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Minimizing a functional depending on Vu and on
by

Arrigo CELLINA
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ABSTRACT. — We prove existence of solutions for a class of minimum
problems of the Calculus of Variations, where the integrand depends both
on Vu and on wu.

Kev words: Minimization, gradient.

RESUME. — On donne un théoreme d’existence de solutions pour un
probleme du calcul des vanations ou la fonctionnelle dépend de u et de V.

INTRODUCTION

The purpose of the present paper is to contribute to the theory of
existence of solutions to minimum problems of the Calculus of Variations
when there is no assumptions of convexity with respect to the variable
gradient. When convexity is not assumed, to prove existence of a solution
one cannot rely on passing to the limit along minimizing sequences, but in
most cases one has to actually provide a construction yielding the solution.
Several examples of this approach exist: {1], [3], [4], [5], [8], [13]. The
constructions appearing in these papers are, so to say, local, in the sense that
the problem is solved locally and then the construction is extended to the
full region by means of covering arguments. These constructions are used
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340 A. CELLINA

to solve non-convex problems both in the scalar and in the vector cases of
the Calculus of Variations. However, when the functional to be minimized
depends, besides on the gradient of the function w, on the function u itself,
a local constructions in general cannot yield the solution. The purpose of
this paper is to provide one non-iocal construction for a class of problems
depending both on Vu and on .

In a paper by B. Kawohl, J. Stara and G. Wittum [l1], a non convex
functional, arising in a problem of shape optimization, is investigated,
partially by numerical methods. The functional to be minimized is of the
form

/Q(h(HVu(m)H) +u(x)) dx

under the condition » = 0 at J§2, and 2 is a two dimensional square. The
function A is non convex, the infimum of two parabolas (the investigation of
this functional has actually a longer history, see [10] and [14]). Numerical
evidence suggests that (for the parameters considered in the numerical
evaluations) solutions to the minimum problem do not exist. Notice that,
in case {2 was a disk, solutions to the above problem would exist and
be unique, essentially without any assumptions on h, except some lower
semicontinuity and growth condition [2], [15], [16], conditions satisfied by
the function A in [11]. In the case of a disk, in fact, one can show the
existence of a radially symmetric solution to the convexified problem and
modify this solution to obtain a (radially symmetric) solution to the original
non convex problem.

The problem we consider is the minimization problem stated above,
where h belongs to a class of (not necessarily convex) functions, and £ is
any bounded, open, convex subset of %2 with a piecewise smooth boundary
(so as to include a square as a special case). We provide a result that states
that when the width of the set €} is small (depending on a property of the
function £), a solution to the problem exists. Moreover, this estimate on the
width cannot be improved, in a sense to be made precise, as it is shown by
an example. Another condition, connecting more accurately the properties
of h and of €, is also presented. Again, this condition cannot be improved.

Our results, as such, give no informations for the map h considered
in [11]. However, were the lower parabola, appearing in the definition
of h, be replaced by a half line (a degenerate parabola; we obtain the
functional considered by Kohn and Strang in [12]), our result would
guarantee existence of solutions on squares whose side is of length not
larger than twice the angular coefficient of the convexification of h. It is
conceivable that, under similar conditions on the length of the side of the
square, a solution to the true problem should exist.
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MINIMIZING A FUNCTIONAL DEPENDING ON V1 AND ON u 341
NOTATIONS AND BASIC ASSUMPTIONS

By ||#|| we mean the euclidean norm of x. When B3 is a matrix, |B]|
denotes the determinant of B. The complement of a set A is denoted by
C(A) and the interior of A by int(A). By II(x) we mean the set of nearest
projections on 92 from x in Q, i.e. [I(z) = {y € 0Q : |z —yl|| = d(x,0N)}.
Throughout this paper we make the following assumptions on 2.

The set (2 is convex, open and bounded. Moreover there exist: M points
O;,i = 1,.... M, in 99, such that 2 admits a unique (inward) normal n
at (J;; M functions ¢;, each defined on a closed interval I; containing the
origin in its interior, such that:

a) with respect to the pair of coordinate axis with origin in O; and
directions defined by the tangent and the (inward) normal at O;, the points
(&, 4:(&)) belong to 9N for every £ in [;; for & in int([;), points ((,§)
belong to © for { > ¢;(&) sufficiently small.

b) the functions ¢; are of class C? on an open set containing I;; as a
consequence of a) and of the regularity of ¢;, we have that ¢;(0) = 0
and ¢.(0) = 0.

¢) Every point of 92 is represented in the form above; moreover the
representation is unique except for the finitely many points of J{2, images
of the endpoints of the intervals ;.

We recall that the radius of curvature R at a point (&, ¢;(£)) of the
boundary of €, ¢ in int([;), is R = 4+oc when ¢/(£) = 0 and

(1+ (¢3(6))*)**

R=
¢i'(€)

when ¢7(&) # 0.

The width Wy, of €2 is defined to be W = sup{d(x,C(Q)) : x € Q}.
Notice that the word width has been used in convex anaysis with a somewhat
different meaning.

We will consider a class of maps / satisfying the following assumption:

Assumption A

The map & : [0,00) — [0,00] is a non-negative lower semicontinuous
extended valued function with minimum value 0. Moreover, sup{r > 0 :
h{r) = 0} is finite.

Definitions of p and A

Set p = sup{r > 0 : h(r) = 0}, and call A the set of supporting linear
functions at p: A = {a : h(s) > a(s — p), for every s > 0}. We have that
0 € A Set Ain [0,5] to be : A = sup A.
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342 A. CELLINA

Whenever A < oc, A is in A. Whenever £ is smooth, A = 0. In the case
the map h is convex, we have that
}/ iy

A = lim M

r—0+ T

MAIN RESULTS

It is our purpose to consider the following problem

Problem P). Minimize

| /S;<h<nw<m)n> ¢ ) de

on u € WyH(Q).
LemMma 1. — Let y € II(x),z € Q). Then 9% is differentiable at y.

Proof. — The open disk centered at z having radius p = ||z — y|| contains
no points of J€2. Since x is interior to Q, there is a ball about z contained
in Q. Each half line issuing from points in this ball in the direction of y —
meets the boundary of € in exactly one point. By moving the origin of the
coordinates to y and the axis oriented as the normal to x — y and as x — y,
there exists an open interval / containing 0 such that the boundary of €2 is
represented by ( = ¢(&) where ¢ is a convex function defined on I. The
convex function ¢ has both a left derivative ¢’ and a right derivative ¢/, at
0. Since there are no points of 9¢2 in the disk centered at (0, p) and radius
p we must have ¢’ > 0 and ¢/, < 0 while, being ¢ a convex function,
@ < ¢/, so that ¢'(0) exists and equals 0.

DerNITION. — Let & € 92 be a point of differentiability of 9. Set
z) to be

{(x) =sup {A>0:forz’ € C(),2" # x. X < d(x+ An(z).2")}.

The set inside parenthesis always contains at least A = 0. About the
properties of ¢, we have:

LemMA 2. ~ a) #(z) < Wq;

b) For y in Q and = in 1(y), d(y,C(R2)) < £(z);

¢) Let 9§ be of class C? in a neighborhood of x. Then, ¢(2) < R(x);
mareover,

d) when Uz} < R(z), there exists z € O0Q,z # x, such that
d(z + An(z),z) = £(z).
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MINIMIZING A FUNCTIONAL DEPENDING ON Vi AND ON u 343

Proof. — a) Obvious when ¢ = 0. For A < #(z), A = d(z+ Mn(z), C(2)),
so that £(x) = d(z + 4(x)n(x),C(R)) < Wq;

b) For every A < d(y,C(§)), x is the unique point in Jf2 nearest to
x + A(x); hence the supremum of such X is > d(y, C(£2));

c) There is nothing to prove when R(z) = co. Assume R(x) < oo and
{(x) = R(x)+n,n > 0, and choose A = R(x)+ %. The open disk centered
at + An(z) of radius A does not contain points of C(£2). Move the origin
of the coordinates to x and the axis in the directions of the tangent and
normal in z, so that 9Q is represented, in a neighborhood N of (0,0),
as ¢ = ¢(&), with ¢(0) = 0 and ¢'(0) = 0. Hence, for |¢| sufficiently
small, we have ¢(¢) = 1¢”(£)¢* with[€] < [¢]. In a neighborhood of 0,

¢"(€) > 777, while

d((€,¢(€)). (0, R+ 1)) = VE + — (R+n))?
§2+( (£>) + (R+m)? —2¢(E)(R+n)

= J(R 40+ = (R+n)¢"(©) +ole)

and, for |¢] small, 1 — (R41)¢"(£)+0(€)) < 0, so that d((¢, ¢(€)), (0, R+
7)) < R + 7, a contradiction to the definition of ¢(x) for z = 0.

d) Let () = R(x) — n and again consider the origin of the coordinates
to be in z. From the definition of ¢, there exist: €, | 0,2, € 02, 2z, # 0,
such that d(z,,0 + (£ + ¢,)n(0)) < ¢ + e,. For n large, all the disks
centered at 0 + (£ + £,,)n(0) with radius £ + ,, are contained in the disk
with center 0 + (£ + Z)n(0) and radius £ + . In a neighborhood of 0,
the equation of this circle is

= C(6) = {070+ 0c(ENE” = 5 | s + 0cl0)| €

In a neighborhood of (0,0) the points of J) are represented by
1, ., 2 111 5
C=¢(§) = 5[8"(0) + 0s(8)JE" = 5 | 5 +0a(€) | &
2 2| R
Hence there exists a neighborhood N of (0, 0) such that points z,, = (£,,,¢,)
cannot be in N, since otherwise we would have
1 1 ) 171 \
il > = 1= -
2 R + (77/2) + ()C(En)] En pai C’n 2 [R + ()@(5"):' €n,

Then, a subsequence of the z, converges to a point z € 902 N C(N),
and we have

d(z,04 ¢n) < 4.

Vol. 14, n° 3-1997.



344 A. CELLINA

LEMMA 3. — For each i, the function €€, $;(€)) is continuous on ;.

Proof. — (i) Continvity on int (/;).

a) It cannot happen that there exists (i, ),, with x,, in € and &, — a*
such that #(x,) — ¢ = f(xx) — . If this is the case, in fact, three
situations can happen, in view of Lemma 2: 1) on a subsequence,
Y(z,) = R(x,); 2) there are points z, in 0%, z, # =z, but d(x,.z,) — 0
and d(z,,z, + £(x,)n(x,)) = ¢(x,), and 3) the points z, are such that
d(,, z,) are bounded away from zero. In case 1), since R(x,) — R{x%),
then R(z%) < ¢(a*) and this contradicts Lemma 2 ¢).

Consider case 2). In a neighborhood N of u*, R(x) > R(wx) — 2
when R(xx) is finite, or larger than the diameter of (2 when R(x*) = oc.
Since the open disk with center x,, + £(x,, )n(x,) and radius #(x,) has
empty intersection with 9€! and has the two points z, and x, on its
boundary, at some point on the boundary intermediate between z,, and x,,,
the radius is not larger than (). When both z, and 1, are in N, we
have ¢(xx) — 1 < R{a*) — 4 < R(x,) < ¢(x,), a contradiction.

Case 3) cannot happen: the sequence (z, ), would converge to z* in 0f2,
z% # x+ having distance / from 2% +¢n(r+). The point z+ would have
distance less than ¢(x*) from @+ +4(x+)n(x,).

b) It cannot happen either that there exists (i, ), with x, in 09 and
&y, — wx* such that £(x,) — /= ¢(axx) 4 ). Let the origin be in u* and the
axis oriented as the tangent and normal. The distance d,. from x' = (&', ')

in 90 to 0+ n(0)/ is \/(£)2 + (£ — ¢')2. When £(0) = R(0), locally 992
is represented by

so that

o= Jiers - () +) €] <7

for & small. For n large, d(x, + {(x,)n(zx,),') < ¢ so that for large n
one would have d(z, + ¢(x,)n(z,), ") < #(x,). Finally, in the case there
exists 2’ # x such that £(0) = d(0 4+ n(0)¢(0), '), again one would have
dyr <+ £(0) = ¢ and the same conclusion would follow.
(ii) Continuity at the boundary points of I;.

When £ is a boundary point of I, either the normal at 92 exists at (£, ¢,;(£))
or it does not. In the first case ¢ is defined and the considerations above
apply as one-sided considerations. In the second case it is easy to see that
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MINIMIZING A FUNCTIONAL DEPENDING ON Vi AND ON u 345

for £ close to the boundary of I, £({) tends to zero. In this case, by
defining £ to be zero at these boundary points, one achieves the proof of
the continuity on I.

DEFINITION AND PROPERTIES OF THE MAPS ¢; AND f;. — With respect to the
system of coordinates centered at O;, consider the transformation g; that
associates to the pair (£,1) : £ in int(/;) and 0 < I < £((£,¢:(£))), the
vector of components (&;,&;) given by

6
Sy 1Y R
G AT
£ = $u(€) + e 1
T T+ (907

—¢i(8) 1 ‘
v and e are the components of the normal n at (£, ¢;(£)).

We will set £(€) to be £((&, $:(§)). Set S; to be the image of the map g; on
its domain and SY to be the image of {(£,1) : € € int(L;),0 <1 < £(&)}.
On SY the map g; is invertible, since (£, ¢;(£)) is the unique point in
0Q, nearest to g;(&,1). Call f; the map from SP to R defined by the first
component of ¢!, so that, for £ in int(I;),

Here

&= filgi(€,1)).

For the derivatives of f;, setting (g}) and (g?) to be the two components
of g;, we have the system

L= (fi)e.(g1)e + (f)e, (67
0= (fide, (g + (fi)es (g7 )

so that
1
(fi)fl lvgll(gl)
_] 1
(fi)e, = '-vg—il(gi)z

Hence the norm of the gradient of f; is

2 1 2 — 1
V501 = /(200 + (a)0? =

Vol. 14, n® 3-1997.



346 A. CELLINA

computed at g; (¢, ¢2). Computing |Vg,| we obtain

_ 3 A A e
IVgil = \/m)_(l - (1+ (¢§(f))2)3/2> - m<1 - E({))

so that, since /(&) < R(€), [Vg;| is # 0 on int([;) x {0 < 1 < ¢(&)}. Since
our assumptions imply that ¢ and /1 + (¢})? are uniformly bounded on
I;, the map g; is lipschitzean. Moreover, by setting S7 to be the image
of int(l;) x {0 <[ < #(§) — e}, one has that the map f; is Lipschitzean
on S;. We will need both properties in what follows.

About the sets S? and S¢ we have the following result.

LemMma 4. — We have: limg_op(Q\(USF)) = 0. In particular,
/L(Q\(USIO)) = 0.

Proof. - Fix y € Q and let z be in II(y). At z, by Lemma I, the normal
n(x) exists, and y can be written as y = x + n(z)d(y, CQ) and by b) of
Lemma 2, d(y, C(§2)) < ¢(x). Hence y may fail to be in US{ when either
the points z in II(y) are represented as (£, ¢;(£)) with £ in d7; or when there
is some x in TI(y) represented by ¢ in int([;) but d(y, C(Q)) < #(x) — ¢.
Points of the first type are contained in the union of finitely many segments
(on the normal lines through z), a set of measure zero. About the other
points, notice that, in the space I; x R, the set {(£,1) : (&) —e <1 < ¢:(&)}
has measure £ p(I;). Its image by the lipschitzean map g; is of measure
that can be made arbitrarily small in {2 by decreasing . The union of these
images contains all points of the second type.

The following is our existence Theorem. A more precise condition is
expressed in Theorem 2.

THEOREM 1. — Let §) be an open, bounded, convex subset of R* with
piecewise smooth boundary, having width Wq. Let h satisfy Assumption A)
and let p and A be defined as above. When Wq < A, the function
u(x) = —p d(z,00) is a solution to the minimization problem P.

Proof. — a) The map x — d(x, C(2)) is differentiable a.e. and its gradient
is (a.e.) —n(II(x)) (see [9], p. 354) . In particular, II(x) is single valued
for a.e. z in . The map u is —pd(xz, C(§2)) so that a.e., Vu(z) = —pn(y),

y the unique point in II(x). In the case p > 0, H—E% = —n(y), while for
p =0 we set T‘z%%ﬂ to be —n(y) by definition.
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MINIMIZING A FUNCTIONAL DEPENDING ON V1, AND ON 347

Let o be a function in L>°(€2) and such that: 0 < a(z) < A forae. z in
when A < oo, and 0 < @ when A = oo. Then, for any vector v, when p > 0

hWVUUO+vH%=hWVUQOH+HVUU)+UH—HVU(HD
> h({[Vu(@)|) + alz)([[Vu(z) + vl = [[Vu(@)])

> h(IVu(a)]) + ofx) H‘éiﬁ“’)u >

and, for p = 0

h(llol}) 2 e(@)l|vll = a(z){-n(y),v).

Hence, for every p and for every function 7 in W' (€2), we have

/£'2<h,<||w + V) + (u+ 7)) de

> [y 40 o+ [ (ato) (T Vo) + ) da

We are planning to show that there exists a function « in L(2), with the
properties stated above, and such that for every function n in C°(2),

(ata) —%(i)—,vn(m) + () ) dz =0
Q IVu(r)|l

Finding this function «, then, amounts to proving that the function v is a
solution to the minimization problem P. In fact, by approximating a function
7 in W' () by standard mollifiers, one sees that the above equation must
actually be true for every function 7 in W&’l(ﬂ), so that u solves P.

b) The function |Vg,(&, s)| is uniformly bounded on I; x {0 < 1 < 4(£)}.
Consider the function G;(&,1) defined by

4¢3
GilE]) = / IVgi(€, 5)|ds

so that G; > 0 and G,(&,£(¢)) = 0. Since £ is a continuous function of
¢ € I;, G, is a continuous function of its variables (£, 1). Set the function
,H, to be

Gz(&vl)

Bi(&,1) = m

Vol. 14, n°® 3-1997.



348 A. CELLINA

so that:

(i) B:(€,1) is continuous for £ inint(/;) and O <[ < U(E), F,(£.4(€)) =0
and (3,(€,0) < £(£). These last assertions follow by actually computing the
map [3;(€,1) using the expression found for |Vg,|: one obtains

20E) -1, when ¢ (&) =0
e =4 L - pRO=D IO D ey i) 10,

From the above expression one can see that the derivative with respect to
[ of ;(&,1) exists and a small computation shows that it is negative: /3
achieves its maximum at I = 0. We have: 3;(£.4(€)) = 0; /3 ({ l) <AE) - l
and ;(£,0) = €(&) when ¢”(£) = 0 and 7,(€.0) = £(€) — N2/2R(E
when ¢”(€&) # 0. In either case, ;(£,0) < ¢(€).

(i) For every ¢ and [, we have [3;(£,D)IVg,(€.1)] — Gi(&.1) =

¢) Having defined /;(£.1), define «; on SY by setting

() = Bilg; M)

The map «v; is continuous on the open (relative to 2) set OY. By our previous

claim, the set 2\ U O! has measure zero. The map «, defined to be «; on

O? and 0 elsewhere, is measurable, non negative and uniformly bounded.
d) Let 1 be any function in C§°(§2) and let us compute

- .(YT M e {x) ) da
= /&)( <)<|l\7(1(1)||V }()> + s )) 1

Since the integrand is in L™>(€)), by our claim on OF we have also

LiﬂZ/( e 1) 1)
:iL“?,Z/( '<|§Z(:§” Vn>+n)”—v1}i—n|lwi|| d

On 0%, f; is a Lipschitzean map with values in R; by the coarea formula
({71, p. 117) we have

/s (ai(m)<ﬂ%ﬂ’ vn> * 7’) VSl de

where H is the one-dimensional Hausdorff measure.

<_l
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MINIMIZING A FUNCTIONAL DEPENDING ON V1 AND ON 349

The set f;'(£) is the segment described by

—$i(€)

ARV AL
1

& = ¢i(§) TE

for 0 <1 < £(£). On it the Hausdorff measure coincides with the Lebesgue
measure. We have:

n dH: r”vgll (]H
/s:n.r,m = o

L(E)—e
- / D((€.$.(€)) + ()| Vas(e. )] d.

0

By integrating by parts, since |Vg;(£.1)| = —%Gi(f, I} and %n((&'. di(€))+
In(¢)) = (n,Vn), we have

1 (GRS e
n dH = —nG,]| + n. VG, dl.
-/s;fmfjl(z) IV £l ! Jo < >

Since 7]‘0(2 = 0,
[ g dH = = (6416 + () ~ Sl IGHE M) — )
JSEnfHE) ”VJLH
E(§) e
+ / (n, V)G, dl.

J0

Then

'Lfﬂf,,’(f) <ai(d’))<H§—Zgj—;|l’ VT/> + 7’) H_‘;f_ll dH

€(e)—=
- / (0, Vi) = Vgil + Gi} dl— (€. $i(€))

J0O

+ (#(6) — e)n(§)Gi(E, (E) — 2)

where n = n(€),|Vg:| = [Vg:(&,1)] and the functions V) and «; appearing
inside the integral are computed along {((£,#:(¢)) +In(§)) : 0 < I <
2(€) — €}. At these points the function «; equals 3;(&,1).

Vol. 14, n°® 3-1997.



350 A. CELLINA
By point i) of b) above. «r; < ¢ hence, by Lemma 2, a), «; < W, and,

by the assumption of the Theorem, «; < A. Moreover, since by point ii)
of b) we have that {—/;|Vg;| + G;} = 0, we obtain

: /) V() > ) 1
aif(x)( ro—, V1, 7 AT
./s:mf,”(f)( <I)<HV“(4L‘)H ) IV /il "

=n((£.4i(§)) + (U(&) — £)n(§)) Gi(&. 4(8) — ¢)

Hence
1= 37 [ (6.6 + () - i) Gile.HE) — o) e

Each integrand is a continuous function uniformly converging to 0 so that

/, <”‘<”7)<H_§%’ V’7> + n) de =0

The map « satisfies all the requirements of a). This completes the proof.

ExampLE 1. — Let h be the indicator function of any closed and bounded
set. Then A = oc and u is a solution on any bounded convex set §2, with
a piecewise smooth boundary.

Next example shows that the condition expressed in terms of W, cannot
be improved.

ExAMPLE 2. — Consider the function h defined by h(r) = r, for 0 < r <1
and h(r) = oo for r > 1. Then p = 0 and A = 1. Hence problem P
consists in minimizing a convex coercitive functional on W;"' and admits
a solution v. By our previous theorem, v = 0 is a solution whenever
Wqa < 1. Let us show that, given any positive ¢, there are convex sets 2
with W = 1 + ¢ such that a solution must have its gradient different from
zero on a set of positive measure.

Consider the rectangle R. , with sides of length 2(1+¢) and 2(14¢)+ A
and a second concentric rectangle [, 5 with sides 2 and 2 + A. For
= R. 5, Wq = 1+ ¢, independent of A. The value of the functional
computed along the map ug = 0 is zero. Consider u;, where u; is
negative with gradient in norm = 1, and orthogonal to the sides, on
the strip difference of the rectangle R, and the rectangle [?, s, and
gradient 0 on 1y 4. Computing the functional along u; we have the value
(84+2A)e+ (4€?) — [(4+2A)e + (4+ A)e? +(4/3)e®] = 4e — Ae® — (4/3)e?
and, for A large, this value is negative. Hence u is not a solution.
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MINIMIZING A FUNCTIONAL DEPENDING ON V1, AND ON 351

Remark. — The condition appearing in the preceding Theorem is expressed
in terms of Wy,, a quantity easily computed. For the validity of the result,
however, the following condition is actually sufficient, as one can see from
property (ii) of b) in the Proof of Theorem I:

THEOREM 2. — Under the same conditions on h and ) assume that, for a.e.
@ in OQ, £(x) < A when R(z) = oo, and ¢(z) — (£(z))?/2R(z) < A when
R(z) < oc. Then problem P admits the solution u(x) = —p d(x,08).

Next Example shows that this second condition cannot be improved.

ExaMPLE 3. — Consider the case where Q is a disk of radius R. Then,
for every x in OQ we have #(z) = R, and #(x) — (/(z))?/2R(z) = R/2.
So the condition becomes: R/2 < A. Let h be as in Example 2 and
set 2 to be Byio., a disk of radius 2 + 2¢. Since R/2 = 1+ ¢ and
A = 1, the above condition is violated. Again for uy = 0 the value of
the functional is 0. Consider a concentric disk B; of radius 2 and let u;
be such that the gradient is in norm 1 on the annulus from r = 2 4+ ¢ to
r = 2 and 0 otherwise. Computing the value of the functional one obtains
~378[3¢ + 3¢* + 7] 4 4n[2e + £°], a negative number. Hence uy is not
a solution.

It is obvious that the examples above refer to our function v not being a
solution. That other solutions might exist is not a problem easily solvable.
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