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ABSTRACT. — For 2 — % < p < n we prove existence of a distributional
solution v of the p-harmonic system

~div(|VuP™2Vu) = u in
u=20 on J51,

where () is an open subset of R™ (bounded or unbounded), u : 2 — R™,
and p is an R™-valued Radon measure of finite mass. For the solution «
we establish the Lorentz space estimate

.
1Dulize + llullpar o < Cllpllfy’

with ¢ = ;25(p — 1) and ¢* = ;”(p — 1). The main step in the proof is
to show that for suitable approximations the gradients Du, converge a.e.
This is achieved by a choice of regularized test functions and a localization
argument to compensate for the fact that in general u ¢ Wi?,
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RESUME. — Soit 2 — % < p < n, £ un ensemble ouvert de R™ (borné
ou non borné) et y une mesure de Radon avec masse finite. On démontre

(') Supported by SFB 256.
& Supported by the Swiss National Science Foundation.
AM.S. Classification: 35 A 05, 35 J 70.

Annales de I'Institut Henri Poincaré - Analyse non linéaire - 0294-1449

Vol. 14/97/03/$ 7.00/
© 1997 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved
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que le systtme p-harmonique

—div(|Vul[P~2Vu) = p dans
uw =0 sur o9,

posséde une solution distributionnelle. Pour cette solution on établit des
estimations dans les espaces de Lorentz

IDulzo + e < Cllall T

(43

Iei, g = 5(p—1) et ¢" = ;%p(p —1). Le pas le plus important est
de démontrer que, pour des approximations propres, les gradients Duy
convergent presque partout. Cela est fait en choisissant des fonctions de test
régularisées et en appliquant un argument de localisation pour compenser
que, en général, u ¢ WP,

1. INTRODUCTION

For 2 — % < p < n Fuchs and Reuling [12] recently proved existence of
a distributional solution u € Ny _x_(,_1y W of the p-harmonic system

n—1

(1) —div(|[VulP?Vu) =p  in Q,
(2) =10 on 0f

for an open (bounded) subset 2 of R™, » : & — R™, and an R™-valued
Radon measure 4 of finite mass which is supported in a compact Lebesgue
zero-set. They announce an extension of this result to general Radon
measures by an involved argument based on a blow-up lemma of [11].
Here we present an approach to existence for general Radon measures
based on ideas of [15] and [5] and establish optimal regularity and decay
estimates (see the remarks below).

THEOREM 1. — Suppose that 2 — % < p < n and let 2 be an open, bounded
or unbounded subset of R™ and let (1 be an R™-valued Radon measure on 2
of finite mass. Then the system (1) with boundary values (2) has a solution
in the sense of distributions such that u and Du lie in the weak spaces
LY and L9, respectively, and

|7

(3) |Dullza~ + lfullz ~ < C

with ¢ = 3245(p = 1) and ¢* = 2, = 25 (p - 1).

n-—-gq
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For convenience, we recall the definition of the Marcinkiewicz space
L2°°(Q): It consists of all measurable functions f on €2 having the property
that sup,.ot/9f*(t) =: ||fllfe= < oo where f*(t) := inf{y > 0 :
Af(y) < t} is the nonincreasing rearrangement of f and As(y) := L™{|f] >
y} (the measure of the superlevel set to level y) is the distribution function
of f. Here, ||f||}.c.~ is a pseudo norm and induces a topology on L% ().
This topology is metrizable, in fact ||f||Lsc := sup,sqt/9f**(t) is a

EXY t ey : * *
norm for f**(t) = ¢ [y f*(y) dy with ||fll7e < flleom < 75070
provided ¢ > 1.

Remarks. — (1) If €1 is bounded then (3) implies in particular that

we [\ Wh(Q).

s<q

If Q is unbounded and 92 is not Lipschitz then (2) holds in the sense that
there exists a sequence u, € C§°(§2) such that

up, —u  in W(Qn B(0,R)) forall R < co.

The exponents in (3) are optimal as can be seen from the nonlinear Green’s
function G(z) = c|z| /7 (see [9] and [10]) and L> cannot be replaced
by L4

(2) Decay estimates: By standard regularity results for solutions of the
homogeneous p-harmonic system in the unit ball and scaling one easily
deduces

lu(z)| < C(dist(x, 00U sptu))‘"/q'k'

For this scaling argument it is crucial to bound » in L7 °° and not just
in L® for all s < ¢*.

To finish this introduction let us briefly comment on some related work.
Estimates for Vv in L? and BMO are discussed by DiBenedetto and
Manfredi in [6] if p lies in the dual space of W1?. The case of a single
equation with a Radon measure on the right hand side is known for some
time: see Boccardo and Gallouét {2], [3], Rakotoson [18] (and references
therein), Boccardo and Murat [4], Bénilan er al. [1]. In particular for
equations the range 1 < p < 2 — % is also treated in the mentioned articles
by considering renormalized or entropy solutions. It is not clear how to
extend these results to systems since truncation behaves quite differently
for scalar and vector functions.
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2. APPROXIMATION OF THE SOLUTION

We approximate a solution of (1)-(2) by the solution u; of

(4) —dive(Vug) = fi in 2,
(5) up = 0 on 0,

where we here and subsequently write
o(F) = [Fi”_QF.

For fi we choose the standard mollification
felw) = [ owlx —y) dply)
JRr

where, for £ € N, ¢p(x) = k"¢o(kxz) > 0 with a function ¢, €
C(B(0,1)), llgollzr = 1. Thus we have f, € C~n L' n L for
each £ and

fr =g in M.

Since o is monotone the solution of (4), (5) corresponds to a minimizer of

E(u) = / (llDulp — fku> du .
JO\P

Hence for fixed & we find a solution u € X7 (Q,R™) of (4)-(5) by the
direct method of the calculus of variation, where X,” (€2, R™) denotes the
closure of Cg°(2,R™) in the space X*?(,R™) = {u € L¥ (2,R™) :
|Du| € LP(2)} equipped with norm ||u|| := |Jull,- + ||Dul|,. Note that for
bonded sets  we have XP(€) = W, P(9).

3. A PRIORI ESTIMATES

LEmMMA 1. — Suppose ) C R™ is an open set, bounded or unbounded,

and 2 — % < p < n. Suppose for

ue XpP(Q,R™),
f e LY(Q.R™)
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P-HARMONIC SYSTEMS 357
there holds
(6) —dive(Du) = f

in distributional sense. Then

ue LY °(Q,R™),
Du € LY (0, R™*™),

where n ng n
= i —1 Y= = - 1),
¢=— -1, ¢ pa— n_p(p )
and
(7) |1 Dull e + [ull oo < CIFIET

Proof. - By scaling it suffices to consider || f||.: = 1. Now, we use similar
arguments as Griiter and Widman in [13] for a linear scalar equation with
L™ coefficients. Let T,(y) = min(1, )—‘y"—l)y be a truncation function and
note that |T,(y)| < « and

Id for |y} < a,
DTa(y) = ﬁ(Id—'li@-y—) for |y| > .
ly1 Tyl

In particular we have
F DT, (y)F >0 for all y € R™,

where A : B = tr (AT B) denotes the inner product on m X n matrices.
If we test (6) with T, (u) we thus obtain

(8) / Dupds < o
lul<a

Since |Dlu}| < |Duj it follows from the Proposition below that
u € L9 (Q,R™)

and

(9) el o~ < C.
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From (8) and (9) one deduces that the distribution function Ap, satisfies

for all &« > 0

. ) 4]
/\|Du|(ﬂ) = ‘Cn{'DU' > U} S E]—, + /\|"’(()‘>

63
_{_ﬂ;

+C
The choice & = B77 = B7=1 yields
/\|Du|(ﬂ) < 02[}_{1

and the Lemma is proved.

O

The following estimate has been used by Talenti [19] in connection with
quasilinear elliptic equations and later also by Bénilan et a/. [1, Lemma 4.1]

for solutions of p-Laplace equations.

ProposITION 1. — Ler f € X[}”’ (), 1 < p < n, and suppose that f > 0

and that for all « > 0

/ |Df|Pde < a.
Jf<a

Then
1 fllpe . < Ch,

where ¢* = ;’_‘—p(p ~1).
Proof. — Let f,(z) = min(f(x),«). Then

[1spts= [ iDfpis <a.

S0 Jf<a

Since f, € Xy7() the Sobolev embedding theorem yields
Jo

Therefore we conclude

.
Pdr

As(a) < o7 / 1A

2.
<Car™?
=Ca™?

which proves the Proposition.

O
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4. L'-CONVERGENCE OF Du,
From Section 2 we infer that
u, € XPP(,R™),

| Dl

= < C forsome s >p—1,

(if Q is unbounded then the latter assertion holds in N B(0, R) for all
R < )

I feller < €
and
—diva(Du) = fi,
where o(F) := |F|P~2F. We choose a subsequence such that

R 1,s
w, —u in W7 and ae.,

o(Dug) — @ in LT

loc »

|Duy — Du| — b in Lj

locs

fk N I in M.

Then we claim that 2 = 0 a.e. and hence that Du; — Du in L}

loc®

Proof. — We combine ideas of Evans in [7], of Chen, Hong and
Hungerbiihler in [5] and of Miiller in [15]. One would like to use a
truncation of u; — w as a testfunction. This runs into problems since in
general Du ¢ L. Therefore one fixes a function v (which later will be
chosen as a linear Taylor polynomial of u) and uses a truncation of wuy — v.

Let 00 (TN
n EC’0 (R )7

¢ €C(Q),
(2) =a<|z|>§,

such that 1 > 7 > 0,0 < ¢ <1, a € C(0,), a and ' bounded and
non-negative, and |y, = Id. Then

(10) /(; |Duy, — Du|n(ur —v) dpdz
< / |Duy, — Dv|n(uy, —v) pdz + / |Dv — Du|n(uy, — v) ¢ dx
Q Q
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< < | Dy — Dol? n(uy, —v) ¢ d:I:) P </ g — v) (l.'lf)
Jo JO

+ / |Dv — Duln(uy, —v) $da.
Jo
Now, suppose for the moment that p > 2. Then, since 1y, = Id,
Tw i=c | |Duy — Dv|! n{us — v) ¢ da
0

< [ (o(Duy,) — o(Dv)) (Duy — Do)y n(uy, — v) pdu

o~

(r(Dug) — a(Dv)) D(p(uy — ) np{uy, — v) ddr
)

1

a(Duy) D((ug. — v)) ¢ dr

}

- / o(Dug) D(¥(up — ) (1 — nlug — v)) o da
¢

Jo
- / a(Dv) (Duy. — Dv)nlu, — v) ¢ dua
Ja
=1+ 11+ 11l
We discuss the terms [ and /] separately:
I = / Jr (e —v) pda — / o(Dug) (uy — v) Do .
Jo ¢

PAY

To estimate [ note that

Dip(z) = (|2

et g )
Z

2] 7| o} J2]

so that
F:Dy(z)F >0 for all z € R™ and F e R,

Hence

11 < /) o{Duy) : [Dy(ug — 0)]Dv (L = nluy — v))@d.
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Since ug — u ae. and 7, ¥ and D are continuous and bounded it
follows that

(1) Ty e=limsupTy
<suply [
- /ﬂﬁw(u—v) D dz
+ [ 7 (D= o) Dol = nlu—v) e

— /Q o(Dv) (Du — Dv)n(u —v) ¢ de.

Moreover by (10)

p—1

(12) /th(u — ) pde <cHPTYP (/Q n(u — v) gbdx)

+ /Q |Dv — Du|n(u — v) ¢ dx.

We are still free to choose v and 7, ¢ and ¢. Let a be simultaneously a
Lebesgue point of u, Du, h and T, and let

1 ~fx—a ~ o ‘~_
¢r(z) = 7—¢< . > ¢ € C5°(B(0,1)), ./gzﬁ.» 1,
n-(y) = ﬁ(%) 1€ CP(B(0,1), lpez) =1,

pely) =19 (%) :

with 1/7 as in the above discussion. We choose v to be the linear Taylor
polynomial of « in a, ie

v(z) = u(a) + (Du(a))(z - a).
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Then, for a.e. a, we have as r — 0

]ZB(H,J')

]Z |Du — Dv|dz — 0,
J Ba,r)

v —1U
dx — 0,

Iz

][ |h(z) — h(a)|dz — 0.
. ‘B(a‘,r)
f [6(x) —d(a)|de — 0
J Ba,r)

(see e.g. [8]). Furthermore we may assume that

pBar)

r n

lim sup

r—0

Hence by (11) we conclude

limsupT, =0

r—0

(where T, denotes the expression (11) with  and ¢ replaced by #, and
¢, respectively) and (12) yields

h(a) =0  forae. a€.

Thus the claim is proved in case p > 2. For 2 — % < p < 2 notice that
for all m x n matrices ¥’ and G

(6(F)F = o(G)G) : (F = G) 2 c|F = GP(IF| + |G])"~*
for a constant ¢ > 0. Now we replace (10) by
(10" /lDu,uc ~ Du|np(ux —v) pde
Q

< / |Duy. — Dvln(ug —v)pdz + | |Dv ~ Du|n(u, — v) pdx
Q 9)

(o=

< </ [Dug — Do|*(|Dug| + [Dv])P*n(us, — v) ¢d.7:>
Q

2

([ 4Dl + Do)t~ 0y )

+ / |Dv — Du|n(u —v) ¢ dx.
Ja
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Then, we have as before
T, :=c¢ / | Dy, — Dv|*(|Dug| + | Dv))P 2 n(up — v) ¢dx < T+ 1T+ 11T
Jo

and the rest of the proof is analogue to the case p > 2. Notice that we need
n > 2 to conclude that the second factor on the right of (10")

/ (|Dug| + | Dv|)? 0. (ug — v) ¢, da
Jo
remains finite in the localization process for almost all a € €. 0
From
Duy — Du strongly in L ()

and
Dy — Du weakly in L ()

we conclude that for all 8" < s
Duy, — Du strongly in Lf;C(Q)

and hence we may pass to the limit £ — oo in (4) and Theorem 1 follows.
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