) B(x,R)\C
1

. O\ F
:/ h dy:NwNR:NwN<|——|)
B(x,R) wN

If f € L?(C) by Fubini’'s Theorem for almost every z € Q

f) (hz,y))7 € LP(C). Let us define V¢ f(z = [ f(y) h(z,y)dy.
Then we have by (2-14) and Holder’s 1nequa11ty

Ve f(z)] < /C \F1h B dy

< (/;'ﬂy)lp h(z,y) dy>;(/ h(z, y)dy)%)
<[ (5)'] ([rses)

Taking the p power and integrating in x over {1 we obtain, using again
Fubini’s Theorem and (2-14) with C =  and the role of x and y
interchanged,

(2-15) ”VCf||LP(Q)<NWN<IC'> ('QI) Il fllzeicy

wWN

Now if u € C2°(£2) then we have the representation (see Lemma 7.14 in [6])

1 -N
- - D Az —
ulz) = 3 /Qlir yl7" Duly) - ( — y) dy
so that if @ = AU B we have that |u(z)| < ———NWN [ Va|Dul(z) +

Vi | Du|(z)]. From (2-15) we obtain (2-13) for u € C'2°(§2) and the general
case follows by density. [
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Proof of Theorem 1.1. — Let us prove the assertion when © < 0 on 9¢¥,
the other case being perfectly analogous (with u™ substituted by »~). By
hypothesis u* € W,y *(€) and can be used as a test function in (2-12)
yielding

/ Az, Du) - Dudz + / g(z,w)udr — A / |ulP dz <0
[4>0] [u20]

[u>0]

where [u > 0] = {z € ' : u(z) > 0}. Since g(z,u)u > 0 and (2-4)
holds we get

cz/ |Dut|P dz = c2/ |Dul? dz < A/ |ulP dz = A/ lut|P dx
o [u>0] [4>0] Y

where ¢, is the constant in (2-4), and from (2-13) (with B = §)) we infer that

21\ *
ez / |Dut|Pdz < A< ) |Dut|P dx
Y WwN o

. N\NF
So if ¢; > A(L%J) it must be 0 = [, |Du*|Pdz = ||ut||
vt =0in Q. O

d

p
WoP () an
Proof of Theorem 1.2. — It is analogous to the previous proof with

estimate (2-4) substituted by (2-2) and (2-6). Using (v — v)* € Wol”’ Q)
as a test function we get

/[ g ][A(x, Du) — A(z, Dv)] - (Du — Dv)dx
z,u)— glz,v)|(u—v)dz
+ [ ot gl

—A/ (u—v)%dz <0
[uzv]
Since g(z,u) > g(z,v) if u > v we get

/[ A Dv) — 4G Do) (Du = Do) do < A / (1 — w2

[u2v]

If p>2and A =0 from (2-6) we get c; [, |D(u —v)*|Pdx < 0 so that
(u—v)* = 0 in Q' and we have (a) in the case of p > 2.
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In all other cases we use the estimate (2-2): if p = 2 we get, using (2-13)
(with B = () as in the previous theorem

2]

wn

[D{u —v)T|?dz < A( > [D(u ~ v)*|? dz
(2’ (2[

where ¢, is the constant in (2-2). So if A(Im < ¢ we get

(w — v)* w2y = 0 so that (u — v)T = 0 in ' and we have (a)
and (b) for p = 2.

If1<p<2and @ = A; UA; with |4; N As| = 0 we have, using
(2-13) for p = 2,

cg ME? / |D(u — )2 dz + ¢, Mﬁ;z / |D(u — v)|? dx
410[u>v] A

2M[u>v]

<anwFt | [ PP
A

1N[u>v]

Lo / \D(u — v)? dx]
AxNfu>v]

From this we infer that if |A,| and M4, are small or A = 0 we must have,
fori =1,2, fAm[DU] |D(u — v)|* = 0 so that [|(u = v)*|lya2g) =0
and (u —v)T = 0in Q' and we have (a) and (b) for the case 1 < p < 2.

In the case of p > 2, A > 0 we get the same inequalities with Mg, M4,
substituted by mgq, m4, from which we deduce (d). O

Before proving the strong comparison principle given by Theorem 1.4 let
us recall the statement and the proof (using an Harnack type inequality) of (a
version of) the strong maximum principle. We shall see that the differences
between the strong maximum and the strong comparison principle are
similar to those between the weak maximum and the weak comparison
principles. The following theorem is a particular case of a more general
result proved by Trudinger (see [12, Theorem 1.2]).

TueoreM 2.1 (Harnack Type Inequality). — Suppose that v € W27 () N
7o () satisfies

loc
(2-16) —divA(z, Dv) + ApfP20 >0, v>0 inQ
foraconstantAGR.LetxoEQ,5>0withmgﬂands>0
withs<N—]£,P_;p1-2ifPSN,5S00ifp>N.
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Then there exists a constant ¢ > 0 depending on N,p, s, A, 6 and on the
constants v, T in (1-3), (1-4) such that

(2-17) 0]l s (Beg.26) < ¢6% inf w

B(.’L’(),CS)

Of course here and elsewhere in f means essin f if the functions involved
are not continuous. In Trudinger’s paper the theorem is proved for operators
that satisfy (2-3) and (2-4) (derived in our case from other structural
conditions). The following strong maximum principle follows at once from
the Harnack inequality.

THEOREM 2.2 (Strong maximum principle). — Suppose that €1 is connected
and v € WEP(Q) N C%Q) satisfies (2-16). Then either v = 0 in Q or

v > 0 in Q.

Proof. — Suppose v{zg) = 0 with 2o € €. Then the set O = {z €
Q : v(z) = 0}, which is closed relatively to 2 since v is continuous, is
nonempty. Since v is continuous, if v(z) = 0 and 6 > 0 is such that
B(z,56) C Q, then infp(,. sy v = v(x) = 0. From the Harnack inequality
we have that fB(z,Zé) v* dx = 0 for some s > 0 so that v = 0 in B(z,26),
because v is continuous and nonnegative. So O is also open and since 2
is connected it must be O = Q. O

As in the case of the strong maximum principle the strong comparison
principle given by Theorem 1.4 follows immediately from the Harnack
comparison inequality (Theorem 1.3) whose proof is deferred to the
Appendix.

Proof of Theorem 1.4. — We can suppose that 2\ Z is connected and, as in
the proof of Theorem 2.2, we have to prove that O = {z € Q\ Z : u(z) =
v(z)} is open. If z € O we have |Du(z) + |Dv(z)| > 0 and by continuity

there exist § > 0 and m > 0 such that B(z,56) C © and |Du| + |Dv| >
m > 0 in B(z,56). Since 0 = v(z) — u(x) = infpLs (v — u), by
Theorem 1.3 we have fB(x 26) (v—u)dr =0, so that w = v in B(z,26)

and O is open. [

Proof of Corollary 1.1. — Suppose S # $. We shall prove that u < v in
S, which is a contradiction. If S is compact let B an open set containing
S with B compact C §; if S is discrete for each z € S let B = B, be
a ball such that B ¢ Q, BN S = {z}. In both cases 3B N S = @ so that
v > u on OB and there exists € > 0 such that v — € > u on the compact
dB. Since v — ¢,u € CY(B), v — ¢ > u on 9B, and

—div A(z, Du) < —div A(z, Dv) = —divA(z,D(v—¢€)) in B
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Theorem 1.2 (a) yields v — € > w in B. In particular v > w in §.

Proof of Corollary 1.2. — Suppose u # v in Q, then v Z v in Q\ Z.
In fact if w = v in Q\Z then by continuity v = v on JZ. In case (a)
0Z = Z, so that w = v in . In case (b), since D(u —v) = 0 in Z, it
follows that 4 — v is constant in each connected component C of (Z)°.
For any such component C, we have that in C' « — v is a constant that
must be zero because C N Z # §. So u = v in Q and this shows that if
v # v in Q then v # v in Q\ Z.

Since u # v in 2\ Z.which is connected (in case (a) because N > 2) by
Theorem 1.4 we have u < v in Q\Z. So S ={x € Q:u(z) =v(x)} C Z
is discrete or compact and hence by the previous corollary it is empty. [J

3. PROOF OF SYMMETRY AND MONOTONICITY RESULTS
Proof of Theorem 1.5. — If XA < 0 the functions u, uy Satisfy the equation
_APZ = f(Z) in Q)\

with f locally Lipschitz continuous. By Theorem 1.2 (c) (see Remark 1.2)
there exist 6, M > 0 such that if A < 0, £ is an open subset of €2y
with Q' = A; U Ay, |A1] < 6, My, = supy, (|Du| + |Duy|) < M and
u < uy on O, then u < wy in . If A > —a and A + a is small then
|25 < 6. Moreover if 2 € 92, N 0L then u(z) = 0 < u(zxy) = up(r) ;
if instead z € O N Ty then £, = z and © = uy. So u < uy on 90,
and as remarked by Theorem 1.2 (¢) (thh Ay = 0) we get u < uy in Q)
for A > —a, A close to —a.

Let us define A\ as the sup of those A € (—a,0) such that for each
@ € (—a,A) we have u < w, in Q,. If we show that Ay = 0 then by
continuity u < ug in £ with u(x1, ") nondecreasing for z; < 0 and the
same procedure in the symmetric half Q° yields u = wuo. Suppose that
Ao < 0. Then by continuity u < uy, in Q,,. Since u < uy, in {2, by
Theorem 1.4 (see Remark 1.4) in each connected component of 2,,\ Z,, we
have u < uy, unless u and u,, coincide. If C, is a connected component
of 2,, then by the convexity hypothesis on {2 there exists x € IQ N IC),
such that x,, € § (because A\g < 0) so that 0 = u(z) < u(z,,). From
this we infer that « # u,, in any connected component C, of {2,,. Since
Cy, \Z, is open and connected by hypothesis and it is a subset of 25, \ Z,
we deduce that u < uy, in Cy, \ Z»,, unless u = uy, in Cy, \ Z,,. On
the other hand arguing as in Corollary 1.2 we have that if u = u,, in
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Ch, \ Z», then u = uy, in C),. Since we saw that this is not possible we
get u < uy, in Cy, \ Z,, for each connected component C), of §2,, and
we conclude that u < uy, in Qy, \ Z»,.

Let C = {z € Q, : u(x) = u(zx,)} C Zy,. Since Du = Duy, =0
in C there exists an open set A with C C A C ), such that
Ma, = sup,(|Du| + |Duy,|) < Y. Let K C Q,, be compact with
|, \ K| < £. In the compact K \ A C Qy, \ C uy, — u is positive
and it has a positive minimum there. There exists ¢ > 0 such that, by
continuity, Ap + ¢ < 0 and for g < A < Ao + € we have |2, \ K| < 6,
M4\ = sup4(|Du| + |Dua|) < M and uy —u > 0 in K \ A in particular
on J(K \ A). Moreover for such A we have u < uy on 9(Q, \ (K \ 4))
(if ¢ is a point on that boundary either xy € T where u = uy or zg € 912
where 0 = u < wy, or else o € (K \ A) where as observed u < uy).
Since Q2 \ (K \ A) is the disjoint union of A; = Q) \ K and A, = KNA
from Theorem 1.2 (c) we infer as before that u < wy in ) \ (K \ 4) so
that u < uy in Q for A\g < A < Ag + ¢ < 0. This contradicts the definition

of Ao and ends the proof. O

Proof of Corollary 1.3. - If Z is discrete so is £ for each A < 0 and from
the previous proof we deduce that for each A € (—a,0) we have u < uy
in Q\ Z. I (z1,2'), (y1,7") € Q@ with z; <y <0, A = ZE¥ and
(z1,2") ¢ Zx then u(z1,2") < ul(yy,z’). If Du(zq,2") = Du(y17 ')y =0
since Z is discrete there exist z; € (zy,y1) with Du(z,2’) # 0. By the
previous argument we have u(z1,z") < u(z1,2’) < u(yr,2’), so u(z1,z’)
is strictly increasing for z; < O.

If @ = B(0,R) and Z is discrete we can repeat the proof for any
direction, so u is radial and radially strictly decreasing. [l

Proof of Theorem 1.6. — The proof is similar to that of Theorem 1.5 but
simpler. If the points where the gradient of « vanishes are contained in Tj
then for any XA € (—a,0) we have Z, = @ so that, if we know that u < u,
in {2 for A < 0, by Theorem 1.4 we get, as in Theorem 1.5, that u < u)
in Q. Moreover, since for any A < 0 we have |Du| + |Duy| > m > 0
in ﬁx we can use Theorem 1.2 (d) to get the weak inequality v < uy in
small domains contained in Qx provided A < 0.

More precisely if m; = 1an_a |Du| > 0 then for each A € (—a, 3*)

we have |Du| + |Duy| > my and by Theorem 1.2 (d) there exists §; > 0
depending also on m; such that u < uy in Q, provided |Q2)| < §; and
u < uy on dQy. Since for A € (—a, ) close to —a this conditions
are satisfied we get, using also Theorem 1.4, that u < wuy in 2, if A is
close to —a.
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Let Ao be the sup of the A < 0 such that for each y € (—a, A) we have
u < uy, in {2, and suppose that Ay < 0. If we define my = info, [Du| >0

we have |Du| + |Duy| > mso in ) for any A < ﬁ?l and as before there

exists 8, > 0 such that for A € (Ao, ’\—2") if ' is an open subset of €2, with

measure less than &, then u < uy in £ provided u < uy on 9.
Proceeding as in the proof of Theorem 1.5 (with Z, = A = 0) we

conclude the proof. (]

Proof of Theorem 1.7. — Let us observe that if 0 < 7 < 77 with 7, — 7
small then « < wu, in D,. In fact if this were not the case there would
exist a sequence 7, — 7, and a sequence x, such that z, € D, (ie.
X, Ty + Toer € ) and u(z,) > ur, (2, ). For a subsequence, that we still
denote by z,,, there exists x; € Q such that z,, — z; and z,, + 7,6, —
x, + 7e1. By continuity u(z;) > u(xy + 7€), which contradicts (1-13),
since by the definition of = necessarily x1,z; + 117 € 9.

Let us define 7 as the inf of those 7 € (0,71) such that for each
o € (r,71) we have u < u, in D,. The theorem will be proved if we
show that 79 = 0. Suppose that 75 > 0, then by continuity u < u,, in D,.
By hypothesis C;, \ Z,, is connected for each connected component C',
of D,, and as in the proof of Theorem 1.5 we get, using Theorem 1.4,
< Ur, in Dy, \ Z.,. Moreover by (1-13),(1-14), we have that u < u., on
dD,,, so that the set S = {z € D, : w(z) = u,(z)} is compact in D,
and for each x € S we have Du(z) = Du,,(z) = 0.

By Theorem 1.2 (c) (see Remark 1.2 (iii)) there exists M > 0 depending
on Ay and |2 such that for each 7 € (0,71) and each open A C D, with
|Du| + |Du,| < M in A we have u < u, in A provided u < u, on JA.
Choose an open set A with § C A C D, and [Du|+ |Du.| < & in A. In
the compact D, \ A the minimum of u,, — u is positive and, for 7 less than
7o and close to Ty, 1, —u is positive in D \ A (in particular on JA). On the
other hand for 7 less than 75 and close to 7y we have |Du| + |Du,| < M
in A with v < u, on A which by the previous remark implies v < u,
in A. So there exists 7/ € (0,79) such that for each 7 € (7, 79) we have
u < u, in D,. This contradiction shows that 7o = 0. Finally for the case of
Z discrete the proof is completely analogous to that of Corollary 1.3. O

Proof of Theorem 1.8. — The proof is very simple and it is based only
on Corollary 1.1. As in the proof of Theorem 1.7 we see that if 7 < 7
with 71 — 7 small then v < u, in D,. Let 79 be the inf of those 7 > 0
such that for each ¢ € (7r,71) we have u < u, in D,. As before the
Theorem is proved if we show that 79 = 0. Suppose the contrary, then
70 > 0 and by continnity v < wu,, in D, . From (1-13), (1-14) we know
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that v < wu,, on 8D, (because 7y > 0) and, since f is nondecreasing and
4 < u,, we have by Corollary 1.1 (see Remark 1.4) that v < u,, in D,
and, by (1-13), (1-14), also in D,,. So the minimum of u,, — v in D, is
positive and by continuity u < u. in D, for 7 less than 7 and close to
7o contradicting the definition of 7.

Finally if v is another solution to the problem the same reasoning made
before, with w substituted by v, shows that for any 7 € (0,7;) we have
v < u, in D, and by continuity v < ug = u in Dy = (2. Interchanging
the roles of u,v we obtain v = v. [ -

APPENDIX

In this Appendix we prove Theorem 1.3, using (2-1), (2-2) to get an
estimate for the difference v — u analogous to the estimate for v used by
Trudinger in [12] to prove Theorem 2.1 when p = 2. Then we can foliow
his proof (based on Moser’s iterative technique) closely.

In the proof we shall use the following theorem, which is a particular
case of Theorem 7.21 in [6].

THEOREM A.l. — Let u € WL (B), where B is a ball in RY, and suppose
that there exists a constant K such that

(A-1) / |Du|dz < KRN=1  for all ballsBg
BnNBgr
Then there exist positive constants o and C depending only on N such that
(A-2) / exp<i|u - uB|> dz < C|B]
B K
where ug = ITE‘I [pudz.

Proof of Theorem 1.3. — If (1-8) is satisfied for A < 0 then it is satisfied
with A = 0, because u < v. So we can suppose A > 0. In this case if 7 > 0
then u, v + 7 satisfy (1-8) and we can suppose v — u > 7 > 0 (substituting
if necessary v with v + 7 and then letting 7 — 0). Let B = B(xzg,506)
and n € C}(B), with 0 < 5 < 1. Testing (1-8) with ¢ = n%(v — u)?,
8 < 0 yields

—|5|/ n*(v — )’ A(z, Du) — A(z, Dv)] - (Dv — Du) dz
B
+2 /B n(v — u)?[A(z, Du) — A(z, Dv)] - Dndx
+A/(u—v)n2(v—u)ﬁdx <0
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Using estimates (2-1), (2-2) we get, if 1 < p < 2
co|B|MP~2 / n*(v — u)’ Y| Dv — Dul? da
B
- < 2eymP? /13 n(v —u)?[D(v — u)||Dn| dz + A /3772(11 = w)?* dx
where ¢y, ¢y are the constants in (2-1) and (2-2), depending on p and on

the constants «,I" in (1-3), (I1-4). If p > 2 we obtain the same inequality
with the roles of m, M interchanged. In any case we have for any 3 < 0:

8 [ 70 =D - ) de
<c ( [ o=y 1Dt = wipalas + [

J B

(v =) ds

for a constant C; that depends on p,~,T, A and, if p # 2, also on m and
M. By Young inequality we have

(v —u)’|D(v = w)||Dn) = (v — w)* 9| D(v — w)|(v — u)|Dy|
< (v—u)’- {'*" PID(w >|2+(-%) (v—u)2anl2]

so that we get
81 [ 7= 01D — ) da
sc%( ) L ) - 0 e

and finally
(A-3) / n*(v — u)?D(v — )| dz
B

2
1
<C? (1 + [-B-l) /B (n* + |Dn*) (v — w)? L dx

with C; depending on p,y, ', A and if p # 2 also on m and M.

Now (A-3) is an estimate for v —u analogous to the estimate for v used in
Trudinger’s proof of Theorem 2.1 when p = 2. The proof is then concluded
using the Moser’s iterative technique as in the proof of [12, Theorem 1.2].
For convenience of the reader we recall the details of the procedure.
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Let us put, if h > 0 and —o0 < ¢t < 00, t # 0 :

O(t, h) = {/B(mo‘h)(v - u)tdx]

t

so that

sup (v —u) = ®(+o0,h), inf (v—u)=®(-o00,h)
B(zg,h) B(xo,h)

We put in (A-3) f = —1 and for y € B(mo,%), r < % we choose
n € CX(B) with n = 1 in B(y,r), supp n C B(y,2r) and |Dy| < 2. We
obtain, with w = log(v — u)

[/ | Dw|? dx] < 20, (1 + 2) |B(y,2r)}|7 < C3O(5 + 27”
B(y,r) r r

e
Nz

with C'3 depending on C'; and N. It follows, using Holder’s inequality, that

N _
3 =C47'N 1

/ |Dw|dz < CyrZrly
B(y,r)

with Cy depending on C3, N and 6. By Theorem A.1 there exist rq > 0
(ro = & with 0 = o(N)) and C = C(N) > 0 such that

//exp(r0|w —wp|)dz < C|B|
where B’ = B(zy, %—6—) As a consequence we have
/,exp(rgw) dzx /lexp(—rgw) de <C|B'}*=C'6N
Recalling that w = log(v — u) and taking the % power we obtain

(A-4) @(7'0,2—5>§ C'ﬁl@(—ro,%&)

where C” depends on N and r¢ depends on Cy, N and 4.
Next we consider (A-3) when 3 < 0, 8 # —1. Letus putfor -1 # 3 < 0

_p+1
)

Observe that 5 < —1 iff g,r < O while -1 < <0 iff 0 < g,r; 7 < 1.

r=2q=p0+1
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For & < W' < h" < 55 we take n € C}(B) with 5 = 1 in B(xzg,h'),
supp 7 C B{xo,h") and |Dy| < I w = (v —w)? from (A-3)
we get

2z
(h''—h")

4
I Dl < Colal (14 2 ) /1 + Gl

181

where || ||¢, is the norm in L'( B(zo,h)) and Cs depends on C, and
6. It follows that

< Cslq| <1 + —) (h" —n'y~ 1”'[1}“2~h”

1D w) o < [2 + Cs ol (1 ; m) }(h” Y Ml

Since nw € Wy?(Bhn) and |Jw]ay pr < ||7w]|ay 4 We obtain by Sobolev
inequality that if xy = N—N~ (x arbitrary if N = 2)

e < Ca |1+l (15 ) | 0 =4 Ml

for a constant Cg depending on Cy, § and N. By the definition of w, g
and r this is equivalent to

q

{/ (v —u)¥" dw} h
B(zo,h')

1+ |q|<l + W) ] (B = h")7t [/};@O’h”)(v —u) dx

Taking the ; power we obtain

g

< Cs

K™

(A5)  D(xr k) < Cf {1+| |( IBI)} (" = 1)Y= ®(r, h")

ifg>0ie —-l1<f<0and0<r <l
If instead ¢ < 0 ie. 3 < —1 and r < 0 we obtain

2 ' 1 % =2
(A-6) D(xr,h)>Cf [1 + |%| <1 + m) } (h" — )™ ®(r,h")
For 7o > 0 given by (A-4) and k = 0,1,... let us define v}, = (—7g) x*
andhk_6[1+3( )¥]. We have that 7}, — —oo0, ﬂk—rk—1—>—ocand
|5k| <1 h()— ,hk——>5and hk——hk+1—( )2k+1
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Iterating (A-6) (where we can suppose Cg > 1) we get

(I’(T;ﬁ—la hk-i-l)
L\ o e
> (7)1 by A TEERT (5) 7 etk
> CT k>0 XF KZX) o ]Zkzo (kT (5‘%)2099 \Lj @(—7‘0, ho)

with C; depending on Cg and ry.

If k — oo since 1, — —oc, hyy — dand ), ka = & we obtain

- N 50
(A7) B(—00,) > Cy 6 @(—5)
where Cg depends on Cg, N and rg.
If 0 < s < ry we have by Holder’s inequality that

N N r(s
(A-8) B(s,26) < @(&%)S eN 5(T_G)‘1’<7’07%)

which combined with (A-4) and (A-7) yields
(A-9) B(s,26) < Cyé™ ®(—00,6)

where Cy depends on N and Cj, so it depends on p,v,I,A,6, N and if
p # 2 also on m and M. This is exactly (1-9).

If instead rg < s < 7\,—1—\’_——2- to get (A-8) we proceed as in the deduction
of (A-7) but taking a finite number of iterations and using (A-5) instead
of (A-6).

More precisely if ro < s < x = % then ;,;03;—1« =7 < 719 for a
natural number ko. If we put, for k¥ = 0,...kg + 1, 7, = rix* and
ho =% > hy > .. heyr = 26, with hy — hyyy = 35 5, then for k < ko
we have r} < 1 and (A-5) is true.

After kg iterations of (A-5) we obtain as in the deduction of (A-7)

N_N 56
(A-10) B(s,26) < Cio§* q><7-1,?)
where C'¢ depends not only on Cy and r; but also on s through the bound
37 < ﬁ k=0,... ko, with |G| = |}, — 1] =1~ 2.
Since (A-4) is certainly true with r; instead of ry and (A-7) can be
deduced exactly in the same way with r; instead of ry, putting together

(A-10) and (the modified) (A-4) and (A-7) we obtain again (1-9). [

Vol. 15, n® 4-1998.
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