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ABSTRACT. — We consider the question of existence and uniqueness of
solutions to the spatially homogeneous Boltzmann equation. The main result
is that to any initial data with finite mass and energy, there exists a unique
solution for which the same two quantities are conserved. We also prove
that any solution which satisfies certain bounds on moments of order s < 2
must necessarily also have bounded energy.

A second part of the paper is devoted to the time discretization of
the Boltzmann equation, the main results being estimates of the rate of
convergence for the explicit and implicit Euler schemes.

Two auxiliary results are of independent interest: a sharpened form of
the so called Povzner inequality, and a regularity result for an iterated gain

term.
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RESUME. — Dans cet article nous nous intéressons aux problémes

d’existence et d’unicité pour I’équation de Boltzmann homogéne. Nous
montrons que pour toute donnée initiale de masse et d’énergie bornées il
existe une unique solution qui conserve ces deux quantités. Nous montrons
aussi que si une solution posséde certains moments d’ordre s < 2 alors
nécessairement elle a une énergie initiale bornée.

Dans un deuxiéme temps nous montrons que les schémas d’Euler explicite
et implicite de discrétisation en temps de 1’équation convergent et nous
donnons des taux de convergence.
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Pour établir ces résuitats nous utilisons de nouvelles inégalités de Povzner,
ainsi qu’un lemme de régularité pour le terme de gain itéré. © Elsevier, Paris
© 1999 L'Association Publications de I'Institut Henri Poincaré. Published by Elsevier B.V. All rights reserved

1. INTRODUCTION
This paper deals with the Spatially Homogeneous Boltzmann equation
af 3
E(t’v) =Q(f, /)(t,v) on (0,+00) x R*,
f(0,v) = fo(v) onR?,

(1.1)

where f(t,v) is a non negative function which describes the time evolution
of the distribution of particles which move with velocity v. In the right
hand side, Q(f, f) is the so-called collision operator,

QD) = [ [ (FE= FR)BO. - deder. (12

Here f = f(v), f = f(v1), f' = f(¢/) and f{ = f(v}), and o/ and v}
are the velocities after the elastic collision of two particles which had the
velocities v and v; before the encounter. One parameterization of these
velocities is

v,_v—f—vl fv — v1]
2 2 ' .
1.3
, vtvr Juv—v (13)
vy = -
2 2

where w is a unit vector of the sphere S? (see figure 1 below). In (1.2),
f is the angle between v — v; and v’ — v. A different parameterization
is given by
V=vt (- 2)8, (1.4)
vy =11 — ((Ul—’l))'Q)Q.

With this parameterization, the collision operator still is of the form (1.2)
with dw replaced by df?, except that now the kernel B takes the form
2B(#,|v — v1])cos(f). This takes into account also that the second
parameterization implies a double covering of the sphere from the first
parameterization.
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ON THE SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION 469

Figure 1. Geometry of a binary collision.

The precise form of the kernel B depends on the physical properties of
the gas that is being studied. Here we consider the case of so-called hard
potentials, and therefore

B(8,|v—v]) = b(8) |v — v,|?, with 8 € (0,2]. (1.5)

In this case b is even and continuous in ] — 7/2,7/2[. Furthermore,
we assume that b satisfies Grad’s angular cut-off condition, namely that
be LY(] —w/2,7/2[). This obviously holds for the elastic spheres, but if
B is derived from the interaction by an inverse power law, the integrability
condition does not hold unless b is truncated in some way.

The main concern of this paper is the proof of the existence of a
unique solution to (1.1) with minimal assumptions on the initial data,
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470 S. MISCHLER AND B. WENNBERG

and moreover of a convergence result for a suitable time discretization
of the equation. The condition that we must impose on the initial data is
0 < folv)(1 + |v|*) € LY(R*). No assumption of finite initial entropy is
necessary, which is important since no control of entropy can be expected
in the explicit Euler scheme.

A general reference for the Boltzmann equation is [3]. or more
recently [4], both of which give many further references, and many
details on the development of the mathematical theory. The question of
existence and uniqueness of solutions to the Boltzmann equation (1.1)
was first addressed by Carleman [2], and the I!-theory was developed by
Arkeryd [1]. Elmroth [7] proved that all moments that initially are bounded
remain bounded uniformly in time. Then Desvillettes [5] proved that if some
moment of the initial data of order s > 2 is bounded, then all moments of
the solution are bounded for any positive time. This result was extended
by Wennberg [13], [14], [15] who proved that the result by Desvillettes
holds also when only the energy of the initial data is bounded, and for very
general cross-sections, also without the assumption of angular cutoff.

The first main result of this paper is the following:
THEOREM 1.1. — Let fo(v) be in L}(R®). There exists a unique solution f

in C([0, +00); LL(R®)) of the Boltzmann equation (1.1) which conserves
mass, momentum and energy; this solution also satisfies

D IFE h24s < é—(:) with 6(t) —0
and ||f(t, )|1.118 € Li,.([0,4+0)),
@)V, VE> O ||f(t ) € L2([F,+00)).
ii1) if fo € LL(R®) with s > 2, then || f(t,)||1.. € L(]0, +o0))
and || f(t, ) h.ots € Lipe([0,+00)) .

Here and below, L!(R?) denotes the space of all functions f such that

W fll1s = /E;J flu) (1 + ") do

is bounded.

The existence theory in L' can be found already in Arkeryd’s paper [1]
from 1972, where two existence proofs are given under slightly stronger
hypothesis on the initial data. In one of the proofs the assumption is that
fo € LL(R®), with s > 2, and fo log fo € L'(R*). The proof is based on
a weak stability result and on the Povzner inequality, (see [1] and {7]).
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ON THE SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION 471

In the other case, fo € LL(R®), and the proof depends on a monotonicity
argument. The solution constructed was known to satisfy ii) and iii), see
[51, [71, [14].

Also here, two proofs are presented. The first one (Section 4) relies on
a quite simple contraction argument and we show directly that a sequence
of solutions of a approximated problem is strongly convergent, under the
assumption that fo € L1(R?), with s > 2. In the second one (Section 53),
we prove that the stability result of Arkeryd [1] also holds in the case
fo € LY(R?). In the proof, we use a refined Povzner inequality and the
regularity of the Q% term.

Several authors have investigated the question of uniqueness for the
homogeneous Boltzmann equation, see [1], [6], [9], [13]. In Section 3,
uniqueness is proven under the sole assumption that the solution conserves
mass and energy. This is an improvement of the previous result in which
it was assumed at least that iii} holds for some s > 2. The proof is
based on a subtle use of the Povzner inequality which permits us to prove
the estimate 1). Then uniqueness follows by a general result known as
Nagumo’s uniqueness criterion.

The Povzner inequality is reversed when moments of order lower than 2
are considered. This essentially implies that one can estimate moments of
the initial data in terms of moments at later times, and as a consequence
of this we are able to prove that if || f(¢.-)||1.« € L'([0.7]), where s > 3,
then fy € Lé

The Section 5 is devoted to our second main result. It is an application
of the techniques introduced for Theorem 1.1 to the convergence of time
discrete scheme for the Boltzmann equation.

THEOREM 1.2. — Let fo(v) be in LL(R®), with s > 2. Then, the explicit
and implicit Euler schemes constructed from the initial data fy converge to
the unique solution of the Boltzmann equation, given by Theorem [.1.

Under stronger hypothesis on the moments of the initial data, we can
also compute the convergence rate for these schemes. A different approach
to discretization in time has recently been considered by Gabetta et al. [8].

Note that the convergence of the explicit Euler scheme in Theorem 1.2
gives the existence part of Theorem 1.1 . This method was first used by
A.J. Povzner in [I1], who proves that for a given f, € L3(R®) there
exists a measure solution f of Boltzmann equation (1), with not increassing
energy, corresponding to the initiel data f;. The combining use of Pozvner
inequality (lemma 2.2) and of the regularity property of the gain term
(lemma 2.1) allow us to improve Povzner existence result: the energy of f
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472 S. MISCHLER AND B. WENNBERG

is conserved and f is a measurable function. Of course, if we only assume
that f, is a nonnegative measure with finite mass and energy, then the
approximate solution constructed by the explicit Euler scheme converges
to a measure solution of (1) which conseves mass and energy, and this
solution is unique.

2. ESTIMATES OF THE COLLISION OPERATOR

This section contains two technical lemmas, which are related to the
geometry of the velocities of two particles involved in a collision. The first
one will be used in Section 5, in order to give local equi-integrability of
solutions of an approximated problem, when we do not control the entropy.
It is a new regularity result for the gain term @, which is related to a
previous result by P.L. Lions [10]. However, while the result by Lions
relies on the deeper properties of the geometry, the one presented below
is quite elementary. '

LeMMA 2.1. — Let QT be the gain term with a kernel B(|v — v1].6) =
lv — v1]°b(8), where b(f) is bounded. Let f,g.h € LA(R®). Then
QT (QY(f,9), h) is (locally) uniformly integrable. More precisely, for each
e > 0 there is a 6 > 0 such that if A is a set with Lebesgue measure
w(A) < 6, then

/‘ QY QT (f,9).h(v)dv < ¢.
Ja

Here § depends only on 3, b(f) and on the norm in L of f, g and h. In the
case of hard spheres one can take 6 = C(||f|l1|lg|l||h|l1)~3/2e3/2.

Proof. — The calculations are slightly more explicit in the case of hard
spheres, and so we begin there. Recall that in this case B(#,|v — vy]) =
lv — v1]. Let ¢(v) € L, later it will be the indicator function of the set
A. Here we change variables in the usual way, by letting (v, v1) — (v',v])
(see [2,3]). Since dv dv; = dv’ dv{, the iterated gain term can be written

A$Q+(Q+(f’g)’ WY (v)p(v)dv
_ / : QT (f,9)(v)h(vs)lv —v2|/ B(vh)dws dvs dv

/m /RJ Rsf )g(v1)h(v2)

|v - 111]/ v — ’U2|/ gb(vé’)dwgdwl] dv dvy dvy, (2.1)
s2 52
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ON THE SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION 473

where (see figure 2)

1 1

vy = 3 (7) + vy + v — vy wg) v] = 3 (’U + vy 4 v — 1] wi)
1

vl = 5 (V] + v2 + [v] — v2] ws)
1

= (1) + 01 + 209 + v — vy wy + I'U +wvp — 209 + v — '111|w1| (4)2) .

He

Now let Sy, . = {v] : ||2wj —v—wv|—|v-— '01|| < £}, and let ex.(v}) be
the characteristic function of S,,,.. That means that . approximates the
surface measure on the sphere covered by v], and using the parametrization
(1.4), the expression within brackets in (2.1) is the limit when £ — 0 of

2 xe(v)|vy —wva| | &(vy) cos Bz dQadv) . (2.2)
o= nl Jas Js:
This is an integral which is very similar to the gain term itself, and it
is possible to carry out a change of variables just like when deriving the
Carleman form of the gain term (see [2]): Let » = |v§ — v3|, and denote
by F,y., the plane that passes through v3 and is orthogonal to vy — vy (in
the usual Carleman representation of the gain term, one would have taken
the plane through v, instead); dE(v]) denotes the surface measure on this
plane. Then dvj = dr dE(v}), and in polar coordinates, dvy = r?dr d(.

’ v]

Figure 2. Iterated collisions.
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474 S. MISCHLER AND B. WENNBERG

That means that dQydv) = |v) — va| 2 dE(v}) dvY, and therefore (again
taking into account that the {)-parameterization of 5% implies a double
covering of the domain of integration), (2.2) equals

1

o —v1] Jgs

] ' ;
T / e (V) dE(v)) doly . (2.3)
5 ’1')2| JE il B

!
lvg —

H(oh))

The measure of the intersection between FE,..,, and the thickened sphere
S.0,« is approximately e|v — v;| (or 0 when there is no intersection), and
so the integral is bounded by

C (/)('nf,’)——]~— dvy .
S T =]

Then the estimate of the lemma follows by estimating separately the integral
in | — va] < 6% and in the remaining part; the first part is bounded
by 4r||¢||o6%/? and the latter one is bounded by ||¢|[167'/*, and one
concludes by taking ¢ to be the characteristic function of a set with
Lebesgue measure smaller than 6.

In the more general case, the expression within square brackets in (2.1)
is replaced by

[)(91)|7){—'112|‘3/ b((}‘z)(/)('l)g)(70S(92)(1522(lw1:| .

JS*=

Alv v, v0) = [2[7}~m|’1/

J s
For |v — v1| < 1. this is bounded by Ce{([o}” + [v1]” + [v2]?), with a

constant depending on b(#) and on /3. For [v — v1| > £, one can carry out
the change of variables just as above, to obtain a bound of the form

A(v, vy, 09) < Clo - '171]’341 / B(v )|y — VU‘_)’!L,——Z dusy .
. RI;

Now if ¢ is the characteristic function of a set A of measure ¢, then the
same estimate as above can be carried out, and one gets, for arbitrary €, ..

/ QN (QH(f-g).h)(v) du
J A
< C”fHL}ng“LLHh‘HLL (5,-'11 + g,xlf—lggﬂ n E‘fr1€;_26) ~

and one can conclude by choosing in turn 1, €2 and ¢ small enough to
make each of the terms smaller than e /3. O
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Remark. — Here we have assumed that 6(f) is a bounded function, but
again, a slightly more careful analysis shows that the result is true also
in the locally bounded case.

The second result of this section is a sharpened form of the so-called
Povzner inequality. This inequality relates the velocities before and after an
elastic collision between two particles. In its original form, it was proven
by Povzner [11], and more precise estimates were subsequently obtained
by Elmroth [7].

LEmMA 2.2, — Assume that b(0) is a bounded function. For a given
function ¥V et

K(v,v) = /q- b(&)(lIJ(|1)’l2)+\I/(|’1/1|2)—\II(|'U'2)—l,[/(|'ul|2)> dw. (2.4)

Then one can write K(v,v1) = G(v,v1) — H{v,v,), where

2

7/ _ _
H(v.vy) = 87 / (b(8) + b(n /2 - 6))
Jo
X <\P(|’U|2) cos” § + W(|u1]?) sin® 6 — U(|v|* cos® 6 + |vy|* sin? 9)) 6,
and b(0) = b(f) cosfsinf. Let x; = 1 — Wyjo/2< or)<2)ery (4 denotes the

indicator function of the set A).
iIf () = 27 with v > 0, then

’G(’lh’111)f < C2’7(|’U||’U1|)Hﬂ’

and H(v,v1) > ey (([v*)**7 + ([orH)) xa(v.v1) -
i) If U(x) = 27 with 0 < 14 v < 1, then

|G(v.01)| < ealy|([o]for )1

and —H (v,v1) 2 e[y [(([o) 7 + (Jod D)) xa (v on)

iii) Suppose that V is a positive convex function that can be writien
U(x) = a®(x), where ® is concave, increasing to infinity, and such
that for any € > 0 and any « €]0, 1], it satisfies (‘I’(:II)~<I’((Y.’I?)).’L‘E —
oo as & — oc. Then, for any € > (),

(G lo,01)] < ealol@(Jo]?) oy B([e )

and H(v,v1) > e (Jv]>~¢ + |’111|2‘5>X1(7),771) )
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476 S. MISCHLER AND B. WENNBERG

If in addition there is a constant such that ®(x) < C/(1 + x), then
G(v,v1) < calvljon].

Remark 1. — The constants in the lemma depend of ¥ and €. Whenever
necessary for clarity, K (v, v;) will be denoted Ky (v,v1) or Kg(v,v;),
and similarly for G and H.

Remark 2. — The inequalities are monotonous in ¥ in the following
sense: if 0 < Wy — Wy is convex, then Hg, — Hy, > 0. Similarly, if
W, — W, is concave, then the inequality is reversed. This is important
in the application of the lemma, where unbounded convex or concave
functions are replaced by truncated functions, and the result is obtained by
a limit procedure. For ¥ convex (or concave) it is possible to construct a
sequence of truncated functions W, in such a way that the difference of
two subsequent functions is convex (or concave).

Proof. — For an integrable kernel b(#), the four terms in (2.4) can be
considered separately, and for the last two terms, the integration is trivial.

The sphere S? can then be parameterized by {(6,¢), —7 < ¢ < 7.
0< 80 <x/2}, and dw = 4sinfcosf df dp. The notation is described

in figure 1. Let r = o}, 1 = |o1], v/ = |¢'| and ] = |o]|. If 7 = sin o
denotes the sine of the angle between the vectors v and vy, then
P =12 cog? B-+r1% sin? @ + 277 sin 6 cos 0 cos ©
=Y () +72(0)cosp .
7*'12 = 12 5in? 41,7 cos* @ — 2717, sin 6 cos B cos @

=Y(x/2-0)—1Z(0)cosg .

Then the first term in (2.4) can be written

w7 /2 "
8 / b(6) / U (Y(0) + 7Z(8) cos @) de db. (2.5)
Jo Jo
The integral with respect to ¢ is (we omit the argument 6 here)
/2
(YY) + / (\IJ(Y +7Zcosp)+U(Y —7Zcosyp) — 2\I/(Y)> dip,
Jo

and by integrating partially twice one gets

w/2
nW(Y)+ 127 / cpsincp(\IJ’(Y + 77 cosp) — V(Y — 77 cos @)) dy
Jo
)2

= 7W(Y)+ 7277 / (sinp — pcos)sine

S0

(\I/”(Y +7Zcosp)+ V(Y — 17 cos 4,0)) dep. (2.6)
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It remains to estimate the second of these terms, and to estimate

/2
W/O 5(9)(\1/(1/(9)) +U(Y(r/2-0)) —¥(r?) - @(,.12)) 0
=7 /W/2 (b(8) + b(r/2 - 6)) [\P (r? cos®  + ;% sin” §)

— cos? @ U(r?) —sin’ @ \IJ(’I'12)] de.
(2.7)

In this expression, the integrand in the right hand side has a fixed
sign, depending on whether ¥ is convex or concave, and this is the main
idea behind the Povzner inequalities. Consider first ¥(z) = 2!*7. With
X =r*(r’*+n?) ~' one can write the factor within brackets in (2.7) as

(r? + 7’12)(1+7) ((X cos?d + (1 — X)sin® H)HV
— X" cos?§ — (1 — X))+ sin? 9) . (2.8)

This term is non-negative if v < 0 and non-positive if v > 0, and it vanishes
for all # only if » = ry. Moreover, the integrand is O(|~|), uniformly in
e <0 < m/2—¢ and max(r/r;,r1/r) > 2, and this yields the estimate
of H in i) and ii).

The estimate of & in i) and ii) can be obtained by an estimate of the
integrand in the second part of (2.6); this is

¥(1=7)Y 7" (sin o—p cos @) sin (p((l+TZ0 cos <p)771+ (I—TZO CoS cp)ﬂf‘l)

where Zy = Z/Y. It is integrable for all v > —3/2, uniformly in
Zy € {—1,1], and gives a contribution of the size

227t = 22 = Y 2/ )R,

Hence, if v < 1, one can estimate G directly by C|v|(rr1)' 7, as in the
lemma. On the other hand, if v > 1, then for (Z/Y) sufficiently small, this
term is dominated by (2.8), and for larger values of (Z/Y'), the estimate
holds just like for v < 1.

Next we turn to the case of more slowly growing ¥(z) = z®(z) as in iii),
and we begin by considering the -integral in (2.5). Since ® is concave,
and since Y + 77 cos ¢ is non-negative, the integrand is smaller than

YO(Y) + 72 coso®(Y)+ Y (Y)rZ cosp + 72 cos?(¢) Z2®' (V).
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478 S. MISCHLER AND B. WENNBERG

After integration in ¢ only two terms remain, and again because ¢ is
concave, and since |Z(8)| < Y (),

ZI'(Y) < YY) < B(Y),

and Z9'(Y) can even be estimated by a constant if ® is growing more
slowly than logarithmically (®'(x) < C(1 + x)7!). It follows that the
integral in (2.5) is bounded by

/2
7r/ 2;(9)(2Y<1>(Y)+Z<1>(Y))de,
Jo
where the second term in the integrand could be replaced by Const Z for
a sufficiently slowly growing function ®. Hence the estimate of the Gy
is ready, and the estimate of Hg follows after collecting the terms not
involving ¢, just as in the previous case. Since ¥(z) = 2®(z), we have
Y(0)+Y(x/2—0)— ¥(r?) — ¥(r;?) < 0. Moreover Y (8) + Y (/2 — )
takes its minimum at # = 7 /4, and is increasing with |# — 7 /4|. Hence the
integral is bounded from above by

cos ™1 (1/V3) _ ) . )
~8/ b(#)de (7‘2@(7‘2) + 7 2®(r,?)
Jsin=1(1/V3)

1 2 1. 2 . 2 . 1 1 . 1 .
(g gnt)e(5r e n) - (5 gn)elyrt +5nt)).

For 1 > 2r, this is bounded from above by
—Cr 2 (D(r?) — ®(3r7/4)) + Cr?®(r”) .

From the hypothesis on @, (®(r,?) — ®(3r1%/4)) /r1 ™% — o as r| — x
and thus gives the negative term in iii), and in the second term, r* < rr; /2,
which means that this term can be included in the previous estimate of G.

3. UNIQUENESS
This section is devoted to the proof of the uniqueness result in
Theorem 1.1. More precisely, we prove the following:

THEOREM 1.1'. — Under the assumptions of Theorem 1.1, there exists at
most one solution f in C([0, +oc); LY(R®)) of the Boltzmann equation (1.1)
which conserves mass, energy and satisfies || f(t.)||1+5 € Li,.([0. +00)).
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ON THE SPATIALLY HOMOGENEOUS BOLTZMANN EQUATION 479

Proof. — The proof is carried out in four steps. Since initially only
the energy, [o. f(v)(1 + |v|*)dv is bounded, the main problem lies in
controlling the behavior of [, f(¢,v)(1+ |v|**?) dv, which appears in the
collision term. In the first two steps it is shown that for any solution, and
any positive ¢, all moments of f are bounded. The existence of a solution
that satisfies this property has been known previously (see [5] and [14]),
but the proof here shows that this is a consequence of the conservation of
energy and not on the way in which a solution is constructed. The third step
gives an estimate of the blow-up of || f(%,-)||1 244 as £ — 0. This estimate
is strong enough to prove the uniqueness result; this is done in Step 4.

Step 1. - We establish that there exists a convex function ¥(r) such that
U(r)/r — oo, which satisfies the conditions for iii) of Lemma 2.2, and
such that for some constants C, C, and C,, and for all £ > 0

C) < / ft, ) (v} dv < Cy, (3.1)
Jwe

/’ f(rv) o2 P2 dodr < C(1 + 1) (3.2)

Jo Jrs

That a function ¥ exists such that (3.1) holds for the initial data f
is established in the Appendix. We define for all n € N the first degree
polynomial p, () = anz + b, = ¥'(n)z+ ¥(n) - n ¥ (n) and the convex
approximation of ¥ with linear growth,

U(x) if z <n,
pa(z) ifz >n.

(o) = {

The sequence {V,,},,>1 increases pointwise to U, and for all n, ¥, ; —~ V¥,
is convex. Using the conservation of mass and energy and the fact that the
function ¥,, — p,, has compact support, we can compute

/ (F(£,0) — fol0)) Ua([o]?) do

R3

= [ ((t0) = Joo)) (Ea(lo?) = pu(l?)) o

/ﬁ\;s /0 QUf, H@) (¥ (jv]?) = pu(|v]?)) dvdr

f

1 t
3 / // fHRBW, +V,, - W, — U, ) dwudv,dvdr. (3.3)
0 R3JR3J S2

At this point we can use iii) from Lemma 2.2. With the notation
from Section 2, we have Ky, = Gy, — Hy,, and for a sufficiently
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480 S. MISCHLER AND B. WENNBERG

slowly growing function ¥, the estimate |Gy, (v,v1)] < Clv||vy| holds
independently of n; without loss of generality one can assume that this is
the case. The lemma implies that Hy (v,v;) is non-negative and because
of the convexity of ¥,,; — ¥, it is pointwise increasing with n, and
converges pointwise to fy. Then

. it g .
/‘ Ft, ), (Ju?) do + % / / ffilv—v|® Hy, dvydvdr =
R 10 Tw/w |
= / fo(0) O, (Jv|*) dv + 3 / / / ffilv—uv|? Gy, duidvdr, (3.4)
RS JO . R:;v R3

and we can pass to the limit in the right hand side thanks to Lebesgue’s
theorem because f € Lj,.([0,4o0c); Ly, (R*)) and in the left hand side

loc

using Fatou’s lemma. We obtain
2 L »: 3
FE,0)U(|u|?)dv+ = ffilv =" Hedvidvdr <
JR3 2 Jo Jr3Sms
o f 3 n
< | folw)¥(|vf*)dv + Cy / / / Ffilv = o1]? (ol o1 |dvrdodr .
RB JO . R3 R3
But from Lemma 2.2 we have
/ il —wu)? Hydvido
JR3JR3

R3JR3
(1- Il11"I/2§|vl!§2|u|) dvidu

> C// ffo |08 doydo
reJR3

— ¢y /R(‘/R_; FRol[or )41 j2< 0y <210 dvrdo.

Expressing this with the notation Y;(t) = [ f(¢,v) |[v]” dv, which gives
JR3

[ 100 ¥ uPydo+ F [ Yol Yapapalr) e <
R3 0

2

t t
< / fo(0) ¥(|v|*) dv +2C, / V1Yo dr + cg/ (Y1+ﬂ/4) dr.
R? Jo 0

Therefore using the conservation of mass and energy we bound Y;_g3/2,
Yi_p/2 and Yy by | foll1,2. and using Young’s inequality we bound
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Jos FU(0f?) dv, Yp, Yigs and Yiggps by eYayrg/n + C. Yy Taking e
small enough we then obtain

/h f(t.0) U (lof*) dv + (;41 Yo / | f(r,v) (|’U|2+H/2 + ‘11(|'U|2)> dvdr <
TR Jo Jas
< /Rﬁ fo(0) U(Jv|*) dv+ C || foll2 | foll1 (3.5)

which prove the uper bound in (3.1), at least locally in time. The lower
bound in (3.1) just comes from the inequality ¥(|v|?) > 1 and the
conservation of mass.

Step 2. — Next, using Povzner’s inequality once more, we prove that
for all ¢ > 0. 8" > 2,

sup [ f(t,v)o]” dv < Cry . (3.6)
tz{ R3
We proceed like in L. Desvillettes {5]. From (3.5) we can deduce that there
exists £y > 0, as small as we wish, such that

fto,v) |22 dv < +oc.
JR3

Then we start from ¢, and we take a sequence W, which approximates
W(r) = ¢4 As in step 1, we obtain (3.4), with Gy, (v,v;) <
e (|72 vy | + |oi)*+%/2 |u]), independently of n, and Hg, (v,v;)
increases pointwise 10 Hy, 4/0. Then we can pass to the limit as before,
and we get

. e 1 33 o . o ’ ‘
F(t0) o772 do + 5 / / Ffilv =1l Hyp s podvrdodr <
Jms Jt, JrsSre

< f(to,v) |U|2+'a/2 dv+ C
JRe

follua /f"||f<r.,.>||1.z+ﬁ/z dr.

Using the estimate Koy 3/0(v,01) > ¢1 [u*T#2 — chlo| [or|'F#/2 for the
left hand side, and using Young’s inequality to kill the dominant term in
the right hand side we get, for all £ > {g

9 -t "
/ f(t.,’”) |,U|2+3/2 dv + “ YO/ f(T, ,U) (|,U|2+d/2 + |v|2+33/2> dvdr
JR3 4 to - R3
< C(1+1).

Then, by an inductive argument it follows that f € Li°.([¢,+20);

loc

LYR®)), Vs > 2, VI > 0, and those f € C([t,+oc); LLYR?)), Vs > 2,
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since f solves Boltzmann equation (1.1). In order to obtain (3.6), from what
the uniform upper bound in (3.1) follows, we make similar calculations
to thus previously executed and we obtain the following differentialble
inequality (where now, every term makes sense)

d

—Y, < C -5 —~¢,Y, E, -0
7 LS C =5 =Y, on [t +)

and we deduce Y, (1) < C./c. + Y, (1) for every t > .

Step 3. — In this step we show that there is a function &(#) — 0 as
I — 0, such that near { = (

S(F)

/f“”MHWMS*— (3.7)
S ¢

The preceding step implies that f belongs to C''(]0.+-o0[: L}, ,(R*)) and

!
%ﬁgﬂgckanﬂﬂoﬂu+xy (3.8)
(1

Here it is important to note that the constants ¢ and C' depend only on the
mass and energy of the initial data f,, and on the kernel 5 but they do not

depend on the time. The first idea is to use Jensen’s inequality to estimate
Y2494 in terms of Y., ;. Because of the lower bound in (3.1), one can write

: ny
(0. )8 ([o]?) do (o, o7 du
(AJ@H(H)H) AJ(n]
— ‘ 8 e -1 r L o |,”|2+,J ’
- ( . flo. )W (Jv] )dl) ./R:)’ S, )W (jv]?) T du.

The function U(z) = ~®(z) is convex by construction, and we verify
without difficulty that Y(z) = 2> ®(z) is a convex function and satisfies,
for all v € R3,

o]

V(o) Y (s ) <

Then Jensen’s inequality implies that

Cy Y (Yayp/C1) < Yoian,

where C, and C, are the constants from (3.1), and we obtain a differential
inequality for Y, 4(¢). If Y214(¢) does not explode in ¢ = 0, this means
that || foll1,246 < +oc and there is nothing to prove. Hence we can choose
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an interval ]0, ¢] so small that the lower order terms in the right hand side
of (3.8) are dominated by the negative term, and thus

d 02
gY2es S -

5 T(YQ_H?/Cl) on ]()?] . (3())

Now consider
r(l/) = / T(Z/Cl)7] dz .
Jy

Since ® does not decrease, ¥(y)['(y) < 1, and

d 1 d CVQ
—I(Yorigt)= ——o————— — V5, 4(t) > —.
gt Yeeal) Y (Yaus(t)/Cy) di 2eall) 2 5

which in turn implies that T'(Yays(t)) > %1‘ for ¢ < ¢, and hence that
U(Yoyy) < 2/(Cat). Since tU~12/(Cyt)) = 6(t) tends to 0 when 1
tends to 0, we get (3.6).

Step 4. — Next we turn to the uniqueness. The uniqueness result in [1] is
directly related to the construction of a solution by means of a monotonous
sequence. The calculation here follows more closely [9] or [6] (but a similar
calculation can be found also in {1], in the proof of energy conservation,
which in turn is essential for the proof of uniqueness).

Thus let f and g be two solutions corresponding to the same initial
data fy. Let F(t,v) = |f{t.v) — g(t,v)| and G(v.t) = f(t,0) + g(t,v).
Then F' and G satisfy the same estimates as do f and ¢, and in addition
F(0,v) = 0. Moreover

d [ .
JI; JR |/ (t.' ’U) B -(](t? lU)| dv
= /Rx sgn (f(t,v) — .(](t-,“))(Q(f‘ i(t.v) — Q(g,g)(t,'u)) dv
-3 // / sen (F = ) (' = ) G+ )+ (' + 0 (=)
~(f=9)(fi+a1) = (f+9) (fi — g1)) Bdwdvidv
: /// () + gt ) |t 1) = g(t01)] B dwdoydo.
Le.,
d | £ ¢
dt "o F(t,v) dv < bl /m /Rf’ F(t,v)|v — 01|°G(t,v1) do dvy. (3.10)
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Similarly

d [
dt JR3

= / sen (F(0.1) = (0D {QUEN(E ) = Qlg.g)(E0) ) (1 + [of) d

F(o, t)(1 + |[v]?) do

< [1bllx / / F(t.v))|o — u1]?G(t.0)(1 + [0]*) dov du,. (3.11)
JR3 JR3

The estimate (3.11) ( and also (3.10) ) comes from the invariance of the
integrals under the change of variables (v,v;) — (v/,}), and the fact that
o] + i = '+ o 2.

With the notation X,(t) = [, F(t,v)dv and Xo(t) = fo, F(t.v)(1 +
|v|*) dv, and because /3 € (0,2] we obtain the inequalities

] : ' |
ZXi(t) < C’(Xg(t)/ G(t.v) dw-{—Xl(t)/ G(t.v)|v]? d’U), (3.12)
dt Jre JR?

d

X (1) < C(Xa(t) /[R Gt 0)(1+ [o]?) dv + X (1)

X / G(u. t)(1 + |o/*7) d?:). (3.13)
JR3

By the estimates on F' and G one knows that X;.7 = 1,2 are bounded
and that X;(0) = 0. First, it follows from (3.12) that X, < C't, and, since
the integral in the right hand side of (3.13) is bounded by 6(¢)/¢, that
Xy < Ct. Next, using these previous bounds and succesively equations
(3.12) and (3.13), we get that X; < '+ and X, < Ct*. Thus X,
is continuous, right differentiable at £ = 0, and X}(0) = 0. Now, by
integrating (3.13) one sees that for ¢ sufficiently small

a
)(Q(f) S 2C / ||(;(T--)||l,2+ﬂ /Y‘Z(T) dr
J0

i) , X,
< 2(7/ E,X’Z(T)JTS / 2(7)
Jo o T

Jo T

dr. (3.14)

These are exactly the conditions for Nagumo’s uniqueness criterion, which
now implies that X, = 0, i.e. that f = g in the considered interval. But this
estimate is needed only in an arbitrarily small interval, since for any positive
time, all moments of the solutions f are bounded, and hence uniqueness
follows directly by Gronwall lemma in (3.14), see [1]. To prove Nagumo’s
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result one takes Z(t) = jo Xo(7)/7dr, and using (3.13) one sees that
Z(t)/t is non—mcreasmg Since it is non-negative and zero at ¢ = 0 it must
be identically zero, which implies the same for X,. This concludes the
proof of the uniqueness theorem. 0

Remark 1. — When 3 € (0, 1] the condition ||f(¢,-)|l1.145 € L*([0,T])
holds automatically because of the conservation of mass and energy. In
fact, when 1 < 8 < 2, we prove in Theorem 4.3 that this condition is
also a consequence of the boundedness of mass and energy. But, when
(3 = 2, we need to do this additional hypothesis to prove the uniqueness,
(or at least, that ||f(t,-)||13+c € LL.([0,+00)) and use Theorem 4.3).
Nevertheless, the solutions built in the sections 4 and 5 satisfy always
Wt M1248-0 € L([0,T]), for all ¥ > 0 and T > 0. Furthermore, we
only use in the present proof that the energy is noincreasing (or least,
that the energy at any time is smaller than the initial energy). As a
matter of fact, under this weaker asumption we get an inequality in (3.3)
instead of an equality (remind that a,, = ¥’(n) > 0) and the sequel of
the proof is unchanged. But, it not really improve the asumption of the
Theorem 3.1 since in this case the energy is automatically conserved thanks
to Theorem 4.3.

Remark 2. — When 3 > 2 we do not know if Theorem 1.1’ still holds,
because (3.14) fails, but we can proof bounds i), ii) and iii) of Theorem 1.1.

To get (3.1) we proceed in the same way that in Step 1, using now the
bound by below Hg(v,v1) > e [u3/2 — ¢ [v]3/* v, /4.

In Step 2 we take to > O such that [o, f(to,v)|v|*T' dv < 400 and
we define W(r) = r*/2 for s €]2,4[. We obtain (3.3) with Gy (v,v;) <
C |v|*/? |vy|*/? and Hy, increases pointwise to H, > 0, satisfying

H,(v,v1) > ¢1 |v]* = ¢ |v]*/? Jo]*/2. (3.15)

Since f € C([0, +00); L3(R?*)) N L, (0, +00; L,  ,(R*)) we can pass to

the limit in equation (3.4) and we get
1/t
Y. (t) + —/ / ffilv = vi|°H dv,dvdr
toJ R3JR3

< Y, (to) +02/// ffilv —o1)? |v]*/? [o1]*/? dvydvdr.
R3.

We deduce that [, f(t,v)|v]* dv € L{3 ([to, +00)) and we can use (3.15)
to obtain

Y(t) + = YO/

to

Ysisdr < Yi(to) / {Yays2 Yoo + YV, } dr.
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The term Yjs,,/2Y,/> can be bounded thanksto Young’s inequality by
Il foll1,2 (E Yior. +C: YO). For the last term we use Holder’s inequality:

)7 <Y3/(1+s 2) Yy(\*" (s+3—2) and Y} _};~/ i—{—s Z)Y (i1— 2)/ s4i3-2)

s+ s+

then

)/SY'H S YQ(,‘Q‘f‘”)/(d‘*"‘*?) Yq(;:’;r-"4)/(5+!3‘2) S e Y2 Y:f + CL— )/22.

Taking ¢ small enough it follows

Y()+ YO/{Y +}g+ }d’T<Y(T())+(“’||fOH1)f

Again, (3.5) is proved by induction. When Y,(0) < +oc we can choose
= 0 and we get iii) of Theorem 1.1.

Remark 3. — Let just present an alternative simpler proof of Theorem 3.1,
where Step 3 and 4 are modified. From (3.8) and Holder’s inequality
Yors < Yl/ ? Y;ﬁ{z; one gets on a small interval ]0,] the differentiable

inequality

1 1
L YZ +43 S C,

df Y22+d on ]0 t]

which clearly implies Y1 4(t) < < on ]0,£]. This bound is weaker
than (3.8) but is strong enough to conclude in Step 4. Indeed, using the
trick described after formula (3.13) one gets by an iterative argument,

that, for all n € N, Xf,,(,t) is continuous, right differential at ¢ = 0, and

(‘\;ist))t:() = 0, and so do Z(¢). Then, taking m > Cy and using (3.14)
Z(t)
o

one proves that is non-increasing, thus is identically zero.

4. EXISTENCE

In this section we deal with the problem of the existence of solution
to the Boltzmann equation. Essentially we prove the existence part of
Theorem 1.1 in a slightly less general case because we assume that fo € L!
with s > 2. We prove the following.

THEOREM 1.2°. — Let fo(v) be in LX(R®), with s > 2. There exists a
solution f in C([0,+oo[; L3(R3)) of the Boltzmann equation (1.1) which
conserves mass, momentum and energy.
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The proof that we present here holds only for initial data f, in L}(R?),
with s > 2, but, using an argument of weak compactness in L}(R*) we
will prove the existence result only assuming that f, belongs to L3(R?), as
in Theorem 1.1. This is done in Section 5.

For every integer n we introduce the truncated cross section B,,(z,6) =
b(6) (|z| A n)?, where a A b = min(a, b), and we denote by @, the kernel
associated to B,,. Then, we consider the solution f,, € C([0, +oc[; L3(R?))
of the truncated Boltzmann equation

Oflll -
= n\JnsJn)»
= Qulf 1)
[2(0,0) = fo(v),
for which one can prove existence and uniqueness by a contraction

argument, see [1]. We proceed by showing that { f,, },, is a Cauchy sequence
in L.

THEOREM 4.1. — Let fo(v) be in LL(R®), with s > 2. Then for all fixed
T > 0, there exists a constant Cp such that

(4.1)

, C
sup || fin — fullie < TTQ forall m > n. (4.2)
[0,7] n

With this theorem at hand, it is not difficult to pass to the limit in
equation (4.1) and to show that the limit f is a solution of (1.1). This proves
the existence part of Theorem 1.1 for this particular case. Furthermore, one
obtains the estimate

C
sup [[f = fallie € —75 . (4.3)
0.7] n

For the proof of Theorem 4.1 we need a technical lemma.

LemMma 4.2. — There exist constants M and C, depending only on f,
IIbll1. s and B, such that for all n > M the solutions f, satisfy

t
swpllfllie €C.and [ () (AR hedr < C41). (4)
t= 0

Proof of Lemma 4.2. — In order to simplify the notation, we denote by ¢
the solution f, and set Yy = [, g(v)|v|*" dv. First, if 2 < s < 3, we set
v = min(s — §,1). We have

o= [ @wal e

1
=—// 91 ([v — o] A ) Ko(v,01) dordo,
2 R3 R3
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with the notation from Lemma 2.2. Then the Povzner inequality and Young’s
inequality imply that

Ko(v,v) SO (o] 7ol + o] on|*77) = eq o],

and using the inequalities (jv — vi| A n)? < 4(jv|? + (Jv| A n)?) and
(lv—=v1|An)? > L(Ju|An)? —|v1|?, one obtains the differentiable inequality

d ' )
—Y, < Cy <Ys—v Yiip+Y, / gl (v A '"')ﬂ d'”)
dt JRs

+eYsY, — %YO / gl (Jv| An)? du.
JR3

Then, for all ¢ > 0, there exists C. such that

/g|v|3‘”(1+(|v|An>*”>dvSCEYOH/ glol(lol An)? do,
JR3 E

JR?

and for all n > M

. 1 X .
ol < 575 oI (o] An)” + M7,

and we obtain

Dy (200, (vima) (+75)) ( /R gl (lolAn) do+Y.) < Oy

We conclude by using Gronwall’s lemma, taking £ small enough and M
large enough.

Next, if s > 3, we take v+ = 1 and we perform the same calculations
taking in mind the fact that we already know that sup,, Y3(t) is bounded.[]

Proof of Theorem 4.1. — Let f, and f,, be two solutions of the
equation (4.1) corresponding to n and m respectively. Similarly to (3.10)
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we can compute

d

%an - f’m“l,2

= / sgn (fn, - f'm,)(cen(fn,v fn,) - (gn(fmw f’m))(l + |l“|2) dv
JR3
+ / Sgﬂ (fn - fm)(Qn(fm-,fm) - (Jm(fnr fm,))(l + r’U|2) d’”
JRrs
<C / / (fu + Fu) | fur = Fondl (v =0, A (1 + |0]*) dv,dv
JwsSw
+C / / Jo o Loy >0y (JU =01 A m)? (1 + |v]?) dv,dv
JreSrs

= C/ / o S s = Fnsl (R0l A )+ o D)1+ Jo]?) doyd
JR3JR3

+ C / / fm,fml
JooJ{{e|>n/2 0|y [ >n/2}
x ((Jv] Am)® + v |?) (1 + |o|*) du,dv .

Thus, we get

1fn = finlliz < Cllfa = finllr2 / (fu + fu) (L+ [0l (Jo] An)?) do

HR
1 1 "
+ C ) + - ||fm‘ 1.5 fm (1 + |'”
n neT’ JR3

d
dt

of Am))dv.

(

Setting )/n,.'m(t) = an - fm||1,2 and hn,m(t) = l + ”fm”Ls + '/k:;(fn +
for) (L4 Jul*(|v] A m)?) dv we obtain the differential inequality

. 1
Kt,m S Ch’n,m <}/n,m + ) -

ns—2

But Y, ,,(0) = 0 and by Lemma 4.2, h, , is uniformly bounded in
L}, [0.+0oc), and hence we get (4.2) by Gronwall’s lemma. O

loc

Next one would like to know whether solutions can exist also if the
initial energy is not bounded. We do not know of any result on existence
or non-existence in this case, but the proposition below is a partial result
in this direction. The reversed Povzner inequality, Lemma 2.2 ii) is used to
prove that if certain moments of order s < 2 remain bounded in an interval
(0,7, then necessarily the energy is bounded in a closed interval [0, T}]
with 77 < T. The proof actually shows that the energy is non-decreasing.
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THEOREM 4.3. — Let [ be a non-negative solution of the Boltzmann
equation, and suppose that there are & > O and T > O such that

Je LN0.T). LY, yn L0, 7). LY.
Then, for all 6 > 0 and T) < T,
fe L' ([0.Th], Ly, ;) N L([0.7]. L}).
and the energy of f is non-decreasing on [0.7).

Proof. — Let remark that the asumption make on f implies that the
collisional term Q(f. f) lies in LY([0,T]: L*(R*)) and thus equation (1.1)
make sense in the distributional sense. We carry out this proof in three steps.

Step 1. — Let {¥, } be a sequence of concave bounded functions, which
converges pointwise to W(r) = [»|'7", with 1 -~ = min(e. (¢ + 4)/2).
Then multiply the Boltzmann equation by W, (|¢]?) and integrate to find

. s g .
ftay, )0, (Ju]*) do — / / fhHGo (v.o)e —o | dodey dr =
4R Jrg SR RS

. ol . .
= / flt o)W, (o)) de - / / / fhHy (voe)o — o dodey dr

Jme Jo Jre JRre
(4.5)

For almost every t+ € [0.17.
/ Fl o), (Jo]?) do — / o)) do.
JRS JR

and in the left hand side, |Gy, (v,v1)| is bounded by (yeyjv|lug])! .
uniformly in n, and in the right hand side —Hy  increases pointwise to
—H. > (fﬂ((l’t%lz)”‘ + (I'ful'z)“”’) (W0 2200 + Ljepz2ir, )3 the estimates
can be found in Lemma 2.2. Hence, with calculations like in Section 3 of
Theorem 1.1, we find

oty

Yo—m(t2) + C / Vi (T pa(r)dr

Jty

oty
2 }72(1_-»)(1(1) + C/ / Yg(]_,y)_Hq(T)YQ(T) dTQ
Jt
for some constants C and C’. Observe that the hypothesis on f implies that
the mass is conserved, and therefore one can deduce that for all 77 < T,
fe LN[0.T), Ly p.) 0 L2([0,T), Ly, ) -
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Step 2. — This step consists in iterating the previous step. After a finite
number of steps one has

f € L1<[0 Tl]? Lé—f—,.f—)/) 0 LOO([O’ T]]’ [ji’vu) B
and it is possible to take 77 < 7T, and v > 0 arbitrarily. Note that since
2+ [} — 1 > 2, the energy must be bounded for almost every t € [0,7}].

Step 3. — Again we return to Step [, now with {W,} converging to
| -|*77, and here the intention is to let v — (. Let chose o in such a
way that Y5(#5) < oc, then, wsing Lemma 2.2 and passing to the limit
n — +oc in (4.5)

oty g .
yrz(lk-))(fz) - / / ]Lfle |'U — 1‘} d’l)(]l,’l)l dr
Jt JRYJR?

s op .
= Yoa—y(t1) + / / Ff(—H) o — | dodey dr > Yo (t).
Jo Jre Jms
In the left hand side, the integral is bounded by

e flnvqorgint, Il ooz -

143

Hence it is possible to pass to the limit v — 0, and to conclude that

/ flt, o) dv < / fta, v)|v|* do
Jwo JR?

for all 11 < ty. tl

5. TIME DISCRETIZATION OF THE BOLTZMANN EQUATION

In this section, some of the estimates from the previous sections are used
in order to obtain some results on the convergence of a time discretization
of the Boltzmann equation. As a byproduct we find an existence theorem
for the continuous equation in the case where only the energy is assumed
to be bounded.

Let A > 0 be the step size in a time discretization. We first consider
the explicit Euler scheme for the truncated Boltzmann equation, and define
the sequence f* = fX , recursively:

K+l _ fK
ol g

fiv) = folv) > 0.
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First, if we multiply the previous equation with the collision invariants 1,
v and j'u|2 and integrate, we find

Firlde = [odo =Yy,
JRs Jme

/ ftlade = / ffode = fovdu, (5.2)
R Jre

JRs

[l de = / ool dv =Y.
JRs JR3
Next, we write equation (5.1) as
Fl= 0 = A L)+ AQIS [, (5.3)
where we have used the notation

Qulp.0) = QF (p.0) = Q, (w.0) = QF(w.9) — ¢ L. (¢) .

Since

Lo () = |Ibll v (s / fi(jv — | A 'n,)” dvr <||b]|r1(s2) n? / fdu,
JR3 JR3

we see that if

Albllprssyn” Yo < 1. (5.4)

the algorithm (5.1) defines a nonnegative sequence f* > 0, and from which
a piecewise constant function [0, T] — L} can be constructed (t; = kA);

fan(t.v) = fX,.(v) for 1 € [t tut1]- (5.5)

This function is an approximation of the solution of (1.1).

THEOREM 5.1. — Let A tend to 0 and n to infinity, in such a way that the
stability condition (5.4) holds, and assume that fo € LL(R?). The family fa .,
converges in L>([0, T}: LA(R*)) to the unique solution f of the Boltzmann
equation (1.1).

With a stronger moment condition, it is possible to estimate the rate
of convergence:

THEOREM 5.2. — Let fy belong to L1(R®), with s > 2 and T > 0 be
fixed. Then, there exist positive constants ap and Cr such that if A tends
t0 0 and n tends to infinity with n = ((—In A)/(LT)U‘J, (this is stronger
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than (5.4)), then the family fao = fan converges in L*([0,T]; L1(R?)) to
the unique solution f of the Boltzmann equation (1.1), and

Cp \ =2/
sup — Jh, S( ) .
sup Ifa=flhe s (4%

Proof of Theorem 5.1. — We perform the proof in two steps.

Step 1. — We start by proving that the sequence fa , lies in a weakly
compact set of L!([0,7]; Li(R?)). To this end we multiply the equation
(5.1) by |v| and we integrate to find

Y oy = A/ FEfE(lo = vi| An)P Ky o dudus.
RB RS
Then we use the reverse Povzner inequality ii) of lemma 2.2 which, thanks

to Young inequality, writes K12 > ¢} (|v] + |v1]) — ch]v|*/?|v1|*/? and the
elementary inequality |z + y| An < |z| An + |y| A n, and we obtain

Ve G [Pl A (ol + o) dodon 2
> ACl/ / FEfE| (vl A n)? dud,.
R3J R3

Proceding like in lemma 4.2 and using conservation of mass and energy (5.2)
one gets

VIR Ve A Yo lfulha 2 A G Yo [ £l A,

which in turn implies

sup /Ot /R3 Fralt,v) |[v|(Jv] An)Pdv < C(1+1). (5.6)

Next, we can choose a function ¥ with ¥U(r)/r — 400 when r — +oc
and [o, fo(v) ¥(|v]*)dv < +oo, and we proceed just like in Step 1
Theorem 1.17; using (5.6) we get

sup/ fan(t,v)U(|v*)dv < C. (5.7)
R3

>0
Moreover,
FPH =P AQEF 1) = Qu (5, %) <[5+ AQT(f7, ),
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from what it follows by iteration

f,_&’,,,(t.’l)) S .f()(?") + / (2+(f_X nt\ TV ) fA n(T ”)) dr.
Jo
and therefore we get
fanlt,o) < folv) +t Q7 (fo, fo)(v)

ot T . .(+ .‘ . A’ 2
[ Getwrnerio
+ (2+ ((JﬁL(fA.m fAﬂ){T])* f—l-”(T))) dTldT'

Lemma 2.1 implies that for all ¢ > 0 and T > 0 there exists #» such that if
A is a Borel set with measure 1(A) < 7, then for all ¢+ < T,

/ fan(tov)do <e. (5.8)
J A

The Dunford-Pettis lemma together with (5.7) and (5.8) imply that the
sequence fa , is weakly compact in L'([0.77; LL(R3)).

Step 2. — We wish to pass to the limit in equation (5.1). We next note
that for all test functions v € L>(R%),

% /%3 fanlt,v)(v)dv = Z(A ./u;;f% Qu(f5. () Y(v) dw) Oit.. s

is a bounded measure on [0,7], and therefore [o, fa.n(t,v)¥(v)dv is
bounded in BV ([0,T1]), for all T'; hence it converges almost everywhere.
Furthermore, (5.7) implies that the same holds for every measurable
function ¢, such that [1)(v)| < C (1 + |v|?) almost everwhere. The collision
operator is essentially a convolution operator, in which the kernel B
is not growing faster than (1 + |v|®), and therefore on can pass to
the limit with Q,(fa.., fa ), and prove that the limit f is a solution
to the Boltzmann equation (1.1) for the initial data f,. Moreover, the
bound (5.7) implies that f belongs to C([0,T], L3(R*)), that f conserves
mass, momentum and energy, that (5.7) holds for f, and from (5.6) that
lf (¢ Mhi+s € Li,.([0,+0c)). By Theorem 3.1 this solution is the unique
solution of the Boltzmann equation (1.1) and therefore the full sequence
fa.n converges to f weakly in L'([0,7]; L3(R*)). In order to prove the
strong convergence we write

Y= AQN(F  f*) + (1= AL, (%)) f*
= (1 - AL.(fM) .. (1= AL,(fo)) fo

+ZAQ (F 1) (1= ALL(f%) ... (1 = ALL(f7)). (5.9)
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The sequence L, (f, n) satisfies

0< L,(fua) <C(1+ |v|‘9) and L,(f,.a) — L(f) forae. t, v,

so that the function F;, A(t,v) :H(1~AL,,(fj)) if ¢ € [to.tusi]

=0
satisfies 0 < F, A < 1 and

Ena = CXP{— S ALY+ Y (1 = AL + ALn(fJ'))}
J=0 1=0

= exp{— /0 ' L,(foa)dr+OA(1+ |11|)3)}

— cxp(— /t L(f) dT) for a.e. t,v.

J0

The regularity property of the Q% term, see [10], shows that Q7 (f,.a, fn.a)
converges strongly to Q*(f, f). Therefore the right hand side of the
equation (5.9) converges almost everywhere to

Ffty= foe -]: Lif)ds + /.t QF(f. HH(s)e ]/ Linde g
J0O

We have obtained the strong convergence of fa, to f in L'([0,T] x R?)
and we obtain the strong convergence in L>([0.7T]; L*(R*)) using
estimate (3.10). J

Remark 1. — In particular, we have proved that the existence part of
Theorem 1.1 holds in the general case f, € L3(R*) and 3 €]0,2]. In
fact, estimates (5.6) and (5.7) still hold when 3 > 2. Furthermore, in
Remark 2 following Theorem 1.1" we proved that the bounds ii) and iii)
of Theorem 1.1 can also be generalized to the case 3 > 2. Therefore,
we are able to prove that for all 5 > 2 and fy € L3(R?) there exists a
distributional solution f € C([0, +20); L5(R*)) N L}, (0. +00: L}, (R*))
of equation (1.1) conserving mass and energy, which furthermore satisfies
properties i), ii), iii) of Theorem 1.1 . (One has to observe that the above
a priori bounds on f imply that Q(f. f) € L}, ([0, +oc): LY(R3)).)

Remark 2. — We would like to emphasize that the proof can be notably
simplified when 0 < 3 < 2. In this case, with only the conservation of mass
and energy at hand, but without estimates (5.6) and (5.7), we can pass to the
limit in equation (5.1) and get a solution f of the Boltzmann equation (1.1).
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At this stage we have lost the conservation of energy, however by Fatou’s
lemma, we have jw F{t.v)|v)? dv < lima 0,000 JRJ fan(t,v)|v]?dv <
Jgs £(0,0)|v]* dv. Then f satisfies the conditions of Theorem 4.3, and
therefore also [, f(t.v)dv > [o, fo(v) dv. We conclude that f conserves
mass and energy and it is the unique solution of Theorem 1.1’

Proof of Theorem 5.2. — Here, the result essentially follows from
estimate (4.2). Let ¢* = f,(t,.) — f*, where f, is the solution of the
Boltzmann equation (4.1) and f* = fX, the solution of the Euler

scheme (5.1):
= AQ(f ).
The exact solution is continuous in ¢, and can be computed at t = £:
faltesr) = fulte) + AQu(fu(ta). fulte)) + As.

where A is given by

A= [ QuUsr) Lo} = QulLalta) falte)) dr. (310)

~

Similarly

e = " A (Qulfu(tn)s Fultn)) = Qu(F* f5)) + As.
In (5.10),

1Qn (Falte)s falte)) = Qulf f)l12 < Crn? || fll1ze”,

and taking the calculation one step further gives

A= [ [ (@u@uttatn: ), e
+ Qu(fulr) Qul (7). falr))) ) drdr

Hence
lAclle < A*n*7 Cy sup [Ifullf2

toste gt

and then

lle" e < (1 4+ Crn? A)|le]|12 + Ch AZn?7
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which implies

. , cy o
lelli2 < Aexp(Crn’ & A) (f n’ .
1

Therefore the result follows by a combination of

sup an,A - f’n”l.‘Z S A eXP(”‘H (LT/2)
[0.1]

and estimate (4.2). O
We now consider the implicit Euler scheme,
fK+1 B fN _ k+1 pr+l

o) = folv) >0,

and as before we set fa,(t,v) = f* for t € [t.,t.41]. In order to see
that the scheme is well defined, we introduce the map T from L' (R?*)
into itself, defined by

h=Tg
and
h+XAh=AQ (g,9)+ A\~ Ln,g)g+ f~.
where A = {|b]|11(s2) Yo n”. It is easy to see that if

3AA < 1, (5.12)

then 7" has a unique fix point, which is the solution of (5.11), and which will
be denoted =+, We note that (5.12) is a stability condition similar to (5.4).

In the following theorem, the main interest is the convergence rate of the
implicit Euler scheme. We get a better rate of convergence by requiring
an extra moment condition. However to prove only convergence, one can
proceed as in Theorem 5.1 with initial data fy € L.

THEOREM 5.3. — Let A tend to 0 and n to infinity in such a way that (5.12)
is satisfied, and assume that fo € L1(R®), with s > 2+ 2. Then the
family fa.. converges in L>=([0,T]; L3(R®)) to the unique solution f of the
Boltzmann equation (1.1), and

1
sup [[fan — flle < Cr (A + ) .
[0,7]

ns——?

(5.13)

Proof. — We start with a priori bounds. In the same way as for the
explicit scheme, we see that the mass and the energy are conserved. An
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adaptation of Lemma 4.1 shows that there exists a constant ' such that

for all n. A and all time ¢ > 0

a1 < C.

(5.14)

Then, we set ¢ = f(/,.)— [”, where f is the solution of the Boltzmann
equation (1.1) and let f* = fX , the solution of the Euler scheme (5.11).

We can write

}/'h’+l — f'h‘ + A (2”’(]1'/;,+l.’ j‘f\'+l)

and

f(tre+1) = f(fr) + A (s.)'n(f(th‘+1)~ .f(tr:Jrl)) + .A,; + B;;
where

A = A{QUf (b)) ftis1)) = Qu(f (Fugr)s f(Ensn))
and

B, = / QU ) = QUiltan)s F(tsn)) dr

Keeping the notation from the proof of Theorem 5.2, we have

= A(Qu(f by ) Flter1)) = Qu(fTH 7)) + A, + B,

Then, multiplying by sgn (f(¢,..;) — f**!) and integrating we get
e e < Nlelhe + C Al zes Adle™

s 1 s + A2l ors 1T 2pas

+A

ns—Q

Gronwall lemma together with (5.14) give the error control (5.13).

APPENDIX

O

In this Appendix we construct a function ® that satisfies all properties
needed in Sections 2 and 3. The existence of such a function is probably
a classical result, but we have not found any general reference for such a
construction, and in any case, the result seems not to be very well known.
However, similar constructions have previously been used in kinetic theory

[12).
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PROPOSITION Al. — Ler f = f(v) be a function such that (1 + |v]?)f(v) €
LY(R®). There exists a concave function ®(r), depending on f, such that
D(r) — o as r — oo, r®(r) is convex, and such that for all ¢ > 0
and o €]0,1], ((I)(l) — ®(ar))r® — oo as v — ., and such that

(1 + [w2)@(|0]?) f(v) € LYR®).

Proof. — There is no loss of generality in assuming that f is positive, and
that [, (1 + [v[?)f(v)dv = 1. Take 0 = 1o < 1 < ... < 7,... such that

/ (14 [v)*) flo)de =277
Joioi<lopsr,

Since the theorem is trivial if f is compactly supported, it is only necessary
to consider the case where r; — o0 as 7 — oc. Let ®; be linear in each
interval [r;,7;41] and such that ®,(r;) = j. Clearly ®,(r) is increasing
to infinity with », and

[0+ o) e < 3+ 2277 < o

Clearly ®; is concave if r;4, — r; is an increasing sequence, and
one can always assume that this holds. For if that were not the case,
one could replace the sequence 7; by a new sequence 7; given by
i1 = max (rjy1,7; + (7 — 75_1)), and take ®, as above, but defined by
the sequence 7;. Then @, is also increasing to infinity (because 7 5 is finite
for each finite j), concave and pointwise bounded by ®;. Finally we take

/ / Y+ 1—(log(e+ 2))~ ) dz dy
oY

in order to make r®(r) convex. Since ®; is concave and increasing to
infinity, the same holds for ®. And

(ar) / / (@z) + 1 — (logle + (y/,))_1> dz dy .
oY

and therefore

G(r) — d(ar)

I \/

/ , / (log(e + az)) ™! = (log(e + z))_l) dz dy
> C(log(e + 1)

Remark A.1. — Note that 1 — (log(e + r))~* was added to ®, only in
order to obtain the lower bound for ®(r) — ®(«r) without having to be too
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careful with in the construction of the sequence r;. Clearly ®(r) — ®(ar)
decays more slowly than any power of r.

Remark A.2. — Let ¥ be the function constructed above, and let

Bo(r) = {\IJ(/) if r<mn,
= ' (n) + ¥(n) — nW(n). otherwise

i.e.,, U,, is not growing faster than linearly, and it is converging pointwise
monotonically to ¥ as n — >. The point to note is that ¥, . — ¥, is
still a convex function. Similarly it is possible to construct a sequence of
bounded, concave functions ®,,, which converge pointwise to ¢, and such
that @, ., — ®,, are concave. For example, if ® is twice differentiable,
then a possible choice is

oy

P, (r) = r(®'(0) — ®'(n)) + / (r—s)®"(s) i<, (s) ds.

JO
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