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ABSTRACT. — We study a class of parabolic systems which includes the
Ginzburg-Landau heat flow equation,

uf — Auf + El2(|uf\2 -Du*=0
for u¢ : R? — R?, as well as some natural quasilinear generalizations for
functions taking values in R¥, k > 2.

We prove that for solutions of the general system, the limiting support as
€ — 0 of the energy measure is a codimension k£ manifold which evolves
via mean curvature.

We also establish some local regularity results which hold uniformly
in €. In particular, we establish a small-energy regulity theorem for the
general system, and we prove a stronger regularity result for the usual
Ginzburg-Landau equation on R2.
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424 R. L. JERRARD AND H. M. SONER

RESUME. — Nous étudions une classe de systemes paraboliques qui
comprennent 1’equation de chaleur Ginzburg-Landau,

— Auf + 1(|u | —Du=0

pour u¢ : R? — RZ2, ainsi que des généralisations quasilinéaires pour des
fonctions prenant leurs valeurs dans R¥ &k > 2.

Nous prouvons que, pour les solutions du systeéme général, le support
limite (lorsque ¢ — 0) de mesure d’énergie est une varieté de codimension k
qui évolue selon sa courbure moyenne.

Nous établissons en addition quelques resultats de regularité locale, qui
sont valides uniformement en e.
© 1999 L'Association Publications de 1'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. INTRODUCTION

We present in this paper a collection of results concerning the asymptotic
regularity and qualitative behavior of solutions of the Ginzburg-Landau
system,

Au+1(|u P_lwr=0 inRIx[0,T],  (L1)

u® € R%

We also propose and study a class of equations which we believe are natural
generalizations of (1.1). These systems have the form

p—2Vie(u)] - Ve 1

€ € €12 € _ - d
uy — Auf — 5 o () +6—2(|u| -Du*=0  in R*x[0,T],
(1.2)
u® € R¥, kE>2
Here
Vul? 1
ec(u) 1= | u| —I— W( ), W(u) = Z(|u12 -1)2 (1.3)

Of special interest is the case where p = k; this is a direct generalization
of (1.1).
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GINZBURG-LANDAU SYSTEMS 425

The Ginzburg-Landau system arises in a variety of contexts, including
models of superconductivity and of systems of coupled oscillators near a
bifurcation point, see for example Kuramoto [27]. Recently the associated
minimization problem has been studied in great detail by Betheul, Brezis,
and Hélein {4], [5], with refinements by Struwe [26], among others.
Neu [19], Pismen and Rubinstein [20], Rubinstein [21], E [9], and others
have analysed (1.1) and the associated Schroedinger-type equation using
matched asymptotic expansions. A number of results on the behavior of (1.1)
in two space dimensions were obtained by Lin [17], [18].

We view (1.2) as a natural generalization of (1.1) to energies with
nonquadratic growth in the gradient term. Given a solution u® of (1.2)
we define

Ef(u) = %es(uf)”/z. (1.4)

We think of E° as a energy density for the generalized Ginzburg-Landau
system. This interpretation is motivated by the fact that

I(u) = / B (u)dx

is formally a Lyapunov functional for (1.2). We remark that (1.2) is not
an equation for gradient flow for the functional I¢. However, it retains
many of the estimates satisfied by (1.1), estimates which are crucial to any
analysis of properties of solutions. (These estimates are chiefly presented
in Section 2).

Also, in the same way that (1.1) is a kind of model problem for
codimension 2 pattern formation, the generalized system (1.2) can serve as
a model problem for the study of higher codimension pattern formation.
This view is supported by the results we present in Section 3, which are
discussed immediately below.

Our results fall into two classes. First, we characterize the qualitative
behavior of solutions of (1.2) in the limit as ¢ — 0, in the case where
d > k = p. More precisely, given a family of solutions u¢ of (1.2) with
appropriate initial data, we define an associated family of measures v}, and
we show that the support of these measures, in the limit, forms exactly a
(d — k)-dimensional submanifold which evolves via codimension £ mean
curvature flow, at least for short times.

This result, which occupies Section 3, confirms the formal computations
of Rubinstein [21], Pismen and Rubinstein [20], and E {9] for the usual
Ginzburg-Landau system (1.1) in three space dimensions, and also applies
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426 R. L. JERRARD AND H. M. SONER

to more general situations. It is closely related to a number of recent results
about the asymptotic behavior of solutions of scalar Ginzburg-Landau
equations and related equations. For example, Chen [7], Evans, Soner and
Souganidis [11], Hmanen [23], and Soner {23] have shown that solutions
of the Allen-Cahn equation in a singular limit exhibit a sharp interface
which evolves via codimension | mean curvature flow. The latter three
papers establish this result globally in time, using various weak notions
of evolution via mean curvature. Analagous results have been established
for more general scalar reaction-diffusion equations by Barles, Soner and
Souganidis [2] and Jerrard [12], among others.

The larger part of this paper is devoted to establishing some regularity
theorems. We first prove a small energy regularity result. In Section 4
we prove that if certain weighted integrals of the energy density E* are
sufficiently small, then E* is in fact bounded in some smaller region.
This result is valid uniformly for parameter values ¢ € (0.1]. Our proof
uses a monotonicity formula and a Bochner inequality, following ideas
of Struwe [24], and Chen and Struwe {8]. Small energy regularity and
a covering argument imply partial regularity results, as in Chen and
Struwe [8].

In the special case of the usual Ginzburg-Landau equation in R x [0, 77,
we establish much stronger regularity results. We prove that if integrals of
the energy density are bounded in some region, then in fact the energy is
pointwise bounded in a smaller region. This result, which is again uniform
in ¢, follows from the small energy regularity via a blowup argument
(Section 6) and a Liouville-type theorem (Section 7). The blowup argument
is similar to one found in Struwe [25].

This latter regularity result is used in another paper by the authors, {14]
in which we completely characterize the asymptotic behavior of solutions
of (1.1) in © x [0,T], where £ C R? and T > 0. This result, which is
valid only locally in time, provides rigorous proof of formal results of
Neu {19], E [9] and others.

The paper starts with a collection of estimates in Section 2.

One issue we do not address is the solvability of (1.2). It is well-
known that (1.1) admits smooth solutions; this follows from the work of
Ladyzhenskaya, Solonnikov, and Uraltseva [16], as is verified in Bauman,
Chen, Phillips, and Sternberg [3], for example. Results of this sort are not
so obvious in the case of the generalized system (1.2). It is not difficult to
construct some sort of weak solutions of (1.2), for example by discretizing
in time, solving implicitly at each time step, and passing to limits. To
establish regularity, however, seems to require a priori C1*“ estimates.
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Such estimates are not, in general, valid for quasilinear systems, but they
normally hold for systems for which there is some sort of energy density
which is itself a subsolution of an elliptic or parabolic equation. This
is the case for (1.2), as is shown in Proposition 2.1. It is therefore not
unreasonable to expect that the same estimate holds for (1.2), and thus that
smooth solutions exist. In this paper, however, we focus on other issues
and simpy assume the existence of smooth solutions.

We will always assume that the initial data for (1.2) satisfies
[ O)lle €10 E 0l < +x.
Multiplying (1.2) by «* and defining w® := |uf|?, we discover

p-2

wy — Aw' — Ve - Vu' + — (IU — Dw 4+ 2[Vu ] = (1.5)
€2

€,

The maximum principle thus suggests that any reasonable solution should
satisfy

fu (a, )] < 1 (1.6)

for all (z,t) € R? x [0, 00). Similarly, estimates in Section 2 imply that a
well-behaved solution should have the property that

/ E(x, fd$+/ / o (z,8)|ui(z, s)|*dx ds—/ E(z,0) duw.
R Rd R

(1.7)
Both of these statements will hold, roughly speaking, as long as there is
no influx of energy from || = +oc0. It is not hard to see. for example,
that a solution produced by the implicit time discretization described above
will have these properties. We therefore further assume that for initial
data as described, our solutions satisfy both (1.6) and (1.7). To establish
these estimates a priori would require a delicate analysis and might not be
possible, as is shown by the example of the heat equation.

NOTATION AND PRELIMINARIES

We will use the following notation throughout this paper.

Integers d and k will always denote the dimensions of the domain and
the range, respectively, of the mappings we consider.

ec(-) and E¢(-) will always be as defined in (1.2) and (1.3), where the
power p in the latter definition is understood to be the same as that in the
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428 R. L. JERRARD AND H. M. SONER

generalized system (1.2). We will normally write ¢, instead of e (1), when
no confusion can result, and likewise F°¢.

We employ the summation convention throughout. Roman indices ¢, j, . ...
are always understood to run from 1 to d, and greek indices «,/. ...
run from 1 to k. Exceptions will be indicated explicitly. A scalar
product between matrices is denoted by A : B, so that for example
Vu : Vo = uj v .

We also use the notation
B (xg) = {z € R" | |[x —wo| < p}.

We will normally omit the superscript n which indicates the dimension of
the ambient space, displaying it only when the dimension is not obvious
from the context.

Observe that if u° solves (1.2) for a given value of the parameter e,
then 4(z,t) := u(ox,02t) solves (1.2) with é := €/o. Similarly, we
have E¢(u)(x,t) = o? E°(u)(ox, 0?t). Rescaling in this fashion, we can
convert statements about solutions of (1.2) for arbitrary e into statements
about solutions with ¢ = 1, for example. Whenever a statement of a theorem
is invariant under this rescaling, it clearly suffices to prove it for a single
value of the parameter . We will invoke this sort of argument from time to
time by saying, without further explanation, that it suffices “by a rescaling
argument” to consider a certain case.

2. ESTIMATES

In this section we collect some estimates that we will use throughout
this paper.
We assume that u¢ is a smooth solution of (1.2) on R? x [0,00) and
that E<(-,0) € L}(RY).
Following a suggestion of M. Grillakis we define
pi(dz) = E(x, t)dx,
p—2
pS = (e.)T Vus - ug,
of = (ep)pT:ZVU6 ® Vu.

The following fundamental identities are immediate consequences of the
equation (1.2). We have

Ef = div p — (e0)"T Jugl; (2.1)
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GINZBURG-LANDAU SYSTEMS 429

VE® =div o° - p°. (2.2)

Given a smooth test function n € W22 (R¢ x [0, 00]), we multiply the first
equation above by n and the second by V7, then subtract to obtain

nkE; = Vn-VE+div (np°) + Vn - div o — n(ee)’n—}z |u§|2

We integrate to find
d —3 .
p /ndui = —/(ee)%—nIUiWﬂ? +/(m — An)dy;

+/(e€)£§‘2V2nVu€Vuedx. (2.3)

By adding, rather than subtracting, equations (2.1) and (2.2), we obtain
in a similar fashion

d P=2, . Vus -V ¢
—/ndﬂi = —/n(ee) 7 |uy + —n—ﬂIZdﬂtJr/(nﬁAn)dut

dt
€ . 2
+ /(65)% ([_V_u_;m - VQT]VUEVM) dx. (2.4)

The integration by parts that we have carried out above is justified if
Vﬁ(', t)E€(7t) € Ll(Rd)a n('a t)pe(vt) € Ll(Rd)

The former follows from our standing assumption (1.7). Invoking the same
assumption, the latter holds for a.e. £, since

/ped:c < /Eed:c-k/efg—luifda:,

and the right-hand side is finite a.e. ¢. Whenever we apply the above
estimates, we will integrate them over some time interval, so we can safely
ignore the set of measure zero on which p®(-,¢) is not integrable.

We next show that the energy density E° solves a certain parabolic
equation. In the statement and proof of this lemma we omit all superscripts e,
and we write e to mean e(u) = e.(u*).

ProPOSITION 2.1. — The energy density E satisfies

~2 22
E, - AE - p2€ V2EVy - Vu = T 51— [ul)|Vul? - |V2up
_p(p—?)]Ve-Vu|2_ 4 2 1 2\2(, |2
1 > g§|u - Vul® - -Ez(l — |u)*)*|ul?]. (2.5)
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430 R. L. JERRARD AND H. M. SONER

Also,

E,—AE— 2 VQEV“ Vute s []Vzu]2 — 1‘|u|2)2|u]2] < CE%
(2.6)
Proof. — From the definition of £ we compute
E =e'7 (Vu : Vuy + = (|LL|2 — D)u - uy).

We now replace u; and Vu, in the above equation by expressions we obtain
from the generalized Ginzburg-Landau system (1.2), thereby obtaining

— 2 uyuy e, uSul L er Ve Vul?
E=e'T | Vu: VA1L+ 5 (= te, Caiy 2, U0 2 |V - ul )
€ e g
2 . ul? — 1)%ul?
- Z|u - Vul? — %-ﬁu—+
2 ‘
ul” =1 p—2
| ](2 (u - Au — |[Vul* + ! 5 Cr Uy u”)

(We have written out explicitly the terms for which there is some chance
that more condensed notation might be ambiguous.) We also have

p2 . p—2Ve Ve
VIE =e'7 (Ve + b 5 &)

from which we deduce that

p—2 —QV 2
AE = o (pe 4 22 IVE

—)
2 e
B2 . 2 .
=e 2 ||V +Vu: VAu + —2|u - Vul?

p—2 (Vel?
2 e |

—}—% |Vau|? 4 - Vu)

From these we obtain, after cancelling several terms and combining terms
of the same form,

p—2Vu-VuV?E

2 e N
p(p —2) Ve -Vul* 4
( 1 )I = | *-6—2|U,V’LL|2

|u|2 - 1)*|uf? 2 12 2
—“4—‘* + 6—2(1 = |ul*)|Vu]

E,~ AFE —

2 _Iv2u|2 _

€
— 1 2_
+]J_2;2(Ve ’ V(§|VUI2)— lv€|2+@l—_)emi,u;¥!uu):1 )

€2
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From the definition of ¢ we see that
1 .
Ve - V(—;—|Vu|2) + UL“_)VP (—2-|u|2) — |Vel? =
E

The above two equations immediately imply that (2.5) holds.
To prove (2.6) from (2.5), note that Cauchy’s inequality gives
1

2 2 2 1 232 2
SU=lP)ITul = S (1= )Pl < 55

1 ,
(1— |u|2)2(5 — [uf®) + 4| Vul*.
If |u|? > 1/2 then the first term in the right-hand side is negative. If, on
the other hand, |u|? < 1/2 then (1 — |u{®)? < 4(1 — [u|*)*. Therefore

2 1
S = [uP) IVl = 5= (U= Ju)*ul® < (1= [ul*)" + 4 Vu[*
< Ce(u)?.

With (2.5) this immediately yields (2.6). [

Finally, we derive some L bounds for the energy. As these bounds
depend on ¢, we again indicate explicitly the parameter ¢ in what follows.

From (2.5) we casily see that w(z, t) := e~Ct/<" F(x.t) satisfies

wVu - Vu <0

Thus the maximum principle implies that for any smooth solution »* and
for all s,t > 0,

1E( s+ Ol < €Y E( 8)]loc- (2.7)
If we strengthen our assumptions on the initial data, we obtain the following
more useful result.
PROPOSITION 2.2. — Let u € C°(R? x [0,T]; R¥) be a smooth solution
of (1.2) with p > 2, such that
sup | B(,0) + 5 (ju(z,0)]* = 1)] <0
@ €

for some K > 0. Then ||E¢||oc < C/eP.

Remark. — The conclusion of the lemma follows easily from standard
regularity theory if p = 2.

Proof. — 1. By rescaling it suffices to consider the case ¢ = 1.
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432 R. L. JERRARD AND H. M. SONER

Let w := [ul? and ¢ := E + K(w — 1), where K > x will be fixed
below. For a smooth function ¢ let

-2
Lb = ¢ — Ad— 712—6—v2¢vu - Vu

Then using (1.5) we compute that

-2 -2

Lw = 2wl — w) ~ 2|Vu]® + L 2Ve . Vuw = L2920V . vau.

2e 2e

This with (2.5) gives
Lop < @2\ 4 [ + I,
where
I = 2e®=D/2(1 — )| Vul? + 2Kw(l — w) — 2K |Vu|? — e®P=D/2(1 — )y,
-2 -2

I, = Kg—é—Ve -Vw — K%e—vszU -Vu.

e

2. We estimate
I = —2w[6£5_2([Vu|2 +2W(u)) - K(1 ~w)]+ zep—Ezlqu — 2K|Vu|?
= —2w[26"? + K (w — 1)] + 2|Vu|[e?~2/2 — K]
= 2w = 2wer?(2- 2) L ofuper22 - ]
p

<0

on {¢ > 0} n{e®=2/2 < K}. Also,

I = ___K(i‘;e" 2) [2V2ueVu® - Vufuf + (1/2)(w — 1)[Vuw|?
—2uP V2PV Vi — Z'VUW
< K0 =D fyioru)ivuf? - 2fvut.
Hence ..
I, < __LK(I;* 2) |V2u||Vu|* — ______K(pe— 2 Vul?

2
= D22y _ e(p—2)/2(lv2u| - E(ﬁﬁlqu)
eP/Q

_ay2 K(p—2) K(p-2)
e8P —2) o af,  HKlp—2)
el? e |Vl (1 e

S e(p—?)/?lv?,ulQ
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GINZBURG-LANDAU SYSTEMS 433

on the set {e?/2 > K(p — 2)}. Combining these calculations, we obtain
Ly <0 on{yp>0}N{eP D2 < KN {e!/? > K(p-2)}.

Note that if ¢» > 2K then £ > 2K and thus e?/2 > K(p — 2).
3. For p > 2, set

2
C(K,p) = ;KP/(P‘Q) - K.

There is a K(p) > 1 such that C(K,p) > 2K + 1 for all K > K(p).
Moreover, if K > K(p) and ¥ < 2K + 1, then

2 )
Yp<C(K,p)=E<CK,p)+K(1-w)<C(K,p)+K = ;K”/(P‘)

— (P—2)/2 < K.
Therefore by taking K = K(p) V « in the definition of ¢, we get
Ly <0 on {2K < ¢ <2K +1}.

4. If we set ¢ := 1)V 2K, then L& < 0 on {¢ < 2K + 1} (in the sense
of viscosity solutions) and ¢(z,0) = 2K. Let

c(t) == sup{¢(=, s)|z € R, s € [0,1]}.
and define
to := max{t > 0|c(t) < 2K + 1}.

From (2.7) we deduce that ¢(-) is continuous and that ¢y > 0. Also, £é < 0
on R? x (0,t) and so the maximum principle implies that if ¢ < to then
¢z, t) < $(x,0) = 2K. Thus to = +oc and ¢ < 2K on R? x [0,00). O

3. CONVERGENCE TO CODIMENSION
k MEAN CURVATURE FLOW

In this section we consider examine asymptotic behavior of solutions of
the generalized Ginzburg-Landau system in the case d > k = p.

For this purpose, it is convenient to introduce the normalized measure

1

€ €

Yo = log(l/e)ut'
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434 R. L. JERRARD AND H. M. SONER

In the following, we assume that g is a smooth embedded compact
(d — k)-dimensional submanifold of R”, and that {I';}y<,<. is a smooth
codimension k mean curvature flow starting from [y, for some 7 > 0. We
let ' € RY x [0, 7] denote the set swept out by I, i.e.

U= |J Iex )

0<t<r

AlS(), we deﬁne
(S‘ o A — d tlr, l = c— Y.
( ) 18 ( I 1,) min ‘ I l/l

Since T' is smooth and compact, we can find a number o5 > 0 and a
smooth function # such that

1. :
n(x,t) = 552(1’77") if &(x, t) < o
ol if 8(:x.t) > 200

and

n(x,t) > ~of whenever (. t) > 7.

NN e

Ambrosio and Soner [1] establish several properties of the function %62 in
a recent paper. Their results immediately imply that n has the following
properties:

THEOREM 3.1. — For (x,t) in a neighborhood of ', the matrix V*n(x.t)
has k eigenvalues equal to one, and each of the remaining d — k eigenvalues
satisfies the estimate |\;(z,t)| < C&(x,t). In particular, Vin(z,t) is a
projection onto a k-dimensional subspace when (x.t) € T'. Moreover,

Vi, - AVy =0 onl.

In fact, Ambrosio and Soner [1] show that for a smooth evolving manifold
as above, Vny(x,t) gives the normal velocity vector of I'; at (x,t) € T,
and AVn(z,t) equals the mean curvature vector. so the above equation
precisely characterizes smooth codimension k£ mean curvature flow.

We will use these results in the following form:

COROLLARY 3.1. — For any £ € R? and all (z,t) in a neighborhood
of T' we have

Vg - € < €% (3.1)
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Also, n satisfies
m—An< —k+Cn (3.2)
in RY x [0, 7].

Proof. — The first assertion is immediate from the above characterization
of the eigenvalues of V27 near I

To verify the second assertion, first note that
m=0, An=k onl.

The first of these equalities holds because 7 attains its minimum on I, and
the second follows from the description of V27 in Theorem 3.1. If we let
¢ = n — Arn, we thus have (again using Theorem 3.1)

¢ = —Fk, V=0 on I

Given any (x,t) € RYx[0, 7], we can find y € I'; such that [z—y| = §(z, t).
We then have
¢(x, 1) = By, 1) + Vo(y, 1) - (x — y) + O(|z — y[*)
< —k + Cnlx,t).
O

The following theorem is an easy consequence of these properties of 7.

THEOREM 3.2. — Suppose that u¢ : RY — RF is a smooth solution of
the generalized Ginzburg-Landau system (1.2) with p = k and initial data
u(2,0) = h(x) for which

/7/dl/§ -0 (3.3)

/ ndvy — 0.

Proof. — We use the smooth function 7 defined above in the weighted
energy estimate (2.3). Dropping a negative term and using (3.2) and the
definition of pg, we have

as € — 0. Then

1 . .
(;'_f ndp; < /(Th — An)dps + /(eE)ATV%)VuF -Vu‘dx

<C / nd g +/ —2(65)% + (eg)k_;éVQUVu‘ - Vutdr.
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436 R. L. JERRARD AND H. M. SONER

Select s € (0, o¢] such that (3.1) holds on the set I'; = {z|6(x,t) < s}. This
number s may be chosen uniformly for ¢ € [0, 7], so we may assume that
1V2n|l/n < C on R\ T for some constant C, uniformly in [0, 7]. Then

k=2

/ —-2(66)% + (eF)%VQ'r;Vuf Vutde < | (e) T (=2e. + |[Vu|*)dx
Jrs ST

<0.

Moreover,

/ —2(66)% + (eg)kﬁ;zVQnVuF -Vu'dz < C/ (eF)k_;l'UIVu‘]Qda:
JRANTS RAI\T?

<C / ndy;.

The three preceding inequalities together yield

d i € Y ' €
T / ndp; < C / ndy;.

Gronwall’s inequality now immediately implies that

/ ndp; < C / ndig

for all 0 < # < 7. Dividing by log%, we obtain the conclusion of the
theorem. [J

Remark. — This proof may be seen as a Pohozaev-type estimate, as used
for example in Bauman, Chen, Phillips, and Sternberg [3].

The hypotheses of the above theorem mention only the initial distribution
of energy. If we assume in addition that ¢ exhibits a vortex-like structure
along cross-sections of I'y, so that I'y is a “topological defect”, then we
can strenthen the above result.

Because I'; is assumed to be a smooth codimension k£ manifold, at each
y € Ty we may find vectors n'(y,t),...,n"(y,t) € R* such that each
n® is normal to I'y, and n® - n? = 0.3. We assume moreover that I';
is orientable, so that (y,t) — n®(y,t) may be taken to be smooth and
globally well-defined on I

For y € T',, we define w*(:;y.t) : R* — RF by

wAz;y, t) == u(y + zen®(y, ). 1)
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THEOREM 3.3. — Suppose that u° is a smooth solution of (1.2) with p = k
and initial data u*(x,0) = h¢(x) satisfying

/ zes(hg)k/2 < C{o) (3.4)
{6>c}

uniformly for ¢ > 0. If in addition there exists k,01 > 0 such that
[|Vul|oo < /€ and

liné deg(w®(-;y,0); 0B,) = 1 (3.5)
forall y € Ty, 0 € (0,04], then

liminf | ¢dv; > K(k) pdH* (3.6)
e— T,
for all ¢ € C(RY).
The constant K (k) comes from Lemma 3.2 below.

Remark. — Theorems 3.2 and 3.3 taken together imply that if v; is any
weak limit of v}, then the support of v, exactly equals T';.

As the sign of deg(w*(-;y,t)) depends of the choice of n',... n*, we

may take it to be positive, without any loss of generality.
We assume o > 0 is fixed and we introduce the notation

K :=10,1]%°F

U:=Bf x K Cc R
We denote typical points in By, and K as x and y respectively. Given a
function v¢ : U — RF, we further define

m(y,t) == leb' ({r € [0, 20]| deg(v' (-, y,t); B,) = 1}),

Vi = {y € K|m*(y,t) > o /2}.

Here leb' denotes 1-dimensional lebesgue measure. We may think of V
as the subset of points in K at which the cross-section at time ¢ exhibits
an isolated vortex, in a weak sense.

The following two estimates are proven in Jerrard [13] as Theorem 6.1
and Theorem 4.2 respectively.
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LEmMA 3.1. — Let v¢ € C([0,T); W= (U; RF)) with
1D oo < =
B
for some £ > 0, and assume that
deg(wf(‘a Y, 0)~ 6Br) =1

forall y € K, r € [0,40], and that

" "2
/ / Ze (v 2 dydx < K (3.7)
J{o<|x|<40} JK k

for all t € [0,T]. Then

lim H*(VS) = H7HK) =1, (3.8)

e—0
for all t € [0,T).
LemMa 3.2. — Suppose that ¢¢ € WH>(R*; R¥) and that

1Dl < /e
and that
leb' ({r € [0.20]| deg(¢",0B,) = 1}) > 0/2.

Then .
/ Eq(qﬁ‘)"’”da: > K(k)In(o/e) — C(k, k).
Ba, K

The constant K (k) is given explicitly in Jerrard [13].
Using these we present the

Proof of Theorem 3.3.
1. For o € (0,0] to be determined, define U as above.

First we define a map ¢ € C>*(K x [0,T};T) such that for every
t € [0,T], (-, ¢t) is a diffeomorphism of K onto a subset of I';. Now we
define ¥ : U x [0,7] — R? by

U(x,y,t) := Py, t) + zon(P(y. t)).

Note that for fixed (y,t), ¥(-,y,t) maps R* onto the normal space to
Ft at ’lp(y,t)
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We may assume that |[V¥| < C and that the J¥ > C~! > 0, where
JU = det VW is the Jacobian of V.

We also assume that ¢ is small enough that ¥ is one-to-one.

Finally we define v*(x,y,t) := u*(¥(z,y,t),1).

2. We now verify that v* satisfies the hypotheses of Lemma 3.1 Since u*
is assumed smooth, it is evident that the map ¢ — v*(-,-,{) is continuous
in the norm of W, We next compute

[Vo©| < |Vu||VT| < CIVu| < Ce.
Also, it is clear that
v (z,y,t) = w(z;9(y, 1), 1), (3.9)

so the condition on the degree of v¢(-,y, 0) follows immediately from (3.5)
and our choice of o.

Finally, note that e.(v*)(z,y,t) < Ce.(u*)(¥Y(x,y,t),t), and so

2 .
/ / _QE(UG)k/Q(m,y,t)dydx
{o<lel<40} JE K
c _f 2
< _/ / —ee(ué)k/2(\ll(;v,y,t),t).]\IJ(z,y’t)dydx
{o<|e|<40} JK

ming JU x k

2
< C/ _65('u€)k/2
{

s(-)20) B
<C.

The final equality follows from (3.4) by the calculation in the proof of
Theorem 3.2.

3. Lemma 3.1 therefore asserts that (3.8) holds.
We now define, for y € T}

i (y, 1) := leb'({r € [0, 20]| deg(w(y, 1); 9B) = 1}),

Ve = {y e Iy|m(y,t) > 0 /2}.

It is clear that we can find a finite collection of maps {¥;}, of the form
described above such that

M
Iy |Jwa(u,t).

i=1
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Thus (3.8) and (3.9) imply that

lim H&MI A\ V) =0. (3.10)

4. For z sufficiently close to I'y, let p(z) € I'; be the unique point of T';
satisfying

o(x,t) = |z — p(x)|.
Fix o so small that p(x) is well-defined on {6(-,#) < 4o}. Note that for
y € VS,

et/ (x)dH" (z) > K(k)_ﬁ@'

(3.11)
/{é( ) <2a}np—1(y) k| log |
This is an immediate consequence of Lemma 3.2.

In the calculations below, Jp denotes the Jacobian of p, Jp :=
[det dpdp™]*/2. Here dp denotes the gradient of p considered as a map from
T.R* = R? into Ty =2 R**, and thus is expressed as a (d — k) x d
matrix, after choosing bases for the respective tangent spaces. In particular,
with this definition the change of variables that we employ below is valid.

For every smooth, compactly supported ¢ we have
/ odvy > / pdg
- J{8(,)<20}
=1+ I,

where

h:/ [B() — Tp()p(p(z))]dv]
{6(-,6)<20}

and, by a version of the co-arca formula,

_ (i 2 ko0

= [ I e

= . 2 k/’ R de R de—k»
/“”uummWwwmm (o) dH (o) | A ()
/¢ (K) = 1) (3.12)

In the last step we have used (3.11).
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5. Fix any subsequence and a measure v such that v;" — v. By
Theorem 3.2, we know that spt v C I';. It follows that

L — A [o(y) = Jp(y)d(y)]dv

We will show in Lemma 3.3 below that Jp(y) = 1 for y € I'y. Thus I;
vanishes as € — 0.
Also, (3.12) and (3.10) evidently imply that

lim igxf L>K(k) [ oy)dH 7 (y).
€— Jr,
O
Lemma 3.3. — For p as defined above and y € Ty, Jp(y) = 1.

Proof. — Fix y € T; and orthonormal vectors 7y,...,74—x which span
T,I';. Taking the standard basis ey, ...,es as a basis for Tde, the matrix
dp has the form

(dp)ij = ;- V', i=1,....d—k j=1,....d
After a relabelling we may assume that e; = 7; for ¢ = 1,...,d — k and
that e4_g41,...,€q are normal to I'; at y.

We claim that
(dp);]‘(y) = (Si]‘ for s = 1,.d—k (313)
Indeed, for any ¢ = 1,...,d — k, by the definition of p,

lp(y + he;) — y — hei| = 6(y + hey)
= 6(y) + he; - V6 + O(h?)
= O(h?)

since V¢ is normal to I';. Since p(y) = y, this implies that

he;) —
ply + hei) —ply) el = O(h).
h
which implies (3.13).
Also, for j > d — k and h sufficiently small, similar reasoning shows

that p(y + he;) = p(y). Thus (dp);; = 0 whenever j > d — k. With (3.13)
and the definition of Jp, this implies the conclusion of the lemma. O
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In the remainder of this section, we briefly indicate a way to construct
initial data /. for (1.2) in such a way that the resulting solutions, if smooth,
will satisfy the hypotheses of Theorems 3.2 and 3.3.

We impose some topological restrictions on I'y by assuming that there
exist smooth, bounded, open sets O,, « = 1, .... k, such that

}‘,
Ly = () 00.. (3.14)
a=1
For o = 1,... . k, let d* be the (signed) distance to 90,,, so that

0 () = ~dist(x,d0") if z € O,
T ] dist(x, 0O0%) if r € R\ O,

Since the sets (O, are assumed smooth, each function d® is smooth
near 00,. We assume in addition to (3.14) that

VdY - Vd’ = 6, (3.15)

on ['.
For o = 1,....k, let d* be smooth functions such that

d* = dv in an neighborhood of Ty,

. 1 - .
sgn(d”) = sgn(d”), §}d“| < |d¥| < 2|d?| on RY.

Let d : RY — R* be the vector-valued function whose ath component is
d®. Note that d is related to the ordinary distance function §(-.0), defined
above, by

C716(x,0) < |d(2)] < C8(x,0) (3.16)

Finally, note that assumption (3.14) implies that d/|d] — k='/2(1,....1)
as |x| — oo, so we may find d satisfying the above conditions, for which
there exists some number M such that

d/|d) = k~V%(1,....1)  forall |z| > M. (3.17)

Remark. — 1. Assumption (3.14) appears to be a necessary condition for
the existence of initial data with the required properties. Given (3.17), one
can modify the sets O, locally near I'y to arrange that (3.15) be satisfied.
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2. Assumption (3.14) is satisfied by any ['y which can be embedded as
a codimension 1 manifold in R%~**!. Also, it is clearly preserved under
homotopy.

Let v : R* — R* be a function of the form v(z) = p(|z|);, for a
scalar function p such that

p(O) = p'(()) =0, 1 — Celel/C < P(lml) <1, pl(|$|) < Ce=C/l=l
Then for e(v) = 3|Dv|? + W(v), we have

e(v)(x) = ’j m‘,j 1 O(e=C/1e) (3.18)

as |z| — oo.
We define

K (@) :u(@).

One can then verify that
vs — K(R)H* |z,

in the sense of distributions, and it is clear that (3.5) holds. Moreover, one
can verify that h° satisfies the hypotheses of Proposition 2.2, and thus that
a smooth solution u€ with h¢ as initial data satisfies

IVl < Ce.

So h¢ has all of the desired properties.

4. SMALL ENERGY REGULARITY

In this section we establish a small energy regularity theorem for
solutions of the generalized Ginzburg-Landau system. The basic argument
we follow was introduced by Schoen [22] for stationary harmonic maps
and generalized by Struwe [24] and Chen and Struwe [8] to the case of
heat flow for harmonic maps and for Ginzburg-Landau type approximations
of harmonic maps.

The proof relies on a monotonicity lemma and a Bochner-type inequality,
that is, a differential inequality which is satisfied by the energy. The main
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novelty here is the observation that these estimates are available in this
more general context, as well as the fact that our result is local in nature. In
problems involving asymptotic behavior of solutions of Ginzburg-Landau
type systems, global energy estimates, independent of ¢, typically do not
hold. Thus the local character of our estimates is very useful in these
applications.

Small energy regularity results of the sort that we establish here can
be used with covering arguments to deduce partial regularity results, as in
Chen and Struwe [8].

We start by establishing a monotonicity formula, which we get by putting
an appropriate test function 7 in the identity (2.5). We first define this
function:

Let v : [0,00) — [0, 1] be a smooth nonincreasing function such that

=} if r<1/4
M=o it r>1/2

Also, define p : R? x (0,00) — R by

p(z,t) = (47t)~“F" exp <_Z |2>.

We fix (zo,to) and let n(z,t) = Y(|lzo — z|)p(xo — z,to — t), for
z € R4t < to. In what follows we will for simplicity take zo = 0
and write 7 for t; — t. We have

d—p |z Vy z
= _ V= (X _ 2,
" ( 27 arz )" K vy 27 K

V2% Vy_z & Vv xz®z I
ol v 2 21 v a2~ or |

Vip =

r Jy 27
VinVus - Vu = (Vz’YVuE -Vaut — (Vy- Vue)(g . Vue))g
L[l VP Ve
472 2 n,
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n |z Vo
7+ 47z "

V- Vusf? (m-w )
n

So with this choice of 7 in (2.4) we obtain (using the fact that % is
nonnegative)

9 € TN € %2 |V'U,€|2 _ l p/2
Q/nduts/(/lv—vw-;):Yduﬁ/((ee) e CO L LS
2 €, 2 2
+ /(ee)}’g— (|Vu 2V7| + v e - Vue)nda:
Y y
x
< [ar -9y ) ayg (4.1
Ty

€, 2 2
+ /(ee)P;_ (IVU 72V7| + V,Y’YVUe . Vuf> ndz

(V- vue)(g : w))

By the definition of ~, the integrals on the right-hand side above are
supported on {z : 1/4 < |z| < 1/2}. Recalling that |[Vy]*/y < [|7]|cz,
we have
9 / =]\ 7
= [ ndu; < C [[V]lc2(1 + =) =dus.
ot N Ty

Also, for |z| > 1/4,

2
d— T
5 exp(~20) < O(d - ).

|\ n |z _
1+ 52 =1+ 2
(1+ 207 = 1+ Z)anr)
Thus we have established the following local monotonicity formula.
LeEMMA 4.1. — The measures p; satisfy the estimate

0
3t ndp; < Cv,d — p)ui(Byy2)

a

Before stating our small-energy regularity result, we introduce some
notation. For 2o € R%, r > 0, and 0 < ¢ < to, let

Tp— T
oi(tanto) = [ (2= yota, — 2,10 - i),

where v and p are defined at the beginning of this section. We write
af to mean «ofj. Note that the o is scale-invariant in the following
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sense: Given a function u¢ solving (1.2), we may define a rescaled
function by d(z,t) = u(xo + Rz, R*t). We also define é = ¢/R,
E(z,t) = 2/p(e(@))P/2. As remarked in the introduction, i solves the
system (1.2) with scaling €, and

E(z,t) = RPE(z¢ + Rz, R%t).

Thus, using the fact that p(Ry,s) = R Pp(y,s/R?) we obtain by a
change of variables

Rl.’L| t*—to ~ t
)l o)
~E t . tO
= r j e

In particular, by taking B =  we can convert statements about a! to
statements about af.

We now change notation, using 7 to denote a small constant which will
be chosen below. We also introduce the notation

ai(t; o, to) = /7<|$07— xi)p(mo —x,tg — t)E(x,t)dx

f

P, (zo,to) == {(x, )|t € [to — 5°, 8], |7 — x0| < 5}

We now have
THEOREM 4.1 (local small-energy regularity). — Suppose that u® is a
solution of (1.2) on B, x [Ty, Th), with ¢ < r. Suppose also that there
exists > 0 such that for all ¢ € B,, s < r with B,(x) C B,, and all
t € [Ty, T1] we have
pi(By(z)) < ks?P, (4.2)
Then there are positive constants n, po, and C such that if

o (tg — 72;:1:0,1?0) <

for some (zo,t9) € Brja x [Ty + 72, 1] and 7 € (0,7/n], then we have

E(z,t) <

(o) in Pyy~(zo, to).
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Proof. — 1. We first claim that it suffices to establish the theorem under the
assumption that 7 = /7. Indeed, if 7> < %7 then we define 7 by insisting
that 7 = 7/7. Note that 7 < r, and so ¥(|z|/7) < ¥(|z|) for all z. Thus

at(to — T30, to) < ap(to — T30, t0) < 7).

Clearly also (4.2) continues to hold if 7 is replaced by 7. We may then
use 7 instead of 7 in the proof, and the desired equality will be satisfied.

Next, by rescaling we may set » = 1. Thus we assume that

af(to — ;%o tg) < 1, 2 =1.

The constant 5 € (0,1] will be fixed at the end of the proof. After these
normalizations, (4.2) implies that

i (B1) < K. (4.3)
2. For py € (0,1/4] to be chosen, let

flo) = (2poy/n — o)’ max E(z,t).
PU(.’L‘O,tU)

Take o9 € (0,2p0/n) and (T,t) € P,,(xo,to) such that

"(0p9) = max a), E(Z,t)= max F(x,t)=~E.
f(o0) [072p0ﬁ]f() (7, 1) p X, (x,t)

Let @ = poy/n — 0o/2. Then

(20)°€ = f(00) > f(o0+7)
=g’ sup FE
Py 5 (e0.t0)

>o? sup FE.
Pa(.0)

Thus F(x,t) < 2P in Pz(T,t). Estimate (2.6) now implies that

p—2V2EVus - Vus

E, - AF —
¢ 2 €

< C(PE)YPE = 12887

in P#(Z,t), since (2.6) holds with C' = 32.
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Note also that it now suffices to show that P& < C for appropriate
choices of 7, pp. Indeed, if we have this estimate, then

G max )E(:Lnt) = f(poT)

po 7 (To,to
< f(oo)
= (20)F¢€
<C.
which is the conclusion of the theorem.
3.Let 5 = AEYP and
w(z,t) = exp(128%/P(1 — t))E(x, t).

7 — 2 € . €
Then wt——Aw—p 2V wVus - Vu <0,
2 €
and w < e'?8F in P5(Z,1). The coefﬁc1ents in the above equation satisfy
- 2 u;z ) 'Bj
1512 (6ij + ———7=)6&; < p|€|

2 ed(u)

so by a parabolic Harnack inequality for nondivergence structure equations,
see Krylov and Safonov [15], which depends only on the above bounds
on the coefficients, we have

& =w(z,1) < C”_(d“)/ w(z, t)dzdt
Ps(7,0)
< O~ / E(x,t)dzdt.
Ps(T,1)
4. Since 7 < 1 and pg < 1/4,
5 <7 < poyn <1/4
and so for (z,t) € Ps(T,t), we have
~(|T — a|)p(T — z,E+ 67 — 1) > 67 ”)exp( 1/4). (4.4)

Thus
1ATPE = oFE

< C&_z/ Y(|F — 2))p(T — z,t+ &° — t)E(z,t)dzdt
P (F0)

T
< 06—2[ o (T, T+ 62)dt
T2
< Ca(to = ;& b+ 67) + O(r)( = (to — 1)) (4.5)
by the monotonicity formula, Lemma 4.1.
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Recall that by construction, { < ¢y, so the last term on the right hand
side above is bounded by C(k)n.

5. By translation, we may set zo = 0, and we define t:=t+5%—to.
Observe that by construction we have

7| < 200v/1, 18] < 4p7- (4.6)
We now claim that if py is sufficiently small, then
af(to — 1T, T+ &7) < 4a(to — m;20, to) + 1 < 5.
We write
af(to — mE, T+ 6°) — 4a(to — 1;0,t0) = [ + L + I,

where

L= / (I — 91) — ¥(wDIo(@ = yo1 + DE(, to — n)d,

I = /7(|Z/|)[P(T —y,n+1) = 2o(y,n + D] E(y, to — n)dy,

Iy =2 / YYDy, n +t) — 2p(y, M E(y, to — n)dy.

Recalling that v = 1 on By/4(0), we have

I < [VAllf2] ( [ Bt - n)dy)
xsup{p(ZT —y,t) |ly|>1/4, |-yl >1/4, t>0}
< CpO\/_ﬁ’

if 1/8 > 2pg/n > |Z|, which may be achieved, for given n, by adjusting po.
Taking po still smaller yields I, < n/3.
To estimate I», note that if p(Z — y,n + t) — 2p(y,n + t) > 0 then

We rewrite this inequality as

2T - (y — T) 24(77+t~)(10g2—— 4(!75_':{))
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This implies that
ZT—y? _n+t
A +1) ~ [=?
using (4.6). Thus

(log2 = Cpy)* > C1pg?

- -~ p—d .
pE—y,n+t) <(n+t) 7 exp(-C'py?)
<n/3k

if po is chosen small enough. With (4.3) this implies that I, < 7/3.

The estimate of I3 is very similar to that of I, so we omit it. Thus
we have proven our claim.

6. Putting together steps 4 and 5, we find that
1AGPE < Cn
Taking n small now gives
& < Ch.

As remarked in step 2, this immediately yields the conclusion of the
theorem. [J

5. SOME VARIATIONS

By modifying the argument of the small energy regularity theorem, we
obtain slightly different results which will be useful later on.

PROPOSITION 5.1. — Suppose that u® solves (1.1) on B, x [Ty, T1], where
€ < r. Assume also that there exists k > 0 such that

wi(By(x)) < ws??
for all t € [Ty, Ty] and all B(xz) C B,, and that
Ef(z,Ty) < w/r? in B,.
Then there exist constants C(k), (k) such that
Ef(z,t) < C/r? in Byjo x [To, To + r27).

Remark. — Note that this applies only to the usual Ginzburg-Landau
system with quadratic growth.
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Proof. — 1. As in the proof of Proposition 4.1, it suffices to prove the
result for 7 = 1 > ¢. We may also assume by a translation that Ty = 0.

Take o € By/2, to < 1/16 to be fixed later, and define

flo) = (Wt —0)* sup E(.1).

Ps(xa,to)

Exactly as in the proof of Proposition 4.1 we select oy € (0,+/%p) and
(z,t) € P,, such that

f(o0) = max f(o) E¢(Z,t) = max E(z,t):=¢.
[0,/o] Poy (7,t)

We further define 7 := (\/t¢ — 09)/2. Following the argument of steps 1-4
of the proof of Proposition 4.1, we find that
T
IAGE < C&,—Z/ af(t, 7,1+ 6%)dt

t—i2

for some ¢ < 7.
2. By the monotonicity lemma, the definition of «° and the assumed
L> bounds on E<(-,0),

(BT, E+ 62)dt < (0T, T+ 62) 4+ C(r)t
< k(F+ %) + C(r)t.

From the definitions we have £ + 62 < 2t;, so with Step 1 we obtain
1 AG?E < C(k)tg.
So there exists some 7 > 0 such that if ¢y < 7, then

%Osup {Ef(x,t)|(x,t) € 'P\/g/Q(xo,to)} = f(Vto/2)

(00)
26)%€
to.

IA
~

IN
Q ~~

In particular, E¢(x,ty) < C for tg < 7. O
Next define

Oégo(t;.’lio,t()) = /p($0 —Z,tp— t)d,u,;(l‘)
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PROPOSITION 5.2. — Suppose that u® is a solution of (1.2) on R? x [Ty, Ty),
with € < 1, and that for all s < 1 and all (x,t) € R? x [Ty, Ty] we have

ui(By(z)) < ks™ P,
Then there are constants 1, po, C which may depend on , such that if
al (to — %5 30,t0) < 1
for some T > 0 and (x9,t0) € B,ja X [Ty + 72,T1], then we have

C
(poT)P

Ef(z,t) < in P,y (x0,t0).

Remark. — The point is that when we omit the cutoff function + from
the integral, we no longer require 7 to be small.

Proof. — The assumption that 7 is small is used only in two places in
the proof of Theorem 4.1 The first is in deriving (4.4), where it is used
to guarantee that v is nonzero on a certain set. This clearly is no longer
necesary when using of  instead of «f.

Second, in (4.5) we employ the monotonicity formula Lemma 4.1, and
thereby pick up an error term which is bounded by x72. If however we
work with o instead of g, then there is no error term in the monotonicity
formula. Indeed, setting v = 1 in (4.1) we obtain

d
aa;(t, o, t()) S O

Thus in this situation we can derive (4.5) with no restrictions on 7. [

6. REGULARITY

In this section we prove a uniform asymptotic regularity result for the
usual R2-valued Ginzburg-Landau system

1
u; — Au + 2(|1f|2 — 1u® =0, (6.1)

]
in 2 space dimensions.
We will use the notation

Q.(0) := Bgr x [(1- 9)7‘2,7"2]
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for r > 0,0 € (0,1]. We set Q, = Q.(1) and Q(6) := Q1(8). For
(r,t) € Q,, we define

o(z,t) = (r—|z]) At.

To simplify notation, we do not explicitly indicate the dependence of ¢
on 7. Note that é is just the distance to the parabolic boundary of Q..

Our main result is
THEOREM 6.1. — Suppose that u¢ solves (6.1) in Q,. with
pi(By) < & (6.2)
for all 0 < t < r% Then
§(z,t)2E(xz,t) < C(k) in Q,.(6).
In particular, for every 6 < 1,
E¢ < O(k,0) in Q.(0).

Combining this with the short-time regularity result, Proposition 5.1, we
immediately deduce the following

COROLLARY 6.1. — Suppose that u® satisfies the hypothesis of Theorem 6.1.
If, in addition,

Ef(z,0) <k forall x € B,,
then
E¢(z,t) < C(k) for all (z,t) € B2 x [0,77].
|

We start by proving a compactness result that we will use several times.

LEMMA 6.1. — Suppose that {v,,} are functions such that for each n,

1 2
Uyt —Av, = %(1 — |vn]®)v,

on Q. for some ¢, > 0. Let E,, = e, (v,). If F,, < C and

sup / E.(z,t)ydz < C

te[0,72] J B,
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uniformly in n, then v, is locally uniformly continuous (Lipschitz in the z-
variables and C%/4 is the t-variable), and E,, is precompact in L} .(Q,).
Moreover, if ¢, — € € [0, +00] and

Un, — U locally uniformly, E, —F inL? (6.3)

loc?

then
(i) if € = 0, then T solves

T — AT = |Vo|[*D (6.4)

and E = |V7|?/2.
(ii) if € € (0,00). then T solves

T — AT = _1—2(1 — [7)*)w (6.5)
€

and E = e=(v).
(iii) if € = 400, then T solves

T — AT =0 (6.6)

and E = |Vv|?/2. Finally, E,,(-,t) — E(-,t) weakly in L}, (B,.) for every
0<t<ri

Proof. — 1. The proof does not in any way depend of the radius , so
we work on () to simplify notation. It is obvious that v, and Vuv, are
uniformly bounded in L... Let Q' := Q(f) for some f; < 1, and fix a
function ( € C§°(Q) such that ( = 1 on Q.

By using ( in the estimate (2.3) we immediately obtain
// [Un ¢ |2 da dt < C(Q"). (6.7)
J J

2. Now we define Q" := (Q(6,) for some 3 < 6,. From Step | we know
that v,,(+, ) is Lipschitz in B, for every ¢ € [0,72]. Fix (z,#1), (z,t2) € Q"
with ¢; < to. For all s such that B,(z) C Bs,,, we may integrate the
inequality

|’L}n($,t2) - U"(l‘?tl” < ‘Un(yatZ) - Un(yvtl)l + CI'/I’. - yl
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over y € By(z) to obtain

1
[on(z,t2) — vn(@, t1)] < —2/ [vn(y, t2) — valy, t1)]dy + Cs
8" JB.(x)

123
=— / Unot (Y, 8)dyds + C's
s B.(z)

1/2

CTn( [ [ i) e
8 Jty B, (x)

C
g —Vita — 11 + Cs.

S

In the final inequality we have used (6.7). If {5 — #; is sufficiently small,
then B,(z) C By,, for s = (t, —t;)'/*. The above inequality with this
value of s then yields

I'Un(x?tQ) - /Un(matl)l S C(Q/I)(tQ - t1>1/4'

This implies that v,, is locally uniformly continuous, as claimed.
3. We multiply (2.6) by ¢2E,, and integrate over () to find that

[ /\

1
// ¢? [|VEn|2 + B, |V, > + En2—62—(1 — |un|2) v, )? | dzdt
Jq

‘T

/ / CCPE® + CGE? — 2CE, V(¢ - VE,)dzdt.

We now use Cauchy’s inequality to cancel the bad terms on the right-hand
side against terms on the left, thus leaving us with

B 242
// Eal V202 4 VB P By S0P 2
JQ e

< C// (CPE3 4 CE?)dudt. (6.8)

In particular, VE,, is uniformly bounded in L?(Q").
4. We next claim that

// IU”I dz dt < C. (6.9)

Muitiplying (2.6) by ¢? and calculating as in Step 3, we find that

// 1“‘””' v, 2 dedt < C.
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Because E, = e, (v,) is uniformly bounded, there exists some € > 0
such that |v,| > 1/2 whenever ¢, < g, so that the above estimate plainly

implies (6.9) in this case. On the other hand, if ¢, > €, then

// 1"””’ d,dfg%// E,drdr <C.
’ € Q

5. Fix a smooth function 7 supported in ' such that = 1 on Q”. By
differentiating (6.1) with respect to time and multiplying by 2v,,,;, we obtain
d
Elvnﬂ | Alvn7t l2+2|V1}nat l2 f [(IUTLF )I'Unvt ’2 + 2'1]11. *Unst |2] = 0

n

Multiplying by # and integrating, we get

/ Mme Pdlmr +2 / / 7o [2ddt
BR . . !

S// 271—“€|v—n|“|lfmt|2 (ne+An)|vn e |*dzdt.  (6.10)
Ql

n

In particular, using Step 1, Step 4, and Cauchy’s inequality we obtain
// NV, |?dz dt < C(8) + é// 0|Vt |*dzdt, (6.11)

where § > 0 will be selected below. Defining ¢ = /2, we use a
Sobolev-Poincaré inequality to compute

// nzlvn,t |4d3; dt = // [€V 4 |4d:1: dt
Q' JJQ

< C’/ [V (€vnye ) Pda dt
o

< C// NVns |* + |VE [vny |Pdz dt.
QI
We substitute this into (6.11), select 6 small and use Step 1 to conclude that

// p |V, . [2dz dt < C(Q").

Since
Envt < Ivvnllvvnat | +

Unst [7

‘Unl )|
en

we easily deduce that E,,,, is uniformly bounded in L?(Q"). With Step 3
this proves that {E,} is precompact in L% (Q).
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In fact, the above estimates show something slightly stronger: that
{|Vv,|?} and {(|vn|? — 1)?/€2} are both precompact in L% (Q).

6. Assume now that (6.3) holds. We first consider the case € = 0. In this
case, pn = |vn| — 1 uniformly as n — oo, so for n sufficiently large we
may define a globally single-valued function ¢, such that

Up = pn(COS(¢n), Sln(¢n))

We normalize ¢, by imposing the requirement ¢,,(0) € [0,27). We then
see from (6.3) that ¢, — ¢ locally uniformly in @, where ¢ satisfies
7 = (cos(@),sin(@)). It is also clear that V¢, — Vé weakly in L2
Writing (6.1) in terms of p, and ¢,, we obtain two equations, one of
which is

pi(ﬁnat —le(PiV(bn) =0.
With the above estimates, we may pass to limits to find that ¢ satisfies
Et - Aa = 0.
Rewriting this in terms of 7 yields (6.4).
7. Still assuming that € = 0, we need to prove that £ = (1/2)|V7|2. In
view of the results of Step 5, it suffices to show that

(|'Un|2 —1)?

2
€n

-0

in L2 _(Q). From (6.8) and the fact that |v,| — 1 uniformly, we have

// ‘”"' T dedt < O(Q)

for n sufficiently large. This immediately gives the desired conclusion.

8. If we assume that € € (0,00) Or € = +o0, the stated conclusions
follow in a straightforward fashion from the estimates of Steps 3 and 5.

9. Finally, fix some 0 < ¢ < 1 and let ¢ € L?(B,). Suppose also that ¢
is supported in U CC B;. Fix A > 0 small enough that ¢ + h < 1. Then

/ (En(e,t) — (o, D)o(x)de = I + I + I,

where

t+h
I, = %/t /[En(a:,s) E(z,s)|p(zx)dzds,
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t+h
N %/ / [En(x.t) — Bu(w, 8)|¢(x)dzds,

and I3 has the same form as Io. It is clear that I, — 0 as n — oo. Also,

1 t+h ot
I = }_/ // E, (z.r)drdzds
O P A :
1 T
T h / /<t +h = 1)Ep (x,7)dzdr
Jt B

by Fubini’s Theorem. Thus

")

t+h t+-h =
IQ<——</ d(x)(t+h—7) de’f) (/ / En,duh)
LT
h 2

using the fact that F, , is locally uniformly bounded in L?. Clearly I,
satisfies a similar estimate, so

lim sup /[En(:c,t) B, )p(x)dz < CVh.

Since A is arbitrary, we are finished. [
We are now ready for the
Proof of Theorem 6.1.

1. First note that the statement of the theorem is invariant under rescalings,
so we may assume without loss of generality that r = 1.

Suppose that

sup{8(x, t)*E(z,t)|e > 0, (x,t) € Q'} = +o0. (6.12)
Temporarily fix n > n~/2, where 7 is the constant from Theorem 4.1.
For each ¢ > 0, the function

62(x,t)
2

(7,1) = Qg0 (t — x, t)

is well-defined and continuous in ) and approaches 0 as 6(z,t)
approaches 0. From (6.2) it is clear that the hypotheses of Theorem 4.1
are satisfied. It follows that

8%(=, t)

limsup sup ag, ,(t— —5—:1,t) >n;

€—0 (x, f)EQ n
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otherwise (6.12) and Theorem 4.1 would lead to a contradiction. Thus we
can select €, — 0,(z,,t,) € Q such that

62 ’Il7tﬂ
(tn _ Bntn)

a&(wn,tn) n2 ;$1Latn> = 77/2 (613)

and for all (z,t) € Q such that ¢ < ¢,, we have

. 62(x,t)
Qs 1) (t T T2 ;z,t ) < nf2. (6.14)
The small-energy regularity Theorem 4.1 now implies that
E(z,t) < Cn?/6*(z,t)

for all (x,¢) € Q such that ¢ < t,,. In particular, if we let 7, = 6(2n,tn)/n,
then

E*(z,t) < C/r2 in ’P%é(mmtﬂ)(xn,tn). (6.15)

2. For (z,t) € P,(0,0) let y,(z) := z, + 7,7 and s, := t, + r2t,
and define

U"("E, t) =u™ (ynv Sn)'

Note that (yn,$n) € Psan,tn)(@n,tn) for (z,t) € Pp(0,0), so v, is
well-defined on this set. Let €, = ¢,/r,. Then v, solves

1
Unyt _Avn + €—2(|Un|2 - 1)’Un = D

If we denote E,(x,t) = ez, (vy), then by rescaling equations (6.15), (6.2),
and (6.13) respectively, we obtain

E,<C in P, /2(0,0), (6.16)
/ E,(z,t)dz < K, (6.17)
/7(%)p(x, VE,(z, —1)dz = 1/2, (6.18)

whenever R < (4r,)7', (z,t) € P,/2(0,0). These estimates are all
independent of .
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3. If (2,t) € Pug(0,0), let 7o(z,t) = (yn(T),5.(t))/6(wn,tn).
Rescaling (6.14) then yields

/7<£;2|_)>p(x — 4, 72)Ep(y, t — 72)dy < /2. (6.19)

nr,(z,t

Also, if (x,t) € P z(0,0), it is clear that (y.(z),s.(t)) €
Ps(entn)//i(Tn, tn), and so 7,(z,t) < 1. Moreover, if |z < \/n,

1= |yn(@)] > 1= |za| = 6(za,ta)/V 2 8(mn,ty)(L—n"'7).

Similarly s,,(¢) > 6*(xp,t,)(1—n"!) whenever t € [—n,0]. Thus, recalling
the definition of 6,

sup{|7o(z,t) — 1| : (z,t) € P (0,00} =0 asn— oc. (6.20)

4. We may assume after passing to a further subsequence that ¢,, — L €
[0, +0o0] and, as a result of Lemma 6.1, that v, — 7 locally uniformly and
that E,,(-,t) — E(-,t) weakly in L% _(R?), for every t < 0..

Let

a(t; zo, tg) := /p(a:o —x,tg — t)E(z,t)dz.
E inherits the estimates
[EllL~p.) < C, (6.21)
|E(, )||z1m2y < K for every t <0 (6.22)
from (6.16) and (6.17) respectively, and
a(—1;0,0) =n/2 (6.23)
from (6.18) Also, (6.19), (6.20) and Fatou’s lemma imply that
a(t—1;z,t) <n/2 (6.24)

for all (z,t) € Ps.
5. We now consider three cases, corresponding to the three cases of

Lemma 6.1. In each case we will show that 7 must be a constant, in
contradiction to (6.23).

Case (i): € = 0.
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From the proof of Lemma 6.1, we see that we may write ¥ =
(cos(),sin(¢)), where ¢ solves the heat equation on P, and that
F = |V$|/2 < C. It follows that V¢ also solves the heat equation on P.
Standard Liouville-type theorems then imply that V' is constant, and we see
from (6.22) that this constant can only equal zero. This contradicts (6.23).

Case (ii): € € (0,+00).

Lemma 6.1 implies that v solves (6.5) on P,. As in case (i), a Liouville-
type theorem shows that ¥ must be constant. This is the content of
Theorem 7.1, which is proved in the next section.

Case (iii): € = +o0.

By Lemma 6.1, 7 solves the heat equation on P.,. An argument very
similar to that given for case (i) above shows that 7 is constant. Thus the
proof is complete. [

Remark. — 1. Heuristically, case (i) corresponds to the possibility that a
singularity might form in the interior of (), and cases (ii) and (iii) correspond
to the possibility that a singularity might enter () at the boundary. Thus
they arise as a consequence of the fact that the theorem is local in nature.

2. Carrying out a similar blowup argument for the usual Ginzburg-Landau
system (1.1) in d space dimensions, one may obtain a function ¥ solving
either (6.4), (6.5), or (6.6) on R? x (—00,0] and satisfying the estimates
(6.21), (6.23), (6.24), and

/ E(x,to)d.r < CR%*?
Br(zo)

for every (zo,t9) € R? x (—00,0]. To establish a regularity result like
the one given above, one would need a Liouville-type theorem asserting
that such a function is necessarily constant. We conjecture that such a
Liouville-type theorem holds.

3. For the generalized Ginzburg-Landau system (1.2), one may again
carry out a blowup argument to find a function solving a limiting PDE on
the set R? x (—o0, 0], but one does not expect a Liouville-type theorem
to hold except under special circumstances. In this case, these results can
be interpreted as giving some qualitative information about the types of
singularities that can occur, as in Struwe [25].

7. A LIOUVILLE-TYPE THEOREM

We start out with a Liouville-type theorem for the elliptic Ginzburg-
Landau equation in R?. Stronger results of the same character may be
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found in Brezis, Merle and Riviere [6]; we include this here for the reader’s
convenience.

LEMMA 7.1. — Suppose that u : R? — R? solves
—Au+ (Ju =Du=0

and that E(z) := (1/2)|Vul* + W(u) is bounded and satisfies
/ E(z)dz < C. (7.1)
JR?

Then u is constant.

Proof. — As in (2.3) we derive
/[An(x)E(x) — V2n(2)Vu(z) - Vu(z)]dr = 0.

for smooth test functions 7. Let n(z) = g(|z|), where
(5) = s2 ifs<r
IE =22 ifs > 2r

with 0 < ¢'(s), ¢"(s) > —C/r for s € [r,2r]. Then |V?p(z)| < C/r if
r < |z] £ 2r, so

/ W(u(ar,))d:zfgg E(z)dz.
B, " J{r<|z|<2r}

Letting 7 — oo and using (7.1), the right-hand side tends to zero. Thus
|u] = 1, and so the equation becomes Awu = 0. Now the result follows
from the standard Liouville’s Theorem. [

With this theorem we complete the proof of Theorem 6.1.

TuEOREM 7.1. — Let u be a function solving
1 2
uy — Au 4 m(jul* = u =0 (7.2)
€
on Py = R? x (—00,0] and satisfying in addition the estimates

lul <1, NE|| L= (o) < Ky (7.3)

NEC, )o@ <x  forallt <0, (7.4)
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alt = L2, ) = / o@ -y VE@, Ody < nj2.  (7.5)

where F .= ez(u), n is the number from Proposition 5.2, and r may be
any positive number.
Then w is constant.

Proof. — 1. We may assume by rescaling that € = 1.
For R > 0,7 < 0 set

H(R;T) := sup{a(t — R*z,t)|z € R*,t € (—00,T]}
Then (7.5) states that
H(1;T) < n/2 (7.6)

for all T < 0.
2. If there is some T < 0 for which

sup H(R; T) <, (7.7)
R>1

then for every r € R%,¢t < T, R > 1 we have the estimate
a(t — R*z,t) <,
and Proposition 5.2 implies that
E(z,t) < C/R%.

Letting R — oo, we find that E(2,t) = 0 for all z € R?,¢t < T. This
implies that u is constant on {¢ < T'}, which in turn implies the conclusion
of the lemma.

3. In order to demonstrate that (7.7) holds and complete the proof, we
assume that

sup H(R;T) > n,
R>1

for every T < 0, toward an eventual contradiction. We first claim that with
(7.6) this implies that for each T < 0, there exists some R(T) > 1 such
that H(R(T),T) = 7.
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To prove this, it suffices to show that for each 7' < 0, H(-,T) is locally
Lipschitz in [0, cc). By the chain rule and (2.3), we have

) |
Jgolt = Rbo.0) < 2R [ pla 5. Rlulst - R)Pdy

+ C(R) / E(y.t — R*)dy,

where C(R) contains a factor of 2R from the chain rule and sup norms
of derivatives of p. One easily checks that C(R) may be taken to be
continuous. Now using estimate (6.10) with n = 1 we get

t .
Jutvidy< [ [ uPde i < suplEC. )l
J—o00 s<t
where we have used (2.3) in the last inequality. With (7.4) we find that

d 2
— — : <
Ra(t R ,x,t) C’(R)7

which implies that = H(R,T) < C(R) forall T < 0.
4. From (7.4) it is clear that for each € R? and t < 0,

lim ot — R x,t) = 0.

R—o0

Using this fact and Step 3, we may thus choose z, € R2,¢, < —n such
that for R, := R(—n) > 1,

a(tn - Rn;x’rntn) - 377/4 (78}
Define
Un (1) 1= u(Tp + Rpx, t, + R2E), E.(z,t) == eyr, (un)(x,t)

for (x,t) € Poo. Then rescaling as usual, we find that u,, solves

L unl? = )un = 0

Uyt — AUy, + I
"

with the estimates

HEn('vt)HLl(Rz) S C)
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and for any (z,f) € Pwo,

an(t— Lz, t):= [ plz —y,1)E,(y,t — 1)dy

< H(Rn§ tn’) = . (7.9)

Here (#,t) = (Ruz + z,, R2t + t,), so that £ < t,, for ¢ < 0. Also,
an(1;0,0) = a(R,; s, tn) = 3n/4. (7.10)
5. Now (7.9) and Proposition 5.2 imply that
sup{E,(z,t)|n > 1,(z,t) € P} < C < +o00.

This shows that the hypotheses of the Compactness Lemma 6.1 are satisfied
by the sequence u,,, with ¢, := 1/R,, < 1, so we may extract a subsequence
converging to a function 7 locally uniformly, with E, — FE in L} _(P..).
The strong convergence of F, and (7.10) imply that

@  is not constant. (7.11)

Since ¢, < 1, we only need to consider two cases:

Case (i): ¢, — 0 and E = 31Vl

Then we show as in Step 5 of the proof of Theorem 6.1 that @ is
constant, in contradiction to (7.11)

Case (ii): ¢, — € € (0,1] and E = e:(4).

In this case, by rescaling we obtain

tr
// [t 2 |2da:dt:/ / |us|*dzdt — 0,
P —co JR2

since ¢, — —oo as n — oo. With Lemma 6.1 this shows that @ solves the
elliptic Ginzburg-Landau system

U "
~-Au+ —g(lul2 - 1)a =0,

and ||E’(-,t)||L1(Rz) = ||E(-)||L1(Rz) < C. However, we have shown
in Lemma 7.1 that that any such function must be constant, again
contradicting (7.11). O
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