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ABSTRACT. — The purpose of this work is the study of the existence and
of a priori properties of solutions (¢, ) of the following reaction-diffusion
equations in infinite cylinders ¥ = R x w with outward unit normal v:

Au — f(z1,y,c)u+ f(z1,u) =0in X
(P) d,u =0 on 9%
«U,(—C)(:)7 ) ey 0, UJ(+OO’ ) — 1

The functions —f and f are given and are non decreasing in z;. The
results on the existence and on the necessary conditions are related to two
“limit problems” as x; — too.

Key words: Nonlinear PDE’s, Monotonicity properties, Sub- and Supersolutions, Sliding
method, Asymptotic behaviours.

RESUME. - Ce travail porte sur I’étude de I'existence et d’estimations
a priori de solutions (c,u) d’équations de réaction-diffusion dans des
cylindres infinis ¥ = R x w de normale extérieure unitaire v :

Au — fB(x1,y,¢)01u+ f(z1,u) =0 dans ¥
() dyu = 0 sur 0%
u{—o0,-) =0, u(4o0,-) =1
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556 F. HAMEL

Les fonctions —3 et f sont données et sont croissantes par rapport a ;.
Les résultats d’existence et les conditions nécessaires sont reliés a deux
« problémes limites » quand z; — Zoc.

1. INTRODUCTION AND MAIN RESULTS

The goal of this paper is to investigate some problems which are set in
infinite cylinders ¥ = {(z,,y), 71 € R,y € w}, where w is a bounded
domain in RV~ with smooth boundary; one denotes by v the outward unit
normal to dw or 9%. We study semilinear elliptic equations

(F) Au — B(zy,y.0)01u + f(z1,u) =0in ¥
with boundary conditions

d,u =0 on 0%
(B.C) {u(—oo7 ), u(+o0,-) =1

the unknowns are the real ¢ and the function u. Let us denote by (P) the
problem which includes the equation (F) and the boundary conditions
(B.C).

One denotes by diu and J,u the derivatives of u with respect to
and v respectively. The given function § is continuous in all parameters,
lipschitz-continuous and bounded in (z1,y) for any ¢ € R. This function
0 is systematically assumed to be non increasing in z; and to have limits
B+(y,c) as 1 — £oo, uniformly in y and c. Moreover, one assumes that
Ve < ¢ de > 0 such that Vy € @ |B+(y,c) — B+(y, )| > e. Lastly, 3 is
increasing in ¢ and 3(z1,y,¢) — Zoo as ¢ — Foo uniformly in z; and
y. For instance, a natural situation is to consider functions [ of the form
B(z1,y,¢) = ¢+ a(y) + y(z,) where « is a given function on & and ~
is decreasing on R.

The nonlinear given term f (1, u) is lipschitz-continuous in x; and v, and
is defined on R x [0, 1]. Moreover, f is non decreasing in x1, has derivatives
with respect to z; and u, and there exist derivable functions f. on [0, 1]
such that . 1—1—2;:100 f(z1,u) = fe(u) and f)(zq1,u) — fi(u) as z; — toc
(uniform lilmits). Besides, one assumes that f(x(,0) = f(x1,1) = 0 for
all r, € R.
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Let us first state the motivation and some results for the case where the
terms 3{z1,y,c) and f(x1,u) actually do not depend on x. Problem (P)
reduces to an invariant by x,-translation problem

Au— By, c)0iu+ f(u)=0in B
(Pinv) a,,'LL = (0 on 9%
u(—00,-) =0, u(+o00,) =1

In short, this problem can be motivated by deflagration curved flame
propagation models in the theory of combustion and by biological situations.
The first works in this multidimensional case were in particular made by
Berestycki, Larrouturou, Lions and Nirenberg (¢f. [4], [5], [7]). These
authors have especially generalized some known results on the ordinary
differential equation «' — cu’ + f(u) = 0 with the boundary conditions
u(—o00) = 0 and u(4+o00) = 1. This last situation corresponds to the
propagation of planar waves and the works about it were initiated by
Kolmogorov-Petrovskii-Piskunov, Zeldovic-Frank-Kamenetskii, Kanel’ and
Fife-McLeod (cf. [9], [12], [13], [25]).

In the literature, one usually has to distinguish three main cases:

—case A: 30 € (0,1) such that f =0 on [0,6], f > 0 on (#,1) (¢ is an
“ignition temperature”, see the explanations below), f(1) = 0.

—case B: 36 € (0,1) such that f < 0 on (0,6), f(6) =0and f > 0 on
(8,1), f(0) = f(8) = f(1) = 0 (“bistable case”).

—case C: f > 0on (0,1), f(0) = f(1) = 0 (Fisher, or “KPP” type).

Case A (“ignition temperature”) is motivated by the theory of combustion.
Roughly speaking, the starting point is the thermo-diffusive model for
wrinkled deflagration flame propagation in an infinite tube where a simple
chemical reaction A — B takes place between two premixed gases. The
function v is the renormalized temperature of the mixture and 1 — w is the
renormalized concentration of the reactant A (see the synthetic works
of Berestycki, Larrouturou, Sivashinsky and Williams [3], [16], [20]).
Explicitely, in models of combustion, the real # represents an ignition
temperature below which no reaction happens. The source term f takes
into account the mass action law and Arrhenius’s law. The convection term
B(y, c)o1u is often of the form (¢ + a(y))d1u (or sometimes ca(y)du,
a > 0 on ). The function « is a mass flow distribution given on & and
is uniform along the principal direction of the cylinder. If the coefficient of
the convection term is of the form 3(y, ¢) = ¢+ a(y), then the functions u
solutions of (P;,,) are travelling front solutions for the following evolution
problem of reaction-diffusion 9,U = AU — a(y)0,U + f(U). In other
words, ¢ represents the speed of a front of the flame and w its profile.
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Case B (“bistable”) mainly occurs in biological situations: the function
u represents for instance the concentration of some species (cf. [2], [9]).

Case C (“KPP”) corresponds as well to biological phenomena as
combustion models when the ignition temperature vanishes (cf. [13], [25]).

Anyway, the boundary condition d,u4 = 0 on 9% means that there is
no flow across the walls of the cylinder. The limits u(—o0,-) = 0 and
u(+0c,-) = 1 mean that the flame moves with speed ¢ from the burnt
gases in +oo to the fresh zone in —oo.

If one moreover assumes that f/(1) exists and is < 0, and f is of class
C'® near 0 to the right and 1 to the left for some 0 < § < 1, the main
results for problem (P;,,) can be summarized as follows:

THEOREM 0 ([7]). — In case A ( “ignition temperature”), there exists a pair
(¢, u) solution of (Pi,.). The real ¢ is unique and the function u is unique
up to translation with respect to x1.

In case B (“bistable case”), if f'(0) <0, w is convex and if [ is of class
C14([0,1]) for some § > 0, the same result holds.

In case C (“KPP” case), if f'(0) > 0, there exists a minimal speed ¢*
and solutions (c,u) of (Pin.) if and only if ¢ > ¢*; for any ¢ > ¢, these
solutions v are unique up to translation in the x1-direction.

Similar problems were studied by Xin (c¢f. [21]) in periodic media
R x T, where T is the unit torus in RY. In [21] and [22], Xin proved
existence, uniqueness and monotonicity results, using fixed point theorem,
continuation and sliding methods. In the case where f is of “bistable” type,
Xin also studied, in periodic media, some non homogeneous problems for
which the diffusion term Auw is replaced by an approximated expression
div((I + A)Vu) where A(r) is a matrix defined in a periodic box of
R¥. Xin proved the existence of solutions for small A (cf. [23]) and non
existence for A with large enough variation ([24]).

Volpert and Volpert also studied a dependence on r; in the source term
f(zy,u) for systems of ordinary differential equations. u representing a
vector of functions. They proved the existence of monotone solutions and
a priori estimates for such solutions. In this paper, we actually generalize
in the multidimensional case some results given in [19]. and we even show
that the solutions of (F) are increasing in .

We now come back to problem () (constituted of the equation (£)
and the boundary conditions (3.C')). Many questions remained open about
problems set in unhomogeneous media. The difference between the case
of a velocity field § = f(y.¢) and the situation under examination with
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an additional dependence on z; in this velocity field and in the source
term means that the medium is fully non homogeneous along the principal
direction of the cylinder. For the thermodiffusive model, this can mean
that we do not assume the constant density approximation; physically, the
hydrodynamical effects due to the heat expansion have a non negligible
function with respect to the reaction phenomena (see [14]).

Some perturbations in the medium may occur in a localized zone around
the front of the wave in the frame which moves with speed ¢ to the left.
We refer to [10] for the case of a non homogeneous convection term of
the form (¢ + a(y))ow + §- Vu where ¢ is a small perturbation of the
velocity distribution which is in L*°(R); this can be interpreted as a first
step in the introduction of turbulence.

The physical problem of a non constant velocity field 3(x;,y,c) can
remind us of the flow in a plane engine, where the velocities of the gases
in the entrance and in the exit are different.

In all what follows, according to the brief physical explanations above, we
will assume to simplify that 3 is non increasing in z; and f is non decreasing
in z;. The function f may for instance be of the type f(z1,u) = f(u)(x;)
where f is a positive function and 1 is an increasing function bounded from
below by a positive constant on R. The mathematical stake is to understand
the difference between the invariant by translation problem (FP;,,,) and the
non invariant one (P). Indeed, the first important remark is the following:
if o0 € R and (c,u) is a solution of (P), then the translated function
(z1,y) = u(x1 + To,y) is not necessarly solution of (P) with this speed
c. This is in sharp contrast with the solutions of problem (P;,,).

In the theory of ordinary differential equations, we know the difference
between the equations with constant coefficients and the equations with non
constant coefficients. In a similar way, the aim of this article is to describe
some results for problem (P) when the coefficients 5 and f depend on
x1, but only in the monotone case indicated above. These results will
explicitely clarify the qualitative difference with respect to the invariant by
translation situation (P, ).

Main results

Shortly, we study the structure of the set of solutions of problem (P),
and we establish the connection with two asymptotic problems, which
correspond to the limits x; — oo, which we note (P.), the “limit
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560 F. HAMEL
problems” in +oc, and which are invariant by x;-translation,

Au— iy, c)iu+ fo(u)=0in 2
(Py) d,u =0 on 0%
u(—00,-) =0, u(+o00,-) =1

Apart the general assumptions made on the functions § and f, we will
consider that f, and f_ satisfy one of the three main cases indicated
above: “ignition case” A, “bistable” case B and “ZFK” case C. We
mention that in all cases f_ < f, because f is non decreasing in z,
and 8_(y, ¢) > B, (y, c) because 3 is non increasing in ;. More precisely,
one will investigate three situations concerning the profiles of the functions

f- and fi:

Case I: f_ and f, satisfy the “ignition temperature” case A, with
respective ignition temperatures #_ and #, such that 0 < 6, < 8_ < 1. It
is furthermore assumed that f_ and f, are of class C1® near 1, for some
6 >0, and f.(1), fi(1) <0, fi(64) > 0.

Case II: f_ and f, satisfy the “bistable” case B, with respective zeros
§_ and 6, such that 0 < f, < 6_ < 1. It is assumed that f’(0), f1(0),
(1), fi(1) < 0. Moreover, one assumes that the section w is convex.
The functions f_, f, are of class C'1% with respect to u for some § > 0
and f/(6-) > 0, fi.(84) > 0.

Case III: f_ and f, satisfy “KPP” case C and f’ (0), f1.(0) > 0, f_ (1),
£1(1) < 0.

From the results recalled above in theorem O, in both cases I and II,
there exist some unique pairs (c_,u_) and (c4,uy) solutions of the limit
problems (P_) and (P,) (uy are unique up to translation in the ;-
direction). In case III, there exist two minimal speeds c* and ¢l and
solutions (c,u) for problems (P.) and (P,) if and only if ¢ > ¢* and
c 2z .

We can now state the different results for the existence of solutions
of the initial non invariant problem (P), which are summarized in the
following theorem:

THEOREM 1 (Existence)

a) In cases | and Il ( f+ are of “ignition temperature” or “bistable” types),
f being non decreasing in x1 and 3 non increasing in x, then c. < cy.
Moreover, in each of the following cases, we have c_ < cy.:

- ,6—('*/6) # ﬂ+('vc) Ve e R
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—in case II, f(0) < f,(0) < 0and f,(1) < f.(1) <0.

—fo# froand |f-(1=5) = f+(1 = 8)| = O(s'**) as s — 0, for
some 6 > 0.

—in case I, fi(1) < f.(1) < 0.

Furthermore, if ¢. < cy, then for any c. < ¢ < c4, there exists a
solution (¢, u) of (P) such that 8,u > 0 in ¥.

If c_ = cy, then there exists a solution w such that v > 0 in Y with
the speed ¢ = c_ = cy4.

b) In case Il (f+ are of “KPP” type), | being non decreasing in
and {3 non increasing in x1, then ¢’ < ¢, For any ¢ > ¢, and for any
h € (0,1), there exists a solution (c,u) of (P) such that &u > 0 in
and max u(0,-) = h.

Remarks. — Since f_ and f, are of class C® near 1, if f (1) = fi.(1),
then the assumption |f_(1 — s) — f+(1 — s)| = O(s'*®) is automatically
satisfied.

In the case of a velocity field 3(z1,y,¢) = ¢+ a(y) + y(z1) where v is
a non increasing function on R, then the case ¢ = ¢, only occurs if and
only if v and f are invariant in z;; otherwise c_ < c4.

The second main part of this article is devoted to the precise study of
the set of the solutions of problem (P) in the different cases I, II and III,
and to state some a priori properties of such solutions. We begin to state
some a priori conditions on the speeds ¢ solutions.

THEOREM 2. — The function | being as usual non decreasing in x1 and 8
non increasing in 1, in cases I and Il ({1 being of “ignition temperature”
or “bistable” types), if (c,u) is a solution of (P) such that Oyu > 0, then
¢c_ <c<cy. Incase lll (fy are of “KPP” type), if O1u > 0, then ¢ > c*.

The next two theorems concern the properties of the eventual functions
u solutions of (P). For that purpose, we will assume some technical
hypotheses on the regularity of the functions f and 3 and on their behaviours
as z; — %oo. At first, f and 3 are assumed to be of class C! with respect
to x,. Besides, they tend exponentially to fi and 8y as x; — Foo:

Vo> 0 |f(z1,u) = fo(u)] = O(e ) as 21 — 400 . ,
{\/a >0 |f(z1,u) — f-(u)] = O(e=* ) as 2y — —oc0 uniformly in u

and 3C1,64 > 0 such that

1B(z1,y,¢) = B-(y,c)] < C_e?~" Vo, <0,y € w,ceR
1B(x1,y,¢) = Bi(y,¢)] < Cre™ ™1 ¥y > 0,y e W,c€R
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562 F. HAMEL

(if B(x1,y,c) = ¢+ a(y) + v(x1 ), these assertions mean that |y — 4| tend
faster than some exponential as x; — £oc¢). Moreover, these assertions are
satisfied if 9., = O for |x;| large enough.

We split the results on the structure of the solutions of problem (P)
into two main theorems:

THEOREM 3. — With the assumptions above on the behaviour of f and [3
as x, — Foo, f being as usual non decreasing in x, and (3 non increasing
in 21, if (¢, u) is a solution of (P) in cases I, Il and III, then Oyu > 0 in X

Remark 1. — Under the above hypotheses, it follows from theorems 2
and 3 that one has c_ < ¢ < c. in cases | and II, and ¢ > ¢* in case IIL

Remark 2. — Theorems 2 and 3 yield that the existence results given in
theorem 1 in cases I and II are quite optimal, up to the existence in the
limit cases ¢ = ¢c_ or ¢ = cy.

THEOREM 4. — With the assumptions above on the behaviour of f and 3 as
x1 — Fo00, f being as usual non decreasing in x1 and § non increasing in
x1; in both cases I and Il ( fi are of “ignition temperature” or “bistable”
types), we have

a) if (¢,u) and (', u') are solutions of (P) such that ¢ < ¢, then v >
in %.

b) if one moreover assumes that 3(x1,y,¢) = By(y,c) for xy large
enough, uniformly in (y,¢), let . < ¢ < ¢y and fix 0 < h < 1, then
there exists at most one solution of (P) which satisfies the normalization
condition maz u(0,-) = h.

In a few words, the existence theorem can be proved by a passage to the
limit in finite cylinders, for which the existence of solutions is given by a
result on sub and super-solutions. The comparison with auxiliary functions
is needed to obtain the limit conditions as x; — Z00. The main tools for the
necessary conditions are based on the study of the exponential behaviours
of the different solutions, some results given in the appendix are useful.

2. EXISTENCE RESULTS, PROOF OF THEOREM 1

2.1. Cases I and II
(“ignition temperature” and “bistable” cases)

2.1.1. Comparison between c_ and c..

The demonstration of the inequality ¢ < c¢; can be made by
contradiction and is based on the study of the exponential decays of
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solutions. This allows to begin a sliding method. Similar proofs were made
in [7].

Let us first suppose that ¢ > ¢, and argue by contradiction. Let us
study the exponential behaviours of u_ and u4 near oo and for that
purpose apply the results of [7] (§2,3,4).

We first consider case 1. Since 5_(-,c_) > B1(-,cy) (because c_ > cy
and /3 is non increasing in x), near —oo, the functions v_ and u, satisfy

us(ry,y) = e+ ¢y (y) + o(e ™) as x; — —oo uniformly in y € @
with two reals 0 < A, < A_ and two functions ¢4 > 0 on w solutions of

{A% + (AL — APy cx))p+ =0 in w
O,¢+ =0 on dw

It comes that 0 < u_. < uy near —oo.
On the other side, one necessarly has f.(1) < f/(1) < 0 and
B_(-,c_) > B+(+,cy). Thus, from the results of [7], one can write

us(zy,y) =1 — e+ 4Py (y) + o(e**°!) as £1 — +oo uniformly iny € @
with g < u— < 0 and ¢4 > O solutions of

{A¢i + 1k — paBe(ysce) + f(1))Ys =0inw
0,%y =0 on dw

Indeed, in order to explain this, let us recall that g, < 0 are solutions of

pi = p(—A+ peBa(y,cx) = fi(1))

w1(—L) denoting the principal eigenvalue of the elliptic operator L
with Neumann boundary conditions. The functions gy : t — p(—A +
t0+(y,ce) — fi(1)) are strictly decreasing with [ (considered as a
variable) for each ¢ < 0, and g,(0) = —fi(1) > —f.(1) = ¢-(0).
Hence, since c¢; < c_, which yields f.(-,cy) < f_(-,c_), we have
g+(t) > g_(t) for any t < 0, and thus

[L+<lfl_<0

It comes then that u_ < uy4 < 1 in the neighbourhood of +cc.

We now use a sliding method: at first there exists B > 0 such that
u_ < ug if |z1| > R, y € W. As u_ is increasing with z; and uy is
greater than some « > 0 on the compact set [— R, R] x W, we can translate
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564 F. HAMEL

u_ to the left enough such that u_(z; — s,y) < uy(x;,y) for some s > 0
and for any (z1,y) € X. As the behaviours of «, and u_ are exponentially
different in +oo, we can actually translate u_(z; — s,y) to the right in
such a way that for some ¢ < s

u_(z1 —t,y) <uslziy)in ¥

with equality somewhere in 3. Thus, the function z = uy (z1,y) —u_(z; —
t,y) is > 0 and = 0 somewhere, it satisfies

Az = fB(y,c- )01z + (f+(us(z1, 1) — flu_(z1 — 1,9)))
=\ —(yac—) +ﬂ+(yac+))alu+
+(f-(u—(z1 = t,9)) — f(u_(z1 - 1,y))) in &

d,z =0 on JX

We have already infered that 3_(-,c_) > 4 (-, ¢4). Moreover, djuy > 0
and f_ < f,. Lastly, as f, is lipschitz-continuous, there exists a function

¢ € L™(X) such that

Az =B (y,c_)hz+c(z)z<0in X
J,z = 0 on 0%

Finally, the maximum principle and Hopf lemma yield that z = 0 in &,
which is a contradiction with the exponential behaviours of u_ or u, near
+oco. That proves the first assertion in theorem 1, in case I.

In case II, in order to obtain c_ < ¢4, the proof is similar, the estimates
in —oo can be treated in the same way as in +oc.
In cases T and 11, if we add the following hypothesis: 3. (y, ¢)> 54+ (y, ¢)
#

for all ¢, applying the results of [7], then we can prove exactly in the same
way that the assumption c_ < c; would yield a contradiction. One can
remark that this situation occurs if 3(z1.y,¢) = ¢ + a(y) + v(x1) with a
function v non increasing and non constant.

In case II, the hypotheses f’ (0) < f7(0) < 0 and fi(1) < f.(1) <0
allow to obtain a contradiction if c_ = c;, with the same arguments:
indeed, even if c_ = ¢4, the exponential behaviours of u_ and u, can
be compared near +oco.

If fo % frand |f_(1 ~8) ~ fi(1—s)|=O(s'*) as s — 0, for some
6 > 0, then we also have c_ < ¢y. The proof is quite technical and will be
given in section 3.3.3. Indeed, it corresponds to a similar situation as the one
developped in section 3.3.3. Case I, with f/ (1) < f’ (1) < 0, is similar.
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Remark. — To sum up, since f_ and f, are of class C*? near 1,
then ¢ = ¢y only if f_ = fy, ie. f(z1,u) = f(u) and I ¢ such that
B_(',C) ﬁ-i—('vc)'

2.1.2. Existence of a solution for any c_ < ¢ < ¢

Hen

We proved in the previous section that c_ < ¢, and explicited sufficient
conditions to have ¢_ < ¢y In this part, we assume that c_ < c¢y. Our
purpose is to adapt the methods of Volpert and Volpert (¢f. [19]). The basic
idea is to use an argument of sub and super-solutions. At first, we will
construct some auxiliary solutions in semi-infinite cylinders.

a) Construction of auxiliary solutions in semi-infinite cylinders

We recall that we consider the cases of functions fy which are of “ignition
temperature” or “bistable” types. Following the ideas of (9], for any fixed
¢ < ¢y, we will construct a function w defined in R, x @ solution of

Aw ~ B (y,)0hw+ fr(w)=0in X, =Ry xw
w(0,-) =0
w(+o0,-) =1

d,w=0o0nR, x dw

and ,w > 0 in X,

We will at first solve the problem in finite cylinders R, = (0,2a) X w.
The method of sub- and super-solutions developped in [8] (Th. 7.2) yields
that there exists a function u, such that

Aug — Bi(y, ¢)01uq + fr(ug) =01in R,
dyue = 0 on (0,2a) X dw
uq(0,-) =0, uy(2a,-) =1

This solution u, also satisfies Jyu, > 0 in R,. Using standard local
estimates up to the boundary and the Sobolev injections, we deduce that
for a subsequence a — 400, the functions u, tend to a function w in
CL*(3) (u > 0). The limit function w satisfies:

loc

Aw — B4 (y,c)01w + fi(w) =0 in X}
dyw =0 on R% x dw
w(0,) = 0, w+o0.y) = (1)

where ¢ € W2P(w) is a solution of the stationnary problem

AY+ fo($) =0inw
(21) { 8,,1,/1+: 0 on Ow
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We want to prove that ¢ = 1. Arguing by contradiction, let us suppose
that ¢ #Z 1. Since 0 < ¢ < 1, it follows from the maximum principle and
Hopf lemma that 0 < ¢ < 1 in @.

Let us fix a real number d < 1 such that max(f,,max ¢) < d < 1.

Since wu, is increasing in x;, there exists a real 7, € (0,2a) such that
min u,(7,,-) = d. As u, — w locally and w < %), it comes that 7, — +oc
a; a — +00.

Let us now shift the origin to 2y = 7, by setting v,(z1.y) =
Uq(1 + 7o,y) in the cylinder [~7,,2a — 7,] X @. For a sub-sequence
a — o0, we have 2a — 7, — b € [0, +0oc], and the family (v,) converges
to a function v, locally in C#(] — oo, b] x @), which satisfies the same
equation as w. Moreover, min v.(0,-) = d and v, has a limit in —oc
(ve(—00,y) = ¥1(y)) wherewg/)l is a solution of (2.1) such that ¢y >
since 7, — +oc and wu, is increasing in x,. Two cases may « priori occur:
i) b € [0,+00[ and ii) b = +oc. In each of these cases, we will obtain a
contradiction by a sliding method:

in case 1), v.(b,-) = 1. If 4»; = 0, as in the previous sections, one can
compare the exponential behaviours of v. and u, in —oc and, using the
hypothesis ¢ < ¢4, one would obtain a contradiction after a sliding method.
Otherwise, from the maximum principle and Hopf lemma, one has ¢, > 0,
and one actually concludes in the same way.

In case ii), v.(+oc,y) = (y). The function v, satisifes (2.1) and
min ¢ > d > @, since v, is increasing in x1 and from the normalization
condition on {0} x w. By integration of (2.1) in w, and since f. > 0 on
(f+,1), we conclude that ¢ = 1. As above, we would finally obtain a
contradiction by a sliding method.

For any fixed ¢ > c_, in case II, we can argue exactly in the same way
to prove the existence of a function w such that

Aw — f_(y,c)hw+ f_(w)=0in L_ =R_ xw
d,w=0o0nR* X dw
w(—oc,-) =0, w(0,) =1

and yw > 0 in S_.
In case L, there is just a new argument to add because f_ = 0 on [0,6_].
One constructs functions u, in [—2a,0] x @ solutions of

AUa - ﬁ~(yac)alua + f—(ua) =0in (—ZCL,O) X w
ue(—2a,-) =0, u,(0,-) =1
d,ug =0 on (—2a,0) X dw
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and then pass to the limit for a sequence a — +oc. The limit function
w satisfies the equations

Aw — B_(y,¢)ow~+ f_(w) =0in X_
O,w =0 on R* x dw
’U}(—OO,’y) = d)(y) 3 w(oﬂ ) =1

One wants to prove that ¢ = 0 on w. In the other case, ¢» > 0 on @ and
one introduces a real d > 0 such that d < min (min ¢, §_) and 7, such that
max Ug(—7,,-) = d. Since 01w > 0 and w(—0c0,y) = ¥ (y), one obtains

that 7, — +00. One defines the translated functions v, = u,(—7,+2z1,y) in
[—2a+7,,7,] x@. They converge to a function v, in [b, +00[Xw in suitable
spaces. Since ¢ > c_, it comes that fw B_(y,c_) > 0 (by integration of the
equation satisfied by u_). From the results of [7], there exists an exponential
function z = e**1¢(y) with A > 0 and ¢ > 0 on @ solutions of

Az —f_(y,c)hz=0in ¥
Jy,z = 0 on 9%

One can even assume that min ¢ > #_ > d. Since v, < d < 6_ in
[—2a + 7,,0] x @, f_(ve) = 0 in [~2a + 7,,0] X @. From the maximum
principle and Hopf lemma, it comes that v, < z in [~2a + 7,,0] x @.
Hence, by a passage to the limit ¢ — +00, one obtains

Ve(—00,-) =0if b= —o0

One can then compare in the same way this function v, to %_ and obtain a
contradiction. Obviously, the last step is similar if b > —oc. This achieves
the construction of these auxiliary functions w defined in %_ or X

b) Construction of a solution of (P) for any ¢ < ¢ < ¢

In this part, one supposes that ¢. < ¢4 and fix any ¢ in (¢_,cy). The
proof of existence is devided in several main steps. Firstly, one constructs
solutions in finite cylinders [—a, a] x @, and secondly one passes to the limit
and concludes by comparison with the auxiliary solutions in semi-infinite
cylinders.

STEP 1: Construction in finite cylinders and passage to the limit in infinite
cylinders

Let a > 0. We use the general results of [8] on sub- and super-solutions;
there exists a solution u, defined in [—a, a] x @ of the following problem:

Aua - /8($17y7c)81ua + f(xhua) =0in (—'CL,CL) X w
Optiy = 0 on (—a,a) x dw
Ua(—a,-) =0, us(a,-) =1
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because the constants 0 and 1 are respectively sub- and super-solutions for
this problem. As f is non decreasing in x; and  non increasing in x;, we
can add that this solution is unique and such that dyu, > 0 in {(~a,a) X @.
From the a priori elliptic estimates up to the boundary and the Sobolev
injections, for some subsequence a — +o0, the functions u, tend to u in
C-*(T). The function u is solution of

Au — B(z1,y,0)0u+ f(z1,u) =0in X
d,u = 0 on 9%

and is such that 9;u > 0 in X.

STEP 2: Comparison with the auxiliary solutions as x1 — o0
In case I, let x4 two lipschitz-continuous functions defined on [0, 1]
such that

X+ =0on{0,604]
x+ > 0on]fi,1]

and the restrictions of x4 are assumed to be derivable on [f,1] and
X4 = 64+ > 0 on [f4,1]. One introduces then the functions

felu) = fe(u) F exe(u)(l —u)

For € small enough, from the choice of the functions y. and since
fi(l) <0, fi(64) > 0, these functions f{ satisfy the hypotheses of
theorem 0 in case A (“ignition temperature” case). Hence, there exist two
unique pairs (cS,uS) solutions of

Aug - Bi(y,ci)0us + fo(uy) =0in &
pe dyus =0 on 9%
( i) 'U/;(—OO./ ) = 07 uit(+oo, ) =1
mazx vy (0,) =04

Moreover, since f{ are close to fi, one can prove as in section 2.1.1
(comparison between ¢_ and c;) that the speeds ¢ are bounded. By a
compactness argument, we obtain that the pairs (¢, u$ ) converge as € — 0
to a pair (¢, uy). As in [7] (§5), one can prove that the pairs (cy,uy ) are
actually solutions of the limit problems ( Py ) (one can identify the limits of
the functions v+ as being 0 and 1 in oo by comparison with exponential
functions). By uniqueness, one concludes that (¢4, uy) = (¢4, U ).

In case II, we define f<(u) = fi(u) F eu(l — u). For € small enough,
the functions f§ satisfy the hypotheses of theorem 0 in case B (we use
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here the assumptions f’ (0), f1(1) < 0 and f’ (6_), f(6+) > 0). In the
same way, there exist unique pairs (¢S ,u ) solutions of problems (Pj),
and (¢ ,ul) — (cx,us) as € — 0 (the demonstration is this of [7] §5-6
and uses the hypotheses of regularity of f. and the convexity of w).

One can now begin the main part of the demonstration. Since ¢ < ¢ <
¢, there exist two reals ¢’ and ¢” and ¢ small enough such that

¢ <d<e<d <l
From the results above, one introduces two functions w.. solutions of

Awy — B4y, ")orwy + f{(wy) =0in Ty
’LU+(0, ) =0, ’LU+(+OO, ) =1
d,wy = 0on R x 0w
and
Aw_ — B_(y,)ow_ + f{w_)=0in %_
w_(—00,) =0, w_(0,-)=1
J,w_ =0on R* x 0w
Moreover, we recall that dyw_, dyw, > 0. We will compare the solutions

u, (given by step 1) to some translated of w_ and w,, for —x; and x
large enough respectively, in order to determine the limits of u near £oo.

In case II, one can write that

Aw+ - ﬁ(mh Y, 0)81w+ + f(x17w+)
= flzr,wy) — fr(wy) + ewi (1 —wy)
+ (/8—1—(:1/7 CH) - ,8(.171, Y, c))81w+

Let us show that the second member is > 0 for z; > N large enough.
Indeed, we can write

A= f(?f1,1U+) — fo(wy) + ewy (1 — wy)
= /0 (folzy,u) = fi(u))du +ew (1 —wy)

Let us now fix Ny such that | f} (z1, u)—f (u)| < €/4Vzy > Ny Vu € [0,1].
It is possible because we have assumed that f, — f| as z; — 400
uniformly in » € [0,1]. If z; > Ny and 0 < w, < 1/2, then
A > —¢/4wy + €/2wy > 0. We can argue in the same way that A > 0 if
1/2 <wy < 1, writing A = [ (fl(z1.u) — fi(u))du + ewy(l —wy).
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In order to show that the second term B = ({3, (y, ") — B(z1,y, ¢))01wy
is > 0 for z; large enough, since O;w; > 0, it suffices to prove that

B = 3.(y,c") — B(x1,y,¢) is > 0. We write
= By, ") = B1(y,¢)) + By, ¢) — B21,9,¢))

From the hypothesis made on 3, in the introduction, and since ¢’ > ¢, there
exists 6 > 0 such that 3, (y,c”) — B4(y,c) > 6 for all y € W. There exists
now N, such that |3, (y,c) — B(z1,y,¢)| < 8 if 27 > Na, Vy € W. Hence,
B’ > 0forxz; > Ny and y € w. Let us now define N = max (N, N3) and
translate w, of N to the right (we rename w this translated). The function
w4 is now defined in [NV, +oo[Xw and satisfies w, (IV,-) = 0. Hence,

(2.2) Awy — Bz, y,c)0rwy + f(z1,wy) > 0in [N, +00[Xw

For any ¢ > N, we will show that the functions u, constructed in the
step | are > wy in [N,a] x @.

Otherwise, since 0 < u, < 1 in (—@¢,a) X @ and wy < 1, there
exists a real 0 < 7 < a — N such that u,{z1,y) > wy(r, — 7,¥y) in
[N + 7,a] x @ with equality somewhere in [N + 7,a] X @. Let us now
define z = u, — wy(zy — 7,y) in & = [N + 7,a] x @. Thus, in %, the
function z satisfies

Az — f(z1,y, )z + f(xr,u,) — f(zr, we(z — 7,y))
= —Awi(z — 7,y) + Blzr,y. c)dwi (21 — 7. y)
= fley, wiz —7.y))
< —Awy(ry ~7,9) + B8(r1 — 7y, c)hwy(z — 7, y)
— flo1 — mwi(z1 — 7,y))

since ( is non increasing in r;, Jyw, > 0 and f is non decreasing in z;.
The last expression is < 0 from (2.2) (since z; — 7 > N). Hence, as f is
lipschitz-continuous in u, there exists a bounded function c such that

Az = B(z1,y,¢)01z + c(x)z < 0in X
~ Oyz=00n(N+7,0) X 0w
z > 0 in ¥ with equality somewhere in (N + 7,a) x @

From the maximum principle and the Hopf lemma, we infer that z = 0 in
3> which is impossible for instance on {a} x @ since w, < 1.

Hence, u, > wy in [N,a] x @. By passage to the limit ¢ — +o00, we
conclude that u > w, in [N, +oo[xw, and lastly u(+0c, ) = 1.
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Similarly, one can prove that » < w_ (for a translated of the function
w_) in | — 0o, —N’] x @, for N’ large enough. Thus, u(—o0,-) = 0, this
achieves the proof of theorem 1 in case IL

In case I, the arguments are the same up to technical details due to the
different definition of the functions f{. Indeed, with the same notations,
we have

Awy — B(z1,y, c)0rwy + f(z1,w4)
= flzr,wy) — fr(we) + exp(we)(1 —wy)
+ (/B+(y7 C/) - ﬁ(xla Y, C))61w+

It only remains tom show that the term A = —f,(wy) + f(z1,wy) +
ex+(wy)(1 —wy) is > 0 for z, large enough. If wy < 64, then A = 0.
If 6, < wy < (1464)/2, we write

A= [ () - Fw)du +exs (we)(1 - wy)

L
For 1 > Nj large enough, we have |f}(z1,u) — fi(u)] < ey (1 —64)/2

(see the definition of 6, in the beginning of the step 2). Besides,
X+(ws) = x+(wy) — x4(04) > 64 (wy — 6). Hence,

A2 —e(wy —04)04(1—04)/2 +eby(wy —04)(1-64)/220

If (1+64)/2<wy <1, wewrite A= [ (fi(z1,u) = fi(u)du +
ex+(w:)(1 — wy) and conclude in the same way since xi(wy) >

min u) > 0.
1y X ()
Hence, u, is greater than some fixed translated of w, near +oco. This

yields that u(+o0, -) = 1. Similarly, u(—oc, -) = 0. This achieves the proof
of theorem 1 in case I.

2.1.3. Case c_ = c,, existence result

From the resuits of §2.1.1, this yields that f(zi,u) = f_(u) =
f+(u)Vz; € R, Yu € [0,1]. Letusnote ¢ = c_ = c4 and f(u) = f(z1,u).
The functions w4 are solutions of

Auy — B+ (y,c)01usr + f(u) =0in X
dy,us = 0 on 9%
ug(~00,+) =0, ug(+o0,-) =1
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Moreover, let us show that w; and w_ are respectively super and
subsolutions for problem (P). Indeed

Auy — B(z1,y, )Ouy + fluy) = (B4 (y.¢) — B(x1,y.¢))0ur <0in X
since J is non increasing in x; and 0yuy > 0. In the same way, we have
Au_ — p(xy1,y,¢)01u_ + flu_) > 0in X

In both cases I and 1II, for the existence of a solution u of (P) such that
diu > 0, it remains to prove that v < u, in ¥ (up to translation) and to
apply the results of [8] on the theory of sub- and supersolutions.

The behaviours of w4+ near —oo can be written as

us(z1,y) = "G (y) + o(e 1) as x; — —o0

where AL > 0, ¢+ > 0 on @ are solutions of

Ay + (AL = Aefx(y,0) + f(0))ps =0

From the results of [7] used in §2.1.1, since F.(,¢) < B_(:,¢), we
have 0 < Ay < A_.

If 8:(,¢) = B_(-,¢), then B(x1,y,¢) = Bu(y,c) = B_(y,c). From
theorem O, the functions w. are equal up to translation, and all their
translated are solutions of (P).

Otherwise, 0 < Ay < A. and w_ < wuy as ; — —oco. In the same
way, we could prove that the exponents py of the exponential behaviours
of 1 — uy near +oo are such that g, < p_ < 0. Hence, u_ < u, as
x1 — £oo and in 3 after translation; this achieves the proof of the existence
of a solution u of (P) from the remarks above.

2.2. Case III (“KPP” case)

2.2.1. Proof of the inequality c* < ¢

To prove this inequality, it only suffices to recall some results given
in [7]. For a non-linearity f of “KPP” type C, the minimal speed ¢* is
namely obtained as the increasing limit as # ™, 0 of the unique speeds cg
corresponding to the function fy of “ignition temperature” type A defined
by fs = fxs where xs is a smooth and non negative function such that
xe = 0 on [0,6] and xo» = 1 on [26,1].

In the situation of case III, since 0 < f. < f. < 1, it comes that
ff = f_ve < f% = fixe. Hence, from §2.1.1, the unique speeds cf,
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corresponding to the functions ff are such that ¢? < ¢f. By passage to
the limit 6 \, 0, we conclude that c* < c%.

2.2.2. Existence of solutions for any ¢ > ¢,

In case I1I, we have f. > 0 on (0,1). For each non-linearity f_ and f,,
there exist minimal speeds c* and ¢} such that ¢* < ¢% (from §2.2.1.).

Let h be fixed in (0,1) and ¢ > ¢}. Let @ > 0 and R, = (—a,0) X w
the finite cylinder. By a method of sub- and super-solutions, we will first
show the existence of solutions (u,) of the problems

Au, — B(z1,y, )01t + f(z1,u,) = 0in R,
(P,) Oyue =0 on (—a,a) X dw
max uo(0,) =h

Indeed, we know that there exists u’ such that alu’; > 0 in 2 solution of

Aul = B4 (y,cy )0l + fr(ul) =0in X
dyu’ =0on 0%

’LL:_(—OO, ) =0, U:_(-FOO, ) =1
Since ¢ > ¢ and 3 is non increasing in x;, we have 8(y,c}) <
Bil(y,¢) < B(x1,y,c). Moreover, dyu} > 0, and f(x1,u%) < fi(ul)
because f is non decreasing in x;. Hence, it comes that

Aul — Bz, y, )0l + f(zr,u}) <0in R,
dyuf =0on (—a,a) X dw

Hence, v is a super-solution of problem (P, ) (without the normalization
condition on {0} x @) such that dyul > 0. Besides, each constant

h, = {m%n_ u} is a subsolution of this problem because f(z1,h,) >
—a Xw

f=(he) > 0. Since 3 is non increasing in x; and f is non decreasing in
x1, all the hypotheses required for the application of general theorem 7.2
of [8] are satisfied. There exists thus a unique solution v, of the problem

Av, — B(z1,y,¢)01va + f(z1,04) =0 in R,
O,v, =0 on (—a,a) X dw
Va(=0ay-) = hq, va(+a,-) = u* (+a,-)
with dyu, > 0 in (—a,a) X w.
Of course, we can do this work for any translated function of ul, ie.

for the functions u? . : (z1,y) — wi(z1 + 7,%) for any 7 € R. We would
obtain functions v, . by the same way. From the uniqueness results above,
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trom the classical a priori elliptic estimates and by a compactness argument,

the functions v, , are continuous in 7. Since h, - = min_ u’ . — 1 as
’ {—a}xm

T — o0, and maz ue(a,-) — 0 as 7 — —oo, it comes that there exists
7 € R such that uv; = g, is solution of the initial problem (P, ), with the
normalization condition max u.(0.-) = h.

As usual, one passes to fhe limit ¢ — +o00. For some subsequence, one
has u, — win CL*(E) such that

loc
Au — f(ry,y. c)0u+ flz,u) =01in X
dyu =0 on 9%

max u(0,) =h
w

and d;u > 0 in X. There exist functions ;. defined on @ such that
u(+o0,y) = ¥i(y) Vy € @, and vy satisfy the limit problems

Atpy + fr(tpe) =0inw
Oyth+ = 0 on dw
By integration of these equations and since « is increasing in «;, it comes
immediately that ¢v_ = 0 and ¢, = 1.

Remark. — The methods developped in §2.1.2. in cases I and II do not
work in case III. One could answer whether there exists a solution of (P)
for any ¢ > ¢* or even only for ¢ > ¢*. This question is still open.

3. NECESSARY CONDITIONS,
PROOFS OF THEOREMS 2, 3, 4

3.1. Bounds on the eventual speeds c solutions:
proof of theorem 2

3.1.1. Cases I and 11
(“ignition temperature” or “bistable” cases),
proof of inequality c_ < ¢ < c.

Let us suppose that there exists a solution (¢, u) of (P) such that dyu > 0
and ¢ > c. Since f(z1,u) < fi(u), B(x1,y,¢) > fi(y,c) and d1u > 0,
it comes that

(3.1) Au— G (y,c)01u+ f(u) >0in X
Let us remark that

Auy ~ B (y, €)0us + fi(uy) <O
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because we have supposed that ¢ > ¢y, and since dyuy > 0. In order
to obtain a contradiction, we will firstly compare u and %, in oo and
secondly we will use a sliding method. This approach is general and is
available in both cases I and II. Other proofs are given in [11] and [17].

Study of w and u, near —oo

Case I: the non-linearity f. is of type A and f1 = O on [0, §.]. Berestycki
and Nirenberg proved in [7] that the behaviour of the function . solution
of (P,) is given by
(3.2) wy(x1,y) = eMhy (y) + o(eM ™) as 2 — —o0
where the real A, is > 0, the function ¢, > 0 on @. The function
wy = eM"1¢, (y) is solution of

Awy — By (y,c4)0wy =0in X
d,wy =0 on 0%
From (3.1) and the profile of f,, we have
Au - B4(y,¢)01u > 0in ] = 0o, —N| X w

for N large enough. On the other side, as ¢ > ¢, we have fw By, c)dy >
|, B+(y, c+)dy > 0 (by integration of the equation satisfied by u.). Hence,
from the results of [7], there exists a function w of the form w = e**1 ¢(y)
with A > A, > 0 and ¢ > 0 on @ solution of

Aw — f4(y,c)0w =01in 2
d,w =0 o0ndx

Thus, the function z = u — w satisfies

Az~ B (y,c)012 > 0in | — oo, —N| X w
d,z=00n (—o00,—N) X dw

and after multiplication of w by a positive constant large enough, one
can suppose that © < w on {—N} x @. The maximum principle and Hopf
lemma yield

(3.3) u<win]—o0,~N|xw

On the other side, we have recalled that uy, ~ e*+®1¢ (y) as 11 — —oc,
with ¢, > 0 on @ and A > A, > 0. Thus, it results from (3.2) and (3.3)
that for N’ large enough, we have

u<ugin]—oo,—N'|x©
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Case II: at first, the function ».. solution of (P, ) has the same behaviour
in —oo as in case L

The source term fi is now of type B, hence fi(0) < 0, and from
the results of [7], for all 0 < e < —f/(0), there exists a function
we = %1 (y) with A, > 0 and ¢ > 0 on @ solution of

Awe — By, c)01we + (f,.(0) + e)w, =0in X
Jy,w. =0 on 0%

The real A, is the unique positive solution of the equation
/\3 = /L1(~A + /\fﬁ+(yvc) - f;(()) - 6)

where in a general way, j1(—L) designates the principal eigenvalue of
the elliptic operator I with Neumann boundary conditions. Thus, A.
is continuous in ¢ and for ¢ = 0, we have A\p = A > 0 such that
X = (=2 + A (y,¢) — fL(0)).

On the other hand, since ¢ > ¢, (which implies 3, (y,¢) < Bi(y, ),
we have already remarked that A > A, (like in case 1). Hence, for
0 < o < —f(0) small enough, we infer A, > A,.

Asu = 0 uniformly in y € & and Au — Bi(y,c)0u + fi(u) >0,

ryp——o0

there exists /N large enough such that
Au— By, )hu+ (fL(0) +e)u>0in]—o0, —N] xw
Thus,

Alu — we,) — B+ (y, )01 (u — we, ) + (f1(0) + €0)(u — we,) = 0
in]—o0,-N]xw
Oy (u —we,) =0on (—o0,—N) X Ow

Since f7,(0)+€o < 0, multiplying w,, by a positive constant in order that
u < w, on {—N} x w, it follows from the maximum principle and Hopf
lemma that u < w,, = e*o®1 ¢, (y) in | —oc, —N] x@. But, A, > A} and
Up ~p oo €+ ¢4 (y). Hence, as in the first case, one concludes that

w < Uy in ] — 0o, —~N'] x @ for N’ large enough

Study of w and u, near 400
In both cases I and II, from the results of [7], the asymptotic behaviour
of the function u, solution of problem (P, ) as x; — +oc is given by

uy =1 — e 19, (y) + o(e#*+™) as w1 — +00
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where 1 <0, ¥4 > 0 on w and W, = e#+*14p, (y) are solutions of

AWy = By, e )Wy + fL ()W, =01in 2
0,W, =0on 0%

In both cases I and II, we systematically have f/ (1) < 0. As above, for
any € > 0, there exists a function w, = e*<“14).(y), where the real y. is
< 0 and the function v > 0 on @, solution of

Aw, — By (y,c)w. + (fi(1) — €)w, =0in X
O,w, =0 on J¥

where the real y. is the unique negative solution of
pe = (=D + pefe(y,¢) — (f1(1) =€)

The eigenvalue p. depends thus continuously on € > 0. But, for ¢ = 0 we
have pg = g such that p? = p (= A + pB4(y,¢) — f4(1)). Since ¢ > ¢y
(which yields 3, (y,¢) > B+(y, cy)), if follows from theorem 2.1 ¢) of [7]
that 4 < g < O and then for €; > 0 close enough to 0, we have

M < He, < 0
On the other side, from (3.1), the function v satisfies
Al —u) = By(y. )0 (L —u) — fo(u) <0in X

and (f) (1) — e1)(1 —u) < —f(u) in the neighbourhood of « = 1 that is
to say if x; is large enough. Hence, for N large enough, we have

{A(l—u)-ﬁ+<y,c)61<1—u> + (fi(1)~e)(1—u) < 0 in [N, +oo[xw
d,(1-u) =0 on 0%

This implies that the function 1 — u — w/ satisfies

A(l—u—wl )=By(y,c)o(l-u—w. )+ (fi(1)—e)(1—u—w,
< 0in [N, +oo[xw
0,(1 —u—w. ) =0o0nd%

From the maximum principle and Hopf lemma, since f (1) —¢; < 0,
we can conclude as above that

1—u>w =elayh (y) > "™y (y) ~ 1 — uy near + oo

It follows that v < uy in the neighbourhood of +oc.
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As a consequence of the arguments above, in each case I and 1, there
exists £ > 0 such that

u < ug on (]~ oo, —R|U[R,+oc]) X @

Since w4 is increasing in x; and v is bounded by a constant § < 1 on the
compact set [—R,+R] X @, there exists 7 > 0 such that

w< ug(e +1y) VY(z,y)€X

As the behaviours of u and w, are exponentially different in +oc, one
can translate the graph of u_ (- + 7,-) to the right in such a way that

u<uy (o +5,y) in ©

with equality somewhere in Y. Thus, the function z = u — u_ (- + s, -)
satisfies

Az - ﬁ(x17y7C)BIZ + f(:’;l’u) - f+(U+(J!1 + S,y))
= (/B('Tlryvc) - /84-(:[/: C+))61’1L+(1171 + S,y) in X%
d,z =0 on 9J¥

Since B(z1,y,¢) > Bi(y,¢) > B+(y,cy) (F is non increasing in
zy and ¢ > cy) and since Oyup > 0, fi(u) > f(r1,w) and fi
is lipschitz-continuous, there exists a bounded function c¢ such that
fr(u) = fr(ugp(zr + 8,9)) = e(r)2, and

Az — B(x1,y,¢)dz +c(x)z >0in &

Since z < 0 with equality somewhere in ¥, it results from the maximum
principle and Hopf lemma that z = 0. That is a contradiction with the
behaviours of v and u, as x; — Zoc.

Remark. — We would obtain a similar contradiction if we supposed that
c < c_.
3.1.2. Case III: proof of inequality c > c*

The proof is identical to this of [7](§8). One supposes the contrary, that
is to say ¢ < ¢*. Thus, with the notations of §2.2.1., for e < 0 and 6 > 0
close to 0, we have ¢ < ¢y where (c§, uy) is the unique pair solution of

Aug ~ B_(y,cg)Oug + (f-xe)(ug) =0in T
dyuy = 0 on 90X
ug(—00,-) = —€ < uj < ug(+o0,-) =1
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where yj is a smooth function, > 0, such that y, =0 on [0,6] and xy =1
on [26,1]. The function f_ is extended on R_ by f_ =0 on R_.

As in the proofs of §3.1.1., up to translation, one has uj < wu with
equality somewhere in Y. But,

A(ug — u) — Blz1,y,0)01(uf — u) + (xa f-)(u§) — (xo.f-)(u)
= (ﬂ—(yv Cf)) ;Oﬁ(xlv Y, C))&;’Ié;

+(f(z1,u) ;_OXef—(U)) >0in %
~ 9,(u§ —u) =0o0ndT

Thus, ug = u. This is impossible from the behaviours of these functions
as r; — —oC.

3.2. The solutions are increasing in z;:
proof of theorem 3

With the assumptions on the behaviours of the functions 3 and f near
+oc, and f as w — 0 and 1, assumptions which we assume in all what
follows, some of the properties of monotonicity and partial uniqueness
enounced in theorem O for problem ( P;,,, ) are preserved in the non invariant
by translation case. We will use the results of the appendix on the asymptotic
behaviour of solutions, which are a little stronger than what we actually
need in this section.

Let (¢,u) a solution of (). From the maximum principle and the Hopf
lemma, it immediately comes that 0 < u < 1 in . All the hypotheses
of theorems 1 and 2 of the appendix are required (behaviours of 8 and f
as £y — too and f_ and f, near O and 1 respectively). The principal
eigenvalue of the elliptic operator —A, — f’ (0) with Neumann boundary
conditions is p; = — f’ (0) with principal eigenfunction ¢ = 1. In cases II
and III, we respectively have j; > 0 and p; < 0.

Incase I, iy = 0 and h(z1,s) := f(x1,8)— [ (0)s=0for 0 < s < H,.
In case I, in order to apply theorem 1 of the appendix for the behaviour of
u as 21 — —oo, it only remains to prove [ B_(y.c) > 0 (¢ =1 is the first
eigenfunction of —A). Let us integrate the equation satisfied by u in .
Since dyu — 0 as |x1] — +oo (from the classical a priori estimates) and
since J,u = 0, the integral fz Aw exists and = 0. Hence,

0< [ fla1,y,u) = lim / Blz1,y, )oru(z1,y)

Ju 20 , 350 a—4o0
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By integration by parts, it comes

/ | Bz, y, ¢)Ou(xy, y)dzdy

wd—a

= /(ﬂ(a,y,c)'lt((u y) - [3(—u,y,(z)1t(—a,y))dy

+// =B, (1, y, )ulxy, y)de dy

From the uniform convergences of 3 to $4 and w to 0 and 1 as x; — +o0,
it comes that the first term converges to [ 3. (y,c)dy. In the second term,
we have —0,, (z1,y,¢) > 0, and 0 < u < 1. Hence,

0 S / / "/H.Ll (.’1:1, y’c)u(J;IVy)(lmldy

S / _ﬁml (l'lvy?c)dxldy

— [0 = Blay Dy = [ (5-(.0) = Bl )y

Lastly, it follows that

()<Lf(:1:1,y,u)S/‘ﬁ,(y,c)dy

Hence, from theorem | of the appendix applied in cases I, II or III, the
behaviour of « near —oo is

{ u(zy,y) = eMrg(y) + o(er™r)

as r{ — —X

Vu(zy,y) = V(A ¢(y)) + o(e™)
or may be in case IlI,

{ w(zy,y) = e (=210(y) + do(y)) + o(e*)
Vu(zy,y) = V(X (=z1¢(y) + ¢o(y))) + o(e*)

with anyway A > 0, ¢ > 0 on w solutions of

{Agf) + (A7 = M0-(y,¢) + fL(0))p =0 in w
Oy¢ = 0 on Ow

as r; — —0oC

In order to study the behaviour as z; — 400, we investigate the operator
—A, — fi(1). Its principal eigenvalue is —f/ (1) > 0 in each case I, 1l
and III. From theorem 2 of the appendix, it comes that

{ ’LL(.’L’l, y) =1- e“‘”lz/;(y) + ()(6“""1)

V?L(.’L‘l,y) = "V(C“zl'z/)(y)) + 0(6’“”1) as r; — +oo
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with anyway ¢ < 0, ¢ > 0 on @ solutions of

{M) + (1 = pB(y,0) + (1)) =0 inw
3,1 = 0 on dw

We can thus see that for R large enough, we have dyu > 0 if |z, > R,
for all y € w. Since 0 < u < 1 in ¥ and from the growth of u near 4o,
we can even say that there exists some Ry > R such that

u(=Ro,y) < u(z1,y) < u(Ro,y) Y(x1,y) € (—Ro,Ro) X @

As (3 is decreasing in x; and f is increasing in x;, we can apply general
theorem 2.1 of [8] on the sliding method and obtain directly that u is
increasing in 71 in (—Ry, Ry) x @ and finally that d;u > 0 in X.

Moreover, since f and 3 are derivable and lipschitz-continuous with
respect to x;, one can derivate the equation satisfied by u. From the strong
maximum principle and Hopf lemma, we infer that d;u > 0 in ¥. That
ends the proof of theorem 3.

3.3. Structure of the solutions in cases I and II:
proof of theorem 4

3.3.1. Comparison between solutions with different speeds

Let us only consider in this section the cases I and II (“ignition
temperature” or “bistable” cases). Let us suppose that (c,u) and (¢, u’)
are solutions of (P) with speeds ¢ < ¢/. As in §3.2, the behaviours of u
and «’ as 7 — +00 can be explicited

u(z1,y) = " P(y) + o(eM) as x; — —o0
u'(#1,9) = X ¢ (y) + o(eX*) as #1 — —o0

with constants A, A’ > 0 and functions ¢,¢’ > 0 on w. The functions
w = eM1g(y) and w' = )" ¢/(y) are solutions of the linearized limit
problems
Aw - B_(y,c)0w+ fL(0)w=0in X
Aw' — B_(y,c)orw' + fL(0)w' =0in X
d,w = d,w =0 on 0%

From theorem 2.1e) of [7], since ¢ < ¢/, we have 0 < X < ).

Hence, v/ < w as x; — —oo. Similarly, we could obtain the same
comparaison as x; — —+00.

We actually want to prove that ' < u in 3. If this does not occur, as the
behaviours of u and v’ are exponentially different in 4-co, one can translate
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the function « to the left such that its graph touches this of /. In other
words, there exists a real 7 > 0 such that u,(xy,y) = w(z + 7. y) > o
in ¥ with equality somewhere. Hence, the function z = u, — u’ is > 0
with equality somewhere, and satisfies

Az = B(z1,y, ¢ )0z + f(1 + Tour) = flan,u')
= (B(x1 +7,y,¢) = Blz1,y,))01u, in B
J,2=0o0n 9J%

Since 7 > 0, (3 is non increasing in xq, ¢ < ¢ and dyu, > 0 (from
theorem 3), it comes that the second term of the above equation is < 0.
Moreover, f(x1 + 7,u,) > f(x1,u,) (f is non decreasing in x1). Hence,
there exists a function ¢ in L* such that

Az = Bla1,y, Y01z + ¢(z)z <0in ¥
{ J,7z = 0 on 9%

From the strong maximum principle and Hopf lemma, it comes that
z = 0. That is impossible from the behaviours of v and «' near toc.
That achieves the proof of part a) of theorem 4.

Remark. — From this result, it follows that if (¢,u) and (¢, u’) are
solutions of (P) such that rnaz u(0,-) = max u'(0,), then ¢ = ¢'. In both

cases I and II, for the invariant problem be translation (P, ), the speed
¢ solution was unique, and the function « was unique up to translation.
The result proved in the next section is the analogous for the non-invariant
problem (P).

3.3.2. Results of partial uniqueness:
proof of theorem 4 b)

In assertion b) of theorem 4, arguing by contradiction, it suffices
to prove that if (c,u) and (c,u’) are solutions of (P) such that
maz u(0,-) = max u'(0,-) = h € (0,1), then u = «. From the hypotheses
made for theorem 4, we can apply theorems 1 and 2 of the appendix for
the asymptotic behaviours of u and u' near +oc: we have already seen in
§3.3.1 that the behaviours of « and «' in —oo are given by

{ u(wr,y) = 1 ¢(y) + o(e)
ul(l'lv y) = CC)‘“Q‘)(y) + 0(6)“"’1)

where C' > 0. The eigenvalue A > 0 and the eigenfunction ¢ > 0 in w are
the unique solutions (up to multiplication of ¢ by a positive constant) of

A+ (N = XB_(y,e)+ [ (0)p=0inw
dy¢p =0 on Ow

as r; — —oC
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In the same way, since 1 (—A — fi(1)) = —f,.(1) > 0, we can write

{ u(zy,y) = 1 — "1 4h(y) + o(eM™)

W (z1,y) = 1 — C'er™14h(y) + o(eh) as xqp — +00

with C' > 0, 4 < 0 and % > 0 on @ solutions of

{M) + (1 = pBi(y. o) + fL(1)p =0inw
9,7 = 0 on Jw

The pair (u,) is the unique solution with ;1 < 0 of this problem, up to
multiplication by a constant for .
Let us recall that maz u(0,-) = maz ¥ (0,-). We will now translate

the function u to the left. For any s > 0, let us define the function
ws(x1,9) = u(z + s,y) in X. The function u, clearly satisfies

us(1,y) = MM P(y) + o(e?™) as 2, — —o0

u (1. y) =1 — e’ e 1)(y) + o(e!™) as 1 — +00

Hence, since v’ is continuous and 0 < u/ < 1 in %, it comes that for
some t' > 0, we have uy > o’ in 3. Let us now decrease ¢’ such that, for
a real t < ¢/, one of the following situations occurs:

i) u; > o in ¥ with equality somewhere in ©

ii) uy > « in ¥ and e** = C’

iii) uy > ¢ in ¥ and eM = C
With the normalization condition on « and «’ on {0} x @ , one of the
previous situations must occur for a real ¢ > 0,

If case i) occurs, then let us note z = wu; —u’. The function z > 0 satisfies

Az = B(x1,y,¢)0 2z + (f(x1,u) — [y, o))
= (ﬂ('l‘l + tayac) - ﬁ<$17y70))a1ut
+(f(xr,u) = flry +tuy)) in B
J,z =0 on Jd%

Since f is lipschitz-continuous in w» uniformly in z;, there exists a
function ¢ in L>°(X) such that f(z1,u;) — f(z1,u’) = ¢(z)z. On the other
hand, from the monotonicity properties of 3 and f and theorem 3, we have
(B(zy +t,y,c) — Bz, y.¢))0ue <0 and flag,u) — flwr + tu) <O0.
Hence the function z satisfies

Az — Bz1,y,¢)012 + c(x)z2 < 0in X
0,z =0on 0%
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As z > 0 and z = 0 somewhere in %, we conclude from the strong
maximum principle and Hopf lemma that z = 0 in X. Since dqu, d1u’ > 0
in ¥, and from the normalization condition on {0} x @, it comes that
necessarly t = 0 and thus v = o',

In case ii), since f3 is independant of z; near +oc, for NV large enough,
the function z = w, — v/ satisfies,

Az —fBi(y, )01z + f,(1)2 = A+ B in [N, +oo[xw

where we define A = f(u) — fx1 + t,u,) + f(zg,0)) — fo(v') and
B = (f4(0(u — 1) = f(w)) + (f(u) = fL(D)(w' = 1)).

In case ii), we have implicitely supposed that z > 0 in ¥ (otherwise,
case 1) occurs). From the definition of z, we can write that z < C"e#<t
near +oco. On the other side, from the hypotheses on f near +oco, the
term A satisfies

Vo >0 |A]=0(e ™) as 21 — +oc

Furthermore, from the assumptions on f, as u — 1 (f, is of class C1:

near 1), it follows that
B<MI—u+1—u)2z< Me 1z near + oo

Since p1(—A, — f1.(1)) > 0, we can argue as in the proof of theorem 2
of the appendix and conclude that there exist p > 0 and ¢ > 0 such that
(3.4) z = pe'*iah(y) + 0" =9%) as 1 — 400

We recall that the eigenvalue p < 0 and the eigenfunction ¢ > 0 satisfy
the eigenvalue problem

{Aw + (1 = pBi(y, )+ fL()p =0inw
9,1 = 0 on dw

From the construction of p < 0 in [7], we can add that for ¢ > 0 small
enough, there exists some pair (g, %) solution of

A"’/)e’ + (/LE’ - :u‘e’ﬁ-l-(ya (:) + f/+(1) - 6/)1/)5’ =0inw
8,,’(/)5/ = 0 on dw

with pe < p < 0 and ¢ > 0 on w. By an argument of compactness
and uniqueness, we can say that u. — g as € - 0. Hence, there exists
¢ > 0 small enough such that

p—e< pe <p<Oand u(6+1) < pe < p
Let us now call w = e*<*'4).(y). This function w satisfies

Aw — fi(y,¢)01w+ (fL(1) —€)w=0in 2
d,w = 0 on 0%
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Let us now note v = z — w. We want to prove that v > (0 near +oc.
This function v satisfies

Av = fBi(y,e)0v+ fL(l)v=A+B-¢€e"" "¢ (y)in S

From the study above, near +oc, we have A < e™*"* for all & > 0 and
B < M'er(148)21 Ag (1 4+ 6) < per < 0 from the choice of ¢, it follows
that for N’ > N large enough,

A+ B— ety (y) <0in [N, +o0[xw

Since z > 0 on {N'} x w, we can multiply w by a positive constant such
that v = 2 —w > 0 on {N’} x w. From the maximum principle and Hopf
lemma, and since f’ (1) < 0, we conclude that v > 0, that is to say

22> C"et " yp (y) in [N', +o00[xw with C" > 0

On the other side, p—e < p < 0. From the behaviour of z as x; — +o00
(3.4), that implies that p > 0, but that contradicts the hypothesis made for
this case i1). In conclusion, this case can not occur.

If case iii) occurs, then we now come back to the starting point and
translate this time u to the right and then to the left such that one of the
threee situations analogous to cases i), it) or iii) occur, but this time for
uy and v where ¢ < 0. We conclude as above that © = «/ in case 1),
and that case ii) is impossible. If case iii) occurs then we have et = C
and e’ = C with ¢ < 0 < ¢. This clearly implies that ¢ = ¢ = 0. As
u; > u' in 3, that leads to a contradiction with the normalization condition
on {0} x @. Thus, case iii) can not occur. Hence, only case i) is possible,
that is to say v = «'. That achieves the proof of theorem 4 b).

Remark. — We can not a priori show that if « and u’ are solutions of (P)
with the same speed ¢, then w = «’ up to translation. Indeed, in order to
apply the strong maximum principle to conclude such a conclusion, we can
not translate the functions in any way (to the left and to the right) because
of the monotonicity properties of 3 and f.

3.3.3. Proof of the last two conditions of theorem 1 a)

We first consider the two cases 1 and II (“ignition temperature” or
“bistable” cases), and the functions uy solutions of

Auy — Bi(y,ca)Ous + fe(ur) =0in B
(Py) d,uxr = 0 on 9%
ug(—00,+) =0, ug(+o0,-) =1
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We proved in §2.1.1 that ¢ < ¢,. It only remains to show that ¢ < ¢,
if fo# frand [f_(1 - s) — fo(1 - 8)] = O(s'™) as s — 0 for some
6 > 0. Let us suppose that ¢_ = ¢, which we call ¢, and show that
f- = f+. Like in §2.1.1, the hypothesis G_{(-,¢) Z .(-,¢) would yield
a contradiction. Hence, we have §_(-,¢) = 3.(-,¢), which we rename
B(-,c). The functions uy satisfy the following equations:

Aug — [y, c)ous + fe(ug) =0in %
In each case I and II, the behaviours of u4 as x; — oo are given by
us(z1,y) = Cre’t ™ ¢y (y) + o(e*t™) as 2, — —oc

ug{rr,y) =1 — CLe!*=" o (y) + o(e!*") as 1 — 400

where Ay > 0, pg <0, ¢4, 934 > 0 on W are solutions of

{Aqﬁi + (AL = ALB(y, ) + fi(0))¢s =0 inw
81/915313 =0 on Jw

{Awi + (12 = paBy,e) + FL())gy =0 inw
d,Y+ = 0 on dw

Like in §2.1.1, we have A_ > AL > 0 and puy < p_ < 0 with equality
if and only if f/ (0) = f.(0) and f_(1) = f (1) respectively.

We can now argue exactly as above in §3.3.2. Up to translation, we can
suppose that max u4(0,-) = max u_(0,-). Translating the function w

to the left enouwgh to be greater ‘than «_ in >, and then to the right, we
would necessarly be led to consider the three cases 1), ii), and iii) of §3.3.2.
Case i) where u4 > w_ with equality somewhere is treated as in §2.1.1 by
the maximum principle and Hopf lemma. To conclude in case ii) (which
occurs if and only if f’ (1) = fi(1), i.e. y:= p_ = py), we introduce
the function z = u, — u_, and write

Az — By, c)dz + fi(1)z
= (f-(u-) = fr(u-))
+ ((falus) = frDus) = (fo(us) = Fr(Duy)

From the assumptions on f, (s) and f_(s) as s — 1, the second member
is O(er(1+®x1) a5 21 — 400, That allows to apply the arguments of the
end of the proof of theorem 4 b).

Case iii) is treated in the same way as in §3.3.2.
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In short, we conclude that ©_ = 1, up to translation. Since u_ takes its
values on (0, 1), it follows that f_ = f,.

In case T (“ignition temperature™), when f/ (1) < f.(1) < 0, then we
have ¢_ < c.. Indeed, since f_(s) = fi(s) = 0 in a neighbourhood of
s = 0, we can argue as above by a change of variables x] = —ux; (let us
remark that the equality of the asymptotic behaviours as z] — —oc, ie.
case iii, can not occur because we assumed that f' (1) < f' (1) < 0).
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APPENDIX:
EXPONENTIAL BEHAVIOURS

1. Main results

In this appendix, one studies the properties of any solution u of the
following elliptic semilinear problem

Au— B(z1,y,¢)0u+ f(zy,y,0) =0in X
(P J,u =0 on 0%
u(—00,-) =0, u>0

We first mention the works [1], [6], [7], [15] and [18] on the solutions
of similar equations, but with no dependance on z;. Problem (P’) is more
general that problem (P) since the non-linearity f may depend this time
on the transversal variable y. The same assumptions of regularity as in
the introduction are made on f and 3. Moreover, f is lipschitz-continuous
with respect to all variables, and f(z1,y,0) = f(z1.,4,1) = 0 for all
(#1,y) € . One systematically assumes that f is non decreasing in x,
and [ is non increasing in .

Moreover, one introduces additional assumptions on the behaviours of
B and f as x; — +oc. Some of these hypotheses correspond to those of
theorems 3 and 4 given in the general introduction.

Firstly, Voo > 0,

{ [ flz,y,u) — f-(y,u)] = O(e*1) as w1 — —oc
[flri,y,u) — foly,u)] = O(e ™) as 1 — +00
uniformly in (y.u) € @ x [0, 1].
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Secondly, the functions d,f_(y,0) and J,f+(y,1) exist. Let us note
d(y,s) = f+(y,1 —5)+ O, f1(y.1)s. We assume that there exist constants
M.,6 and s; > 0 such that

|f4(y7 3) - (‘)uj—(T/w O)b| S MSl_HS \/y cw VO S S S Sg
|f+(y 1- é’) + (‘)u,f-i-(yﬂ 1)St S MSJ-I_é V?j cw Y0 S 9 S S0
|d(y,s) —d(y,s")| < M|s —s'|(s+5)° Vyew V0<s,8 <sg

Thirdly, 7 decays faster than some exponential near +oc. More precisely,
there exist reals 6+ > 0 such that

{lmn.,y., &) = By, €)= O(e™571) a5y — +oc
|8(x1.y.¢) — B_(y.c)] = O(e®*1) as x; — —oc

uniformly in (y,c) € @ x R.

In order to study the exponential behaviour of u near —oc, let us note
pi1 the principal eigenvalue of the elliptic limit operator —A, — d,, f_(y,0)
with Neumann boundary conditions and o the principal eigenfunction, i.e.
o > 0 on w and satisfies

{‘Ay()’ -, f-(y,0)0 = pyoinw
d,0 = 0 on dw

THEOREM 1. — Assume that 8 is non increasing in x1, f is non decreasing
in 11 and the hypotheses above are satisfied. In each of the following cases,
a) pp >0
b) pp <0 _
¢)pr =0, flz,y,8) — Ouf(y,0)s SOV O <5 <59 V(z,y) €X
and [ B_(y,c)o(y)* > 0,
if w is a positive solution of (P') then
, { u(zy,y) = M d(y) + o(er)
7
Vu(er,y) = V(e g(y)) + ofe)
i) { u(r,y) = N (—r19(y) + Poly)) + o(er)
OF i1 ,
Vu(ay,y) = V(e (~x16(y) + ¢o(y))) + o(e*)
with A > 0, ¢ > 0 on W solution of

{qub + (/\2 - /\/7)- (!j (—') + auf*(y()))(/) =0inw

as ry — —oo

as ri — —o0

d,¢ = 0 on dw

The real A > 0 is unique in cases a) and c). Besides, case ii) may only occur
if p1 < O (but this is not sufficient, see [7]).
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For the study of the functions near +oo, let us note (P") the following
problem

Au - 3z, y,0)01u+ f(x1,y,u) =0in X
(P d,u =0 on 0%
u(+oc,-) =1, u <1

Let us now note u} the principal eigenvalue of the elliptic operator
—A, — 0, f+(y, 1) with Neumann boundary conditions and ¢’ its principal
eigenfunction. The behaviour near +oc is given by the similar theorem

THEOREM 2. — Assume that (3 is non increasing in x1, [ non decreasing in
x1 and the hypotheses above are satisfied. In each of the following cases

a) py >0

b) py <0

c) py =0, flzr,y,s) — Oufi(y,1)(s—1) > 0Vl -5y < s <1,
V(x1,y) € ¥ and [ By(y,c)o’(y)* < 0,
if u is a solution < 1 of (P") then

i) { u(z,y) =1 - e""19(y) + ofe*")

) \Vatn,p) = =V (e19(3)) + ()

{ u(an,y) =1 — e (219(y) + Poly)) + o(e'*")
Vu(zr,y) = =V(e" (z19(y) + ¢o(y))) + o(e)

with ;1 < 0, ¥ > 0 on @ solution of

Ay + (1% = pBe(y,¢) + Oufr(y. 1) =0 inw
0,y = 0 on Ow

as r; — +oo

or i)

as r; — —+oc

The real ;1 < O is unique in cases a) and c). Besides, case ii) may only
occur if p) < 0.

2. Proofs of theorems 1 and 2

For the proof of theorem 1, let us note ¥_ = R* x w. Let us consider a
positive function « of problem (P’). In other words, u is a positive solution
in W2P(%7) of the elliptic problem

Lu=0in¥_
(PL) dyu =0onR* x dw
u(—00,:) =0, u>0
where L is the elliptic operator L = A + 3(z1,y,¢)01 + ¢(z) and the
functions = — G(z1,y,¢) and z — c(x) = favyw) are in L>=(3_)
u
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from the assumptions on ( and f. From theorem 3.2 of [7], which is a
consequence of the Harnack inequalities up to the boundary for positive
functions, it follows that there exist constants ¢ > 0, ¢; > 0 and ¢y, > 0
only depending on sup |5(x1,y,¢)|, sup |c(x)] and w such that

rEX— re¥—

(1) Cre™ < u(wy,y) < Cee™™ in X_

Hence, u can not decay faster than any exponential. Let us now show
that u actually decays faster than some exponentially decreasing function
in X_. At first, we need the following intermediate lemma

LemMMA 1. — If there exists a function ag defined in W which satisfies one
of the following assertions:

Case 1: f(x1,y,8) < ap(y)s for 0 < s < so(so > 0) and —x; large
enough, and the first eigenvalue p(—A — ag) is > 0.

Case I': f(x1,y,5) < ap(y)s for 0 < s < so(so > 0) and for —x large
enough, the first eigenvalue j11(—A — ag) = 0 and [ B_(y,c)o?(y) > 0
where o is the principal eigenfunction of —A - ay.

Case 2: f(x1,y,8) > aoly)s for 0 < s < s9(so > 0) and for —xy large
enough, and the first eigenvalue j11(—A — ag) is < 0,

then there exist ¢ > 0, Cy > 0 such that

(2) w(x) + |[Vu(z)] < Cre™ in L.

Proof of lemma 1 in cases 1 and 1':
From the results of [7], there exist an eigenvalue A_ > 0 and an
cigenfunction ¢_ > 0 on w solutions of

(=A —ag(y) = A2 +A_B_(y.¢)¢. =0inw
d,¢_ =0 on dw

We can solve the same eigenvalue problem with 3, (y,¢) := 3(z1,y,¢)
for any z; in case 1 and for —z; large enough in case 1’ in such a way
that [ B(z1.y,¢)o(y)? > 0 (this is allowed since [ B(x1.y,c)o(y)* —
J B-(y,c)o(y)* as x1 — —o0). There exist thus eigenvalues A,, > 0 and
eigenfunctions ¢, > 0 on w such that

(A —ag(y) — A2 + Ap, Be, (4,6))¢pe, =0 inw
O, ¢, =0 on Jw

If we suppose that the functions ¢,, are normalized in L*(w)
(|2, iz = 1) and ¢,, > 0, then the pairs (A, .¢.,) are unique. By
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an argument of compactness and uniqueness, and using the results of [7],
we can even add that \,, — A_ and ¢,, — ¢_ in W22(w) as 1 — —oo0.

Let us call Ly the elliptic operator Ly = A — f(x1,y,¢)01 + ao(y).
In cases 1 and l’, since u — 0 as £; — —oc, we have for z; < —A
(A large enough),

Lo(u) > Au— B(z1,y,¢)01u+ f(z1,y,u) =0in | — oo, —A] X w

Let us note A = A_4, ¢ = ¢_4 and v = e*1¢(y). Since B is non
increasing in x; and from the equation satisfied by A and ¢, we have

Lo(v) = (B(=A4,y,¢) — B(z1,y,¢))01v <0in ] — oo, —A] x w

and moreover w = u — Ce*1¢(y) < 0 on {~A} x W if C > 0 is large
enough. We have thus Lo(w) > 0 and we want to prove that w < 0 in
] — 00, — A} x w. But the zero-order term ag(y) is not negative. Let us recall
that the first eigenvalue ¢ > 0 on @ is such that

(=A —ao(y))o = mo inw
d,0 =0 on dw

Let us define a function z such that w = oz, we can then write
L 2
0< o _ Az+ —=Vo-Vyz - B(z1,y,¢)012 — iz in] — oo, —A] x w
o o
d,z=0o0n]— o0, —A] X dw

Since —p1; < 0 and z < 0 at —o0 and on {—A} x @, the maximum
principle and Hopf lemma imply that z < 0 in | — 0o, —A] x w. Hence,

u < Cerp(y)in ] — oo, —A] x @

Since u satisfies an elliptic equation and J,u = 0, the classical a priori
estimates up to the boundary yield

[Vu(z1,y)] < C'K maz u(,m)in] —oo,—A -1 xw
—zql<1/2
new

The proof of formula (2) is thus ended if we just change C and C’.

Proof of lemma I in case 2. — This time, for A large, the function u
satisfies

Lo(u) = Au — B(z1,y,¢)0iu+ ao(y)u < 0in ] — oo, —A] X w
dyu=00n]—-o00,~A] X w
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Since the functions 3 and ay are bounded and since g1 < (), we can
apply lemma 3.1 of [7] and write that there exist constants ¢ > 0 and
C > 0 such that

—N .
/ / w< Ce ™ YN > A. N integer

Next, from the classical a priori estimates up to the boundary, we have:

z1+1
w(ry,y) + | Vu(zy, y)| < Cy / / u
Jei—-1 Jw

This achieves the proof of lemma | in case 2.

Let us recall that we have introduced p, the first eigenvalue of the
elliptic operator —A — 9, f_(y,0) and o the principal eigenfunction of this
operator. We can now precise the exponential decay of the solutions v of
(P') from the following lemma :

LEmMmA 2. — There exist constants‘Cl, C,a,b > 0 such that

(3) Cye™t < ulxy,y) < CePin X

(3) |Vu(zy, y)| < CreP™ in ¥ _

in each of the following cases

—case 1: pp > 0

—case I': py =0, h(zy,y,8) = f(z1,9,8) — A f-(9,0)s<0 VO<5<s,
V(x1.y) and [ B_(y,c)o*(y) >0

— case 2: py < 0

Proof. — The left part of inequality (3) corresponds to the left part of (1).
In order to prove the right part of (3) and (3'), we will come down to
lemma 1.

In case 1/, we apply directly case 1’ of lemma 1.

In case 1, let € > 0 such that p(—A — 9, f (y,0) —€) > 0 and define
ao(y) = 0 f_(y,0) + €. It only remains to prove that f(x;,y,u) < ag(y)u
in the neighbourhood of —oc. We can write,

f(:”'h Y, u)'—a’(](y)“' = (f(Tl 'Y, “’)_f——(yv YL))+(f_ (y, “)—auf—(yﬂ O)u_ﬂl’)

From now on, A denotes a positive constant large enough. Let us recall that

u > Cre® (from (1)) and |f(z1.y.u) — f(y,u)|] < eletD71if 1) < — A,

V(y,u) (by the hypothesis made on f, with & = ¢ 4 1). Hence,
|f(z1,y,u) — f-(gu)] < €/2u ifz; < -A
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On the other hand, since © — 0 as x; — —oc, we have
If-(y,u) = Ouf- (v, 0)u] < Mu'*® <e/2u ifz; < —A

Hence,
f(@,y,u) —ap(y)u <0 ifr; < -A
Case 2 can be treated in the same way.

End of the proof of theorem 1

Here, we will make use of several results on the asymptotic behaviour
of solutions of elliptic equations in cylinders, in the linear and non linear
cases. These results were proved in more general situations in [1] and [15],
and were recalled in [7] and {6].

At first, from theorem 4.2 of [7] and from [1], if «° is a solution of
the linearized problem

(P1) {Au“ — B (y,¢)01u° + 8, f—(y,0)u’ = 0 in X _

d,u° =0 on R* x 0w

and if u° satisfies |u®(zy,y)] < Cpe®® in ©_ for some Co,b > 0, then
there exist an exponential solution w = e**11)(xy,y) of the linearized
problem (PL) and € > 0 such that

0 {qtnd) = 2glan 4 06

Vu(z1,y) = V(A1(z1,y)) + O(ePFde) #8517 7

where X > b and 4 (21,y) = (—=21)*¢i(y) + - + Poly) Z 0.
Next, let us remark that « actually satisfies the unhomogeneous problem
(PL):

Au — f-(y,c)01u+ 0uf-(y,0)u
= r(z) = (B(z1,9,¢) ~ B-(y,¢))ru
(PL) —(f(@1,9,u) = f-(y,u))
+(8Uf—(y7 O)U - f—(ya u)) in3¥_
d,u = 0on R* x dw

From theorem 4.3 of [7], if there is constants «;, C' > 0 such that
Ir(z)| < Ce*™ in B

then u = u® + u* where u° is a solution of (P') and u* solution of (P").
Besides, for all ¢ > 0, there exists a constant C, > 0 such that

lu*(z1, y)| + |Vu* (z1, )| < C.el®=9% jn 5
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We will now argue as in [7]. Let
7o = sup {7 : 3C; such that u(z;,y) < Cre in ¥ _}

From the inequalities (3), we have 0 < b < 79 < a. For any 7 < 7y, we
have 0 < u(x1,y) < Cre™ and even [Vu| < CLe™ from the classical
elliptic estimates. From the hypotheses on the behaviours of 3 and f as
ry — —oo, and f_ as v — 0, it follows that

|'l"(1,')| S C_(ié'mc,/r(irwl +Ce(7+1)z; + Moi+ée‘r(l+b):r1
< CMemTT ag 1y — —o0

where m(7) = mun (7 +6_, 7+ 1.7(1 + 6)) > 7.
Hence, from the results above, we have for some D, > 0,

7+ m(r)
—
w (ry, )|+ Ve (z1.y)| < Dye 2 iy
[u(z1, )] + [ Vu' (21, y)]

T ;"L(T) — To +m(m) > 13. Hence, there

When 7 7~ 7y, we have
exist constants 8 > 0 and C' > 0 such that

(1, y)| + | Vur (e, y)| < CelomD=in y_
As a consequence, for any 7 < 7,
[ul(zy, )| < Cre™ 4+ Cel0tH0 < (CL+ C)e™ in ¥
From the first result recalled above, we can write

u(xy,y) = (a1, y) + o)
Vul = V(c“‘?ﬂ(m,y)) + 0(6Az1)

as xry — —

with A > 0 and w = e**t4)(x1, y) solution of the linearized problem (P).
The definition of 79 and the remarks above imply that A = 7y. Hence,

{ w(zi,y) = (e, y) +o(eM)

Vu(er,y) = V(e (o, y) +ofer) ©0T T

Let us note that we can even change o(¢**!) in the behaviours of u" and
thus of u by O(e+9=1) for some ¢ > 0. Since u > 0, we kave ¥ > 0
and from theorem 2.4 of [7] on the exponential solutions of linear elliptic
problems, it comes that

D) Y(rny) = oy)

or i) ¥(z1,y) = —x1¢(y) + doly)
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with a function ¢ > 0 on w solution of

Ag+ ()‘2 - /\ﬁ—(yac) + auf—(yvo))¢ =0inw
d,¢ = 0 on Jw

Moreover, case ii) can only occur if g7 < 0, but this is not sufficient, and
this corresponds to the only case where the pair (A > 0,¢ > 0) solution of
the previous problem is not unique (see [7]).

This achieves the proof of theorem 1.

Obviously, the proof of theorem 2 is similar. It only suffices to make
the change of variables ©; — —z; and v — 1 — u to come down to a
study of a behaviour near —oo.
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