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ABSTRACT. — We will prove the C* regularity of the classical solutions
of the equation

(1+ lgradu|2)3/2
=q

Lu 5
1+ uj
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1+ u?

Ug + Uy Uy ui + u§
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Lu=um+uyy+2 1+’U‘% Uyt 1+'U«t2
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q € C>(£2) and ¢(&) # O for every £ € Q. This is a second order quasilinear
equation, whose characteristic form has zero determinant at every point,
and for every function u. However we will write it as a sum of squares
of nonlinear vector fields, and we will extablish the result by means of a
suitable freezing method.
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RESUME. — Nous prouvons la régularité C> des solutions classiques de
I’équation
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518 G. CITTL

g € C°() et q{&) # 0 pour tout £ € Q. Il s’agit d’une équation
quasilinéaire du second ordre, dont le déterminant du symbole principal
est nul en tout point &, et pour toute fonction u. Nous écrivons 1’équation
comme une somme de carrés de champs de vecteurs, et nous prouvons le
résultat en employant une méthode « freesing ».

© 1998 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. INTRODUCTION

In this note we study the regularity of the solutions of the equation

3/2
(L+|Vul]?) : 3
Ly =g———F— QCR 1
“=a 1+ u? . M
where

c I +2uy—u,3ut Ugp + Uy Uy ui+uz (2)

U = Uzy + U, Uy — 2————5—U Ut

v 14+u2 T+u2 7 1442 tf

and ¢ € C*(Q2). Here we have denoted (z,y,t) a point of R®, u, the
first derivative with respect to x, and V the euclidean gradient of u. (1) is
the Levi equation, and it describes the curvature of a hypersurface in R*
(see for example [9] for some more details on the geometrical meaning
of the equation). It is a quasilinear equation, whose characteristic form is
semidefinite positive and has least eingenvalue identically 0, for every u
and every (z,y,t) € €. Hence elliptic theory does not apply.

When ¢ = 0, the following existence and regularity result was extablished
by Bedford and Gaveau there exist only two point p; and p, where the
tangent space to the graph of ¢ is a complex line in C?, and these two
point are elliptic. If 2 is pseudoconvex in C x R, ¢ € C™3(9N), then
the problem

Lu)=0 in§
{ u=q¢ on OS2 (3)

has a solution in C™*(Q\{p1,p2}) N Lip(Q) (see [1]).

More recently Slodkowsky and Tomassini proved that, if € is
pseudoconvex, and ¢ satisfies a geometric hypothesis related to the Levi
curvature of 92 x R, the Dirichlet problem associated to equation (1), has
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C*> REGULARITY OF SOLUTIONS OF THE LEVI EQUATION 519

at least a viscosity solution u € Lip(Q) (see [8]). However nothing was
known about the regularity of the solution.

On the other hand the author in [2] studied the simplified equation
1+ |Vul?

=g—— i 3 4
Lu=q T+ inQC R, (4)

when ¢ # 0 for all £ € €2, and proved that if « > % and u is a solution of
class C?<(§) of (4), then it is of class C=(2).

Here we show that the same technique can be adapted to prove that

THEOREM 1.1. — If a > % q(&) # 0 for every £ € Q and v is a solution
of class C**(Q) of (1) then u is of class C™(Q).

If w is a fixed C! function, and

1 0
X = 0 Y = 1 : (5)
Uy — Uy Ut Uy + Uy Us
14 u? 1+ u?

then £ can be formally written

Lu = X?u+ Y?u — c(u)dyu, (6)
where () = X(uy - uzut) _ (uw + uyut)
N 1+ u? 1+u?
Besides L
X,Y]= —m@ (7

so that, if » is a solution of (1), and ¢(£) # 0 V€ € £2, then
X, Y and [X,Y] are linearly independent at every point. (8)
In term of these vector fields the second member in (4) becomes
Mu = q(1+ | Xu| + |Yul’) (9)

so that it is a quasilinear second order equation, related to the vector fields X
and Y. In term of the same vector fields the second member in (1) becomes

Mu = q(1 + | Xu| + |[Yu2)¥2(1 + |8,u?)/2, (10)
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520 G. CITTI

Since 9; is proportional to [X,Y], it has to be considered a second order
operator and M is fully nonlinear. Then equation (1) will be written

Lu— Mu =0, (11)

and it will be treated as a second order, fully non linear equation associated
to the vector fields X and Y.

Linear operator sum of squares of C> vector fields which satisfies
condition (8), have been intensively studied (see for example [4], [5], [6]).
A very particular non linear problem of the form

F(é,u, Xu,Yu)=10

has been considered by Xu, but in his case Xwu and Ywu are linear first
order C*° vector fields. Here, on the contrary X and Y are non linear
vector fields, who have the regularity of the gradient of «, so that we have
to adapt to this situation the results in [2].

We first consider a simple non linear operator, which has the same
structure as Lu — Mu. If a, b, e, f g are continuous functions on an open
set 2, will denote:

1 0
X=10 and Y=|[1], (12)
a b

then we will consider the operators formally defined as

Lu=X?u+Y?u— (Xa+Yb)ou, (13)
Mu = edyu + f(1+ |0ul?)M?, (14)
Au = Lu+ Mu

and we will study the equation Au = g.

In this setting Xu and Yu are the analogous of the first derivatives for
the elliptic operators, and C () denotes the set of functions such that Xu
and Yu are continuous. More generally, if the coefficients of X and Y are
of class C¥~1(Q), a function u is in C%(Q) if Xu and Yu € C¥~1(Q). If

X, Y and [X,Y] are linearly independent at every point (15)
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(> REGULARITY OF SOLUTIONS OF THE LEVI EQUATION 521

it is possible to introduce a distance d naturally associated to X and Y,
(see [6] for the definition in the regular case), and it is equivalent to

d(€,&0) = (((z = 20)* + (y — 90)*)’

+ (t — to — a(&)(@ — zo) — b(&o)(y — 10))*)"*,
in the sense that there exist two constants C; and Cy such that

V6 G €Q Crd(€ &) < d(€ &) < Cad(€, &o)- (16)
A function u is said of class C{(2) with 0 < o < 1 if
[u(€) — u(&)| < Cd*(§,&) V& & € Q. (17)
With these notations we will prove that
THEOREM 1.2. — Assume that o and b are of class C/’ﬁjca(ﬂ) e and
fe C’i(foc(ﬂ) and (8) holds. If u is a solution of class Ci"‘foc(Q) of the
equation Lu + Mu = g € C’/’ifoc(Q) with o > 1/2, then u € CEEC"’(Q).

The proof follows the same steps as in [2]: we call frozen operator
of A the operator whose coefficients are the first order Taylor expansion
of the coefficients of A, and X, and Y, the related vector fields. The
operator Lg, obtained in this way is a linear hypoelliptic second order
operator, which has already been intensively studied. Hence it is possible
we write a representation formula for functions of class 02"’, in term
of its fundamental solution (see section 2). In section 3 we differentiate
explicitly this formula, and prove the regularity Theorem 1.2. We also get
some technical regularity results in the directions X, and Y . Using these
theorems, and arguing as in [2] we first deduce that u € C’i”‘foc(ﬂ) and
du € C’i’ffoc(Q) (in proposition 3.1 we will give a short scheme of the
proof). Then applying an iterative procedure and theorem 1.2 we deduce
that u € C°(Q).

We are deeply indebited with A. Montanari, for bringing to our attention
a mistake in a previous version of the paper, and suggesting us how to
correct it.

2. REPRESENTATION FORMULA

In the sequel X Y will always be the vector fields introduced in (12),
L and M the corresponding operators, and a, b, e and f are of class
C'v*(9). Then every v € Cy*(f2) has the following Taylor development:

v(§) = Pe,v(€) + O(d"*° (€, &), (18)
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where

Pflnv(f) = v(&) + Xv(&o)(x — x0) + Yu(éo)(y — yo)

(see [2]). Hence it is natural to call frozen operator of L

Le, = XZ + Y3 = (Xa+Yb)(£)d, (19)
where
1 0
Xe, = 0 and Yy =1 1 |, (20)
PEIO(]' Pflnb
while the frozen operator of M will be

MEU v = (()(é—o) + f(g(])at?)(g()) >8t’l). (2])

(14 0rv(£0)*)/?

The resulting operator A, = L¢, + Mg, is a linear operator, sum of squares
of nihilpotent C'™° vector fields, hence it is well known how to associate
to it a homogeneous nihilpotent Lie group such that X and Y, are left
invariant with respect to the traslations, and homogeneous of order | with
respect to the dilations. In this particular case the canonical change of
variables is

¢§o (LL', Y, t)
) ( . 202t = Xa(@)a? = Yb(&o)y” — (Xb(&) + Ya(&o))ay) -

Ya(fo) — Xb(&)
4(a($o) — Ya(bo)yo — Xa(bo)wo)x
Ya(&) — Xb(&)

_ Ab(&0) — Xb(&o)wo — Xb(Eo)yo)y
Ya(&o) — Xb(&)

and it changes L¢, into the Kohn Laplacian on the Heisenberg group.

Consequently for every £, the control distance naturally associated to
Ag, is explicitly known, and the fundamental solution is equivalent to a
power of d. Precisely

e, (€.C) ~ dg N 2(€.¢),

where N = 4, and it is the homogeneous dimension of R3, in the sense
that the Lebesgue measure of the sphere of the metric d is

|B(&, )] ="
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> REGULARITY OF SOLUTIONS OF THE LEVI EQUATION 523

Because of the homogeneity of X, and Y, we have

Xforﬁo(gv C) = dg)g(gv C) Y-EDFEO(fv () =~ d;)g(gv )
while
atP&) (€ C) = dg_(]4(§ C)

Finally an easy computation shows that there exist constants Cy ¢ C
such that

Codg, (&, &0) < d(€, &) < Crdg, (€, &), (22)

where d(¢, £5) has been defined in the introduction. Hence, because of (16)
also de, (€, &) provides an estimate of d(&,&p).

Let us now prove the representation formula, in terms of I'g . In order
to do so, we fix three open sets 2, ; and €, such that Q, CC 2; CC Q,
and a function ¢ € C§°(£2) such that ¢ = 1 in ©;, and we study only

Vi, = VP,

TueorEM 2.1. — If v € CY(Q), then for every & and & €
v(&) = vp(€) can be represented in the following way:

(&) = A(E, &) + B(E, &) + 01v(80)C (€, 60) + E(€,60)+
+FA(§7€0) + FB(Ea 50)3

where

A(6,6) = / P, (6, ) AU(Q)B(C)dC,
B(€.&) =2 / Te, (6,0) (X a(0) — Xa(€a))$(C) (Br(C) — dro(Eo))de—
= / Xe,Teo(€,)(al€) — PLa()) () (Br0(C) — Bpv(o))dC—

—2(Xb - Ya)(&) / (e — y0)AITe, (€.)
% (a(¢) — PL a(0)) $(0)(Br() — dro(Eo))dc —
- / BT e, (6, 0) (a(0) — P a(0)) () (9rv(C) — drv(n)) dC+

+2 / Pey (6, ) (YH(O) — YH(E))H(C)(0r0(C) — Byo(Eo))de—
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=2 [ Yo (6.0(HO) = PLHO) 9O (00(0) — deo(€o))dc -

~2(Ya - Xb)(&) /cz:f )9l (6,0)
X (b(¢) = PLB(C)) (O (0,0(C) — Bro(éy))de
- / Ty (6,C) (B(C) = PLH(O) H(C) (Br0(C) — Brv(E0))de.

Cle-0) = =2 [ T (€.0(al0) = P () Xe, o0~
-2 [ T (6:6)(0(0) — PLHC) Yerb( <)~
~ [ Te(€.0)(a0) - PLa(0)) D)
- [ Ta (& Q) - PLOO) B0(C)c.
B&.6) = 2 [ Te (6.0 X0(0) XeoC)c+
+2 [ To (€ OVoOVe 0 + [ Tey(6.Ou( e, plicH
+ [ Te(€.0)a0) = Phate)) am(OadC)dc+
+ [ T (€ 000) = PAHO) D0(dlO)dc
Fa(€.€0) = ~010(60) [ Te(€.0(e(O) ~ e(60)) Q)

e [ TelE OO0

- [Ta(e OO - s acracs

dyv(&o) ,
#(ete0) + 160 o) [ el 0,

Fa(€.6) = — / Pey (6,0)(€(C) — e(€0)) (9rv(C) ~ Buv(E0))b(C)d—

- [rale0r© ((1 £ B2 = (14 0(€0)?) /2
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C° REGULARITY OF SOLUTIONS OF THE LEVI EQUATION 525

_ A (&o)

1+ 00&)
__ Ow(&) _ o) — B
T [ Tele. QU0 = £60) 0(Q) = (&) (O

Proof of Theorem. 2.1. — Due to a density argument we only have
to prove the Theorem for smooth v, a, b, ¢ and f. By definition of
fundamental solution

72(00(0) ~ B(&) ) $)e-

09(6) = [ T (6. O (09)(C) =
= [ Ta(e 00O
- / Te, (6, ) (Lv(Q)(C) — ey (0)(C)) d(~

— [ Tale. OMUOHO) - Mey(0)(0)) . (23)

The second term has been already studied in [2], where we proved that

- [Ta €O (20O - Lao)(O)de =

= B(§7 60) + 8{0(50)0(5, 50) + E(£7 50)
Since ¢ = 1 in a neighborhood of &, then Mg (v¢) = (e(ﬁo) +

(Tﬁggg%%gﬁ)(atw + O;¢v). Hence the third term can be evaluated as

follows:

_/Fgg(ng)(M’U(ﬁ(C) —MEO(U¢)(C))dC _
_ / ey (6, 0)(€0) = (60)) (B~

- r&(ao(f(ou T Bw(C)H2—

0O ) 6O+

drv(&o) ' —
# (et + fe0) e ey ) [ Tl Om(QI000C =

—f (o)

- / P, (6, ) (€(C) = (€0)) (Br0(C) — Drv(60))b(C)dC—
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Bl(t) / Pey (6.0 (€(€) — e60)) HO)dC -

- / Tgo(E,C)f(C)((l +00())? = (1 + Bv(60))* -

T+ ?)tt:(é(32>1/z (9rv(C) — 3w(50)))¢(§)d§—

at'U(fﬂ)2
(1+ 8w (60)?)

9rv(£o) )
(1 + 8,u(&)?)V/? dv(¢)p(¢)d¢+

2)1/2) /Fﬁo(faC)’U(Qatﬁb(QdC:

_/F50(€7 C)f(C)((l + Ow(&0))? ~ 1/2)05(061(—

- / Te, (6, ) (£(O) — F(£0))

at’U(fo)
(1 + aﬂ}(fo)

- / Pe, (6.€)(6(€) = e(60)) (Br0(C) — Drv(E0))d(C)dC —

b (e@o) T (%)

dl&) / Pey (6,0)(e(C) — e(E0))$(C)dC~

- [ P& 0O+ 00 = (1-+ dru(en)?) -

_ 5tv(§0)
(14 Ov(&o)

1

- [ TelEOfQOsQ-

T+ iiii?;iz)l/z / T (6.0 (0 = F(60) @r0(0) = (e (G-

¥ (6(&)) &)y gﬁ?))/) [ Fale. 0u0p0c.

THEOREM 2.2. — Assume that v € Cy*(2) and 8,v € Cy* (). Then for
every £,&y € Qo we have:

5773 (Orw(€) = Duv()) ) L) -

Ppv(€) = A1(€, &) + B1(&, &) + 01v(&0)C (€, &) + D1(€,6o) + Er(€, &)+
+Fy 4(€, &) + F1 (& &),
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where we have denoted

Ar(€,&) = /F€0(€7C)(AU(C) ~ 2aX9,v(&) — 2bY 8yu(éo)) (C)dC,

By(€,£) = 2 / Te, (6,0) (Xa(C) = Xa(£0)) $(0) (0rv(C) — PLAu(C))dC~
=2 [ Xe e (€.0(a(0) = PLaO)(Q) (0r(0) — PL2w(Q) e~

~2(Xb - Ya)(&) / (v ~ 100,y (6.0)
% (a(€) = PLa(0))$(C) (8r(C) — PLAw(C)) (C)dC~
- [0 (€. (a0) - PLa0) (O (0a(C) ~ P 2(0)dc+

2 / T, (6,0) (YB(C) — Y(£0)) $(0) (0rv(C) — PLOw(C))di~
=2 [ YeTa €. 0((0) = PLUE)HO(@00(0) — PLAw()) dc-

~2(Ya~ Xb)(&) / (w6 — 2)OTe, (€, )
% (b(C) — PLB(C))$(0) (Bev(C) — P yo(C))de —
- / T, (£,) (B(C) = PLB(C)) #(0)(0(C) — PL d(C)) d,

Cl€,60) = -2 / Tey (6,0)(a(C) — PLa(C)) Xey ()~
=2 [ Ta 6, O 06) ~ PLHO) Ve Qe
- / Teo (6,0) (a(€) ~ P2 a(0))*0,(C)dC

- [ T ) (b0) - M) D),
Dy (&, 60) = t(x — 20) X v (&o) — t(y — yo)Y 9w (&o),
(6. 6) = 2 / I, (6.0)

x (Xv(C) = tX (&) ~ aX v (&) (z — z0)) Xeyd()dC

Vol. 15, n® 4-1998.
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#2 [ Tey (6. (Y 0(C) = YD10(60) = 1Y 0oE0)(y = o) Ve, HOMC+
[ a6, 0(0(0) = Xoru(go)t(—n0) ~ Y 0(€0)tly — o)) L)+
+ [Te€.0(0(0) - PLal@))”
x (8r0(C) = X2, (&0)t(x = 20) = YBrv(&)(y - o) ) Ap(C)dC+
+ [ Tal€ 000 - PAHO)’
x (9r0(0) = X, (E)H(w — 20) — Y Brv(&)(y ~ 90) ) A,

Fya(6.60) = ~Br0(bo) / Pe, (6, )(e(0) — e(€0)) H(C)de—

! _f_atvl(g )2)i72 /rso(va)f(C)ﬁb(C)dC—

(1 +85:}U((§£))2 172 /Ffo@ OO = f(o))b(Q)dl+

at’U(‘fO)
() + 760 o) [T uiO0Oc-

9yv(&o)
- (6(60) + f(&))(l i 8{0(60)2)1/2) /Ffo (67 C)
X (H(X v (o) (x — 20) + Y 8rv(€0)(y — 0))) Dep(C)dC,

F15(€,60) = —/Feo(é,C)(e(C) — e(£0))(9ev(C) — P 8:v({))$(¢)dC ~

- [rae0r© ((1 + 0,00 — (14 Byo(e)?)

_ 3{11(50)
(1+ d(&o)?)

s [ Tal€ U0 FE) 00l cH

+ [Tl Qe (Xa(Ea)(s = 0) = Youleo)(y - w))#(0)de.

(@) — Péoamo))as(odc—
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Proof. —~ The assertion can be proved applying Theorem 2.1 to

w(¢) = v(¢) — U X0 v(€o)(x — o) — Y Iv(£0)(y — ¥o)),
and using the fact that
Xw(() = Xv(¢) — tX (&) — aX0w(&)(x — o),

Yw(C) = Yv(() — tY0w(&) — a¥Y 0rv(&0)(y — yo),
dhw(&o) = 0rv(o),
dyw(C) = dyw(&) = dw(C) — Pgloat'U(O~

All term follow straitforward, but A and Fz. Hence we will now consider
the sum of A and the second term in Fg applied to w, which we will
denote Tr. Note that

Lw(¢) = Lv(Q) — 2a0,v(&o) — bY Dev(&o),

hence

At Tr = / Le, (€, Q) Aw(C)b(C)di~

- [rate s ((1 0w — (1 + dnw(Ee)?)

L OwlE) o g _
(1+3tw(§0)2)1/2(8f (€) — 0 (50))>¢(<)dC

= /Ffo (& Q) (Lv(Q) — 20X d,u(6o) — 2bY Brv(éo) + Mw(C)) (¢)dC~

- [rate0s© ((1 B0 - (1+ Bru(60))) 2

1+ gttzggm/z (00(C) = PEIOB”U(C)O Ot =

(adding and subtracting Mv in the first term, and f({)(1 + 9,v(()%)*/2
to the second)

- / Pe, (6, ) (Lo(C) — 2aXBy0(Ee) — 26Y Dyu(£s) + Mo(C)) $(C)dC+

+ / T, (€,C) (Mw(¢) — Mo(C))$(¢)dC~
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- / Fe (€ of<<>(<1 F OO — (14 dol6e))

Oy (& ) ,
o o) - Pg,dw<c>>)¢<c>dc~

~ [Tl 0011+ 0CR) 7 = (1 00 ) e

From this relation the expression of 4; and Fp; follow, since Mw(() —
Mu(¢) = (14+0,m(C)2) 2+ (14 0(Q)? = o) (Bew(() ~ B(<)) =
() (X Dre(8o) (@ = w0) ~ YO(&)(y = w0) ).

3. REGULARITY RESULTS

In this section we prove Theorems 1.1 and 1.2. First of all we state
without proof two regularity results, which can be proved differentiating
the representation formulas just stated. The proof of a similar assertion was
given in [2], where, however, there is a small mistake on pp. 508-509.
The proof of theorems 3.1 and 3.2 can be found in the P.h.d. thesis of
A. Montanari and in [3], where analogous Theorems are stated in a more
general setting. For simplicity we will denote D, | = X, and D¢, » = Y,
where X, and Y, are defined in (20).

THEOREM 3.2. — Assume that are a, b, ¢, f and g of class Cy*(Q) and
partially differentiable with respect to t, with derivatives of class C{(S2).
Let v be a solution of Av = g, such that v € Cy¥(Q) and d,v € CL().
Then d,v € C>% (Q).

Aloc

THEOREM 3.3, — Assume that a, b, e, f and g are of class Cy*(S) and
let v be a solution of Av = g such that v € CY*(S2), and Dg , ju is well
defined in ). Then D?O,i, ;v is differentiable with respect 1o X and Y at
the point &y and the functions £y — XD?OM'U(@) and &y — YD?(N-_J»'U(EO)

are of class C§ ;,.(9).

Proof of Theorem 1.2. — The proof of an analogous theorem can be
found in [3], and it is obtained by differentiating the representation formula
proved in theorem 2.1.

Let us go back to the study of equation (8). If » is a fixed functions of
class O, according to (9) we define

Uy — Uy Uy Uy + Uy Uy
Dy Tt ond b= T Myt

a= ‘
1+ u? 14 u?
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Then the vector fields X = X, and Y =Y, defined in (12) are continuous,
and it is possible to apply the theory we have just developed to the operator

L,v— M,v,
where
Lov=X%+Y?% — (Xa+Yb)dw

and
Mo =q(1+ lXu|2 + ]Yu|2)3/2(1 + |8tv|2)1/2.

In particular we will denote Cﬁ’a the Lipschitz classes associated to
L, + M,. In the sequel we will also assume that u is of class C?*~
and it is a solution of the Levi equation, i.e. L,u — M,u = 0. A direct
computation shows that

Yu=a¢ and Xu= -b,
so that in this hypothesis a, b and the coefficient of M,,, f = ¢(1+|Xu|> +
[Yu|?)3/% are of class Cy*(9Q).

PrOPOSITION 3.1. — If g € C(Q), q(§) # 0 forall £ € R, a > 1 and
u € C**(Q) is a solution of (11), then u € CY% (Q).

Aloc

Proof. — The proof is similar to the one in [2], so that we only explain
to adapt it to the present context. As we have already noticed, a, b and
f are in Cy*(£). Moreover

Bru € C15,.()

£

€0 = 0 Xgu(bo) € CF10e(2)  and  §o — 0¥ u(8o) € COF 1 ().

From this last assertion and Lemma 7.1 in [2] it follows that
30:Xu € CF 1,.(2) and 30;Yu € C} ,.(?)

This means that « = Yu, b = —Xu and f are differentiable with respect
to t, with derivative of class C§ ;,.(§2). Hence, from Theorem 3.2 we get

Bu € C’ifl’oc(Q). (24)

This, together with the assumption that u E‘Ci’y‘;oc(Q) implies that the
function D, ; ;u are well defined in {}. Hence, by theorem 3.3 the functions
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532 G. CITTI

§o — XDZ , v(&) and & — Y DZ , w(&) are of class C§,,.(2). By

§o,%,J £0,8,7
Lemma 7.2 in [2] this implies that a, b € Ci’joc(ﬂ), so that

Adoc

ue Yy (), (25)

and f € CY5 ().

A,loc

Now we will prove theorem 1.1:

Proof. — By Proposition 3.1 we can assume that u € Ci”'foc(Q), and
Oru € Cﬁ’fl’oc(Q) so that we can differentiate both members of equation (11)
with respect to X and we get (see also the proof of Theorem 7.1 in [2])

LoXuw =X (g(1+ [Xu* + [Yul?)**(1 + [0,uf?)'/2) ~

Xatuatu - Y@tu

_y2 2
(Xut ¥You) =

Opu
(gt Pl + Vo) -

_X((l +(8tu

A+ @updtt | Xul® + IYUI2)3/2)8tu+

Xoudu — You
1 + (8tu)2

Analogously, taking the derivative with respect to Y, we have

+(XYu—-YXu) Oru. (26)

LuYu =Y (q(+|Xul* +[Yul)**(1+ |8eul)"/?) -

Xat'l,l, + Yatuatu—
1 + (3tu)2

—(X2u + Y?u)

Oru 2 2\3/2
"X<(T_*T_‘17§q(1+|X“l + [Yul?)* )——

(91102)
_yf(m—(gjmqu + | Xu? + |Yuf2)3/2)8tu+

X@tu -+ Yatuatu
O . 2
T+ @ue @)

+HXYu—-YXu)
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Since the second member is of class C*(£2), then, by theorem 1.2, Xu
and Yu are of class C¥*(f2), and v €3 ().

We can now differentiate both members of (11) with respect of ¢, and
we get

Luat'll; =

= —28tY'uXatu+28tXuY3tu—8t(q(1+|Xu|2+lYu|2)3/2(1+Iatu|2)1/2) .

Hence if we set
= q(1 4 | Xul® + [Yul>)*?(1 + |8u>) V20,0

and
A= Lu + eat,

then J,u satisfies the equation
Adwu = =20, YuX o + 20, XuY 0,u~

=3, (a(1 + | Xul® + [Yul*)>2) (1 + 8su|?)/2. (28)

Since u € Cy,.(€) the second member in (28) is of class Ck(z]m(ﬂ)’
and the coefficients of the operator are C’A ¢ () hence d,u € C3 N toc( )
Thus the second member of (26) and (27) is of class C? A loc( ), and the
coefficients are CA 1oc(§2), so that Xu € CA oc(2), Yu € C’A o (§2). Hence
the second member in (28) is of class C’ A 10c(£2). This procedure can now

be iterated to prove that u € C¥ A 1oc(§2), for every k, and this implies that
u € C™(Q).
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