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On the existence of a positive solution of semilinear
elliptic equations in unbounded domains

by

Abbas BAHRI and Pierre-Louis LIONS

ABSTRACT. — We prove here the existence of a positive solution, under
general conditions, for semilinear elliptic equations in unbounded domains
with a variational structure. The solutions we build cannot be obtained in
general by minimization problems. And even if Palais-Smale condition is
violated, precise estimates on the losses of compactness are obtained by the
concentration-compactness method which enables us to apply the theory of
critical points at infinity.

RESUME. — Nous prouvons dans cet article I’existence d’une solution
positive, sous des conditions générales, pour des équations semilinéaires
elliptiques dans les domaines non bornés avec une structure variationnelle.
Les solutions obtenues ne peuvent €tre en général obtenues par des
probléemes de minimisation. Bien que la condition de Palais-Smale n’ait
pas lieu, des estimées précises sur les pertes de compacité sont déduites de
la méthode de concentration-compacité et nous permettent d’appliquer la
théorie des points critiques & I'infini.

L. INTRODUCTION

This paper is concerned with the existence of positive solutions of
(I.1) —Au+Xu=b(z)uf in Q, u € HO1 (), u>0 inQ
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366 A. BAHRI AND P.-I.. LIONS

where Ay > 0, (} = 0" and O is a smooth bounded open set in R", n > 2,
1 <p< %J_% (p < oo if n = 2) and the weight function b satisfies in
all that follows

(1.2) be G (R"), b>0 on R". b— 0> >0 as |z] — .

Such problems in unbounded domains arise naturally in various branches
of Mathematical Physics and present specific mathematical difficulities.
Indeed, if there exist various general methods to solve the analogue (1.1)
when 2 is bounded, these argument break down in the above situation
because of losses of compactness which can be illustrated by the following
well-known fact: the embedding from H} (§2) into L?(f2) is no longer
compact when £ is, say, an exterior domain as above. A more precise
argument consists in looking at the particular example when O = {,
b = b™ ie.

(1.3) ~Au+ Agu=bu" in R”, we H'(R"). w>0 inR"

This problem being obviously invariant by translations, one deduces
immediately that the set of solutions of (1.3) is not compact in any
Sobolev space. Let us finally mention that a decisive argument consists
in recailing the nonexistence result by M. J. Esteban and P.-L.. Lions [17]
when Q = R™, b€ C, (R™), b > b > 0 on R" and b is increasing in one
direction (notice however that such a b does not satisfy (1.2)).

Many authors have considered the above problem: the first case to be
treated was (1.3) by Z. Nehari [29]; G. H. Ryder [31]; M. Berger [8]; C. V.
Coffman [11]; S. Coleman, V. Glazer and A. Martin [14]; W. Strauss [23]
and H. Berestycki and P.-L. Lions [7] (where general nonlinearities are
considered). In all these works dealing with the case @ = R, b = b,
the solution is built through a minimization problem and a reduction to
spherically symmetric function which restores the compactness.

Next, some effort to understand precisely this loss of compactness
and related ones occuring in various problems was made by various
authors (see for example P. Sacks and K. Uhlenbeck [39], P.-.L. Lions [21],
C. Taubes [35], [36], H. Brezis and J. M. Coron [10], M. Struwe [34]...).
In the particular example at hand, this was done via the concentration-
compactness method of P.-L. Lions [22] and it led to various existence
results for minama of say

(1.4) Inf{ IV ul? + Ao [ul?/u € HZ (Q), / blufPtt de = 1},
Jo

JQ
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EXISTENCE OF A POSITIVE SOLUTION 367

see also W. Y. Ding and W. M. Ni [15], M. J. Esteban and P.-L. Lions
[18], P.-L. Lions [23] for related results. In fact (see P.-L. Lions [24]), one
knows that approximated solutions of (1.1) i.e., Palais-Smale sequences, in
the situation when (1.1) has no solutions for instance, break up in a finite
number of solutions of (1.3) which roughly speaking are entered at points
whose interdistances go to infinity.

To conclude this brief review of known existence results, let us
mention that if b, () present symmetries some further existence results
are known (see W. Y. Ding and W. M. Ni [15], C. V. Coffman and
M. Marcus [12], P.-L. Lions [25], [26]). Finally, existence is also known
in some “perturbation cases”: see C. V. Coffman and M. Marcus [13],
V. Benci and G. Cerami [6].

Let us now state our main result which will use the following assumption
on b

N-—1

(1.5) b(r) >b>™ — Cyexp(=6|z])|z|” = if |z| > Ry,
’ for some Ry < 00, ¢ > 0, 6 > 0.

(Observe that Cj, |:1:|‘% are not really relevant but we insist on this form
for reasons which will be clear later on).

Our argument also requires the uniqueness up to a translation of solutions
of (1.3): in view of the general symmetry results of B. Gidas, W. M. Ni
and L. Nirenbberg [19], [20], this amounts to the uniqueness of radial
solutions of (1.3), a fact which has been shown by M. K. Kwong [22] —
some partial results in that direction were just given in K. Mac Leod and
J. Serrin [27]. We may now state the

THEOREM L.1. — We assume (1.5). Then, there exists a solution of (1.1). ]

The proof of this result is rather long and contains several highly technical
aspects. The idea of the proof relies on the method of critical points at
infinity [1], [2], [5]. To simplify the presentation, we split the proof in
various steps which contain interesting elements by themselves. The last
step consists in some crucial “energy balance” (section 1V) which is in some
sense the key a priori estimate required for the analysis of the existence
result. Section VII is devoted to various extensions (more general equations
and conditions), variants and comments. In particular, we explain how a
much easier existence proof can be made if we relax (1.5) to

(1.6) b(z) > b= —c(exp(=2|z| "T) as |z| — .
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368 A. BAHRI AND P.-L.. LIONS

Indeed, we show that by a careful inspection of the energy balance
investigated in section IV, the “interaction of only two solutions at infinity”
can be used and this allows to use the idea of J. M. Coron [15] a bit like
it was done in V. Benci and G. Cerami [6] (we thus basically refine the
analysis of [6]). We also consider in section VI the following equation.

(1.7 —Au=b{x)(u— Ag) in Q. Ve L*(Q).
' w€ L7 (), u=0 on JQ. w>0 in Q

where Ap > 0, b satisfies (1.2), 1| < p < 22 and n > 3. And we show

n—2

there exists a solution of (1.7) as soon as b satisfies

ot

| C
{b(.mzbw_ " it ] > R

(1.8)

[.’1’[”_2

for some Ry < »c. Ch > 0.

Section VIII contains an existence result when €} and 6 have some
symmetries which extends the results recalled above; and its proof uses
and refines some of the arguments introduced in the course of proving
Theorem 1.1

TueoreM L2. — We assume that €1, b are invariant by a subgroup 7 of
the group of orthogonal transforms. Let Iy > 0 be such that O C By, we
set for [§| = Ry, N(§) =#{g - {/g € G} and N = supy_p, N (§). We
assume N > 2. Furthermore, if N < oc, we assume there exists £ such that
|€] = Ro, N (&) = N for which the following holds for some ¢y > 0

b — b () < co N7L Ny exp (—v Ao Alx|) A= |:1:|*Ll'i
for |x] large
1
(1.9) where A = I Miu{l& = &1/ # 7. {6 &)
0
=1{y &/ e G},
=#{(i. )i #j. &=l = ok

Then, there exists a constant ¢ = ¢(p, n) > 0 such that if ¢y < 7,
then there exists a solution of (1.1) which is obtained via the following
minimization problem

N

Min{ / [V al? + Xou? da/u € Hy (S2),
Jo

w(x) =u(g -x) on R"(Vgeq) / blulPt da = 1}. U

JQ
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EXISTENCE OF A POSITIVE SOLUTION 369

Notice that the above result implies the existence of a solution when b = 1
as soon as ) has “a symmetry group without fixed points” (i.e., N > 2).
Observe also that the above result applies by a simple translation if Q + zq,
b{(x + xq) satisfy the above assumptions for some z € R™.

II. A FEW KNOWN FACTS

We first introduce a few notations. First, the natural functional associated
with (1.1) is

Lo 1o, 1
= — — — —— bluPttde,
on {I(v) '/92“71)‘ F R0t bl
Vv e B Q).

Recall that nonnegative critical points of I are indeed the nonnegative
solutions of (1.1). We will also denote by

(2.2) Y ={uc H(Q), Vaul> + dou?dr =1
0 A

and we will agree that H} () embeds into H'(R") by extending its
elements by 0, while H{ (Q) = H! (R™) if O = &. We next introduce

(2.3) J (v) =sup I (Av), vED
A>0

and we denote by A(v) the unique maximum of I (Av) on [0, co) for
v € 3. Observe that we have here explicit formulae

-1/(p—1)
Alv) = < blofPtt d:z:) ;
R'Il

p— 1 =2/(p-1)
J(v) = ——r ( b vt dw) ;
2 (p + 1) R

(2.4)

and one checks immediately that A, J are C' on ¥ and that if v is a
(nonnegative) critical point of J on ¥ then v = A(v)v is a nontrivial
(nonnegative) critical point of I and conversely any nontrivial critical
point of / may be obtained through such a v. Such a reduction to a
functional defined on sphere was already used in A. Bahri [3], A. Bahri
and H. Berestycki [4] and is in fact valid for more general nonlinearities, a
fact that we will not recall in section VII (see [3], [4]).
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370 A. BAHRI AND P.-L. LIONS

Of course, X is the sphere of H; (§2) provided we endow H*' (R") with
the scalar product

(2.5) (v1, v9) = / Vo - Vg + Agvy va da
SRy

and we will write by |v| the associated norm. The gradient flow of .J
restricted to Y (identifying H' (R™) with its dual, and thus considering
gradients with respect to the scalar product (2.5)) is the solution of the
following differential equation

(2.6) Z—u =~J (u) = =A% (w)u+ K (b|A (w) u|P P N2 (u)u) for s >0

LS

where z = K f is the solution for f € H~!(Q) of

(2.7 —Az+Xgz=f in Q, z € H} (Q).

And one checks that there exists a unique global solution u (t) for (2.6)
such that « (0) = ugy where uy € X. Furthermore, u (t) € % for all + > 0
and of course

2
du

ds

L sy forall s>o0.

(2.8) -

Finally, since K is order-preserving (maximum principle), it is possible
to show (see section IV) that if ug € X7 then u(s) € X1 for all s > 0
where X1 is given by

(2.9) YT ={ue, u>0 in Q}.

Let us also recall the relations between Palais-Smale sequences for [
and J (P. S. sequences in short) i.e. sequences ug, vy satisfying

(2.10) I (ug) is bounded, I’ (ug) £ 0
or
2.1 J(vg) isbounded, J'(vx) LA 0, wv,€X.

Before we do that, we recall that from Sobolev inequalities A and J are
bounded from below away from O on X.
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EXISTENCE OF A POSITIVE SOLUTION 371

LeEmMA IL1. — 1) Let vy satisfy (2.11) then A (vy) is bounded, w, =
A (vr) vg satisfies (2.11) and |ug| is bounded away from 0.

2) Let uy, satisfy (2.10) be such that |uy| is bounded away from 0 then
Uk = q. satisfies (2.11) and A () Juge| ™ - 1.

Remark. — In fact as soon as J (vy) is bounded, A (u;) is bounded and
thus |uy| is bounded in (0, 0o) (recall that v;, € ¥ and compare with (2.4)).

Proof of Lemma 11.1. — 1) The above remark shows that |us| is bounded
from above and away from 0, hence I (u;) is bounded. Now, in order to

prove that 7" (uy,) £ 0 we just observe that because of (2.3) we always have

0 = (I' (ug), vi) = (up — K (blugfP " ug), vi)
while (2.11) implies

sup {|(ux — K (blug[P  ug), w)l/|w| < 1, (w, v) = 0} - 0

hence Juy — K (blug|P~* up)| " 0, proving our claim.
2) If wy satisfies (2.10) then

€p = Up — K(b|uk|p"1uk) - 0,

in particular ||u|® — [, b|ug[P™ dx| < |ex| jur|. And this combined with
the bounds on I(u;) shows that |uy| is bounded. Hence, ||ug|*™? —
Jo bloklP*t dz| —Oor lug] = A (vg) — 0 and we conclude easily. W

Using the preceding lemma, we may now show easily that J does
not satisfy the P.S. condition on ¥ or even Y7, ie. that there exist
sequences vy in X7 satisfying (2.11) for which no subsequences converge.
In view of Lemma L1, we just have to build a sequence w; satisfying
(2.10), such that |u| is bounded away from O and wu; does not have any
converging subsequence. To do so we consider a solution w of (1.3) (whose
existence was recalled in the Introduction) and we take any cut-off function
¢ € C*R") satisfying

(2.12) 0<p<1, g=0near O, p=1 for |z|large
Next, let x5 be any sequence in R™ going to oc and set
(2.13) Up = gw (- — Tp).

It is a straightforward exercise to check that uj, € H{ (Q), satisfies (2.10),
Jug > lw| > 0 while u — 0 weakly in HE...
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372 A. BAHRI AND P.-L. LIONS

Having thus shown that the P.S. condition is violated in general, we
now explain the precise mechanism involved. This result is derived from
P.-L. Lions [23], [22] and its proof is given in the Appendix for the reader’s
convenience.

PrOPOSITION 11.1. — Let uy, be a sequence in H} (§2) satisfying (2.10). Then,
there exists a subsequence (still denoted by uy,) for which the following holds:
there exist an integer m > 0, sequences i for 1 < i < m, functions T,
w; for 1 < ¢ < m such that

(2.14) —Au+ X u=blaPa in Q,  we Hy ()
‘ ~Aw; + Agw; = b |w; P~ w;  in R,
@.15) { w; € HY(R"), w; 20

Up — <U+ lei (- — .’L‘i,)) - 0,
I (ug) - I (u)+ ZI (w;)

1==1

(2.16)

(2.17) || — +oo, et — 2] - oo for 1<i#j5<m,

where we agree that in the case m = () the above holds without w;, xi, and

1 . b
I (u) = — |V ul?4 g u’—
(u) /2I Ul Ao p+1

In addition, if u; > 0 then w > 0, and w; may be taken to be for all
2 <4 £ m the unique positive radial solution cf. (1.3).

|ulPt d forall we H'(R")

This result immediately implies the

CoroLLARY II.1. — Under the assumptions of Theorem 1.1, we denote by w
the unique radial solution of (1.3) and by S = 2f’p—+11) |w|?. Then, if vy is a
sequence in X7 satisfying (2.11), there is a subsequence of vy, still denoted
by vy, an integer m > 1 and sequences .’L'i of points in R for 1 < i <m
such that (2.17) holds and

m

/\(Uk)'l)k_zw(' —xi) =0, /\(,Uk)?ml/z .
i=1

k
J (k) —m S.

2.18)
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EXISTENCE OF A POSITIVE SOLUTION 373

Remark. — Of course, we may replace in (2.18) Y." w (- — z}) by
(X w(- — i) where ¢ € C™ (R") satisfies (2.12).

To conclude this section of preliminaries, we recall briefly a few
informations on w (taken out from [20], {32], [7] for instance): w € C°° (R™)
is radial (w = w (7)) and satisfies

(2.19) w () t1|;l exp (VAo l2]) — >0 as |a} — o

(2.20) W' (7) T exp(vVAor) — —cv Ao as 1= |x| — oc.

In fact, it is possible to show that ¢ = ¢, [o, b w? (VAgr)™!
sh (/Ao ) dx for some constant ¢, depending only on 7. This may be
deduced from the following lemma that we will use later on

Lemma 11.2. — Let p € Cy (R"), o € C(R") satisfy for some o > 0,
g>0C ceR

(2.21) @ () exp (a]z]) |27 — ¢ as x| — x

exp (ala]) (14 |2|7) de < >

(2.22) /R ) 1 ()

Proof. — We just have to bound |¢ (x + y) ¢ ()| exp (a|y}) [y|? by an
L' function to conclude by the dominated convergence theorem. In order
to do so, we prove that

lin H [ ot 1} exp (e ly]) ol

[yl =
—¢ / exXp (~(k (=, y)) ¥ (2) d:z,} =0.
e |yl

In particular, if ¢ is radial, we deduce that

shev |z

lim { / ¢<<z:+y>1/}<:z:>dm} exp(alul byl =« | b () da

fyl—oo | Sru Jun oz

This follows from the study of various cases. First of all, if |z + y| < 1,
since |y| < 1+ |z|, we obtain

o (@ + ) ¥ ()] exp (afyl) [yl < Clop ()] exp (aefa]) (1 + |2)”)
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374 A. BAHRI AND P.-L. LIONS

where C denotes various constants independent of ax. y. Next, if 1 <
lr+y| < I%‘ remarking that |y| < 22|, we deduce
[ () (&) explee ) [y]” < C e ()] 2] expler ly]) exp(—a s + y])
<O ()] )27 exple|z)).
Finally, if |¢ + y| > |y|/2. we obtain
7 <O exp(—alr+yl) v (@) exp (aly])
<c

lo (z +y) ¥ (x)] exp (aly|) |y

¥ (x)] exp («|z)).
And we obtain the desired bound by summing up the three bounds we
obtained. W

HI. CONTINUOUS SELECTION OF PARAMETERS

Proposition II.1 shows that “almost critical” points are close to a finite
sum of “elementary solutions at infinity” w centered at points infinitely
away from O and from each other. For later purposes, it will be useful to
project such configurations on weighted sums of such elementary solutions.
To this end, we first choose m > 1, ¢ € C> (R") satisfying (2.12) and
for ¢ € (0, 1) we consider

1
3.1 V(im,e)= {w E X /(10eey T) € QL |y — 5] > -

: . 1
it IT<i#j<m, |xg]>—,
e

1423

)A(w}w (Z )

t

<c}

and we want to solve for v € V (m, ¢) the following minimization problem
(3.2) Min{ ) Alvyv—g (Z ajw(- - JJ)) '/ a; >0,

z; €, VI <y Sm}.

ProvosiTion 1II.1. — There exists eo(= eg9(m)) > 0 such that
Problem (3.2) has, for any v € V (m, £¢), a unique solution (&;, T;)i1<j<m
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EXISTENCE OF A POSITIVE SOLUTION 375

up to a permutation and there exist constants (independent of v) a, @, Ry
such that (up to a permutation) if |\ (v)v — (3] w (- — ;)| < € for some
(), satisfying x; € Q, |x; — <i#j<m,
then we have

(3.3) T, — ;| <Ry, 0<a<a;<a forall 1<j<m.

Furthermore, if v € V (m,e) with 0 < ¢ < &g, (3.3) holds for some
constants Ry (¢), a(e), a(e) which satisfy

(34) Ryl(e) =0, a(e) — 1, ale)—1 as € — 0.

Proof. — The proof will be made in several stages. We first show (3.3)
for minimizing sequences (3.2) and the existence of a minimum satisfying
(3.3)-(3.4). Next, we show some local strict convexity of the solution of
(a;, ;) involved in (3.2). Finally, we prove the uniqueness by a simple
continuation argument.

To simplify the presentation, we will only make the proof in the case
when 2 = R" i.e. ¢ = 1 and then the conditions |z;| > %, z; € Q will
play no role. The general case follows immediately by ea;y adaptations.
Let us also remark that we just have to work with u = A (v) v.

To prove the first claims made above, we observe that if v € V (m, )
there exist 1, ..., &, € R™ such that |z; —2;| > £ for 1 < i # j < m and
lu— 37" w(- — ;)| <e; and thus the minimization problem (3.2) may
be restricted to those &; > 0, z; such that

m

’IL—Z &jw(- —:i‘_,')
j=1

We first claim that this implies that the &; are bounded from above by a
fixed constant. Indeed, we deduce from (3.5)

3.5) <e.

T

dow(-—uy)

1=1

< 2e+ <2e+mC

where C' denotes various constants independent of v, u, €. Then, this
implies obviously, using the fact that w is nonnegative,

(3 @) ol <

J=1

2
<(2e+m0C)?

'—L]

L2
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376 A. BAHRI AND P.-L. LIONS

Therefore there exists @ (independent of », w, ¢) such that

(3.6) 0<a; <o for 1 <5 <m.

Next, we remark that (3.5) implies

(3.7 < 2e.

‘ m m

—a) =y dw (- - i)

i

Hence, if we fix ¢ € {1,..., m}, we deduce

/\ioa?QEIw(- —a) = (=) w(- —-’Ej))+2&jw(' — )z

J# J=1

>|w$L2+22/ (x — x; (lr—:pj)d:I:—QZ(ijx
j=1

G

X / w(ax—a)w(x—2;)dr

>IW|L2_2”‘Z/ (x—z)w(x—1I;)dx

where we use the positivity of w and (3.6). Therefore, for € small enough,
there exists at least one index j = j (i) € {1,..., m} such that

' 1 ‘
€= @ o= &) dr > — |wl?..
‘/” we—u;)w(r—=2;)dx > 4ﬁlw|L
And Lemma I1.2 implies that there exists Ry such that
(3.8) l; — ;] < Ry, for j=7j(i).
Then, in particular
N . 1
|75y = @i 2 — — 280

and for ¢ small enough, up to the permutation ( — j (i)), we deduce finally

(3.9) |2y — %;| < Ro, forall 1<i<m
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EXISTENCE OF A POSITIVE SOLUTION 377

for € small enough. But, the same argument as above then shows
2 é; / wlr —z;)w(x —3;) de
Jr=
>[w|L)—-——2aZ/ (¢ — Z)w(x - 7)) ds

J#i

and Lemma I1.2 implies in particular that the right-hand side goes to |w|%>
as € goes to 0 since |z, — &;| > % — 2 R for i # j. This yields a uniform
lower bound on &; (Vj). In conclusion, we have shown that for ¢ small
enough, a minimum with the properties claimed in Proposition IIL.1 exists.
In addition, the above argument shows that

4

> w(- —w) —diw (- —T) %
Xo

+2Z/{w1—rl a;w(x—T,;)}

J#i
XA{w(x —a;) —qjw(x —7;)} do

>lw(- —x) —mw(- =52 —m(e)

where m(e) — Oase — 04 (m(e) ~ exp (—vAg 1) ¢"T by Lemma I1.2).
Therefore, o; w (- +2;,—7;) P w as € — 04 uniformly in v. Hence, @; — 1
as € — 0, uniformly in v and then one checks easily that z; — ¥, — 0 as
¢ — 04 uniformly in v.

At this stage, all the statements of Proposition II1.1 but the uniqueness
have been proved and in fact we also proved the existence for each 6 €
(0, 1) of & = € (6) small enough such that if |A (v)v—31" w (- —x;)| < e
for some (x;); satistying |#; — x;| > X (Vi # j) then a minimum of (3.2)
exists and any minimum ;' @, w (- — ;) satisfies, up to a permutation
of the indices,

1 .
(310) |.’1Ii—.’1‘—,.i|§(5, lTi--Tj|Z——2, 1—5§El§1+5
forall 1<i#j<m.

The second step consists in showing that the functional

m

U—Zij(- - Z;)

7

2
@ (E, ces —.(Y?n; jla sy f'rrL) =

[N
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378 A. BAHR! AND P.-L.. LIONS

has a definite positive second derivative at all points satisfying (3.10)
provided e is small enough i.e. ¢ < ¢y < ;. Indeed, the quadratic form
obtained through the second derlvatlve of & at (Ceq, .o, @y T1yeeey Tont)
acting on variations (A, ..., i &1,y £ ) € R™X(R™)™ s given by

e

Zh w(-—%;)—a;Vw (- —=7;) - §

+ (E ajw(- —T;)—u, —2 Z hiVw (- =7;) - &

"

+}:mD2w(- - ;) & fj])-

And, because of (3.10), Lemma 11.2, (2.19), (2.20) we deduce

3.11) Q>Z hi w]? = p(e (Z h? +|€;l2>

m

+ <u, 2> hiVw(- —T) - g,»>
j=1
- (“v Z o D?w (- - %) &, fj])-

Here and below, i denotes various positive constants (depending only on ¢)
such that g — 0. Indeed, observe that we have forall 1 < a. 3, v <n

/ 00 =0
— dx = 0,
Jpn v or., ’
9w ©Ow )\
_TY s de,
/ v O, Oy ’ / <6.’L‘a) “

" dw DPw
T dr=0,
/Rn a-’ffa a-/L'a 81’3 “

" Qw 0% w . A2w z
— = —{p, )} dux.
Jan Oxo Ox, Oz O, ‘ » \ 024 0xg
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Next, we observe that we may replace u by »_." w (- — x;) and using the
above rules we finally obtain

m

(312) Q=) B+ @ (Vw (- —x;) & V(- —T)) - &)
j=1 j=1

— () (Z hi+ |€j|2>-
i=1

And using once more (3.10) we deduce

k(4 (423

(3.13) Q> B+ (1-68)|Vw -

j=1 =
= (n(e) +1(6)) @ ht '51“2)

To conclude, we just observe that for all 1 < «, 3, v < n

" Ow Ow C o ow
—_— e d = (S —_— X
/R 0w, 023 ’ o / n (55’76) e

0% w 8w g 5 9% w
" - r = 0g T
Jrn 024 Oxg Oxy Oy 7Y Jan | 01y O

And this implies that there exists » > 0 (independent of u) such that for
e, 6 small

2
dz.

m
(3.14) Q>v Y h+g)%

j=1

To conclude the proof of Proposition 1111, we use a simple continuation

argument. Indeed, we have just shown that any minimum (up to a
permutation) is nondegenerate and since all the above estimates are uniform
along the paths (£ € [0, 1] — tu+ (1 — ) >.." w(- — x;)), we just have
to show the uniqueness (up to a permutation) when u = Y. w (- — ;).
But this amounts to check that if 337" @;w (- —T;) = 37" w (- — ;) for
some @&; > 0, T; € R", z; € R™ where the z; are distinct then {(=;, T;),
1<y <m}={(1,x;),1<j<m} Thisis in particular insured by the
following lemma which thus concludes the proof of Proposition III.1.

LemMA IIL1. — Let N > 1, @, ..., Ty be N distinct points in R™ and let
Y1, ...n YN € R. Assume that

N
(3.15) > yjw(-—x;) =0,
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then Y1 = .. = YN = 0.
Proof. - Denoting by w the Fourier transform of w, we deduce from (3.15)

A"Vr
(3.16) (Z v; ({7‘5-1;7-)(‘}(5) =) VEeR™

Furthermore, using the decay of w, one can show easily that w vanishes at
most on a countable set so (3.16) implies

XV
3.17) Z vt =0 on R

and we conclude since the points x; are distinct. W

IV. A LOCAL DEFORMATION ARGUMENT

This section is devoted to an important technical point, namely the
analysis of deformation of the level sets of the functional J. This
deformation argument is quite typical in Liusternik-Schnirelman type
arguments (see Milnor [27], P. H. Rabinowitz [29]...) and even if, by
opposition to the rather sharp Morse deformation lemma, it is a rough
deformation we will have to analyse it very precisely.

We fix m € N and we consider two positive constants ¢,,, €,,. We will
denote by

4.1 b,={(n+1)85, forall n > 0;
and we set W,, = {u € X7/J (u) < b,}(¥n > 0) and

4.2) Jo={uwe X/ (u) <cl, YeeR
We will use a modification of the “true gradient flow” (2.6) namely

4.3) du J(u) for >0, uf !
. —_— = — i S R s=0 = U

ds (14 | (u)[?)1/2 = e o
where ug is any initial condition in V. The result which follows will
give in particular the existence of a global unique solution « (s, 7q) which
depends continuously upon wug. We then consider for all § € R

(4.4) Ts (up) = inf (s > 0, J(u (s, wp)) < b1 +6)

Annales de I'Institut Henri Poincaré - Analyse non linéaire



EXISTENCE OF A POSITIVE SOLUTION 381

if no such s exists we set T5 (ug) = +oo. We finally denote, assuming
that (4.3) admits a global solution and that T is finite on the set considered
— all points which will be answered in the result below —, by

. — .S
@5 W _, ={u(T, up)/uo € W}, for m>2 0<béd<—
m—1 2

where T is given by

(4.6) T =T (ug) = (Ts (uo) + V8) A Ty (ug).

Finally, if m = 1, we set an_l = Jhotb A Yt for0 < é < %
We then have the

LEMMA IV.1. — The differential equation (4.3) has a unique global solution
u(s) = u (s, ug), which depends continuously upon uo and maps X+ into
itself. Next, if we assume that (1.1) has no solutions or equivalently that .J
has no critical points on ¥t and that (1.3) has a unique radial solution,
then T (ug) is continuous on W, (with values in 10, +00] if § = 0), for
§ > 0. Therefore, for 0 < § < 2, the pair (W ., W,_1) retracts by (this)
deformation onto the pair (ng—u W,._1) and for any ¢ > 0, we may
choose 6 > 0 small enough such that

4.7 W2 _ \W,_1 CV(m,e).

Proof. — The fact that (4.3) is a well-posed ordinary differential equation
is easily deduced from the explicit formulas giving A (u), J (u). Indeed,
A(uw), J(u), J'(u), A'(u) are clearly locally Lipschitz and the Lipschitz
bounds depend only on a bound from above of J (or A). This, of course,
immediately implies the existence of a maximal solution of (4.3) which is
global provided one bounds from above J on this trajectory. But since .J
is non-increasing along the trajectory, the upper bound on .J is obvious
and the global existence follows as well the continuous dependence upon
the initial condition ug.

We now proceed to prove the remaining assertions on the semiflow. We
first show that the flow preserves %% (as announced in section II). Indeed
observe first that by a change of clock, we just have to show that the
“true” gradient flow (2.6) (which exists for the same reasons as above)
preserves also $*. To this end, we modify, for ug € X7, the Equation (2.6)
as follows: if uy € X7, there exists by the same arguments as above a
maximal solution on [0, T[ of
(2.6") du = M (uw)u+ KON (u)u?)

ds
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where A (u) is still defined by (2.4) on Hg(£)\{0}, and «™ = max (u. 0).
If we show that « remains nonnegative, thEn 1 solves in fact (2.6) and our
claim is proved. To do so, we fix ty < T.

Then, denoting by «~ = u* —u, we multiply (2.6') (recall that we always
use the scalar product of H|} (2)) by ku~ and we obtain

1d f ' ' ‘
—= il / lu™ | da > A (u) / lu™|? da + / K (bXNT  (u)u™ )y u™ da
2ds Jo Jo Jo

or

1
< / ju™|?dz <0
ds Jq

and we conclude easily since [, |ug|* dz = 0.

Next, in all the remainder of the proof, we assume that .J has no critical
points on L7. Hence, .J (u (s, ug)) is decreasing for all s > 0. Next, we
claim that, for each & > 0, there exists v > 0 such that

4.8) |7 ()| > v if ve¥t, JWw)e [bi—1 + R by — B

This is indeed an immediate consequence of Corollary II.1, arguing by
contradiction. Then, since we have for all # > s > 0, ug € &7

49y  J(u(t, ug)) — J (u(s. up))

t
=+ / [T (1 (o, wp)) > (L4 [T (u (o, up))|?) 2 do

we deduce easily that for all ug € W,,,, Ts (ug) < oc for all § > 0.

We next show that 7 is continuous on W, if > 0, or continuous with
values in [0, +o0] if § = 0. The proof being quite similar in both cases,
and in fact a bit simpler when 6 > 0, we just prove the continuity of 7.
To this end, we take a sequence (uf ), in W ,, such that uy — Uy € W,

k£3

To (ul) — Ty € [0, oc] and we want to show that Ty = T (uy). First of all,

if ¢ < Ty (ug), J (u(t, uo)) > bn_1 and by continuity we still have for n
large enough J (u (¢, ul)) > b,,—1, hence t < T (ug) and Ty > T (ug)-
Next, assume that Ty (up) < Tp and thus in particular Tj (ug) < .
Therefore, for all h > 0

J (u (To (uo) + by o)) < by
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and again by continuity the same inequality holds for n large i.e.

J (u (To (uo) + by ul)) < bm—y.

Therefore, Ty (uf) < To (uo)+h for n large, and we reach the contradiction
which proves our claim. In conclusion, T (ug) is continuous on W, and
clearly T(ug) = 0 on W,.—1. The deformation is now clear: consider
the map

[0, 1] x W, 3 (¢, uo) — u (tT (ug), up)-

In the case m = 1, the situation is much simpler and the deformation
is immediate.

To complete the proof of Lemma IV.1, we have to show (4.7). We first
consider the case when rn > 2 and we will then treat the case when m = 1.
Again, in view of Corollary 1.1, we just have to show that there exists a
positive constant C' > 0 (independent of &) such that

(4.10) J ()] < C 82, forall veW. CA\Wai.
m—1

To prove this bound, we take v € an_l\Wm—l ie J(v) > by, and

therefore v = w (Ts (uy) + Ve, ug) for some uy € W,,. To simplify
notations we will denote by © = u (Ts (ug), uo), v(s) = u(s, ug) for
s > 0. And we deduce from (4.9)

(4.11)

T (up)+V'E
/ | (o (s)F (1 + | (v (s)]2) V2 ds < 6.

ST (un)
Hence, there exists 5 € 1T (ug), Ts (uo) + Vo [ such that
LT (0 5D (14 [T (vs))]) 12 < 82

and thus there exists a constant independent of 6 € (0, £) such that

3
(4.12) |T' (v (3))] < C6Y2.

Now, in view of (4.3), we deduce

(4.13) v — 0 (3)] < 8Y2

To conclude, we use the fact that J' is Lipschitz on 7 N.J® for all R < o
and (4.10) follows from combining (4.12) and (4.13).
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In the case when m = 1, that is we consider v € (J%T¢ N S+H\W,,:
observe that since by = irzxf J is not achieved then W, = §) and by

I. Ekeland’s variational principle [16], we can find w € ¥7 such that
J (w) < J (v), |J (w)] < V8, jv—w| < Vo

and we conclude easily since for 6 small enough this implies that
we V(le) N

In particular, we deduce from Lemma IV.l that there exists v, ()
continuous, nondecreasing and nonnegative such that -y, (0) = 0 and

Wiy C Wt UV (m, 1 (6))

We then set

=50

Wm—l = Wm—'l uv (ma Ym (6))

V. A TOPOLOGICAL ARGUMENT

This section is devoted to a topological argument which will imply the
existence result (Theorem I.1) provided we admit an important “energy-
balance” type result (Proposition V.1 below) that we prove in the next
section. Throughout this section we will assume that (1.3) has a unique
positive radial solution and that (I.1) has no solution and we will reach
a contradiction proving Theorem I.1. The topological argument we use
is quite close to the ones introduced in A. Bahri [1], [2]. A. Bahri and
J. M. Coron [5].

We will need a few notations: S™~! is an (n — 1) dimensional standard
sphere embedded in {2 so that A.S"~! Cc Q forall A > 1 and H,_; (S™7")
embeds in H,_;(Q). We may assume without loss of generality that
§n=! = {z € R"/|z| = 1}: indeed, this may be achieved by a simple
scaling. For m > 1, we denote by (S"~1)™ its m-th power, by -, the
embedding of (S™~!)™ into 1", and by A, the corresponding embedding
of (AS™1)™ into Q.

We will also denote by Ap_1 = {(t1, tm)/ 27 6 = 1, t; > 0
for all ¢} the standard (m — 1)-simplex, by 0A,,_; its boundary, by
NSy = {(t1, s tm) € Am_i/sup; [ti — L] < €}, by 9A5_, its
boundary. Notice that A5, ; C A1 and (A,,—1, 0A,,_1) retracts by
deformation on (A 0A% ).

m—1s m—1
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Next, we denote by D,, = {(z1,..., r,) € (S*Y)™/3i # j z; = x;},
by 0., the group of permutation of {1, ..., m}, by V,,, a o.,,,-invariant tubular
neighbourhood of D,,. V;, may be considered as a (n — 1) m dimensional
manifold with boundary, which retracts by deformation on D), (see e.g.
Bredon [9]). We will denote by (S; ')™ the (n—1)m dimensional
manifold with boundary 9V,,, given by (S»—1)™\V,,. Of course, o, acts on
(Sn—l)m X Am—1, (Sn—l)m X BAm_l)\(Dm X Am—l), (Sg*l)m X Am—-l,
(821" X A m_1)U(OVim X Ap_1). The quotient of these sets under the
action of ¢, will be denoted with a subscript o,,, under the product or union
signs; for instance, the quotient of (S”~1)™ x A,,_; under the action of o,
will be denoted by (S™~1)™ x A,,_;. We will consider five main pairs

GH (s X Amot,s ((5™)™ x 8Am-1) | J(Dm x A1)

Tm

(5.2 (7™ X Ames (7)™ % 88m ) [ J(OVim x Am-r)))

Om

(5.3) (™™™ Oy (STTH™ [T m)
(54) (Wma T}—V—m—l)
(5.5) W, Won1)

where W,,_;, W, an—1 have been defined in the preceding section.

We denote by s,, the map from V (m, &) into Q' /o, which maps
v € V(m, &) into (F1,..., Trn) solution of (3.2) (as given in Proposi-
tion 1), by i, the embedding from (Sg3~!)™/a,, into (S*~1)™/o,,,
by k., the embedding from

((S57H)™ x A, (557" % 0Am-1) [ J(OVin X Apics))

Tm

into

(5" X By, (8" % 88m1) [J (D x A}

Tm

Finally, we denote by
B (8" 1) = {Z b 65, [(T1y ooy T) € (STH™, (1, ey tm) € Amﬁl}
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where 6, denotes the Diract mass at 2. 13, (5" 1) is endowed of the weak
* topology of measures on S"~'. One may also think of B,, (S"~') as
the quotient of (S™~1)™ X A,,_1 (endowed of its natural topology)

through the following equ1valence relation:  (ry, ... £, F1. b))~
(], ...y b, t]. ..., ) if for any x; such that #; # 0 we have

mo
Z tr = Z f,;\,

k=, k: 1 =u;

and if for any z such that ¢, # 0 we have

Z # = Z te.

o] -
I\...rk_ri kg =a)

Let 6, be the corresponding projection from (S"=H)™ x A, _; onto

T

B,, (8" '). Let £,, be the projection on the x-component of (. 1) €
(S™~H™ x A,,-; from (S"1)™ x A,,, L onto (S™ 1) /o,

Om

For A > 1, we introduce a continuous map from B,, (5"~ Y into ©F
given by

fm (A) : Z t; by, — @ (Z t,;w(-~/\:1;,;)> l © (Z t,iw(-—/\rf:,',)> ’k
1 1 1

where ¢ is a fixed cut-off function in C'*° (R") satisfying (2.12).

The following result will be proved in section VI

PROPOSITION V.1. — For any m > 1, g1 € (0, g9 (m)) (eg (1) has been
defined in Proposztzon L1), & > O such that (4.7) holds with € = £, there
exists Ay > 1, €1 > 0 such that for X > A, we have

(i) fin (A) maps (Bu (S"7%). Buoy (S771)) into (W W) C
(Winy Win_y) and fo (A) 0 8,y maps ((S"71)™ x A1), ((Sm—tym x

aAm-l) Uam(Dm X AA'm—l)) into (an 1 Wm—l)-
(ii) fm (A) © B maps ((Sg71)" X AT (ST X 0AL )

U, (8Vi x AZ_)) into (W, OV (m,, 1), Wy NV (m. 1)) and

-
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the following diagram is commutative
(S5 x Ap_y), ((Sg7H)™ x 94 y)

Fm(A)08m .
(Wm-—l nv (7”7 51)7 Wm—l N V(TTL, 81))

x| J@Vim x 851)

l g’n’l Jr Sm

AYm Ot —
(S{)l'l)"l/o-ﬂt _____"x Qm/U,n

@Gii) Im > 1 such that for m' > m, fu (A) [By (S"71)] C W,—. R

We may now conclude the proof of Theorem 1.1. Let us recall that the
argument below is a repetition of the argument introduced by A. Bahri and
J. M. Coron [5], [2]. We first mention that all homologies below are with
Z>-coefficients. Next, observe that 6,, defines a homeomorphism from

(5" % A \(S™7)" X 081) JDon X Arics)

Ty

onto By, (8" 1) /Bpm_1 (S™1)

and that (5" 1)" x0A—1) U, (Dmx Ap—1) is a retract by deformation
of (S 1)™ x Am_l)Ua',,,(Vm X Am—1) where Ap_y = {(t1, ..., tm) €
Aot/ 30 |ti— £| > 51} Furthermore, ((S™~")™ x A1) U, (Vi X
A,,_1) is a closed neighborhood of ((S™™1)™ x 0Am_1)U, (Dm X

Apm_1). Therefore, we deduce by excision

(5.6) H, (B (S™™), Bm_1(S"71)
— H*((Sn—l)m X Am—la (Sn—l)Tn N aAnx——l)

X U(Dm X A1)

Tm

As V,, retracts by deformation equivariantly on D,,, we also have

(57) H* ((Sn—l)m UX Arn—la ((S-n.——l)m X 8Am—1)U(Dm X Am—l))

Om

— H* ((Snal)m % Am—l» ((Sn~1)m % 8Am—1)

UV x A1)

Tm
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Hence, by excision

(5:8)  H ((S"™1)™ x Aoy, (877" x 1) | J(Dm x A1)

Tm

= H* ((Sg—l)m X Am—la ((S(r)l~l)m % aAm—l)

U@V, x An1))

Tm

=H, (S§~H™ X A1, 0((STTH™ x A1)

(Observe here that (S;~')™/o,, is a retract by deformation of some
neighbourhood of this set in (S"~1)"/a,,).

Therefore, we have

(59) H* (Bm (Sn_1)7 Bm—l (Sn_l))
=H, ((Sg™H)™ x Ap_1, ((S3—H)™ x A1)

The cap product

(5.10) H*((S77H™ X A1) @ H(SF™H™ X Apct,

O((S5™)™ X Ap-1))

{TTH

= H, ((S57)™ X Aper, ((SFTH™ X Apcy))

equips H, (((S5™H)™ x An_y), 0((Sy~H)™ x A,,—1)) with a structure
of H* ((())™/ am)—mo(cfl:;li via the homomorph(;;lm
(5.11) i © Yo * H ()" J o) — H* ((S571)™ /0m)

= H*((Sg~H™ X Bmoy)-

In the absence of a solution to (1), the deformation Lemma IV.1 states that

(W, W,_1) retracts by deformation onto (W2 _,, W,, ;) and that we
have ngq C an,l c W,, and

(5.12) W, AWy €V (m, 1)
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Therefore, we have on one hand

(513) H (W, W) =H, (W, 1, Wn_1)

= H* (an—l\Wm—lv an_l\Wm—l n Wm—l)

and on the other hand, we have a well-defined homeomorphism, via the
map Sm.

(5.14) i* o5t H ()™ o) — H (W \Wm_1)

where 7 is the inclusion (5.12).

(5.13) and (5:14) imply that, in the absence of a solution to (I1.1),
H*(W,,, W,,_1) is naturally equipped with a structure of H* ()™ /0, )-
module.

Using the commutativity of the diagram in (ii) of Proposition V.1, the
map

(5:15)  (fon (A) 0 fm)s s H ((S571)™ % Afri L ((S37)™ X 985,

U(av X AZ_L))

— H, (an_l NV (m, &), W1 NV (m, £1))

is H* ((Q)™ /0y, )-linear.

Using the commutativity of the diagram

(5.16)

((Sn——l)m O_X Apmo1), ((Sn_l)m X 0Am_1) U(Dvn X Am-1)) — (an—l' Wmfl)

7 1

(sg—Hm * A‘ ) B((SETIY AT ) = (W, NV (m. &1). Wt NV (o, £1))

m—1

and the fact that the vertical arrows are, by (5.8), (5.12) and the equ1var1ant
retraction by deformation of (A,,_j, dA,,_1) onto (A, ! 3A61 1)

m—1?
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isomorphisms, we derive that the map
(5.17)  (fm (N 0 8)s s Hy (S5 x Apsy, ((S""H™ x 0A,,-1)
& —_

U(Dm X Ain»«l)) - H* (Wr7”—]'r Wm—l)

T

is H* (())™ /o, )-linear.
Therefore, via (5.8), (5.2) and (5.13), the map
(518) (fm (/\))* : H* (Bm (Sn—l)! Bm—l (Sn_l)) ad H* (Wma _W—mvl)

is H*((2)"/o,,)-linear.
Let now
Ogn-1 be the orientation class in H" ! (S"71)
(5.19) and let Og be in H"~" () such that v} (Og) = Ogn -,

when 7, is the embedding of $" ! in .

Let o1 X 0,,_1 be the subgroup of o, of permutations leaving 1 stable
(o permutes {1,..., m}).

The transfer homeomorphism (see e.g. Bredon [9]) will be denoted by
p* defines a map from H*(Q x ()™ into H* ()™ /o)

T X O —1

and, similarly, a map from H*(S""! X (S™~H™-1) into

Ty X Ty —1
H((S""1)"[o,,). Let

{q Q. x ("t -Q
(5.20) T X T
be the projection on the first component,
(j . Sn—l % (Sn,—l)m—l — Sn—l
(5.21) X T
{be the projection on the first component also.

Taking A larger than Sup (A, Am_1), the following diagram is obviously
commutative

(5.22)
Fr (N — e
H*(Bm (Sn—l)’ Bm—‘l (Sm_l>) —— H* (Wm: Wm~1)
1o 1 o
Fn—1(A) — —

H*—l (Bm—l (Sn_l): Bm——2 (Sn_l)) E— H*~1 (Wm-—1~, Wm—?)'

where @ and J; are connecting homomorphisms.
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We claim that we have
(523)  9(vh o n* 0g*(Og) N[Bm (S, Byt (5"7))
- [B'm—~1 (Sn_1)7 Bm,—2 (Sn_l)]

where N is the cap-product and [B,, (S"™1), B,,—1 (S"~1)] is the orienta-
tion class, via (5.9), of the manifold with boundary (Sg_l)'” X A1
(respectively for [Bp,_1 (S™™1), B_o(S™™Y)], use (Sp~Hym~1 x

Om—1

Ap—2). (5.23) will be proved later on.
Using now the H* ((Q)™/o,,)-linearity of (fm (1)), and the com-

mutativity of (5.22), we derive:
(5.24)  fm-1 (M), ([Biuo1 (8"7Y), Bpua (S"7)))
= (frn-1(N)s0d (v 0 n” 0 ¢ (Og)
N [Bwn(S"Y), Buer (S"7)))
= d10 (fm (A (ym o™ 09" (Og)
N [Bm (8"71). Bt (S"71))
=31 (1" 04" (Og) N o (N)u (B (8"71), Brma (S™7H])

since the H*((Q)"/o,,)-structure of module of H, (B, (S*1).
Bp-1(S"71) is via 7, (see (5.11)) the cap-product action of
H*((Sg~H™ x A,,—1) onto

H* ((5[7]1_1)7"' ch Avn—ls O(S(T)L_l)nl X Avn—l)

= H* (Bm (Sn_l)z Bm—-l (S"Al))~

Therefore, we have the induction
Fon V)i ([Bin (S™71), Bp—y (S™71)]) is non zero if
(5.25)

Pt (N ([Bpe1 (S™71), Bru—o (S"71)]) is non zero.

Observe now that by (iii) of Proposition V.I, f,(}A)
maps B, (S"”l) into W,,_.; form large enough. Therefore
for (N, (B, (8"71), B,,,—1 (S™71)) is zero. This, together with (5.25)
implies

(5.26) A ([B1 (81, Bo(S"™)]) =0.

Vol. 14, n® 3-1997.



392 A. BAHRI AND P.-L. LIONS

Now we have:
(527) B1 (Sn—]) — Sn—l; B() (SnAI) — w
£1(\) maps By (S~ by (i) of Proposition V.1, into Wy. As Wo = 0
and as Wg\WO is contained in V (1, €;) by Lemma IV.1, we have
Wo C V(L &)

We therefore have a map

(5.28) (NS SV (L, )
y— ow(=Ay) low (- — Ay)|~"

Then

(5.29) sy0f; (A\)mapsy € S intody e ASTTL cQ, withh >\

as the solution of the minimization problem (3.2) for v = %}%

(Jow (- = Ay)|7 A (w), Ay).
Next, the map

1s

1
(5.30) {—, 1] x 81 R

A
(t.y) = tsyo fi (A)

is valued in § and defines there a homotopy of s, 0 f; (A) to the embedding
v of S*! into Q.

But 71, (Ogn-1) is non zero. Therefore (s, o fi), (Og.1) is non zero
contradicting (5.26). Hence, the proof of Theorem 1.

We nos prove the remaining claim (5.23). The following diagram
commutes

(Y1 yme=1) e o
(53]) Sn—l X (Sn—l)m—l QO X (S))m»l
Ty X Ty 1 T X Ty i
Lq Ly
Sn—l l{) ﬁ

and ~,, is o,,-equivariant.
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Therefore, by naturality of the transfer homeomorphism (see e.g.
Bredon [9]), we have:

(5.32) Y ou og"(Og) = p*og" ovf (Og) = p* 0 G" (Ogn-1).

Taking into account (5.27), (5.23) becomes:

(5'33) 9 (ﬂ’* o q* (OS"_I) N [Bm (Sn“l)’ Bm—l (Sn—l)])
= [Bmn-1(5"""), B2 (8" 7).

In order to prove (5.43), we pick a point £ in S"~!. The map

[0, 1] X Bpuey (S™71) = By, (S™71)

m—1 m—1
CONTAEITRS ST
=1 1=1

induces a map 7 from the cone CB,,_; (S™!) over B,,_; (S"}) into
B, (S™™1). 7, in fact, maps

(5.34)

(5.35) 7 (CBm-1(S™™"), By—1 (S™71)
— (B (8™Y), Bum_1 (S771))

and we have the following commutative diagram

(5.36) Hy (CBrme1 (8™, Byuey (8"7)) B H, 1 (B (S™7Y))

Tl /" O3
H, (B (S™Y), Bmo1 (S™7Y).

0y and O3 are connecting homeomorphisms and H, is the reduced
homology. Observe that Js is injective as B, (S™"™!) is contractible.

Let II be the restriction of ¢ to (ST™)™  x  An_;

TLXOm—1

(5.37) O:(SpHm™  x A,y — 8!

TLXOm—1
1171 (£) is a submanifold (with boundary 81171 (¢)) of (Sg™H)™  x
T1XOm 1
Ap-1. Let [II7 (€), 9117 (€)] denote its orientation class.
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Introducing the quotient map

(538) r:((S§™H™  x A A((STTH x Apsy))

T1LXOm 1 T XOm g

— ((Sg—l)m UX Am—la 0((5[7)1“1)7” GX Am))

we have the following diagram

(5.39) o
(857" X Bcrs DUSET™ X Ayyy)) o (I (€). O (€))
Tr /i
((sg=hHm B (Cr L Bna)
1
Sn~1

In (5.9), we pointed out an isomorphism, which we denote by I,

H, (B (5"Y), Br_1 (S" 1) 5 H, ((S77H™ X Am_1),

(5.40) e
a((Sp—hHym X Apt1).

Similarly, there is an isomorphism v,

(5.41) vy : H (CBp1 (S™Y), Bn1 (S™71))
— H, (H_l (f)ﬂ ot (E))

and we readily have

(5.42) Lot =j.0v,

Furthermore, as B,,_» (S™"!) is contractible in B,,_; (S™~1), the quotient
map

(543) J* : E[* (Bm—l (Sn.—l)) - H* (Brn—l (Sn~—1), Bm—-2 (Sn_l))
is injective.
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Now H(m—l)(7z—l)+m—2 (Bm——l (Sn—-l), Bm_2 (Sn_l)) is, by (5.23),
uniquely generated by the orientation class of ((Sf=")™"2 x A,,_s,

A((SF~Hm=? X Ap_s). Therefore

Tm—1
(5.44) H(m—l) (n—1)4+m-2 (Bm~1 (Sn_l)v B2 (Sn_l)) = Z?-

The generator was denoted (see (5.23) by [Bn_1 (S™ 1), Bpm—2 (S™71)].
We then have recalling that d; is defined in (5.36), and [[T7* (£), 0TI~ (£)]
is the orientation class of (II7! (¢), 917! (&))

(5.45) Jeody o JIH[IIT(€), O (€)])
= [BM—l (Sn_l)v B2 (Sn_l>]'

On the other hand, the transfer map

(546) p*  H*((Sg7™H™  x Amo) = H((S§7H™ x Apcy)

T1XOm~1
is equal to the Gysin-homomorphism as the map r,, defined in (5.38), is
a covering.
Therefore, we have for any u in H* ((S7™)™ x  Apm_1)

T XOpm—1

(547 pr(w)Nn[(SyHm x A1, 3((SE™H™ x Api)]

Tm

=r@n((STH™  x Aoy, 0((S5TH™

T XTm_1

X Apm-1}]).

T1XOm—1

In particular
(548) 1" (I (O )} O[SV X Aoy, D((SETH™ X Apoa)]

=T (H* (Osna1)}ﬂ [(Sg_l)m X Ay, a((5(7)1~1>m

OLXTm—1

X Am~l)]

TLX T2

Now, we readily have

(5.49) I (Ogn-) N[(Sg™H™ X Apy, 0((Sg7H™ X Apy)]

= i, ([I71 (), a7 (£))).
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Therefore

(5.50) p* (IT* (Ogn-1)) N [(S5 7)™ X Amet, O((Sg™)™ X Apey)]
= Ju ([ (), A1 (8)))-

We use now (5.45). As J, is injective as well as Jy (02 defined in (5.36))
(5.45) reads

(5.51) vt ([ (€), 811 (€)))
=85 0 I ([Bio1 (S™7Y), Bm—2(S™71))

Applying I', o 7, and using (5.42), we have

(5.52) g (71 (), oI (€)])
=1Il,oT,0 62_1 o J;_l ([Bm—l (Sn—l)a B2 (Sn_l)]

(5.48) and (5.51) yield

(5.53) I, 07, 005 0 I ([Bre1 (S™7Y), B2 (8" 1))
= p*(II* (Ogn1)) N [(S3™H™
X A1, ((STH™ x Apy)]

By the commutativity of (5.36), we have

(5.54) T, 00, =05t

On the other hand, I, is an isomorphism. Therefore, we have

(5.55) [Br_1 (S™1), B (S™7Y)]
=1,0850 71 (u* (IT" (Ogn—s)) N [(S2~ 1™
UX Ap1, a((sg—l)m X Am—l)]

and (5.55) yields (5.23) immediately.
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VI. MAIN ENERGY ESTIMATE

We now prove Proposition V.1 which, in view of the arguments given
in sections III, IV, reduces to the following assertions

(6.1) If m islarge, fm (A) [Bm(S™ 1)) C W,y

| I m>1, fu(N)o8m[(SIY)™ x AS_ | C Wy NV (m, 1)
(6.2 m
and  fu (V) (B ($" )] C W,,_,

for convenient choices of the parameters. In fact, (6.2) is very easy if
m = 1 and we will first prove

(63) If m 2 29 fm ()‘) o 97" [(S(?_l)m X Am 1] C V (m El)

Indeed, the commutativity of the diagram given in (ii) for instance then
follows from the uniqueness of the selection shown in section I1I.

We first prove (6.3). Of course, we may consider in all the remainder of
this section that m is fixed > 2, £; < g (m). In fact, the proof of (6.3)
consists only in looking precisely at what really are the various objects

we are using. Indeed, if ¢ € (Sy™1)™ X Af,t b= fm(A)ob, (&)

is given by

™m

64 u=<,0<itiw(.—)\wl)‘ (wa _,\T)

il =1 (Vi)

-1

and there exists v > 0 (independent of £) such that

lz; — ;] > v if i#y,
m 1
m

At this stage the remainder of the proof of (6.3) is quite easy. Indeed,
observe that by explicit computations A (u)|¢ (3°7" tiw (- =Az))|™' = m
as A — 00, ey — 0, hence A (u)u— (3" w(- —Az;)) — 0as A — oo,

e} — 0, uniformly in £ and (6.3) is proved.
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We now turn to the really important estimate (6.1). Recalling that if
v € X,

J(v) = 5%;-?1’13 (/R blm,ﬁl)n_l

while

(6.1) is obviously deduced from the following

6.7) ' @ (Z tow( - — /\:1:,¢)>
1

3 T P+1 7;%
X (/ hrtt (Z tiw(x — )\.’l!.i)) da:)
! 1

2

for all z1, ..., Tm € "1, 1,00yt > 0, 30" £, = 1, provided A is large
and ¢ is chosen conveniently. The proof of (6.7) will require some careful
analysis and to keep the ideas clear we first prove (6.7) in the particular
case when O = @ i.e. = R" and thus no cut-off function ¢ is required
(or in other words we may take ¢ = 1).

We begin by estimating

2 ,m
= (Z ff) W+ it (wi w;)

1 i)

m

thwj
1

where we denote by w; = w (- — Ax;). Next, recalling that w solves

(6.8)

(69) —Aw+Aw=>b*w? nR", w>0 inR" we H (R

we deduce

(6.10)

b Wl w; du.

i#i R
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And by the results of section 1I, we have forall 1 <i # 7 <m

(6.11) (/ boowf’wjdz>

not o onol
X cxp()\(l,/2 )\Aij)/\'71 A7 —=Ci>0 as A — o0

where Cj is independent of 1, ..., T, Ar,..., Ap, and Ay = |z; — 2.
Next, we remark

m p+1 m p+1
(6.12) / b(Z t,—wi) dx > / b (Z tiw,-) dz
R 1 /R 1
m p+1
—/ (6> — b)*t <Z t; wi) dr.
1

And since we may always assume that in (1.5) § < p+ 1, we deduce from
the results of section I that for A > 1

m p+1
(6.13) / (0> —b)* (Z ti w,) < Cy exp (=5 AN/ A=
. -

where Cy > 0 is independent of A, 21, ..., Ty, t1,.... ths.

We next observe that if a4, ..., a.,,, are arbitrary nonnegative reals then
there exists a constant C3 > 0 (independent of a, ..., a,,) such that

m p+2 m ptl pil
(520) " 2 0t ) X - 3
1

1 i#j ity
(in fact, if p > 2, we way take C3 = 0 and in general we only need this
inequality to hold for 00 < a; < supg. w). Hence, (6.12)-(6.13) yield

. m p+1 m .
(6.14) / b (Z t; w;,) dr > (Z tf“) / b> WPt dg
J R 1 1 JRn

+ (p—l— 1) Z t‘? tj / boow,‘?wj dr — 02

L] ’
X exp(—0A /\(1)/2) 2T

pti  pt1 g+l »t1l
2 . 0 2 2 P
— Cs E t7 ot / b w, w; dr.
i#E] :

1o+
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And in view of the results of section II and of (6.14) we deduce finally

m P+l m
(6.15) / b (Z t; wi) dr > <Z tf’+1> / b WPt dy:

+(+1) Z e, / b wl w; da — Cy exp (=6 /\(1)/2 A) AT
i) R~
Pl ptl sl e

—Cy Z 7‘,;)2 t;? exp (—q ,\(l)/2 M) Ai;,‘ T -

t#)
where 1 < ¢ < (p+1), and Cy is a positive constant independent of
AL 21,y Tyt by
Now, we have to deduce (6.7) from (6.10), (6.11) and (6.15). We first

observe that all the parameters #; may be assumed to be close to % since
we have

2

({23 mn —m
1 pol
( E 7‘12) ( E tr ) < m T — o max
1
1

1
Vi >0, Zt,-:l
L

for some a > 0. Therefore, (6.7) holds immediately if max; |t; — ;1;] >
b (A) where 6y (A) — 0 as A — +oc. Hence, we may assume that for
A > Ag, max; [t — L] < & (A) < 55. We now rewrite (6.15) as follows

. m P+1 m .
(6.17) / b <Z t; w;) dx > <Z tf“) / b WPt dg
JRe T T JR

L= N) 3 #1 Coexp (-AY2AAL) AT AT
=i

1 2
t— —

m

(6.16)

L

— Cy exp (—b‘A(l)/z DYP
where p(A) — 0 as A — +oc.

To conclude, we just have to observe that we have

(6.18) lim Max { Min |z; — z,|/(z1, ..., x,)
J

m-—oc i#

e(S" )" i Fa Vit jh=0
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hence, if m is large enough, there always exist ¢ # § such that
(6.19) Az‘j < 6/2

And the combination of (6.17) and (6.19) easily yields (6.7).

We now explain how we modify the above argument in the general case
when ) = R™. We first observe that (6.15) still holds in this case. On the
other hand, (6.8)-(6.10) become now

m 2 m 2 m 2
‘ Lp(Z tiwi> :/ (,02{‘ V(Z tiwi) + Ao (Z tiwi> }d.’L’
1 R 1 1
2/ go(Ztiwi>ch-V<thwj)da:
R™ 1 1
m 2
+/ IV(p|2 (Z t; w,‘> dx
R~ 1
2 m 2
+/ A (Z ti wi) dx
JR" 1

where we integrated by parts the second term and used the fact that
0 < ¢ < 1. And we deduce easily

(6.20) ‘ @ (i t; wi) < (Z tz) |w|2 + Z t; t; /. h> wfj dx
1

i#j

+Cs (/ |Ap| dx) exp (—2 /\(1)/2 A) (2 /\)_n—gl,

where Cj5 is independent of 1, ..., Zpm, £1,..., Im, A > 1 and . We may
now repeat the above argument and conclude the proof.

To conclude the proof of the existence theorem, we still have to prove
the second part of (6.2). We first observe that the above estimates show
that there exists a continuous, positive function K (A) vanishing for A = 0
such that

622) 1(e (z;"j (-+A2))) <ms
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as soon as max; |[{; — —| > K (X), or minx; |x; — 2| < 1/K (A). On the
other hand, if max; |t; — | < K (\) and min;y; v, —x,| > 1/K (A), then
S V) (202, 1:6,,) € V (m, v, (8)) for A large enough.

And combining these two facts we conclude the proof of (6.2) and of
the existence theorem. M

We would like to conclude by mentioning that the proof of the existence
we gave in fact yields the existence of a solution u such that

(6.21) I(u) <mI™(w),

where m is the least integer such that (iii) in Proposition V.1 holds.

VII. EXTENSIONS, VARIANTS AND COMMENTS

We first give an extension of Theorem l.1 where we relax assumption
(1.5) and where we consider a more general equation than (1.1) namely

n 9 S .
(7.1) - Z o (aij (z) 5:—2) +a(z)u=g(x, u) in 9,

i j=1
u € H} (Q), ©>0 in §

where (, n, p are as in the Introduction and where a;;, a € Cy () (Vi, j)
satisfy

mn

(72)  3v>0, VEER", VaeR', Y ay(@)& > v|Ef

i, j=1

(7.3) da > 0, a(z) >a on R"

(7.4) aij (1) — aff, a(x) — a™ as x| — oo,
) forall 1<4, j<n

Furthermore, ¢ is continuous on €2 x R, continuously differentiable in s,

s %g (z, s) is continuously differentiable in s and g satisfies

lim supg(x, s)s™ ! =0,
5207 e

(7-5) 82
i 9 N , 1
1nf{ 5e2 (z, 8)/x €8, s€ [é, 6]} >0
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for all 4 € (0, 1),

7] _
76) 36¢€l0, 1], ea—Z(x, s)s>g(z,s) Vs>0, Vrel
4 a [0y
— o< O (57 .
(1.7) < (05(1 )5) SOGT+

V(x, 5) € Q x (C, 00)
for some C > 0,
(78) g converges, as |z| — oo, tob™ TP uniformly on [0, R],

’ forall R < o©

for some > > 0.
Next, we denote by G (z, s) = [ g(z, o) do and we assume

(g >p, g>2, 3o >0, VR <00, Jag(z), Or(x) >0,
pb:_ol T — Gz, s) <ars®+ Brs? on Qx [0, R]
72 limsup Br exp (8 ()% |z]) 2] T < o,
lar exp (6 (a=)? |z|) [x]ll;_l € L', forsome 6§ >0

(7.10) {(a(w) ~ a®)* exp (8 (a) 2 [z]) 2| *F € L',

forsome 6 >0

a1 X (ais (@) = a) exp (6 (a%)' 2 [al) |o] =" € LY,
’ for some 6 >0

where A] denotes the positive part of the maximal eigenvalue of the
matrix considered. Observe in particular that all conditions hold if
g(z,s) = b(x)s? and
limil( — bt exp (6 (a®)V? |2]) 2| T < co.
Of course, (1.3) is now replaced by
- a?})a : +a®w=>b*w? in R",
5, =1 Ti0L;

w>0 in R, w € H' (R™)

(7.12)
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but up to a rotation, a change of scales and a multiplication by a positive
scalar, w is still the solution of (1.3).

Inspecting closely the proof of Theorem 1.1, one sees that the following
result —whose detailed proof we leave to the reader— holds.

THEOREM VIL.1. — We assume (7.2)-(7.11) and that (1.3) admits a unique
radial function. Then, if c¢q is small enough, there exists a solution of (7.1).

Remark. — If in (7.9) we may take ¢y = O in (7.9) then we may replace
in(79 qg>p qg>2byq> 2

It is also quite clear that the method presented in the preceding sections
can be adapted to treat other situations such as, for instance, other non-
linearities at infinity (replace > ¥ by another nonlinearity ¢> (s) with
appropriate convexity properties) or other unbounded domains such as
strip-like domains: for instance, take Q = (Q x R™)\O where Q is a
bounded, smooth open set in R™, O is a bounded, smooth open set in
R™*™ (in fact we may even consider domains which “approach at infinity”
domains of the form () x R™). Then, the analysis given in the preceding
sections remains valid essentially replacing S™~! by S™~! provided m > 2.
We will not give here more details about such variants and extensions.

Next, we observe that in general the solution built in Theorem 1.1 is not
equivalent to a minimum of .J|x. Indeed, in the case for instance when

= b, J|y does not have a minimum if 2 # R™ (see for example [21]).

We would like now to explain how the proof of Theorem [.1 may be
simplified if we relax (1.5) and we replace (1.5) by (1.6). Indeed, we claim
that if (1.6) holds then part (iii) of Proposition V.1 holds with m = 2 i.e.

(7.13) sup  J(f2a(N)[€]) <28, for A large enough

£€By (5n71)
provided we choose conveniently ¢ (the cut-off function). Once this claim
is proven, the existence follows from an easy adaptation of J. M. Coron’s
argument [15] (see also V. Benci and G. Cerami [6]). Indeed, exactly as in

the preceding section, we have (this is essentially (6.15))
2

. 2 p+1
(7.14) / b Pt (Z t; w,—) dx > ( E tf“) / b2 WP du
JR ; JR»

1

2 -1
+(p+1) Y 5 Co exp (—ANF Ag) AAy) T

i#]
—O(exp(—Z)\(l,/2 /\))\“L}L)

2

e o S
— G ST T exp(—a Ay (A AT
i%) ‘
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while (6.20) still holds of course. The proof of (7.13) is then straightforward
by observing first that Ao = Ay = |23 — 22| < 2 and that replacing ¢ by
¢ (=) (0 > 1) we can make [, |Ap|dz as small as possible.

We may now conclude this section with another existence result
concerning another model equation namely (1.7).

THEOREM VII.2. —~ If we assume (1.8), then there exists a solution of (1.7).

We will not give the proof of this result which is very much similar to
the proof of Theorem I.1. Let us only mention that the problem at infinity
becomes in this case

(7.15) —Aw = b (w — ,\0)+p in R", we L% (R”),
. Vw e L2 (R™), w>0 in R™.

By [19] we know that any solution of (7.15) is radial up to a translation
and then the uniqueness of a radial solution of (7.15) may be deduced
from [27]. Furthermore, we have

(7.16) wilx)|z]""?— Cy >0 as |z] —
(7.17) (= ()"t = (n—2)Cy as r =1 = o0

(7.18)  |D*w(x)| <

] for |z >1, for some C > 0.
€T n

Finally, up to tedious verifications, the existence follows from the main
energy balance we sketch now. We consider

1 !
(7.19) I(v):/ — Vo) - ’
Ja 2 p+1

(v — o) TP de,

for all v € L75 (), Vo € L*(R), v = 0 on 9Q and we denote by
bOO
p+1

] 1
S=1"{w)= / 3 |Vw|* — (w— X)L da,

Then, we claim that for m large the following inequality holds

(7.20) 1 ((Z:W( +>\rm))> <mS,

V(mla 'T'm,) c (S"—l)'rn/o_7n
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for A large. Indeed, we obtain by computations similar to those made in
section VI.

1 (cp (Z w(-+ )\.7:,,-))) <mS+ Z / b (w; — o)™ w, da
i TR

1

+ Cs </ [Agp| dar) AT (p 1) Z / b (w; — Ao) P w; da
SR = /R

+mCy A~ g (A7)

where C3 depends only on (1.8) and 6, Ay, p, n and Cj is independent
Of 1, .o Zps f14 ooy £ A > 1 and . Next, we observe that (w; — Ao)™*
has compact support, hence we deduce (from section IT)

I <<ﬂ (Z w(-+ /\-’Fz')>> <mS+ (mCy+ Cs |Ap|p) A" =2

1

(n—2) —(n—2)
28 Z T zJ|" — + 0 (A ).
And we conclude easxly since for all (24, ..., x,,,) € (S""1)" /o, we have
1
Zl r; — In 2,1 1 1,(m~1)
17

and we conclude (7.20) taking . large.

VIII. A RELATED EXISTENCE RESULT

We now prove Theorem [.2 considering the following minimization
problem

(8.1) I¢ = Inf { (/ IV ul? + Ao u? da:)
Ja
~ ~ T
X </ b |ur+? d:z:) Ju€ HL(Q),
Jo
wZD, u(zx)=u(g-x)in Q, Vge G}

Then, by the results of [26], existence will follow immediately if we show
16 < N¥FT >, )

8.2 " " pt1
6.2 I° = (/ IV w|? + Agw? dl‘) (/ b wh Tl d;c)
JRn R
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where w is any ground-state (radial) solution of (1.3) that is minimizing

(8.3) Min { (/ IV uf? + Ao v’ d:z:)
JR”
X (/ b ufPrt d:17> " / we H' (R"), u # 0}
Jrn

In order to show (8.2), we only have to consider the case when N < oo and
we choose |¢] = Ry, N (£) = N such that (1.9) holds for some constant to
be determined later on. Then, we denote by {&1, ..., Ex} = {g - {/g € G}
and we consider

A‘v
(8.4) Uy = (Z %w (- — A{J) for A>1
1

where ¢ € C* (R") is some radial cut-off function to be determined
satisfying (2.12). Observe that since w is radial, uy given by (8.4) is
invariant by G. Hence, showing (8.2) is equivalent to showing (6.7) with
t, = % for 1 <4 < N, m = N. Then, it is easy to adapt the proof of
(6.7) given in section VI and to show that (8.2) holds if ¢, is small enough.
One only needs to observe that

1 N p+1
N+l /R bpt! (Z w(x — )\f,,;)) dr
N

pt+1
> ]—V-i? /R b <Z w(r — /\fi)>

7

N

1 p+1
— VoL /Rn (b —bP™H* (Z w(z— )\f,i))

i

1 (o +1 3. 1
EW,A,, b WP (l.I,+Np+1(p+1—s()\))
X / Zw” (x — A& w(x — AE))
TR it
1 . p+l 7.} . -1 P oy
- N (/R w? d.l,) coN /R ; WP (2 — A& w (1 — AE)
1#j

where €(0) — 0 as 0 — 0. Here, we used (1.9) and the results of
section II.
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Remark. — In fact, if we inspect closely the above argument and the
bounds obtained in section VI, we see that (1.9) may be extended as
follows: there exist Ag (depending on b through supb), @ = @ (p, N) such
that if b satisfies for some A > Ay, ¢y < ¢ the following condition

(8.5) sup / (b —b)T WPt (w4 Ae)de <
le]=1 JR
Co oty —ngt
~ ; exp (—vV Ao Ay A) A7 AT
i#]

then the conclusion of Theorem 1.2 still holds.

APPENDIX
On Palais-Smale sequences

We prove here Proposition I1.1; in fact, the arguments which follow
are taken from [24] and a more general proof than the one we present
here can also be directly deduced using the full stregnth of concentration-
compactness lemma as in [24], [22]. We thus consider a sequence (ug)x
bounded in H} (Q) satisfying
(A.D) —Aur + Ao ur — b(.’l)) Iuklp_l Up = €g 7 0 in H7! (Q)

Following [22], [24], we introduce for an arbitrary sequence (wy, ) bounded
in L2 (R™) the concentration function of |w;|?

(A.2) Qr (t) = sup / |wy|? da, forall t>0.
yeR" Jy+B,

We first recall a few preliminary results whose proofs we postpone.

LEmMMA A.1. — Let (wy), be bounded in H' (R™) and assume that for
some tg > 0

(A.3) Qi (to) — 0.
Then, wy - 0 in L7 (R™) for all 2 < ¢ < 2% If in addition wj, satisfies
(A.1), then wy, 2 0 in H'(R™).

LEMMA A.2. — Let (vi )i converge weakly to p in H' (R™) then we have

(A4) blol" o —blpl" "t — 0 in H
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Lemma A3. — For each Cy > 0, there exists &6 > 0 such that if
v € H'(R™) solves

(A.5) ~Av+ Av =02 v in R", veH'(RY)

and vl < co, V|2 <8, then v = 0.

We may now prove Proposition 11.1: to be precise, several subsequences
should be extracted in the arguments below but we will always denote
by the same sequence all the extracted subsequences... First of all, with
these conventions, we may assume that u, converges weakly to some
u € HE (). It is a standard exercise to check that u solves

(A.6) —Au+du=>blufftu in Q, u € Hy ().

Because of Lemma A.2, we see that we may always assume that wu
converges weakly to O replacing if necessary (ug)r by (up — u)y.

Next, in view of Lemma A.1, either u; 2 0 in H! and the proof is over
or these exists o > 0 such that we have (up to a subsequence...)

(A7) Qr()>a>0

and thus there exists (yg)x in R™ such that

(A.8) / lug|* dz > a > 0.
yr+B1

Therefore, by Rellich-Kondrekov theorem, ug (yx + -) = Ux converges
weakly in H*(R™) to some @ # 0. Since — Oin H', we deduce

(A9) |y = +00.

But then from Lemma A.2 we deduce that v, = u; — @ satisfies
(A.10) —Avg + Ao v — b |ug [P g, =0 in H™'(R™)
while % solves

(A.11) —AG+ Aot = b g~ g in R™, i€ H' (R™).
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Furthermore, we have

n k

/ e |2 dar—/ |’1]|2(1:1;—/ |vk.|2d:1:-;—>()
Jre Jrn JRo v

To conclude, we just iterate the above argument and this iteration
pocedure has to stop in a finite number of steps since, if 4y, ..., 4, denote
the limit solutions of (A.11) obtained through this procedure, we have

/ quklzd:I:—/ |V'12]2d:17—/ IV o de — 0
(A.12) ! SR '

m

Z/ I'ﬁ,i|2d;1:§li_r_n/ g |* da.
i=1 JR" ko JRr

Thus, r cannot go to oo in view of Lemma A.2.

Proof of Lemma A.l. — We cover R™ by balls of radius ¢y centered at
integer coordinates points. Hence, we have (denoting by () such a generic
ball) for any 2 < ¢ < r < 2%

n—2
/ lwi | dx < Z / [wy|? dx:
JR? Q - Q

. @ . 3
< / |wy|? (1:1,') </ [w]” da:)

by Hélder’s inequalitics

where o = 7=, 3 = %, and then by Sobolev’s inequalities we deduce

13

/ |ug|? de < CQ (to)” Z (/ |V '1171«12 + |’1Uk-t2 d;(:) —
JRn Q

Q
< CQr (1)

if TQ—’j > 1, where C denotes various constants independent of k. But, since

124 — 4 >1asr — ¢, we may now conclude easily. W
Proof of Lemma A.2. — We denote by v, = ¢ — ¢ and we observe that
¢ — 0 weakly in H', a.e. and strongly in L{ _ for all ¢ < 2. Hence,
pt1

blo +vrlP™ (o +yn) = blelP e 20 ae, in Ly -
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It is then easy to conclude by observing that for all € > 0, there exists
C. > 0 such that

2 :
bl + lP ™ (@ + i) = blolP ol 7 < eyt + Ot
Indeed, this immediately yields that b |+ 9w |P ™ (@+4r) —b|o|P~1 ¢ - 0

in L+ and thus in H~! (R") by Sobolev embeddings. W

Proof of Lemma A.3. — Multiplying (A.5) by v and integrating by parts,
we find

. 3
loll3n < C /ﬂ lo[Ptt dz < C|v|%- (/R o] =2 d:1:>

- . 2
< C 8 ||, with v = "

7 — 2

B

by Holder and Sobolev inequalities, where C denotes various nonnegative
constants independent of Co, § and where a = (2% — (p+1)) (2% -2)71,
B=(p—-1) (% —2)7! (at least if n > 3, when n < 2 the argument is
easily adapted...). Now, if p > 1 + % then v > 2 and we conclude easily if
¢ is small enough. On the other hand if p < 1 + ,4—1 we deduce

o] g1 < ok forsome a>0 (e=a(2- ’y)“l).

While the first inequality also implies

p+1
lollz < Cllollz W

and we conclude easily.

Remark. — The proofs of Lemma A.2 and A.3 seem to be highly dependent
on the power type behaviour of the nonlinearity but it is not so. Indeed,
appropriate modifications show that the results are still valid for large
classes of non-linearities: only, the behaviours of the nonlinearity at 0 and
at oc matter.
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